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What is CDFT?

A fast, accurate theoretical tool
fo understand the fundamental
physics of inhomogeneous fluids

M. Knepley (UC) DFT ICL  4/33



What is CDFT?

For concentration p;(X) of species |,
solve

min Q[{pi(X)}]

pi(X)
where (2 is the free energy.
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What is CDFT?

For concentration p;(X) of species |,
solve

0
0pi(X)
which are the Euler-Lagrange
equations.

=0
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What is CDFT?

DFT

@ Computes ensemble-averaged quantities directly

@ Can have physical resolution in time (us) and space (A)
@ Requires an accurate Q

@ Requires sophisticated solver technology

@ Can predict experimental results!

For example,

D. Gillespie, L. Xu, Y. Wang, and G. Meissner,
J. Phys. Chem. B 109, 15598, 2005
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http://pubs.acs.org/doi/abs/10.1021/jp052471j
http://pubs.acs.org/doi/abs/10.1021/jp052471j

Model
Outline

© Model

@ Hard Sphere Repulsion
@ Bulk Fluid Electrostatics
@ Reference Fluid Density Electrostatics

M. Knepley (UC) DFT ICL  5/33



Equilibrium

. bath ext ex )‘(’
(%) = exp <u, — 1 k(T) pi( )>

where

) + > (X)
) + 1P (X) + ziep(X)

ui(X) = mi>(

X
= pio (%

and

—eAG(X) = eZ pi(X
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Model
Details

The theory and implementation are detailed in

Knepley, Karpeev, Davidovits, Eisenberg, Gillespie,
An Efficient Algorithm for Classical Density Functional
Theory in Three Dimensions: lonic Solutions,

JCP, 2012.
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http://jcp.aip.org/resource/1/jcpsa6/v132/i12/p124101_s1
http://jcp.aip.org/resource/1/jcpsa6/v132/i12/p124101_s1
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Model Hard Sphere Repulsion

Hard Spheres (Rosenfeld)

where

Mg —nNyq - Ny2
1—n3

3 Lo\
n ny 1 Mva-Nve
247(1 — ng)? n3

oS (n, (X)) = —noIn(1 — ng) +
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Model Hard Sphere Repulsion

Hard Sphere Basis

where

na(%) =3 [ i) (3~ %) &

2 2
0 _ wi(n) 1 _ wi(n)
wf(F) = (7] - R) wi(F) = 0(7) - R)
=V2 7
~V1 i (F) -V2 _ L ry -3
Wi (r - 47TR,‘ Wi (F) - |F|6(|r| Rl)
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Model Hard Sphere Repulsion

Hard Sphere Basis

All n, integrals may be cast as convolutions:
=3 [ o) (% - R)dx
i
=2 F N (F ) Fwf)
i
=27 (i)
i

and similarly

obHS
kTZ;f (6% : ,)
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Model Hard Sphere Repulsion

Hard Sphere Basis

Spectral Quadrature

There is a fly in the ointment:
e standard quadrature for w® is very inaccurate (O(1) errors),

@ and destroys conservation properties, e.g. total mass
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Model Hard Sphere Repulsion

Hard Sphere Basis

Spectral Quadrature

There is a fly in the ointment:
e standard quadrature for w® is very inaccurate (O(1) errors),

@ and destroys conservation properties, e.g. total mass

We can use spectral quadrature for accurate evaluation,
e combining FFT of density, j;,

e with analytic FT of weight functions.
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Model Hard Sphere Repulsion

Hard Sphere Basis

Spectral Quadrature

~2( 1 ~20
~orpy _ Wi(k) ey Wr(k)
PR = o o} (K) = 4m,-
o, AnRsin(Rj|k . . .
o (k) = TSR o (R) = ZZ (s(AIR) — AR cos(AR))
A~V ‘JAJiVZ(E) V201 —4m ¢ i i PRy
('R ="4 g ok = 3 (sin(RKI) — RilK| cos(R{KI)
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Model Hard Sphere Repulsion

Hard Sphere Basis

Numerical Stability

Recall that

3
n3 Ays - A
M (. () = ... > 1 Ava-ve
(7a(X)) +2477(1—n3)2<

and note that we have analytically

However, discretization errors in p; near sharp geometric features can
produce large values for this term, which prevent convergence of the
nonlinear solver. Thus we explicitly enforce this bound.
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Model Bulk Fluid Electrostatics
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Model Bulk Fluid Electrostatics

Bulk Fluid (BF) Electrostatics

Ry [ oo (@G 3.0) 203 8%
|X—X

Using Ak = Rk + f, where I is the MSA screening parameter, we have

o2 (17 _ ¥ ' '
i (%, %) + 1y (%, %) = zizje (!X | A,

20N AN

2
)\._ .
_ 1 _ ( ! )\/) +2
’X—X” 2)\,’)\1'

8re
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Model Bulk Fluid Electrostatics

Bulk Fluid (BF) Electrostatics

MSC _ ES ,bath Z/ KR —*l)_l_wu()—(’j)—(*l)) Ap/()—(’/) dSX/
|X—X"

It's a convolution too!
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Model Bulk Fluid Electrostatics

Bulk Fluid (BF) Electrostatics

MISC _ ES ,bath Z/ )—(*/)+1/}U()—(’7)—(*/)) Ap/()—(’/) dSX/
[X— x’\<F|‘,/

F (Apj) = F (pj — poan) = F (pj) — F (Pvarn)

® F (p;) was already calculated
@ F (pvam) is constant

°oF (c,(jz) (X, X') + v (X, x)) is constant

so we only calculate the inverse transform on each iteration.
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Model Bulk Fluid Electrostatics

Bulk Fluid (BF) Electrostatics

MSC _ ES ,bath Z/ KR —*l)_l_wu()—(’j)—(*l)) Ap/()—(’/) dSX/
|X—X"

FFT is also Inaccurate!
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Model Bulk Fluid Electrostatics

Bulk Fluid (BF) Electrostatics

MSC _ ES ,bath Z/ 7)—(*/) + wu()—(’j )—(*/)) Ap/()—(’/) dSX/
[X— x’\<F|‘,/

1

> 2
A(2) A zizje 1 [ A+ )\II ()\,' — )‘j) o)
GV T oy T Ty TR

1 S
Iy = u?|( —cos(|k|R))
I A cos(|k|R) + L sin(|k|R)
0= T -
]| k|2

R2 R 2 P
ly = ——-cos (\k\R) +2—sm(|k|R) — —— (1 —cos(|k|R)
IK| k|2 [K[° ( >
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Model Reference Fluid Density Electrostatics
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Model Reference Fluid Density Electrostatics

Reference Fluid Density (RFD) Electrostatics

Expand around p*! (X), an inhomogeneous reference density profile:

% [{ox (1)}] =~ 8 [{o" (7))
kTS [ e Lo (9)}:%] 2 (3) e

Z// Pk (V) }: %, X Dpi (%) Bpj (X') dx X’

with

Dpj (%) = pi (%) = p (X)
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Model Reference Fluid Density Electrostatics

Reference Fluid Density (RFD) Electrostatics

o o ()8 = s 5 i (%) pi (%) o’

/li’—flﬁ’?sr/“(’?)
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Model Reference Fluid Density Electrostatics

Reference Fluid Density (RFD) Electrostatics

ref 3

pi ok (X) }5X] = 4R, (7) ai (X') pi (X') &X'

/li’—flﬁ’?sr/“(’?)

Choose «; so that the reference density is
e charge neutral, and
e has the same ionic strength as p;
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Model Reference Fluid Density Electrostatics

Reference Fluid Density (RFD) Electrostatics

ref 3

pi ok (X) }5X] = 4R, (7) ai (X') pi (X') &X'

/li’—flﬁ’?sr/“(’?)

Choose «; so that the reference density is
e charge neutral, and
e has the same ionic strength as p;

This can model gradient flow
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Model Reference Fluid Density Electrostatics

Reference Fluid Density (RFD) Electrostatics

We can rewrite this expression as an averaging operation:

0 (IX' — X| — Rsc(X))

refroy o/ /
7 = [ e o
where
o Z,ﬁ,-()_(')l?,- 1
Asc) =55 T 2@
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Model Reference Fluid Density Electrostatics

Reference Fluid Density (RFD) Electrostatics

We can rewrite this expression as an averaging operation:

0 (IX' — X| — Rsc(X))

refroy o/ /
7 = [ e o
where
o Z,ﬁ,-()_(')l?,- 1
Asc) =55 T 2@

We close the system using

—

Fsc [p] (X) = Tusa [0™(p)] (X).
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Verification
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Verification

Consistency checks

e Check n, of constant density against analytics
e Check that ns is the combined volume fraction

e Check that wall solution has only 1D variation
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Verification

Sum Rule Verification
Hard Spheres

bath Z pi(R

where

6KT (&  B&ié | 36
Pran = = <A+ A2 +F

using auxiliary variables

Z pathan nedo,...,3}
A=1—§3
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Verification

Sum Rule Verification
Hard Spheres

Relative accuracy and Simulation time for R = 0.1nm

Sum Rule Verification against Hard Wall
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Verification

Sum Rule Verification
Hard Spheres

Volume fraction ranges from 10~° to 0.4 (very difficult for MC/MD)

Sum Rule Verification against Hard Wall
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Verification

lonic Fluid Verification
Charged Hard Spheres

Rcation 0.1nm

Ranion 0.2125nm

Concentration 1M

Domain 2 x 2 x 6nm® and periodic
Uncharged hard wall z=0

Grid 21 x 21 x 161
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Verification

lonic Fluid Verification
Charged Hard Spheres

Rcation 0.1nm
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Verification

lonic Fluid Verification

Charged Hard Spheres

Cation Concentrations for 1M concentration
Cation Density
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Verification

lonic Fluid Verification
Charged Hard Spheres

Anion Concentrations for 1M concentration
Anion Density
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Verification

lonic Fluid Verification

Charged Hard Spheres

Mean Electrostatic Potential for 1M concentration

. Electrostatic Potential
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Verification

lonic Fluid Verification

Charged Hard Spheres

These results were first reported in 1D in

Density functional theory of the electrical double
layer: the RFD functional,

J. Phys.: Condens. Matter 17, 6609, 2005.
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http://iopscience.iop.org/0953-8984/17/42/002/
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Verification
Main Points

Real Space vs. Fourier Space
@ O(N?)vs. O(NIgN)
@ Accurate quadrature only available in Fourier space
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Verification
Main Points

Real Space vs. Fourier Space
@ O(N?)vs. O(NIgN)
@ Accurate quadrature only available in Fourier space
Electrostatics
@ Bulk Fluid (BF) model can be qualitatively wrong
@ Reference Fluid Density (RFD) model demands complex algorithm
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Verification
Main Points

Real Space vs. Fourier Space

@ O(N?)vs. O(NIgN)

@ Accurate quadrature only available in Fourier space
Electrostatics

@ Bulk Fluid (BF) model can be qualitatively wrong

@ Reference Fluid Density (RFD) model demands complex algorithm
Solver convergence

@ Picard was more robust

@ Newton rarely entered the quadratic regime

@ Still no multilevel alternative (interpolation?)
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Verification
Conclusion

The theory and implementation are detailed in
An Efficient Algorithm for Classical Density Functional Theory in Three

Dimensions: lonic Solutions, JCP, 2012.
Potassium Density in a Calcium Channel

1.30 1.95 260 Z 325 3.90 454

ICL 31/33
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http://jcp.aip.org/resource/1/jcpsa6/v132/i12/p124101_s1
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Verification
Conclusion

The theory and implementation are detailed in
An Efficient Algorithm for Classical Density Functional Theory in Three

Dimensions: lonic Solutions, JCP, 2012.
otdssium

ICL 31/33

mu_HS - muBath_HS (kT)
1.77 2.66 3.55 4.45 5.34 6.23 7.13
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Verification
Hydrodynamics

Recall that for electrostatics, we have

,bath Ry,
i€ =SS [ (PR + (R, %)) () X
[X—x"|<Rj

i i

where
o oo _ ZiFET (X=X At A
(X’ X ) + (X’ X/) ~ 8ne ( 2NN a AiAj

2
_ 1 _ ()\,-—)\j) Lo
|X— X'| 2)\,‘)\]'

for the interaction kernel
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Verification
Hydrodynamics

A similar expression for hydrodynamics would have the same form
pfiSC = oAt / o ( S\P (%, %) + ¥y(¥, % )) Api(X) dBx
IX—X'|<R;

where now

2) (= (%% Ck (X, X')
Cl(l')< )+7/)// , 87TZ|X X’|k

for the interaction kernel
1 14 XX
X — X'| X — X'|?
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