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ABSTRACT. We develop and analyze a class of overlapping domain decomposition (DD)
preconditioners for linear-quadratic elliptic optimal control problems. Our preconditioners
utilize the structure of the optimal control problems. Their execution requires the parallel
solution of subdomain linear-quadratic elliptic optimal control problems, which are essen-
tially smaller subdomain copies of the original problem. This work extends to optimal
control problems the application and analysis of overlapping DD preconditioners, which
have been used successfully for the solution of single PDEs.

We prove that for a class of problems the performance of the two-level versions of our
preconditioners is independent of the mesh size and of the subdomain size.

1. INTRODUCTION

This paper is concerned with the development and analysis ofa class of domain decom-
position (DD) preconditioners for linear-quadratic elliptic optimal control problems. Such
problems arise in many applications (see e.g., [35, 41, 47])and, perhaps more importantly,
they arise as subproblems in Newton-type or sequential quadratic programming (SQP)
methods for many nonlinear elliptic control problems (see,e.g., [9, 18, 33, 34, 43]). After
a discretization, a linear-quadratic elliptic optimal control problems leads to a large-scale
quadratic programming problems whose solution is, under suitable conditions, character-
ized through the linear system of optimality conditions. This linear system is large-scale
and indefinite and it usually has to be solved iteratively. The spectrum of this system is
determined, among other things by the mesh sizeh and the control regularization param-
eterα (see the formulation (1.2) below). Often one observes that the condition number
of the optimality system matrix grows likeh−2 and likeα−1. Good preconditioners are
important for the overall performance of solution methods for elliptic control problems.
We note that the structure of the optimality system arising in elliptic control problems is
different from the structure of the saddle point systems arising in the solution of the Stokes
equation or in the solution of elliptic partial differential equations (PDEs) using mixed fi-
nite element methods. Thus, the preconditioners developedin that context cannot be used
in the solution of optimal control problems, in general.

This paper is concerned with the development of DD preconditioners for the optimal-
ity system of linear-quadratic elliptic optimal control problems. Our preconditioners uti-
lize the structure of the optimal control problems. The execution of our preconditioners
requires the parallel solution of subdomain linear-quadratic elliptic optimal control prob-
lems, which are essentially smaller subdomain copies of theoriginal problem. We extend
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overlapping DD preconditioners which have been used successfully for the solution of sin-
gle PDEs to optimal control problems. We prove that the performance of the two-level
versions of our preconditioners is independent of the mesh size h and of the subdomain
sizeH . Numerical studies indicate that the performance of our preconditioners for optimal
control problems is comparable to the performance of their counterparts applied to single
PDEs. Moreover, the performance of our preconditioners seems to be rather insensitive to
the size of the control regularization parameterα.

Let V andU be Hilbert spaces with dualsV ′ andU ′, respectively, let

(1.1a) a : V × V → R, b : U × V → R,

be continuous bilinear forms, let

(1.1b) m : V × V → R, q : U × U → R,

be symmetric and continuous bilinear forms, let

(1.1c) c, f : V → R, d : U → R

be continuous linear functionals and letα > 0. We consider the linear-quadratic elliptic
optimal control problem

minimize
1

2
m(y, y) − c(y) +

α

2
q(u, u) − d(u)(1.2a)

subject to a(y, φ) + b(u, φ) = f(φ) ∀φ ∈ V.(1.2b)

The unknowns are the statey ∈ V and the controlu ∈ U . Assumptions on the (bi)linear
forms that ensure existence and uniqueness of a solution of (1.2) will be given in Sec-
tion 2.1.

The formulation (1.2) covers many problems, including the example problems

minimize
1

2

∫

Ωo

(y(x) − ŷ(x))2dx+
α

2

∫

∂Ω

u2(x)dx,(1.3a)

subject to − ∆y(x) + σy(x) = f̂(x) in Ω,(1.3b)

∂

∂n
y(x) = u(x) on∂Ω(1.3c)

and

minimize
1

2

∫

Ωo

(y(x) − ŷ(x))2dx+
α

2

∫

Ω

u2(x)dx,(1.4a)

subject to − ∆y(x) = f̂(x) + u(x) in Ω,(1.4b)

y(x) = 0 on∂Ω.(1.4c)

In both examplesΩo ⊂ Ω, ŷ ∈ L2(Ωo), f̂ ∈ L2(Ω) are given functions, andα > 0 is
a given parameter. In (1.3),σ ≥ 0 is also given. Example (1.3) is a special case of (1.2)
with V = H1(Ω), U = L2(∂Ω), a(y, φ) =

∫
Ω
∇y∇φ + σyφdx, m(y, φ) =

∫
Ωo

yφdx,

b(u, φ) =
∫
∂Ω
uφdx, q(u, φ) =

∫
∂Ω
uφdx, c(φ) =

∫
Ωo

ydφdx, f(φ) =
∫
Ω
f̂φdx, and

d = 0. Example (1.4) is a special case of (1.2) withV = H1
0 (Ω), U = L2(Ω), a(y, φ) =∫

Ω
∇y∇φdx, m, c, f defined as in example (1.3) andb(u, φ) =

∫
Ω
uφdx, q(u, φ) =∫

Ω
uφdx, d = 0.
Our DD preconditioners for (1.2) are derived from a framework based on subspace de-

composition. Such a framework is well known for elliptic PDEs (see, e.g., [12, 20, 21,
22, 48, 50].) Since the optimality system for the linear-quadratic elliptic optimal control
problem (1.2) is highly indefinite, the well-posedness of subspace projection operators and
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the equivalence between the optimality system for (1.2) anda system involving combina-
tions of the subspace projection operators need to be examined. This is done in Section 2,
where we will provide conditions based on the structure of linear-quadratic elliptic optimal
control problems that guarantee the well-posedness of subspace projection operators and
allow an equivalent reformulation of the optimality systemfor (1.2) using the subspace
projection operators.

The subspace decomposition framework is applied in Section3 to derive overlapping
DD preconditioners for (1.2). We extend the ideas in [10, 12,13] to examine the per-
formance of our preconditioners when applied with GMRES. Wewill show that, under
suitable conditions on the optimal control problem and on the finite element mesh and sub-
domains, the convergence factor of GMRES preconditioned with a two-level version of
our overlapping preconditioners is independent of the meshsizeh and of the subdomain
sizeH . This result extends to the optimal control context resultsthat are well known for
overlapping DD methods applied to individual PDEs. The general idea is to split the op-
erator arising in the optimality system for (1.2) into a symmetric positive definite part and
a remainder part, so that the symmetric positive definite part ‘dominates’ the remainder
part. This requires a somewhat non-standard non-symmetricformulation of the optimality
conditions, which in the discretized case corresponds to aninterchange of two row blocks.
This will be illustrated in Section 3.3. In this section we will also show that this row block
interchange is not necessary in the actual use of our preconditioners, i.e., in practice one
can work with the symmetric version of the optimality conditions.

While the general outline of the proof for the convergence factor estimates follows that
of [10, 12, 13], many technical details need to be extended tothe optimal control setting.
This is accomplished in Section 3.2. Our estimates apply to the case of distributed controls
(e.g, Example (1.4)). To estimate the performance of our overlapping preconditioners, we
need some discretization error bounds for linear-quadratic elliptic optimal control prob-
lems. Since these results are somewhat scattered in the literature and sometimes focus on
specific linear-quadratic elliptic optimal control problems, we present the necessary error
estimates in Section 5, focussing on the setting of this paper.

Other DD methods for linear-quadratic elliptic optimal control problems are given in
[1, 2, 3, 4, 5, 6, 42, 36, 37] and DD methods for a class of elliptic parameter identification
problems are discussed in [19, 40, 49]. We refer to [37] and [44] for a brief comparison
of the different approaches. Our overlapping DD methods, like the DD methods in [1, 2,
3, 36, 37] are based on a decomposition of the optimality system. The subproblems that
have to be solved (in parallel) are smaller subdomain versions of the optimality system.
Hence, our methods as well as those in [1, 2, 3, 36, 37] requirefewer communication
per computation compared to the approaches in [4, 5, 6, 42] which require the (parallel)
solution of smaller subdomain versions of the governing PDEand its adjoint. The higher
computation to communication ratio may be preferable on some computing platforms. The
subdomain optimality systems arising in our approach are optimality systems of smaller
subdomain copies of the original optimal control problem, allowing code reuse. This is
also true for [37], but not for [1, 2, 3]. Finally, while convergence proofs are presented
in [1, 2, 3, 6, 42], there are no results in [1, 2, 3, 4, 5, 6, 42, 36, 37] that estimate the
performance of the respective DD methods with respect to mesh sizeh, subdomain sizeH ,
or regularization parameterα. We are able to provide such estimates for our overlapping
DD methods.
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The non-overlapping Neumann-Neumann methods studied in [36, 37] can also be de-
rived from the general framework in Section 2, following thework of [20, 24] for elliptic
PDEs. In this sense, the present paper complements [36, 37].

Our work in this paper is also related to [11], where a nonlinear overlapping DD method
is applied to the solution of (systems) of nonlinear PDEs. The method in [11] could be
applied to the optimality system for an elliptic optimal control problem. If this is done
for linear-quadratic problems, the method is identical to the overlapping DD methods in
this paper. Hence, this paper provides theoretical justification of the approach in [11] for
linear-quadratic optimal control problems.

2. SCHWARZ FRAMEWORK

We describe a general domain decomposition approach for solving linear-quadratic op-
timal control problems. First, we briefly review conditionsfor the existence of a unique
solution of the abstract control problem (1.2). We then present a subspace decomposi-
tion of the optimal control problem, where the space of state, adjoint and control vari-
ables are decomposed into local spaces. This is an extensionof the subspace methods
well-known for analyzing domain decomposition algorithmsfor PDE problems (see, e.g.,
[12, 20, 21, 22, 48, 50].) However, since the optimality system for the linear-quadratic
elliptic optimal control problem (1.2) is highly indefinite, the well-posedness of subspace
projection operators and the equivalence between the optimality system for (1.2) and a sys-
tem involving combinations of the subspace projection operators need to be examined. In
this section we will give conditions based on the structure of linear-quadratic elliptic opti-
mal control problems that guarantee the well-posedness of subspace projection operators
and allow the equivalent reformulation of the optimality system for (1.2) using an addition
of the subspace projection operators.

2.1. Problem Formulation. We assume that the state equation (1.2b) is surjective, i.e.,
that for alll ∈ V ′ there existy ∈ V , u ∈ U such that

(2.1a) a(y, φ) + b(u, φ) = l(φ) ∀φ ∈ V

and that the objective function is strictly convex on the null-space of the constraints, i.e.,
that there exists a constantζ > 0 such that

(2.1b) m(y, y) + αq(u, u) ≥ ζ(‖y‖2
V + ‖u‖2

U)

for all y ∈ V , u ∈ U with

(2.1c) a(y, φ) + b(u, φ) = 0 φ ∈ V.

Remark 2.1. The conditions(2.1) are satisfied ifa and q are coercive. This is the case
for the first example problem(1.3) if σ > 0 and for the second example problem(1.4). If
σ = 0, the bilinear form in the first example problem(1.3) is not coercive onV = H1(Ω).
However, one can show that the first example problem withσ = 0 satisfies(2.1) [37].

The next result is standard, see, e.g., [38, 41, 44].

Theorem 2.2. Let conditions(2.1)be satisfied. Problem(1.2)has a unique solutiony∗ ∈
V, u∗ ∈ U . The pairy∗ ∈ V, u∗ ∈ U solves(1.2), if and only if there exists a unique
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adjoint variablep∗ ∈ V such that

a(θ, p∗) +m(y∗, θ) = c(θ) ∀θ ∈ V,(2.2a)

αq(u∗, µ) + b(µ, p∗) = d(µ) ∀µ ∈ U,(2.2b)

a(y∗, φ) + b(u∗, φ) = f(φ) ∀φ ∈ V.(2.2c)

Moreover, there exists a constantκ > 0 such that

(2.3) ‖y∗‖V + ‖u∗‖U + ‖p∗‖V ≤ κ (‖c‖V ′ + ‖d‖U ′ + ‖f‖V ′) .

We define the spaceZ
def

= V × U × V , and letz
def

= (y, u, p) ∈ Z, ψ
def

= (θ, µ, φ) ∈ Z.
Assuming that the conditions (2.1) are satisfied, the problem of solving for the optimality
conditions (2.2) may be stated as finding the uniquez∗ ∈ Z such that

(2.4) K(z∗, ψ) = g(ψ) ∀ψ ∈ Z,

whereK : Z × Z → R, andg : Z → R are defined as

(2.5)
K((y, u, p), (θ, µ, φ)) = a(θ, p) +m(y, θ) + αq(u, µ) + b(µ, p)

+a(y, φ) + b(u, φ),
g((θ, µ, φ)) = c(θ) + d(µ) + f(φ).

Remark 2.3. Note that the optimality system(2.2)can also be written as(2.4)withK and
g defined by

(2.6)
K((y, u, p), (θ, µ, φ)) = a(φ, p) +m(y, φ) + αq(u, µ) + b(µ, p)

+a(y, θ) + b(u, θ),
g((θ, µ, φ)) = c(φ) + d(µ) + f(θ).

If we compare(2.5) to (2.6) we see that the roles ofθ andφ are interchanged. The rep-
resentation of(2.4)with (2.6)corresponds to a reordering of the equations in(2.2) in the
order c-b-a and interchangingθ andφ of the original optimality system. After a finite ele-
ment discretization,(2.4)with (2.5) is obtained from(2.4)with (2.6)by a row permutation
(see Section 3.3).

The bilinear form(2.5) is symmetric, i.e., satisfiesK(z, ψ) = K(ψ, z) for all z, ψ ∈
Z. The bilinear form(2.6) is not symmetric, but can be split into a symmetric part and
a remainder part. This splitting will be important for the convergence analysis for the
overlapping methods presented in Section 3.

All results derived in the remainder of this section for(2.5) remain true if(2.5) is re-
placed by(2.6).

2.2. Subspace Decomposition of the Optimal Control Problem.Assume that the spaces
V, U are decomposable into subspaces as

V = V0 + V1 + ...+ VN ,(2.7a)

U = U0 + U1 + ...+ UN ,(2.7b)

with Vi ⊂ V andUi ⊂ U , i = 0, ..., N . The spaceZ may then be decomposed as

(2.8) Z = Z0 + Z1 + ...+ ZN ,

withZi = Vi×Ui×Vi. In a domain decomposition problem withN (possibly overlapping)
subdomains, each of the spacesZi, i = 1, ..., N , is associated with subdomaini. The
special spaceZ0 is used as a coarse space in a two level method and would not be needed
in one-level methods.

For eachi = 0, ..., N , we assume that there exist local continuous bilinear forms

ai,mi : Vi × Vi → R, bi : Ui × Vi → R, qi : Ui × Ui → R,(2.9a)
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that are local approximations to the corresponding global bilinear forms. Fori = 0, ..., N
we require thatmi andqi are symmetric, that for allli ∈ V ′

i there existyi ∈ Vi, ui ∈ Ui
with

(2.10a) ai(yi, φi) + bi(ui, φi) = li(φi) ∀φi ∈ Vi

and that there exists a constantζi > 0 such that

(2.10b) mi(yi, yi) + αqi(ui, ui) ≥ ζi(‖yi‖
2
Vi

+ ‖ui‖
2
Ui

)

for all yi ∈ Vi, ui ∈ Ui with

(2.10c) ai(yi, φi) + bi(ui, φi) = 0 φi ∈ Vi.

Often the local forms are defined as restrictions of the global forms to the local spaces,
i.e.,

(2.11)
ai(yi, φi) = a(yi, φi), bi(ui, µi) = b(ui, µi),
mi(yi, φi) = m(yi, φi), qi(ui, µi) = q(ui, µi)

for all yi, φi ∈ Vi and allui, µi ∈ Ui.
For eachi = 0, ..., N , we define a bilinear formKi : Zi × Zi → R as a local approxi-

mation forK :

Ki((yi, ui, pi), (θi, µi, φi))

= ai(θi, pi) +mi(yi, θi) + αqi(ui, µi) + bi(µi, pi) + ai(yi, φi) + bi(ui, φi).(2.12)

Lemma 2.4. If the local bilinear forms satisfy the requirements(2.10), then for eachz ∈ Z
there exists a unique solutionzi ∈ Zi of

Ki(zi, ψi) = K(z, ψi) ∀ψi ∈ Zi.(2.13)

Proof. Let z = (y, u, p) ∈ Z be arbitrary. If we setzi = (yi, ui, pi) ∈ Zi, then (2.13) can
be written as

ai(θi, pi) +mi(yi, θi) + αqi(ui, µi) + bi(µi, pi) + ai(yi, φi) + bi(ui, φi)

= a(θi, p) +m(y, θi) + αq(u, µi) + b(µi, p) + a(y, φi) + b(u, φi)(2.14)

for all (θi, µi, φi) ∈ Vi × Ui × Vi. Sincez is fixed, the right hand side of (2.14) defines a
continuous linear functional

(2.15) gz((θi, µi, φi)) = cz(θi) + dz(µi) + fz(φi),

onZi , where

cz(θi) = a(θi, p)+m(y, θi), dz(µi) = αq(u, µi)+b(µi, p), fz(φi) = a(y, φi)+b(u, φi).

Equation (2.14) is equivalent to the system

ai(θi, pi) +mi(yi, θi) = cz(θi) ∀θi ∈ Vi,(2.16a)

αqi(ui, µi) + bi(µi, pi) = dz(µi) ∀µi ∈ Ui,(2.16b)

ai(yi, φi) + bi(ui, φi) = fz(φi) ∀φi ∈ Vi.(2.16c)

Using assumptions (2.10) together with Theorem 2.2 we see that (2.16) is the necessary
and sufficient optimality conditions for(yi, ui) to be the unique solution of the subspace
optimal control problem

min
yi∈Vi,ui∈Ui

1

2
mi(yi, yi) − cz(yi) +

α

2
qi(ui, ui) − dz(ui)(2.17a)

s.t. ai(yi, φi) + bi(ui, φi) = fz(φi) ∀φi ∈ Vi.(2.17b)

with corresponding adjointpi. This meanszi is uniquely defined byz. �
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For eachi = 0, ..., N , we define the operator

Ti : Z → Z,
z 7→ zi

wherezi ∈ Zi is the unique solution of (2.13). By definition otTi,

(2.18) Ki(Tiz, ψi) = K(z, ψi) ∀ψi ∈ Zi.

It is easy to show thatTi is linear. Moreover, ifKi is the restriction ofK, it is easy to show
thatT 2

i = Ti, i.e.,Ti is a projection. We note thatTiz may also be stated as the solution of
the linear problem

(2.19) Ki(Tiz, ψi) = gz(ψi) ∀ψi ∈ Zi,

wheregz is defined asgz(ψi) = K(z, ψi).
We are interested in transforming the problem (2.4) into an equivalent problem that is

better conditioned. We define the operatorT : Z → Z as

(2.20) Tz =

N∑

i=0

Tiz.

To establish the nonsingularity ofT , we impose stronger assumptions on the local bi-
linear forms that those in (2.10). Fori = 0, ..., N we require thatmi andqi are symmetric
and that there existη > 0, ρ > 0 such that

ai(yi, yi) ≥ η‖yi‖
2
Vi

∀yi ∈ Vi,(2.21a)

mi(yi, yi) ≥ 0 ∀yi ∈ Vi,(2.21b)

qi(ui, ui) ≥ ρ‖ui‖
2
Ui
, ∀ui ∈ Ui.(2.21c)

Assumptions (2.21) imply (2.10). In fact the continuity andcoercivity of ai imply that
ai(yi, φi) = li(φi) for all φi ∈ Vi has a unique solutionyli for given li ∈ V ′

i . Hence,
(2.10a) is satisfied withyi = yli andui = 0. The continuity and coercivity ofai imply that
for eachui ∈ Ui, ai(yi, φi) + bi(ui, φi) = 0 has a unique solutionyi(ui), which depends
Lipschitz continuously onui. This together with Assumptions (2.21b,c) imply (2.10b).

Lemma 2.5. Let bilinear forms satisfy(2.1). If the local bilinear forms satisfy the require-
ments(2.21)for i = 0, ..., N , then the operatorT is nonsingular.

Proof. Let z ∈ Z satisfyTz = 0. If we denotezi = (yi, ui, pi) = Tiz, i = 0, ..., N , then

N∑

i=0

(yi, ui, pi) = (0, 0, 0).(2.22)

For eachi = 0, ..., N , (yi, ui, pi) = Tiz is the solution of (2.16). Settingθi = yi, µi = ui,
φi = pi in (2.16), then summing overi = 0, ..., N and using (2.22) gives

N∑

i=0

ai(yi, pi) +mi(yi, yi) =

N∑

i=0

cz(yi) = cz(

N∑

i=0

yi) = 0,(2.23a)

N∑

i=0

αqi(ui, ui) + bi(ui, pi) =

N∑

i=0

dz(ui) = dz(

N∑

i=0

ui) = 0,(2.23b)

N∑

i=0

ai(yi, pi) + bi(ui, pi) =

N∑

i=0

fz(pi) = fz(

N∑

i=0

pi) = 0.(2.23c)
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Adding equation (2.23a) to (2.23b) and subtracting (2.23c)results in

N∑

i=0

αqi(ui, ui) +mi(yi, yi) = 0.

Each term in the previous sum is nonnegative by assumptions (2.21b,c), so we must have
ui = 0 for i = 0, ..., N . Settingφi = yi in (2.16c) and summing overi = 0, ..., N gives

N∑

i=0

ai(yi, yi) + bi(ui, yi) =

N∑

i=0

fz(yi) = 0,

which impliesyi = 0, i = 0, ..., N , by requirement (2.21a). Finally, settingθi = pi in
(2.16a) and summing overi yields

N∑

i=0

ai(pi, pi) +mi(yi, pi) =
N∑

i=0

cz(pi) = 0,

which impliespi = 0, i = 0, ..., N . This showsTiz = 0 for i = 0, ..., N . With (2.18) we
can deduceK(z, ψi) = 0 for all ψi ∈ Zi, i = 0, ..., N , and sinceZ = Z0 + . . .+ ZN , we
obtainK(z, ψ) = 0 for all ψ ∈ Z. By Theorem 2.2,z = 0. �

The following example shows that the assumption (2.10) on the local bilinear forms,
which is sufficient to guarantee existence of the projectionoperatorsTi, is not sufficient to
ensure nonsingularity of

∑N
i=0 Ti.

Example 2.6. LetV = R, U = R. We define bilinear formsa(v, φ) = 0, m(v, φ) = vφ,
b(u, µ) = uµ, andq(u, µ) = 0. It is easy to verify that the bilinear forms satisfy(2.1). The
bilinear formK is associated with the matrix




1 0 0
0 0 1
0 1 0





and in this example we useK to also denote the above3 × 3 matrix.
We setVi = V , Ui = U , i = 0, 1 and we define the bilinear formsa0 = a, m0 = m,

b0 = b, q0 = q anda1 = a, m1 = m, b1 = −b, q1 = q. It is easy to verify that(2.10)is
satisfied fori = 0, 1., but not(2.21). The bilinear formsKi, i = 0, 1 are associated with
the matrices 


1 0 0
0 0 1
0 1 0



 ,




1 0 0
0 0 −1
0 −1 0





which we also denote byK0,K1.
The matrix representations of the projection operatorsTi, i = 0, 1, are given byT0 =

K−1
0 K = I andT1 = K−1

1 K = diag(1,−1,−1). Obviously,T0 + T1 is singular.

We consider the problem

(2.24) Tz = r,

where

(2.25) r
def

=

N∑

i=0

ri, ri
def

= Tiz
∗, i = 0, ..., N,
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andz∗ is the solution of (2.4). The local right hand sidesri, i = 0, ..., N , can be computed
without knowing the solutionz∗. In fact, (2.4) and (2.13) imply that

Ki(Tiz
∗, ψi) = K(z∗, ψi) = g(ψi) ∀ψi ∈ Zi.

This means thatri = Tiz
∗ ∈ Zi, i = 0, ..., N , can be computed by solving the local

problem

Ki(ri, ψi) = g(ψi) ∀ψi ∈ Zi.

Theorem 2.7. If the bilinear forms satisfy(2.1)and if the local bilinear forms satisfy(2.21)
for i = 0, ..., N , then problems(2.4)and(2.24)have the same solution.

Proof. i. Problem (2.4) has a unique solution by Theorem 2.2. Letz∗ satisfyK(z∗, ψ) =
g(ψ) for all ψ ∈ Z, then

Ki(Tiz
∗, ψi) = K(z∗, ψi) = g(ψi) = Ki(ri, ψi) ∀ψi ∈ Zi.

This meansKi(Tiz
∗ − ri, ψi) = 0 for all ψi ∈ Zi, which impliesTiz∗ = ri. Therefore,

Tz∗ =
∑N
i=0 Tiz

∗ =
∑N

i=0 ri = r.
ii. Suppose that we have found a solutionw that solvesTw = r. ThenTw = Tz∗, or

T (z∗ − w) = 0. SinceT is nonsingular by Lemma 2.5, we have(z∗ − w) = 0, sow is a
solution to (2.4). �

The transformed problem (2.24) may be solved by using a linear iterative method. The
operatorT is nonsymmetric, in general, and we solve (2.24) using GMRES[46], QMR
[26] or any other method for nonsymmetric systems [45]. In Section 3.3, we show that
the operatorT has structure that allows the application of the symmetric QMR (sQMR)
method [27, 28].

LetA(·, ·) be an inner product onZ and let‖ · ‖A be the norm onZ induced byA(·, ·).
We define

(2.26) cT = inf
z 6=0

A(Tz, z)

A(z, z)
, CT = sup

z 6=0

‖Tz‖A
‖z‖A

.

If GMRES with inner productA(·, ·) is applied to the solution of (2.24) and ifcT > 0,
then the residualr − Tz(k) in thekth GMRES iteration obeys

(2.27) ‖r − Tz(k)‖A =

(
1 −

c2T
C2
T

)k/2
‖r − Tz(0)‖A

(see [25].) In the next section we analyze a specific domain decomposition method, and
estimate a lower bound forcT and an upper bound forCT in terms of the key problem
parametersH (subdomain size),h (mesh element size) andα (regularization parameter.)

We conclude this section by remarking that a multiplicativeSchwarz and hybrid meth-
ods for the optimal control case can also be formulated in a straightforward way (see
[48, Sec. 5.1]). However, for these methods results corresponding to Theorem 2.7 still
need to be established. It is also possible to allow non-nested spacesVi, Ui, i.e., spaces
with Vi 6⊂ V , Ui 6⊂ U , if one introduces appropriate of interpolation operators(see [48,
Sec. 5.1]).
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3. OVERLAPPING DOMAIN DECOMPOSITIONMETHODS

3.1. Space Decomposition.Let Ω ⊂ R
d, d = 2, 3, be a polygonal/polyhedral domain

with boundary∂Ω and letD = Ω or D = ∂Ω. We assume that the state and the control
space satisfy

V ⊂ H1(Ω), U = L2(D).

We apply the finite element method for solving (1.2) or, equivalently, (2.2). Let{T h} be a
family of quasi-uniform meshes. Forτ ∈ T h, let hτ denote the length of the longest side
of τ and define

(3.1) h = max{hτ : τ ∈ T h}.

We discretize states and controls using continuous piecewise linear functions. Let

V̂ h =
{
vh ∈ H1(Ω) : vh|τ linear ∀τ ∈ T h

}
.

The spaces of discretized states and controls are given by

(3.2) V h =
{
vh ∈ V : vh ∈ P1(τ) ∀τ ∈ T h

}
,

whereP1 denotes the space of piecewise linear polynomials, and

(3.3) Uh =
{
uh ∈ U : uh = vh|D for somevh ∈ V̂ h

}

respectively. Note that the spaceV h may incorporate homogeneous Dirichlet boundary
information; the spacêV h does not. We set

Zh = V h × Uh × V h.

Our discretization of (1.2) is given by

minimize
1

2
m(yh, yh) − c(yh) +

α

2
q(uh, uh) − d(uh)(3.4a)

subject to a(yh, φh) + b(uh, φh) = f(φh) ∀φh ∈ V h.(3.4b)

The unknowns areyh ∈ V h anduh ∈ Uh. The necessary and sufficient optimality condi-
tions for (3.4) are given by

(3.5) K(zh, ψh) = g(ψh) ∀ψh ∈ Zh,

whereK andg are defined in (2.6), i.e., are given by

K(z, ψ) = a(φ, p) +m(y, φ) + αq(u, µ) + b(µ, p) + a(y, θ) + b(u, θ),(3.6a)

g(ψ) = c(φ) + d(µ) + f(θ)(3.6b)

wherez = (y, u, p) andψ = (θ, µ, φ). The choice (3.6) over (2.5) for the (bi)linear
formsK, g will be motivated in Section 3.2 below. Note that (3.5) can also be obtained by
discretization of (2.4) with (3.6).

We partition the set of elements inΩ intoN subdomainsΩi, i = 1, ..., N , with maxi-
mum diameter less than or equal toH . Each subdomainΩi is extended to a larger region
Ω̂i, with an overlap such that

distance(∂Ω̂i ∩ Ω, ∂Ωi ∩ Ω) ≥ δ, ∀i(3.7)

for someδ > 0. In general, we assume that the amount of overlap is kept proportional to
the subdomain diameter, i.e.,

δ ≥ βH(3.8)
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FIGURE 3.1. A sample triangulation ofΩ = (−1, 1)2 partitioned into
16 subdomains (left plot). The three shaded regions are examples of
extended subdomains (middle plot). A coarse mesh (right plot).

for some constantβ > 0. Each extended region is assumed to not cut through any fine
mesh element, and any part ofΩ̂i that is outside of the original domainΩ is cut off (see
Figure 3.1). Corresponding tôΩi we defineD̂i, i = 1, . . . , N , as follows

D̂i = D ∩ ∂Ω̂i if D = ∂Ω,

D̂i = Ω̂i if D = Ω.

We define state and control subspaces associated with each extended subdomain̂Ωi, i =
1, ..., N, by

V hi =
{
vh ∈ V h : vh = 0 onΩ\Ω̂i

}
,(3.9)

Uhi =
{
uh ∈ Uh : uh = vh| bDi

for somevh ∈ V̂ h
}
.(3.10)

In the case of boundary controls, the setUhi = ∅ for all extended subdomainŝΩi for which

the interior (relative toD) of D ∩ Ω̂i is empty. We say that̂Ωi, i = 1, ..., N , is acontrol
subdomainif

(3.11) int(D ∩ Ω̂i) = ∅.

Here the interior is taken relative toD.
The associated local product spaces are

Zhi
def

= V hi × Uhi × V hi i = 1, ..., N.(3.12)

SinceV h = V h1 + V h2 + ...+ V hN andUh = Uh1 + Uh2 + ...+ UhN we have

Zh = Zh1 + Zh2 + ...+ ZhN .(3.13)

On eachZhi , i = 1, . . . , N , we define the bilinear formKi : Zhi × Zhi → R as a local
restriction ofK defined in (3.6),

(3.14)
Ki((yi, ui, pi), (θi, µi, φi))
= a(φi, pi) +m(yi, φi) + αq(ui, µi) + b(µi, pi) + a(yi, θi) + b(ui, θi).

If Ω̂i is not a control subdomain, the terms involvingui, µi are dropped from (3.14).
In the two-level method, we use two families of meshes to discretize the domainΩ.

The coarse-level family is denoted by{T H} and the fine-level family by{T h}. For the
coarse-level triangulation, we first partitionΩ into N nonoverlapping elements, denoted
asΩi, i = 1, ..., N , and then, if necessary, subdivideΩi, i = 1, ..., N , to obtain a coarse
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meshT H (see the right plot in Figure 3.1). The coarse mesh is subdivided further to obtain
the fine meshT h. LetHτ denote the length of the longest side ofτ ∈ T H and define

(3.15) H = max{Hτ : τ ∈ T H}.

We assume that both families{T H} and{T h} are quasi-uniform.
The coarse-level finite element space are defined as

V H =
{
vH ∈ V : vH ∈ P1(τ) ∀τH ∈ T H

}
,(3.16)

UH =
{
uH ∈ U : uH = vH |D for somevH ∈ V̂ H

}
,(3.17)

where, as before,̂V H =
{
vh ∈ H1(Ω) : vH ∈ P1(τ) ∀τ ∈ T H

}
, P1 denotes the space

of piecewise linear polynomials, and

ZH
def

= V H × UH × V H .

For convenience, we also defineV0
def

= V H , U0
def

= UH andZ0
def

= ZH . By our construction
of the fine and coarse meshes, we haveV H ⊂ V h andUH ⊂ Uh. It is possible to construct
non-nested triangulations so that the coarse spacesV H , UH are not subsets ofV h, Uh,
respectively. In this case, we would need interpolation operators in order to exchange
information between meshes ([48, Sec. 2.8].)

The local bilinear formK0 corresponding to the coarse space is defined asK0 = K. In
particular, the local bilinear formsa0,m0, q0 for the coarse grid are given bya,m, q.

We make the following assumptions.

A1 We assume that the local bilinear formsai,mi, qi, i = 1, . . . , N , which are defined
as restrictions of the bilinear formsa,m, q, satisfy (2.21).

A2 We assume that the bilinear formsa,m, q satisfy (2.21).

Note that sinceai,mi, qi, i = 1, . . . , N , are defined as restrictions of the bilinear forms
a,m, q, AssumptionA2 implies AssumptionA1. AssumptionA1 is required for the one-
level method, while AssumptionA2 is required for the two-level method,

Remark 3.1. In the example problem(1.3) with σ = 0, we haveV = H1(Ω) and
a(y, φ) =

∫
Ω
∇y∇φdx. The local spaces(3.9)satisfy

V hi ⊂
{
v ∈ H1(Ω̂i) : v = 0 on∂Ω̂i \ ∂Ω

}
.

If the relative interior of∂Ω̂i \ ∂Ω is nonempty, then the Poincare inequality implies that
the local bilinear form

ai(yi, φi) =

∫

bΩi

∇yi∇φidx

is coercive. The positive semidefiniteness ofmi and the coercivity ofqi follow immediately
from the definition ofm andq in example problem(1.3). Hence, assumptionA1 is satisfied
for the example problem(1.3). The bilinear forma, however, violates the assumptionA2.

For example problem(1.3)with σ > 0 and for example problem(1.4)assumptionsA1
andA2 are satisfied.

The transformed system (2.24) is now computed for the discretized problem, i.e., in
(2.24) we replaceZ by Zh, Zi by Zhi , i = 1, . . . , N , andZ0 by ZH . That is, fori =
0, . . . , N , we define the projections

(3.18)
Ti : Zh → Zh,

zh 7→ zhi ,
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wherezhi ∈ Zhi , i = 1, . . . , N , is the solution of

(3.19) Ki(z
h
i , ψ

h
i ) = K(zh, ψhi ) ∀ψhi ∈ Zhi

andzh0 ∈ ZH is the solution of

(3.20) K(zh0 , ψ
H) = K(zh, ψH) ∀ψH ∈ ZH .

The right hand sidesri ∈ Zhi , i = 1, . . . , N , andr0 ∈ ZH are defined through

(3.21) Ki(ri, ψ
h
i ) = g(ψhi ) ∀ψhi ∈ Zhi .

and

(3.22) K(r0, ψ
H) = g(ψH) ∀ψH ∈ ZH ,

respectively.
The one-level additive operator is

T = T1 + . . .+ TN .

Under assumptionA1, Theorem 2.7 shows that (2.4), (3.6) is equivalent to

(3.23) (T1 + . . .+ TN)zh = r1 + ...+ rN .

The two-level additive operator is

T = T0 + T1 + . . .+ TN .

Under assumptionA2, Theorem 2.7 shows that (2.4), (3.6) is equivalent to

(3.24) (T0 + T1 + . . .+ TN)zh = r0 + r1 + . . .+ rN .

3.2. Convergence Analysis for the Two-Level Method.In this section we present a
convergence analysis for overlapping domain decomposition methods for elliptic linear-
quadratic optimal control problems with distributed controls. Our convergence analysis
is based on the convergence theory by Cai and Widlund for non-symmetric or indefinite
elliptic PDEs. See [10, 12, 13] and [48, Chaper 5]. We splitK into a symmetric positive
definite partA and the remainderN = K − A. The symmetric positive definite partA
generates the inner product that is used in GMRES. To derive convergence estimates for
the GMRES residual, we need to show thatA dominatesN . Many technical details in our
convergence proof use the fact thatK corresponds to the optimality system for an elliptic
linear-quadratic optimal control problem and differ substantially from those presented in
[10, 12, 13] and [48, Chaper 5].

The bilinear formK defined in (3.6) may be split into two components

(3.25) K(z, ψ) = A(z, ψ) +N(z, ψ) ∀z, ψ ∈ Z

with symmetric positive definite part

(3.26) A((y, u, p), (θ, µ, φ)) = a(y, θ) + αq(u, µ) + a(p, φ)

and

(3.27) N((y, u, p), (θ, µ, φ)) = m(y, φ) + b(µ, p) + b(u, θ).

It is this splitting that motivates the choice (3.6) over (2.5).
We make the following assumption.
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A3 There exist constants0 < ca ≤ Ca, 0 < cq ≤ Cq, 0 < Cm, Cb, such that

ca‖y‖
2
H1(Ω) ≤ a(y, y), a(y, φ) ≤ Ca‖y‖H1(Ω)‖φ‖H1(Ω),(3.28a)

cq‖u‖
2
L2(Ω) ≤ q(u, u), q(u, µ) ≤ Cq‖u‖L2(Ω)‖µ‖L2(Ω),(3.28b)

0 ≤ m(y, y), m(y, φ) ≤ Cm‖y‖L2(Ω)‖φ‖L2(Ω),(3.28c)

b(u, φ) ≤ Cb‖u‖L2(Ω)‖φ‖L2(Ω),(3.28d)

for all y, φ ∈ V and allu, µ ∈ U and

b(ui, φi) ≤ Cb‖ui‖L2(bΩi)
‖φ‖L2(bΩi)

,(3.28e)

for all φi ∈ V hi and allui ∈ Uhi .

These assumptions are satisfied for example problem (1.4). Assumption (3.28c) ex-
cludes problems with boundary controls, such as the exampleproblem (1.3). We will
comment on this restriction in the conclusion section.

Since our local bilinear formsai,mi, qi, i = 1, . . . , N , are defined as restrictions of the
bilinear formsa,m, q, (3.28) implies AssumptionsA1, A2.

To prove convergence of our domain decomposition method, wealso need the following
regularity assumption.

A4 Suppose that for everyl1, l3 ∈ L2(Ω) × L2(Ω) the solutionw ∈ Z of the adjoint
problem

K(ψ,w) = 〈(l1, 0, l3), ψ〉L2(Ω)×L2(Ω)×L2(Ω) ∀ψ ∈ Z(3.29)

satisfiesw ∈ H2(Ω) ×H1(Ω) ×H2(Ω) and that there existsC > 0 such that

(3.30) ‖w‖H2(Ω)×H1(Ω)×H2(Ω) ≤ C‖(l1, 0, l3)‖M ∀l1, l3 ∈ L2(Ω).

Recall that (3.6) is nonsymmetric, i.e.,A4 is not an assumption on the regularity of the
solution of the optimal control problem.

Under assumption (3.28), the bilinear form (3.26) defines aninner product onZh and
we set

‖z‖2
A = A(z, z).

We apply GMRES with theA-inner product to solve (3.24). The GMRES residuals obey
(2.27), wherecT , CT are defined in (2.26). The following theorem is the main result of
this section.

Theorem 3.2. Let the bilinear forms satisfyA3 andb = q, and letα > 0 be given. Fur-
thermore, letA4 be satisfied. If GMRES withA-norm defined(3.26)is used to solve(3.24)
whereTi andri, i = 0, . . . , N are defined in(3.18)–(3.20)and(3.21)–(3.22), respectively,
withKi = K and ifH is sufficiently small thencT > 0 and1 − cT /CT can be bounded
independently ofH andh.

The proof of Theorem 3.2 requires a number of technical lemmas, which will be pre-
sented next. To simplify the labeling of non-critical constants throughout this section, we
useC without any subscript to denote a generic constant that doesnot depend on the mesh
sizeh, the subdomain sizeH , and the regularization parameterα.

We defineM : Z × Z → R,

(3.31) M((y, u, p), (θ, µ, φ)) = 〈y, θ〉L2(Ω) + 〈u, µ〉L2(Ω) + 〈p, φ〉L2(Ω)

and
‖z‖2

M = M(z, z).
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By (3.28) there existsCA > 0 (independent ofH , h, andα) such that

(3.32) ‖z‖M ≤ CA max{1, α−1}‖z‖A ∀z ∈ Z.

Lemma 3.3. There exists a constantCK > 0 (independent ofH , h, andα) such that

|K(z, ψ)| ≤ CK max{α, α−1} ‖z‖A ‖ψ‖A ∀z, ψ ∈ Z.(3.33)

Proof. The definition (3.6) ofK and (3.28) give

|K(z, ψ)| = |a(y, θ) + αq(u, µ) + a(p, φ) +m(y, φ) + b(µ, p) + b(u, θ)|

≤ C
(
‖y‖H1‖θ‖H1 + α‖u‖L2‖µ‖L2 + ‖p‖H1‖φ‖H1

+‖y‖H1‖φ‖H1 + ‖µ‖L2‖p‖H1 + ‖u‖L2‖θ‖H1

)
.

On the other hand, the definition (3.26) ofA and (3.28) imply

‖z‖A ‖ψ‖A =
(
[a(y, y) + αq(u, u) + a(p, p)] [a(θ, θ) + αq(µ, µ) + a(φ, φ)]

)1/2

= a(y, y)1/2a(θ, θ)1/2 + α1/2a(y, y)1/2q(µ, µ)1/2 + a(y, y)1/2a(φ, φ)1/2

+α1/2q(u, u)1/2a(θ, θ)1/2 + αq(u, u)1/2q(µ, µ)1/2 + α1/2q(u, u)1/2a(φ, φ)1/2

+a(p, p)1/2a(θ, θ)1/2 + α1/2a(p, p)1/2q(µ, µ)1/2 + a(p, p)1/2a(φ, φ)1/2

≥ Cmin{1, α}
(
‖y‖H1‖θ‖H1 + ‖u‖L2‖µ‖L2 + ‖p‖H1‖φ‖H1

+‖y‖H1‖φ‖H1 + ‖µ‖L2‖p‖H1 + ‖u‖L2‖θ‖H1

)
.

The desired estimate follow from the previous bounds on|K(z, ψ)| and‖z‖A ‖ψ‖A. �

The first part of the following lemma corresponds to [12, L. 4], [50, eq. (4.3), L. 7.2].
The constantNO in the following lemma plays the same role as the spectral radius of the
strengthened Cauchy-Schwarz inequality matrixE that is often used in the analysis of PDE
problems ([48, Sec. 5.2].) The second inequality in the following lemma can be proven
analogously to the first inequality [44].

Lemma 3.4. There exists a constantNO (independent ofH , h, andα) such that every
decompositionzh =

∑N
i=0 z

h
i , z

h
i ∈ Zhi , satisfies

‖
N∑

i=0

zhi ‖
2
A ≤ NO

N∑

i=0

‖zhi ‖
2
A, ‖

N∑

i=0

zhi ‖
2
M ≤ NO

N∑

i=0

‖zhi ‖
2
M .

The following lemma is proven, e.g., in [21, Sec. 4], [50, Lemma 7.1], [48, Sec. 5.3.1].

Lemma 3.5. There exists a constantC0a > 0 (independent ofH , h (andα)) such that for
all vh ∈ V h, there exists a two-level decompositionvh =

∑N
i=0 v

h
i , vhi ∈ V hi , with

N∑

i=0

a(vhi , v
h
i ) ≤ C2

0a a(v
h, vh).

The constantC0a > 0 is independent ofH , h (andα) provided that the amount of
overlapδ defined in (3.7) is proportional toH (see (3.8)). Without the latter assumption
one can show that the constantC0a in Lemma 3.5 satisfies

(3.34) C2
0a ≤ C̃2

0a(1 +H/δ),

whereC̃0a is independent ofH , h (andα) andδ is the amount of overlap defined in (3.7)
(see [23], [48, Thm. 2].)
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Lemma 3.6. There exists a constantC0q > 0 (independent ofH , h, andα) such that for
all uh ∈ Uh, there exists a two-level decompositionuh =

∑N
i=0 u

h
i , uhi ∈ Uhi , with

N∑

i=0

q(uhi , u
h
i ) ≤ C2

0q q(u
h, uh).

Proof. Let uh ∈ Uh be given. We setuh0 = 0 and we let̃ui ∈ L2(Ωi) be such that

uh =

N∑

i=1

ũi, ũi(x) = 0, x /∈ Ωi.

(One can choosẽui related touhχΩi
, whereχΩi

is the indicator function, but one needs
to avoid to include function values ofuh on the boundary∂Ωi more than once.) We define
uhi = Ihũi. We have

uh = Ihu
h = Ih

N∑

i=1

ũi =

N∑

i=1

Ihũi =

N∑

i=1

uhi .

For elementsτ ∈ Th insideΩi u
h
i |τ = uh|τ and, hence,‖uhi ‖L2(τ) = ‖uh‖L2(τ). For ele-

ments outsideΩi that are not adjacent toΩi, uhi |τ = 0 and, hence,‖uhi ‖L2(τ) ≤ ‖uh‖L2(τ).
For all other elementsτ ∈ Th we have

‖uhi ‖L2(τ) ≤ |τ |1/2‖uhi ‖L∞(τ) ≤ |τ |1/2‖uh‖L∞(τ)

≤ C|τ |1/2h−d/2‖uh‖L2(τ) ≤ Chd/2h−d/2‖uh‖L2(τ),

where we have used|τ | to denote the measure ofτ and we have used an inverse inequality
[15, Thm. 17.2] to bound theL∞(τ)-norm by theL2(τ)-norm. Consequently,

N∑

i=0

‖uhi ‖
2
L2(τ) ≤ C‖uh‖2

L2(τ),

where we have used the fact that anyτ ∈ Th belongs only to a finite number of overlapping
domainŝΩi that is bounded independently ofN . Summing over the elementsτ ∈ Th yields

N∑

i=0

‖uhi ‖
2
L2(Ω) ≤ C‖uh‖2

L2(Ω),

which together with (3.28b) gives the desired result. �

It is straightforward to extend Lemmas 3.5 and 3.6 to the product spaceZh = V h ×
Uh × V h as follows.

Lemma 3.7. There exists a constantC0 > 0 (independent ofH , h, andα) such that for
all zh ∈ Zh, there exists a two-level decompositionzh =

∑N
i=0 z

h
i , zhi ∈ Zhi , with

N∑

i=0

A(zhi , z
h
i ) ≤ C2

0 A(zh, zh).

The next lemma establishes properties of the coarse grid projection. Its proof requires
discretization error estimates for optimal control problems. These are briefly summarized
in Section 5. We also need the following assumption on the regularity of the adjoint prob-
lem as stated in AssumptionA4.
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Lemma 3.8. Assume thatA4 holds and thatzh = (yh, uh, ph) ∈ Zh. There exist
C1, C2 > 0 independent ofH andh, such that the solutionzH = (yH , uH , pH) ∈ ZH of

K(zH , ψH) = K(zh, ψH) ∀ψH ∈ ZH(3.35)

obeys

‖zH‖A ≤ C1‖z
h‖A,(3.36)

and

‖yh − yH‖L2(Ω) + ‖ph − pH‖L2(Ω) ≤ C2 max{α, α−1}H‖zh‖A.(3.37)

Before we present the proof, we remark that by definition (3.18), (3.20) ofT0, we have

zH = T0z
h,

wherezh, zH are given as in the previous lemma. Hence Lemma 3.8 provides estimates
for the coarse grid operator.

Proof of Lemma3.8. First we note that (3.35) has a unique solution. In fact, in the proof
of Lemma 2.4 we have shown that (3.35) corresponds to a coarsegrid optimal control
problem of the type (2.17). By Theorem 2.2 applied to the coarse grid optimal control
problem, the coarse grid optimal control problem has a unique solution. Moreover, the
coarse grid solution obeys (3.36) (see (5.5)).

For brevity we definězh = (yh, 0, ph) andžH = (yH , 0, pH). We consider the adjoint
problems

K(ψ,w) = 〈žh − žH , ψ〉L2(Ω)×L2(Ω)×L2(Ω) ∀ψ ∈ Z,(3.38a)

K(ψh, wh) = 〈žh − žH , ψh〉L2(Ω)×L2(Ω)×L2(Ω) ∀ψh ∈ Zh,(3.38b)

K(ψH , wH) = 〈žh − žH , ψH〉L2(Ω)×L2(Ω)×L2(Ω) ∀ψH ∈ ZH .(3.38c)

If we setψh = zh− zH in (3.38b) and note that〈žh− žH , zh− zH〉L2(Ω)×L2(Ω)×L2(Ω) =

‖žh − žH‖2
L2(Ω)×L2(Ω)×L2(Ω), then

K(zh − zH , wh) = ‖yh − yH‖2
L2(Ω) + ‖ph − pH‖2

L2(Ω).(3.39)

Equation (3.35) withψH = wH ∈ ZH yields

K(zh − zH , wH) = 0.(3.40)

Subtracting (3.39) and (3.40), we have

K(žh − žH , wh − wH) = ‖yh − yH‖2
L2(Ω) + ‖ph − pH‖2

L2(Ω).(3.41)

We now use Lemma 3.3 to boundK(·, ·)

‖yh − yH‖2
L2(Ω) + ‖ph − pH‖2

L2(Ω)

≤ CK max{α, α−1}‖zh − zH‖A‖w
h − wH‖A.(3.42)

Let w be the solution of (3.38a). Standard error estimates for linear quadratic optimal
control problems (see Theorem 5.3) give

‖wh − w‖A ≤ Ch‖w‖H2(Ω)×H1(Ω)×H2(Ω),

‖wH − w‖A ≤ CH‖w‖H2(Ω)×H1(Ω)×H2(Ω).

Using the previous two inequalities and assumptionA4, we obtain

‖wh − wH‖A ≤ ‖wh − w‖A + ‖wH − w‖A ≤ CH‖w‖H2(Ω)×H1(Ω)×H2(Ω)

≤ CH(‖yh − yH‖L2(Ω) + ‖ph − pH‖L2(Ω)).
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Hence, (3.42) implies

‖yh − yH‖2
L2(Ω) + ‖ph − pH‖2

L2(Ω)

≤ CKCmax{α, α−1}H‖zh − zH‖A
(
‖yh − yH‖L2(Ω) + ‖ph − pH‖L2(Ω)

)

which, together with (3.36), gives (3.37). �

Lemma 3.9. If each overlapping region̂Ωi, i = 1, ..., N , has diameter less than or equal
toCδH , then there existsC > 0 independent ofH andh such that

‖vhi ‖L2(bΩi)
≤ CCδH‖vhi ‖H1(bΩi)

∀vhi ∈ V hi , i = 1, . . . , N.

Proof. Sincevhi is zero outside of̂Ωi, by a Poincaré inequality (e.g., [29, eqn. 7.44])

‖vhi ‖L2(bΩi)
≤ C|Ω̂i|

1/d‖∇vhi ‖L2(bΩi)
≤ CCδH‖∇vhi ‖L2(bΩi)

where|Ω̂i| denotes the measure ofΩ̂i ⊂ R
d. This implies the desired inequality. �

The following lemma says that the bilinear formK is positive definite on the subspace
Zhi , i = 1, . . . , N , if H is sufficiently small.

Lemma 3.10. Assume that each overlapping region̂Ωi, i = 1, ..., N has diameter less
than or equal toCδH . There exist constantsH0 > 0, CH0

> 0 such that ifH ≤ H0, then

K(zhi , z
h
i ) ≥ CH0

A(zhi , z
h
i ) ∀zhi ∈ Zhi , i = 1, . . . , N.(3.43)

Proof. Let zhi = (yhi , u
h
i , pi) ∈ Zhi . The definition (3.6) ofK, (3.28) and the first inequal-

ity in Lemma 3.9 imply

K(zhi , z
h
i ) = a(yhi , y

h
i ) + αq(uhi , u

h
i ) + a(phi , p

h
i ) +m(yhi , p

h
i ) + b(uhi , p

h
i ) + b(uhi , y

h
i ),

≥ a(yhi , y
h
i ) + αq(uhi , u

h
i ) + a(phi , p

h
i )

−C
(
‖yhi ‖L2(bΩi)

‖phi ‖L2(bΩi)
+ ‖uhi ‖L2(bΩi)

‖phi ‖L2(bΩi)
+ ‖uhi ‖L2(bΩi)

‖yhi ‖L2(bΩi)

)

≥ a(yhi , y
h
i ) + αq(uhi , u

h
i ) + a(phi , p

h
i )

−C
(1

2
‖yhi ‖

2
L2(bΩi)

+
1

2
‖phi ‖

2
L2(bΩi)

+
αcq
4C

‖uhi ‖
2
L2(bΩi)

+
C

αcq
‖phi ‖

2
L2(bΩi)

+
αcq
4C

‖uhi ‖
2
L2(bΩi)

+
C

αcq
‖yhi ‖

2
L2(bΩi)

)

≥ a(yhi , y
h
i ) − C(1 + α−1)CδH‖yhi ‖

2
H1(bΩi)

+
α

2
q(uhi , u

h
i )

+a(phi , p
h
i ) − C(1 + α−1)CδH‖phi ‖

2
H1(bΩi)

.

The assertion now follows from the definition (3.26) ofA and (3.28). �

Lemma 3.11. LetH0 be defined as in Lemma 3.10. There exists a constantCH1
> 0 such

that ifH ≤ H0 then

N∑

i=0

A(Tiz
h, Tiz

h) ≤ CH1
A(zh, zh) ∀zh ∈ Zh.

Proof. Recall, that by definition (3.18), (3.20) ofT0, the functionzH defined by (3.35)
satisfieszH = T0z

h. Hence, by inequality (3.36),

A(T0z
h, T0z

h) ≤ C2
1A(zh, zh).
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LetH < H0. Lemma 3.10 and the definition (3.18), (3.19) ofTi imply

A(Tiz
h, Tiz

h) ≤ C−1
H0
K(Tiz

h, Tiz
h) = C−1

H0
K(zh, Tiz

h) ∀zh ∈ Zh,

i = 1, . . . , N . We sum overi = 1, ..., N , then use Lemma 3.3 and Lemma 3.4

N∑

i=1

A(Tiz
h, Tiz

h) ≤ C−1
H0
K(zh,

N∑

i=1

Tiz
h)

≤ C−1
H0
CK max{α, α−1}‖zh‖A ‖

N∑

i=1

Tiz
h‖A

≤ C−1
H0
CK max{α, α−1}A(zh, zh)1/2N

1/2
O

( N∑

i=1

A(Tiz
h, Tiz

h)
)1/2

This implies

N∑

i=1

A(Tiz
h, Tiz

h) ≤ C−2
H0
C2
K max{α, α−1}2NOA(zh, zh).

The desired inequality follows if we setCH1
= C−2

H0
C2
K max{α, α−1}2NO + C2

1 . �

Lemma 3.12. There exist constantsH2 > 0, CH2
> 0 such that ifH ≤ H2 then

N∑

i=0

A(Tiz
h, Tiz

h) ≥ CH2
A(zh, zh) ∀zh ∈ Zh.

Proof. Let zh ∈ Zh be arbitrary. By Lemma 3.7 there exists a representationzh =∑N
i=0 z

h
i , zhi ∈ Zhi with (

∑N
i=0 ‖z

h
i ‖

2
A)1/2 ≤ C0‖zh‖A. We derive an upper bound for

K(zh, zh) by using this decomposition ofzh, the definition (3.18) ofTi and Lemma 3.3,

K(zh, zh) =
N∑

i=0

K(zh, zhi ) =
N∑

i=0

K(Tiz
h, zhi ) ≤ CK max{α, α−1}

N∑

i=0

‖Tiz
h‖A‖z

h
i ‖A.

Applying the Cauchy-Schwarz inequality and Lemma 3.7,

K(zh, zh) ≤ CK max{α, α−1}(
N∑

i=0

‖Tiz
h‖2
A)1/2(

N∑

i=0

‖zhi ‖
2
A)1/2

≤ CKC0 max{α, α−1}(
N∑

i=0

‖Tiz
h‖2
A)1/2‖zh‖A.(3.44)

To derive a lower bound forK(zh, zh) we proceed as in the proof of Lemma 3.10 to
obtain

K(zh, zh) ≥ a(yh, yh) +
α

2
q(uh, uh) + a(ph, ph)

−C
(
(1 + α−1)‖yh‖2

L2(Ω) + (1 + α−1)‖ph‖2
L2(Ω)

)
.(3.45)

Let zH = (yH , uH , pH) be defined by (3.35) and recall, that by definition (3.18), (3.20) of
T0, we havezH = T0z

h. Applying the triangle inequality and using Lemma 3.8, (3.32),
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we obtain the lower bound

K(zh, zh) ≥ a(yh, yh) +
α

2
q(uh, uh) + a(ph, ph)

−C
(
(1 + α−1)‖yh − yH‖2

L2(Ω) + (1 + α−1)‖ph − pH‖2
L2(Ω)

)

−C(1 + α−1)‖zH‖2
M

≥ a(yh, yh) +
α

2
q(uh, uh) + a(ph, ph)

−Cmax{α, α−1}2(1 + α−1)H2‖zh‖2
A − Cmax{1, α−1}(1 + α−1)‖zh‖A‖T0z

h‖A.(3.46)

Combining the upper bound (3.44) and the lower bound (3.46),we have

(
CKC0 max{α, α−1} + C max{1, α−1}(1 + α−1)

)( N∑

i=0

‖Tiz
h‖2
A

)1/2

‖zh‖A

≥ (1/2 − Cmax{1, α}2(1 + α−1)H2)‖zh‖2
A.(3.47)

If H2 is chosen such thatC max{1, α}2(1+α−1)H2
2 < min{1, α/2}, then (3.47) implies

the desired result with

CH2
=

(
1/2 − Cmax{1, α}2(1 + α−1)H2

2

)2

(
CKC0 max{α, α−1} + Cmax{1, α−1}(1 + α−1)

)2 .

�

The following Lemma bounds the contribution by the local components(i > 0) to the
nonsymmetric part ofK(·, ·).

Lemma 3.13. LetH0 be defined as in Lemma 3.11. There exists a constantCH3
> 0 such

that ifH ≤ H0 then

|
N∑

i=1

N(Tiz
h − zh, Tiz

h)| ≤ CH3
max{1, α−1}HA(zh, zh) ∀zh ∈ Zh.(3.48)

Proof. Let Tizh = (yhi , u
h
i , p

h
i ). We note that

|
N∑

i=1

N(Tiz
h − zh, Tiz

h)| ≤ |
N∑

i=1

N(Tiz
h, Tiz

h)| + |N(zh,

N∑

i=1

Tiz
h)|.(3.49)

The definition (3.27) ofN and (3.28) imply

|N(Tiz
h, Tiz

h)|

= |m(yhi , p
h
i ) + b(uhi , p

h
i ) + b(uhi , y

h
i )|

≤ C
(
‖yhi ‖L2(bΩi)

‖phi ‖L2(bΩi)
+ ‖phi ‖L2(bΩi)

‖uhi ‖L2(bΩi)
+ ‖uhi ‖L2(bΩi)

‖yhi ‖L2(bΩi)

)

≤ C
(
‖yhi ‖

2
L2(bΩi)

+ ‖phi ‖
2
L2(bΩi)

+H−1‖yhi ‖
2
L2(bΩi)

+H−1‖phi ‖
2
L2(bΩi)

+H‖uhi ‖
2
L2(bΩi)

)
.

With Lemma 3.9 and (3.28) we obtain

|N(Tiz
h, Tiz

h)| ≤ CC2
δH
(
‖yhi ‖

2
H1(bΩi)

+ ‖phi ‖
2
H1(bΩi)

+ ‖uhi ‖
2
L2(bΩi)

)

≤ CC2
δ max{1, α−1}HA(Tiz

h, Tiz
h).
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Lemma 3.11 now implies

(3.50) |
N∑

i=1

N(Tiz
h, Tiz

h)| ≤ CC2
δCH1

max{1, α−1}HA(zh, zh),

providedH ≤ H0.
Let zh = (yh, uh, ph) andTizh = (yhi , u

h
i , p

h
i ). The definition (3.27) ofN implies

N(zh,

N∑

i=1

Tiz
h) = m(yh,

N∑

i=1

phi ) + b(

N∑

i=1

uhi , p
h) + b(uh,

N∑

i=1

yhi ).(3.51)

Assumption (3.28) and Lemmas 3.4, 3.9 imply

m(yh,

N∑

i=1

phi ) ≤ C‖yh‖L2(Ω)‖
N∑

i=1

phi ‖L2(Ω),

≤ CN
1/2
O ‖yh‖L2(Ω)

( N∑

i=1

‖phi ‖
2
L2(bΩi)

)1/2

≤ CN
1/2
O CδH‖yh‖L2(Ω)

( N∑

i=1

‖phi ‖
2
H1(bΩi)

)1/2
.(3.52)

Similarly,

b(uh,
N∑

i=1

yhi ) ≤ C‖uh‖L2(Ω)‖
N∑

i=1

yhi ‖L2(Ω),

≤ CN
1/2
O ‖uh‖L2(Ω)

( N∑

i=1

‖yhi ‖
2
L2(cΩi)

)1/2

≤ CN
1/2
O CδH‖uh‖L2(Ω)

( N∑

i=1

‖yhi ‖
2
H1(bΩi)

)1/2
.(3.53)

The estimate of the termb(
∑N
i=1 u

h
i , p

h) is little more involved. Let̃phi ∈ V hi be the
L2(Ω̂i) projection ofph, i.e.,

∫

bΩi

p̃hi φ
h
i =

∫

bΩi

phi φ
h
i ∀φhi ∈ V hi .

It is known, see, e.g., [8], [39, L. 1.8.1], that

(3.54) ‖p̃hi − phi ‖L2(Ω) ≤ Ch‖phi ‖H1(Ω)

and

(3.55) ‖p̃hi ‖H1(Ω) ≤ C‖phi ‖H1(Ω).
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Using assumption (3.28), (3.54),h ≤ H , Lemma 3.9 and (3.55), we obtain

b(

N∑

i=1

uhi , p
h) =

N∑

i=1

b(uhi , p
h − p̃hi ) + b(uhi , p̃

h
i ),

≤ C

N∑

i=1

‖uhi ‖L2(cΩi)
(‖ph − p̃hi ‖L2(cΩi)

+ ‖p̃hi ‖L2(cΩi)
)

≤ CH
N∑

i=1

‖uhi ‖L2(cΩi)
(‖ph‖

H1(cΩi)
+ ‖p̃hi ‖H1(cΩi)

)

≤ CH

N∑

i=1

‖uhi ‖L2(cΩi)
‖ph‖H1(cΩi)

≤ CH

(
N∑

i=1

‖uhi ‖
2
L2(cΩi)

)1/2( N∑

i=1

‖ph‖2
H1(cΩi)

)1/2

.

Since the number of subdomains that overlap a given subdomain Ω̂i is bounded indepen-
dently ofN , we have

N∑

i=1

‖ph‖2
H1(cΩi)

≤ C‖ph‖2
H1(Ω).

Hence, we obtain

b(

N∑

i=1

uhi , p
h) ≤ CH

(
N∑

i=1

‖uhi ‖
2
L2(cΩi)

)1/2

‖ph‖2
H1(Ω).(3.56)

If we combine (3.51)–(3.56), recall thatzh = (yh, uh, ph), Tizh = (yhi , u
h
i , p

h
i ), and use

Lemma (3.11), then

N(zh,

N∑

i=1

Tiz
h)

≤ CH
(
‖yh‖L2(Ω)

( N∑

i=1

‖phi ‖
2
H1(bΩi)

)1/2

+‖uh‖L2(Ω)

( N∑

i=1

‖yhi ‖
2
H1(bΩ)

)1/2
+ ‖ph‖2

H1(Ω)

( N∑

i=1

‖uhi ‖
2
L2(cΩi)

)1/2)

≤ Cmax{1, α−1}H‖zh‖A
( N∑

i=1

A(Tiz
h, Tiz

h)
)1/2

≤ Cmax{1, α−1}H‖zh‖2
A,(3.57)

providedH < H0.
The desired estimate now follows from (3.49), (3.50), (3.57). �

The contribution from the coarse component to the nonsymmetric part can be bounded
similarly.

Lemma 3.14. Assume thatb = q. There existsC > 0 such that

|N(T0z
h − zh, T0z

h)| ≤ Cmax{α, α−2}HA(zh, zh) ∀zh ∈ Zh.
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Proof. Let zh = (yh, uh, ph) andT0z
h = zH = (yH , uH , pH). By definition (3.18),

(3.20) ofT0,

K(zH , ψH) = K(zh, ψH) ∀ψH ∈ ZH .

Inserting the defintion (3.6) ofK, into the previous identity, we obtain

αq(uH , µH) + b(µH , pH) = αq(uh, µH) + b(µH , ph) ∀µH ∈ UH .

With b = q andµH = yH , this implies

(3.58) b(uH − uh, yH) = α−1b(yH , ph − pH).

The definition (3.27) ofN and (3.58) imply

|N(T0z
h − zh, T0z

h)|

= |m(yH − yh, pH) + b(uH , pH − ph) + b(uH − uh, yH)|

= |m(yH − yh, pH) + b(uH , pH − ph) + α−1b(yH , ph − pH)|

≤ Cmax{1, α−1}
(
‖yH − yh‖L2(Ω)‖p

H‖L2(Ω)

+‖pH − ph‖L2(Ω)‖u
H‖L2(Ω) + ‖pH − ph‖L2(Ω)‖y

H‖L2(Ω)

)
.

We use Lemma 3.8 to obtain

|N(T0z
h − z, T0z

h)| ≤ C max{1, α−1}max{α, α−1}H‖zh‖2
A.

�

Now we are able to prove our main convergence result, Theorem3.2.

Proof of Theorem3.2. We show that bothcT (the minimal eigenvalue of the Hermitian part
of T ) andCT (the norm ofT ) can be bounded independently ofH andh forH sufficiently
small.

First we provide a bound forcT . From the definition ofTi in (3.18),

A(Tiz
h, ψhi ) +N(Tiz

h, ψhi ) = K(Tiz
h, ψhi ) = K(zh, ψhi ) = A(zh, ψhi ) +N(zh, ψhi )

for all ψhi ∈ Zhi . Settingψhi = Tiz
h, we haveA(Tiz

h, Tiz
h) + N(Tiz

h, Tiz
h) =

A(zh, Tiz
h) +N(zh, Tiz

h), or

A(Tiz
h, zh) = A(Tiz

h, Tiz
h) +N(Tiz

h − zh, Tiz
h).

Summing up overi = 0, ..., N , we have

N∑

i=0

A(Tiz
h, zh) =

N∑

i=0

A(Tiz
h, Tiz

h) +

N∑

i=0

N(Tiz
h − zh, Tiz

h),

≥
N∑

i=0

A(Tiz
h, Tiz

h) − |
N∑

i=0

N(Tiz
h − zh, Tiz

h)|.(3.59)

We letH < min{H0, H2} and then bound the first term on the right from below using
Lemma 3.12

N∑

i=0

A(Tiz
h, Tiz

h) ≥ CH2
A(zh, zh),
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and bound the second term on the right from above by Lemmas 3.13 and 3.14

|
N∑

i=1

N(Tiz
h − zh, Tiz

h)| ≤ CH3
max{1, α−1}HA(zh, zh),

|N(T0z
h − zh, T0z

h)| ≤ Cmax{α, α−2}HA(zh, zh).

Therefore,

(3.60) A(Tzh, zh) ≥ (CH2
− CH3

max{1, α−1}H − Cmax{α, α−2}H)A(zh, zh)

where the constants are independent ofH or h. For H sufficiently small,CH2
−

CH3
max{1, α−1}H − C max{α, α−2}H is positive, so that

cT = inf
z 6=0

A(Tzh, zh)

A(zh, zh)
> 0,

and remains bounded away from zero ifH is decreased further.
To bound the norm ofT , we use Lemma 3.4 and Lemma 3.11.

C2
T = sup

z 6=0

A(Tz, T z)

A(z, z)

≤ sup
z 6=0

NO
∑N

i=0A(Tiz, Tiz)

A(z, z)

≤ NO CH1
,

with NO andCH1
being bounded independently ofH andh.

�

3.3. Algebraic Viewpoint. The overlapping methods for optimal control may be formu-
lated at the algebraic level, which is useful for explainingmany implementation issues.

Let {φj}nj=1, {µj}mj=1 be bases ofV h andUh, respectively. The discretized states,
controls and adjoints can be written as

yh(x) =
n∑

j=1

yjφj(x), uh(x) =
m∑

j=1

ujµj(x), ph(x) =
n∑

j=1

pjφj(x),

respectively. We use bold face for the corresponding vectors of coefficients representing
yh, uh, ph, e.g.,y = (y1, ..., yn)

T .
If we define matricesA,M ∈ R

n×n, B ∈ R
n×m, Q ∈ R

m×m and vectorsb, c ∈ R
n,

d ∈ R
m with entries

Ajk = a(φk, φj), Mjk = m(φk, φj), Bjk = b(µk, φj), Qjk = q(µk, µj),
bj = f(φj), cj = c(φj), dj(µj),

then the equivalent algebraic formulation of (3.4) is

min 1
2y

TMy +
α

2
uTQu− cTy − dTu,(3.61a)

s.t. Ay + Bu = b.(3.61b)

If there exists a feasible point and if the Hessian of the objective function is positive definite
on the null-space of the constraints (both assumptions are satisfied for a discretization of the
example problems (1.3) and (1.3) using conforming piecewise linear elements as described
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as described in Section 3.1 (see also [37]), then the necessary and sufficient optimality
conditions for (3.61) are given by

(3.62)




A B 0

0 αQ BT

M 0 AT








y

u

p



 =




b

d

c



 .

The system (3.62) is the matrix representation of (3.5), (3.6). We also use the notation

(3.63) Kz = g

instead of (3.62). Note that

(3.64)




A B 0

0 αQ BT

M 0 AT



 =




A 0 0

0 αQ 0

0 0 AT



+




0 B 0

0 0 BT

M 0 0





corresponds to the splitting (3.25).
Let

(3.65) Ki =




Ai Bi 0

0 αQi BT
i

Mi 0 AT
i



 ∈ R
(ni+mi+ni)×(ni+mi+ni), i = 1, . . . , N,

be the submatrix of (3.62) associated with the extended subdomainΩ̂i, i = 1, . . . , N , i.e.,
Ki is the KKT matrix associated with the spaceZhi . Furthermore, let

(3.66) K0 =




A0 B0 0

0 αQ0 BT
0

M0 0 AT
0



 ∈ R
(n0+m0+n0)×(n0+m0+n0)

be the KKT matrix associated with the coarse spaceZH . By

Ri =




R
y
i

Ru
i

R
y
i



 ∈ R
(ni+mi+ni)×(n+m+n), i = 1, . . . , N,

we denote the restriction matrix that maps the global(y,u,p) vector to the local vec-
tor (yi,ui,pi) corresponding to the extended subdomainΩ̂i. In the casei = 0, R0 ∈
R

(n0+m0+n0)×(n+m+n) is the interpolation operator from the coarse grid to the finegrid.
The block diagonals ofR0 are computed as described in [48, p. 62].

For a boundary control problem such as (1.3) with extended subdomainŝΩi that do not
share a boundary segment withΩ, the middle row and column block ofKi and the middle
row block ofRi have to be deleted. The same issue may also arise when distributed control
is executed only on a subsetΩc of Ω. To simplify the presentation, we do not distinguish
between these cases. The discussion in this section can be easily extended to include
control problems with extended subdomainsΩ̂i on which no control is exercised.

The algebraic representations of (3.19), (3.20) are given by

Kizi = RiKz, i = 0, . . . , N.

Hence,
Ti = RT

i K−1
i RiK ∈ R

(n+m+n)×(n+m+n), i = 0, . . . , N.

Similarly,

ri = RT
i K−1

i Rig ∈ R
n+m+n, i = 0, . . . , N.
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The algebraic representations of the transformed system (3.24) is given by

(3.67)
N∑

i=0

Tiz =

N∑

i=0

ri.

If we define

(3.68) P =

N∑

i=0

RT
i K−1

i Ri,

then we see that (3.67) is just the preconditioned equation

(3.69) PKz = Pg

corresponding to (3.63).
It is interesting to observe that the system (3.62) is nonsymmetric. This choice is mo-

tivated by the existence of a splitting (3.25), (3.64). On the other hand, the nonsymmetric
form of (3.62) and the resulting nonsymmetry in the preconditionerP seems to preclude
the application of iterative methods for symmetric indefinite systems that allow symmetric
indefinite preconditioners such as the symmetric QMR (sQMR)method [27, 28]. This is
not the case, as the following discussion will show.

If K is the KKT matrix defined in (3.62) and ifΠ ∈ R
(n+m+n)×(n+m+n) is the per-

mutation matrix that interchanges the firstn and lastn components of a vector, then

(3.70) ΠK =




M 0 AT

0 αQ BT

A B 0



 .

Similarly, let Ki, i = 0, . . . , N , be defined in (3.65), (3.65). IfΠi ∈
R

(ni+mi+ni)×(ni+mi+ni), i = 0, . . . , N , then

(3.71) ΠiKi =




Mi 0 AT

i

0 αQi BT
i

Ai Bi 0



 ∈ R
(ni+mi+ni)×(ni+mi+ni).

The block diagonal structure ofRi as well as the fact that the permutationsΠ, Πi inter-
change the first and last blocks imply

Ri = ΠiRiΠ, Πi = ΠT
i .

The preconditioned matrixPK, whereP is defined in (3.68), can now be written as

PK =

N∑

i=0

RT
i K−1

i RiK =

N∑

i=0

RT
i K−1

i ΠiRiΠK =

N∑

i=0

RT
i (ΠiKi)

−1RiΠK.

The matricesΠK, ΠiKi, i = 0, . . . , N , are symmetric (cf. (3.70), (3.71)) and indefinite
([30, 36, 37]). Hence, instead of solving the preconditioned system (3.69) we can solve

(3.72)

(
N∑

i=0

RT
i (ΠiKi)

−1Ri

)
(ΠK)z =

(
N∑

i=0

RT
i (ΠiKi)

−1Ri

)
(Πg),

where the matrix ΠK is symmetric indefinite and the preonditioner∑N
i=0 RT

i (ΠiKi)
−1Ri is symmetric. If we use GMRES,then the convergence the-

ory developed in Section 3.2 applies to both cases. The QMR (sQMR) residuals can be
linked to the GMRES residuals [26], [45, Sec. 7.3].
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4. ADJOINT REGULARITY FOR THE EXAMPLE PROBLEM

Throughout this section we letΩ ⊂ R
2 be a convex, open subset with polygonal bound-

ary. We verify that AssumptionsA1–A4 are satisfied for the example problem (1.4).
In problem (1.4) with distributed control, we haveV = H1

0 (Ω), U = L2(Ω), a(y, φ) =∫
Ω
∇y∇φdx,m(y, φ) =

∫
Ωo

yφdx, b(u, φ) =
∫
Ω
uφdx andq(u, φ) =

∫
Ω
uφdx. Assump-

tionsA1–A3 are satisfied.
To verify AssumptionA4, letw = (wy , wuwp) andψ = (θ, µ, φ). The adjoint problem

(3.29) is equivalent to

a(wp, φ) + b(wu, φ) = 〈l1, φ〉 , ∀φ ∈ V,(4.1a)

αq(µ,wu) + b(wy, µ) = 0 ∀µ ∈ U,(4.1b)

a(θ, wy) +m(θ, wp) = 〈l3, θ〉 ∀θ ∈ V.(4.1c)

Standard estimates analogous to those applied in Theorem 2.2 show that (4.1) has a unique
solutionw = (wy , wuwp) ∈ H1(Ω) × L2(Ω) ×H1(Ω) which satisfies

‖w‖H1(Ω)×L2(Ω)×H1(Ω) ≤ C(‖l1‖L2(Ω) + ‖l3‖L2(Ω))

for someC > 0.
Sincewu, l1 ∈ L2 the solutionwp of (4.1a) is inH2 and obeys

‖wp‖H2(Ω) ≤ C(‖wu‖L2(Ω) + ‖l1‖L2(Ω))

for someC > 0 [31, Th.3.2.1.2]. Analogously, sincewp, l3 ∈ L2, the solutionwy of (4.1c)
is inH2 and obeys

‖wy‖H2(Ω) ≤ C(‖wp‖L2(Ω) + ‖l3‖L2(Ω).

Finally, (4.1b) implieswu = wy ∈ H2(Ω). The previous estimates show that Assumption
A4 is satisfied.

5. ERROR ESTIMATES FORELLIPTIC L INEAR-QUADRATIC OPTIMAL CONTROL

PROBLEMS

In this section, we present basic error estimates for elliptic linear-quadratic optimal
control problems that are needed in the proof of Lemma 3.8. Wefocus on the setting
of this paper. More results on error estimates for elliptic linear-quadratic optimal control
problems may be found in [14, 17, 32] and the references citedtherein.

Throughout this section we assume that conditionA2 holds, i.e., that the bilinear forms
a,m, q satisfy (2.21). Moreover, as in Section 3 we assume that the triangulation is quasi-
uniform. We can define operatorsAh,k ∈ L(V h, (V k)′), Bh,k ∈ L(Uh, (V k)′), Mh,k ∈
L(V h, (V k)′), Qh,k ∈ L(Uk, (Uk)′), via

(5.1)
〈Ah,kv

h, φk〉V ′,V = a(vh, φk), 〈Bh,ku
h, φk〉V ′,V = b(uh, φk),

〈Mh,kv
h, φk〉V ′,V = m(vh, φk), 〈Qh,ku

h, µk〉U ′,U = q(uh, µk),

where〈·, ·〉V ′,V the duality pairing betweenV ′ adV . If h = k, we simply writeAh, . . .
instead ofAh,h, . . .. Sincea,m, q satisfy (2.21),

(5.2)
〈Ahv

h, vh〉V ′,V ≥ ca‖vh‖2
V , 〈Qhu

h, uh〉U ′,U ≥ cq‖uh‖2
U ,

〈Mhv
h, vh〉V ′,V ≥ 0.

for all vh ∈ V h, uh ∈ Uh. In particular,Ah andQh are continuously invertible.
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The operatorKh,k ∈ L(Zh, (Zk)′) associated with the finite element discretization of
(3.6) is given by

(5.3) Kh,k =




Ah,k Bh,k 0

0 αQh,k B∗
h,k

Mh,k 0 A∗
h,k.



 .

We also considerA ∈ L(V, V ′), B ∈ L(U, V ′), M ∈ L(V, V ′), Q ∈ L(U,U ′),
K ∈ L(Z,Z ′), defined analogously to (5.1), (5.3).

Lemma 5.1. Let Zh be equipped with theA-norm. If thea,m, b, q are continuous and
if a,m, q satisfy(2.21), then the operatorKh ∈ L(Zh, (Zh)′) defined in(5.3), (5.1) is
invertible and there existsκ > 0 such that

‖K−1
h ‖L((Zh)′,Zh) ≤ κ ∀h.

Proof. Sincea, b,m are continuous bilinear forms,Ah,Bh,Mh are uniformly bounded.
By (5.2), the inversesAh andQh exist and are uniformly bounded.

Elementary calculations show that

Kh =




0 I 0

B∗
h(A

∗
h)

−1 −B∗
h(A

∗
h)

−1MA−1
h I

I 0 0








Mh A∗ 0
Ah 0 0

0 0 Q̂h





×




I A−1

h Bh 0
0 −(A∗

h)
−1MhA

−1
h Bh I

0 I 0



 ,(5.4)

whereQ̂h = αQh + B∗
h(A

∗
h)

−1MhA
−1
h Bh. By (5.2),Q̂h is invertible and its inverse is

uniformly bounded. SinceAh,Bh,Mh, A−1
h , Q̂−1

h are uniformly bounded, the operators
on the right hand side of (5.4) are invertible and their inverses uniformly bounded. This
proves the uniformly boundedness ofK−1

h . �

With (5.1), (5.3), the equation

K(zH , ψH) = K(zh, ψH) ∀ψH ∈ ZH

can be written as
KHz

H = Kh,Hz
h.

With Lemma 5.1 this implies

(5.5) ‖zH‖A ≤ ‖K−1
H ‖ ‖Kh,H‖ ‖z

h‖A

(cf. 3.36).
Let k be defined as in (3.6) and letl ∈ Z ′ be given. We are interested in the error

between the solutionsz andzh of

(5.6) k(z, ψ) = 〈l, ψ〉Z′,Z ∀ψ ∈ Z

and

(5.7) k(zh, ψh) = 〈l, ψh〉Z′,Z , ∀ψh ∈ Zh

respectively. If we define,lh ∈ (Zh)′ by 〈lh, ψh〉Z′,Z = 〈l, ψh〉Z′,Z for all ψh ∈ Zh, then
(5.6), (5.7) can be written as

(5.8) Kz = l
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and

(5.9) Khz
h = lh,

respectively.
To derive an estimate for the error‖zh − z‖A, we letRh : Z → Zh be a restriction

operator and we consider the identity

Kh(z
h −Rh(z)) = lh −KhRh(z).

We immediately obtain the estimate
(5.10)
‖zh −Rh(z)‖A ≤ ‖K−1

h ‖L((Zh)′,Zh)‖lh −KhRh(z)‖(Zh)′ ≤ κ‖lh −KhRh(z)‖A,

where we have used Lemma 5.1. An estimate for‖zh − z‖A now follows from estimates
of ‖lh −KhRh(z)‖Z′ and‖Rh(z) − z‖A.

Let z = (y, u, p). Let Πh : C0(Ω) → V h be theV h interpolant [15, 16]. and let
rh : L2(D) → Uh be the Clément interpolation operator [15, p. 132], [7, p. 82]. The
results in [15, Th. 17.1],[16, Thm. 3.2.1], [15, p. 133], [7,p. 82] guarantee the existence of
C > 0 (independent ofh) such that

‖v − Πhv‖H1(Ω) ≤ Ch‖v‖H2(Ω) ∀v ∈ H2(Ω),(5.11a)

‖u− rhu‖L2(D) ≤ Ch‖u‖H1(D) ∀u ∈ H1(D).(5.11b)

If we define the restriction operator

(5.12) Rh(z) = (Πhy, rhu,Πhp)
T

and assume

z ∈ H2(Ω) ×H1(Ω) ×H2(Ω),

then (5.11) implies

(5.13) ‖z −Rh(z)‖A ≤ Chmax{‖y‖H2(Ω), ‖u‖H1(Ω), ‖p‖H2(Ω)}.

To estimate‖lh −KhRh(z)‖(Zh)′ we use the definition oflh andKh to obtain

‖lh −KhRh(z)‖(Zh)′ = sup
ψh∈Zh\{0}

〈lh, ψh〉Z′,Z − 〈KhRh(z), ψ
h〉Z′,Z

‖ψh‖A
,

= sup
ψh∈Zh\{0}

〈l, ψh〉Z′,Z − 〈KRh(z), ψ
h〉Z′,Z

‖ψh‖A
.

Sincez solves (5.8),

‖lh −KhRh(z)‖(Zh)′ = sup
ψh∈Zh\{0}

〈l −Kz, ψh〉Z′,Z + 〈K(z −Rh(z)), ψ
h〉Z′,Z

‖ψh‖A

= sup
ψh∈Zh\{0}

〈K(z −Rh(z)), ψ
h〉Z′,Z

‖ψh‖A

≤ sup
ψh∈Zh\{0}

‖K‖L(Z,Z′)‖z −Rh(z)‖A‖ψh‖A

‖ψh‖A

≤ ‖K‖L(Z,Z′)‖z −Rh(z)‖A.(5.14)

Combining the estimates (5.10), (5.13) and (5.14) gives thefollowing error estimate.
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Theorem 5.2. Let a,m, b, q be continuous and leta,m, q satisfy(2.21). Let {Th}h and
{{τ ∩ D : τ ∈ Th}}h be regular families of triangulations. If the solutionz = (y, u, p)
of (5.8)satisfiesy, p ∈ H2(Ω) andu ∈ H1(D), then there existsC > 0 independent ofh
such that the error between the solutionz of (5.8)and the solutionzh ∈ Zh of (5.9)obeys

‖z − zh‖A ≤ Chmax{‖y‖H2(Ω), ‖u‖H1(D), ‖p‖H2(Ω)} ∀h.

Again, letk be defined as in (3.6) and letl ∈ Z ′ be given. In the proof of Lemma 3.8
we need an estimate of the error between the solutionsw andwh of

(5.15) k(ψ,w) = 〈l, ψ〉Z′,Z ∀ψ ∈ Z

and

(5.16) k(ψh, wh) = 〈l, ψh〉Z′,Z , ∀ψh ∈ Zh

respectively. If we define,lh ∈ (Zh)′ by 〈lh, ψh〉Z′,Z = 〈l, ψh〉Z′,Z for all ψh ∈ Zh, then
(5.15), (5.16) can be written as

(5.17) K∗w = l

and

(5.18) K∗
hw

h = lh,

respectively. Using‖K∗‖ = ‖K‖, ‖(K∗)−1‖ = ‖K−1‖ and the same techniques applied
to prove Theorem 5.2 we can establish the following result.

Theorem 5.3. Let a,m, b, q be continuous and leta,m, q satisfy(2.21). Let {Th}h and
{{τ ∩ D : τ ∈ Th}}h be regular families of triangulations. If the solutionw = (y, u, p)
of (5.17)satisfiesy, p ∈ H2(Ω) andu ∈ H1(D), then there existsC > 0 independent of
h such that the error between the solutionw of (5.17)and the solutionwh ∈ Zh of (5.18)
obeys

‖w − wh‖A ≤ Chmax{‖y‖H2(Ω), ‖u‖H1(D), ‖p‖H2(Ω)} ∀h.

6. CONCLUSION

We have extended the framework based on subspace decomposition, which is well
known for elliptic PDEs, to derive domain decomposition methods for linear–quadratic
elliptic optimal control problems. We have shown that the subdomain problems that arise
in our preconditioners are essentially smaller copies of the original optimal control prob-
lem, hence allowing code reuse.

The subspace decomposition framework was then applied to derive overlapping DD pre-
conditioners for linear–quadratic elliptic optimal control problems. We have shown that the
convergence factor of GMRES preconditioned with a two-level version of our overlapping
preconditioners is independent of the mesh sizeh and of the subdomain sizeH , provided
that the coarse grid is sufficiently small, relative to the control regularizationα. This re-
sult extends to the optimal control context results that arewell known for overlapping DD
methods applied to individual PDEs.

Our numerical results in [44] indicate that the convergencebehavior of our two-level
overlapping DD preconditioners for linear–quadratic elliptic optimal control problems is
comparable the performance of their counterparts applied to single elliptic PDEs. However,
the numerical results in [44] also indicate that our convergence theorem is too pessimistic
for smallα. In fact, for the test problem with distributed controls considered in [44], we
have not observed any dependence of the size of the coarse grid onα. A sharper theoretical
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analysis of the convergence dependence on the size of the control regularizationα is part
of our future research.

In [44] the conditionsαq(u∗, µ) + b(µ, p∗) = d(µ) for all µ ∈ U (cf. (2.2b)) and
q = b, d = 0 were used to express the controlu∗ in terms ofp∗ and eliminate the former
from the optimality system. An overlapping domain decomposition method corresponding
to the one discussed in this paper was applied in [44] to the resulting2 × 2 system. An
advantage, from the theoretical point of view, of the approach in [44] is that implicitly
u = α−1p and, henceu inherits all regularity properties from the adjointp. This is not
necessarily the case in our approach and makes the proofs of Lemmas 3.13, 3.14 more
involved. However, we believe that the approach followed inhis paper is more suitable for
the optimization context, since it allows one to formally extend the domain decomposition
methods is this paper to problems with point–wise control constraints in several ways.
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