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THE STEEPEST DESCENT MINIMIZATION OF DOUBLE-WELL STORED ENERGIES DOES
NOT YIELD VECTORIAL MICROSTRUCTURES

PETR KLOUCEK

ABSTRACT. We prove that the Steepest Descent algorithm applied to the minimization of total stored energies
with rank-one related rotationally symmetric energy wells does not produce relaxing vectorial microstructures
with non-trivial Young measures.

1. INTRODUCTION

Microstructures can be often obtained as weak limits of minimizing sequences of non-quasiconvex total
stored energies with multiple, rotationally invariant local minima (wells). It is known that in many cases such
minimizing sequences can be analytically constructed. Moreover, the scaling properties and geometrical
structure of these sequences resemble properties of certain complex alloys. We ask the following question
in the presented paper: Isit possible to generate these minimizing sequences using well-known optimization
algorithms such as e. g. the Steepest Descent applied to a reasonably rich class of non-(quasi/poly/rank-
one)convex variational integrals? The answer obtained in this paper is negative.

To be more precise, let us assume that we are given a stored energy E defined on some Sobolev space with
values in Rt . We will assume that the total stored energy is given in the form of variational integral, i.e.,

Bu) ":“/W(vu(x)) de,
Q

where TV is a positive and smooth energy density with rotationally invariant wells, and a quadratic growth.
The domain €2 is assumed to have a Lipschitz boundary. We will assume that the stored energy is minimized
(relaxed) by binomial microstructures. Such patterns are generated by weakly differentiable maps w ,, :
RN — RN which can come arbitrarily close to having the following two properties:

Vu, € {F,F}, ae.inQCcRY, N=23 and

1.1
( ) Un(.Z’) = ()\1F1 + )\QFQ)I', S 89, A > 0,:=1,2, and A\ + Ao = 1.

The gradients of these maps must have unbounded spatial frequency of oscillation between the given variants
F; and F, as n — oo to conform to the two contradictory conditions. The matrices F'; € MN*N and
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Fy, € MN*N are positive definite, linearly independent, and rank-one connected, i.e.,
(1.2) Fi=F+a®b,

where a and b are linearly independent vectors. The Hadamard jump condition (1.2) implies that there exists
a continuous map v : RN +— RY such that Vu € {Fy, I, }.

We denote
def

{QFQ", Q € SO(N), i = 1,2}

where SO(N) is the space of proper rotations, i.e. a set of orthogonal matrices with positive determinant.
We will use a projection IT : MV *N — F defined by

||A—TIA| = min ||A — M]||.
MeF
We require the energy density to have the following properties
W MN*N 5 RT,
W e CZ(RN ),
W| =0, and
(1.3) ¥ ,
W(P)(v,v) > X|v|”, forany P € Fandanyv € RV, X > 0,

W(P) >0, forany P € MN*N P ¢ T,

W(P) = +00 as || P|| — oo,
in order to relax £ by binomial microstructures.
Let A € RT\{0}, R* = [0, +00), be the Lipschitz constant of the modulus of the energy density W, i.e.,

forany ¢, € Wy 2(Q,RY), foranyu € WH2(Q,RY), A >C >0,

where

def d
D*W(P)(p,) = - DW (u+ )| _ ¢

We assume, in compliance with (1.4), that the stored energy E approaches the equilibrium states quadrati-
cally, i.e.,

(L5) B(u) > A / IVu(z) — V()| ds.
Q

Correspondingly, binomial microstructures, (1.1), are relaxing sequences of [, [|Vu(z) — IVu(z)|” de.
Hence, in particular,

— 1,00 n _ def
. - ) ) - - 1 ) -
(1.6) 0 = inf {E(u) lu € WhR(Q,RY), u(z) = Fz & (\MFL + \oFy)z, @ € ag}

The infimum in (1.6) is not attainable [3].
We have the following Lemma describing constitutive properties of the energy density 17 with respect to
the macroscopic state F'.
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Lemma 1.1 (Constitutive restriction). Let us assume that {u,, },exy € WH2(Q,RY) is a minimizing se-
quence of the stored energy E, i.e. E(uy,) | 0. Then

(1.7) W(F) < A||RF;— F|?, for any R € SO(N),

where

(1.8) A=||D*W(F)|, andF =XF + XF.

Proof. Since the sequence {un }nen € WH2(Q, RY) minimizes E we have [10]

(1.9) up = Fz weakly in W, > (0, RY).

We obtain using the Taylor’s expansion for any measurable subdomain e of 2
/W(Vun(;r)) dx

(1.10) = /W(F) dx + /DW(F)(Vun(a:) — F)dz

+//1(1 —7)D*W (F + 7 (Vu, — F)) dr(Vu,(z) — F,Vu,(z) — F) dz.
The convergence (159)0yields
/DW(F)(Vun(a:) _F)dz >0  asn— oo.
We have from the assumptioneof the Lemma and (1.10)

0> /W(F) —A lim /||HVun(x) — F|? dz
(1.11) e €
= /W(F) - A/ IRF; — F|* d, forsomei=1,2, and R e SO(N).

The statement of the Lemma follows from (1.11).
O

Definition 1.2 ((Binomial) Laminate). Let {u,, },en C€ WHP(Q,RY), p > N, be a minimizing sequence of
the stored energy E. Let {w,, }nen C WH°(Q, RY) be a sequence of functionswith the following properties

Vw, € {F1, F»}, a.e inQ, and,
(1.12) 1/2

||Un - wn”wl,Z(Q’RN) < c ||Vun - Hvun“LZ(Q’RNXN) ) C 7é C(TL)
Then a maximal simply connected set e,, of all points at which A w,, existsin the classical sense and where
itisequal to zerois called a binomial laminate.

Remark
We refer to the sequence {w,, }nen as sharp binomial microstructure. The existence of the sharp binomial
microstructures is established in Theorem 4.1. We set

(1.13) &n ¥ {en|n €N}

We denote by moh (€,,) the number of laminates in &,,.
We note that laminates have Harnack-type “max-min-max” property proven in Lemma 4.2. Namely, there
exists a positive constant C, independent of n, such that

n) < C i n).
(1.14) max meas(e,) < i meas(e,)
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The original version of the proof of this property can be found in [9]. We include here a simplified version of
the proof. O

The purpose of this paper is to show that for any ug € W1P(Q,R?), p > N, the sequence {u, }nen C
Whr(Q,RN), p > N, generated during the gradient navigated descent converges strongly to a function
(representing a local minimum of the stored energy F), and that its derivatives do not convergeto a measure-
valued distribution even though the infimum of the stored energy is not attainable in any Sobolev space.
Namely,

Up = U strongly in Wh2(Q,RY),  and, consequently,
lim E(u,) = E(u) > 0.

n—o0

(1.15)

We anticipate that the following lower bounds holds
(1.16) nll)néo E(uy) > C moh(&)™".
The set &y contains the laminates of the initial function u.

Remark

The result (1.15) shows that minimization (relaxation) of non- quasiconvex stored energies that are relaxed
by microstructures cannot be achieved without exploration of tools by which such patterns can be analytically
constructed. The most prominent tools seem to be the self-similarity and Vitali’s covering theorem [6]. This
approach is studied in [9], [10], [5] by adding to the total stored energy E penalization term which has the
form

/ |Vun(z) — V()| de.
Q

Here, u,, () is self-similar scaling of u,, given by

_a/j

U_n(l') = (AlFl + AZFZ)GJ' + €jln <1' ) > s Tr € QJ (g(lj + GJ'Q,
J
Q= UQj, meas(Q;) < ¢, Zej\’ =1.
J J

Itis possible to show [5] that the Steepest Descent algorithm yields the desired microstructure with properties
(1.1) in this case. O

Remark

Questions similar to the one presented in this paper have been studied earlier in e.g. [2], [7], [12], [11] in the
framework of visco-elasticity and gradient flow. These works indicate that dynamical mechanisms in combi-
nation with fast damping prevent formation of patterns with complicated Young measure as well. Moreover,
question concerning dependence on the initial state (its norm) and questions concerning the footprint of the
initial state in the asymptotic limit are studied in these papers. Though we assume that similar results can be
established for the gradient based minimization, we do not address these issues here.

O

2. FORMULATION OF THE PROBLEM

LetQ Cc RV, N = 2,3, be a bounded domain with Lipschitz boundary, and let u = u(z) = {u;(z)}Y, bea
weakly differentiable map. The gradient Vu(z) € M N *¥ is computed with respect to the coordinate system
associated with the undeformed domain 2. We denote by M V*N the space of N x N real matrices. The
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matrix multiplication in this space is understood in the sense A : B et Tr(A” B) where the matrix A” B is
obtained by the standard matrix multiplication. Consequently, the matrix norm is given by || A|| = VA : A.
The corresponding norm in the space L?(Q, RV>*¥), 1 < p < o0, is given by

1/p 1/p
HVummmRqu@f(/uvwmemJ ::(/XVuuo:Vu@»”QmJ |
Q

Q
where u : RN — RY belongs to some Sobolev space, i.e. u € W*?(Q,RY) for some k& > 1. We will use
|.| to denote a norm on the space of vectors.

2.1. STEEPEST DESCENT ALGORITHMS WITH RESPECT TO DIFFERENT TOPOLOGIES

We denote the weak gradient of the energy E by G. For any v € W %2(Q), the weak gradient G €
W—12(Q, RV) is given by the variational relation

def d

(2.1) (G(u), @)W—1,2(Q7RN)7W&’2(Q7]RN) = EE(U + tp) li—o

2.2) _ / DW(Vu(x)) : Vods,  forall g € W2(Q).
Q

Definition 2.1 (Strong Gradient). The strong gradient g is the W(}’2(Q,RN)-projection of G, i.e, for any
u € W2(Q2) we compute

(2.3) g(u) = = A7 G(u),
where — A7 W 12(Q,RY) s W2 (Q,RY).

Remark
(i) The variational formulation for the strong gradient reads: Given u € W 12(Q,RY), find the function
g(u) € Wy *(Q,RN) by solving

(2.4) /Vg(u(:v)) :Vo(z)de = <G(u)7(p>W—1v2(Q,]RN),W01’2(Q,RN)7 forall p € W, (2, RY).
Q

(ii) We note that — A~" mapping is isometric from W —12(Q, RN ) to W(}’Q(Q, RN), [1]. Hence,
(2.5) 190l ) = G0 =120 2, -
o

Remark
The strong gradient g is unique for a given G. Namely, assuming that 0f2 is piecewise C °°, and taking

Few 17 (Q) = (WOLP(Q))*, [1], represented by

N
<Rw¥/2ﬁm
Q =1

W) | howpla)de, € W),

(2.6) N Uy
def
||F||W—1.p(Q,RN) = (Z ||fi||1£p(9)> )
i=0
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we have [[14], Theorem 3.8]: Let p € [2,00) then there exists unique solution u € W 12(Q, RY), u(z) =
up(x) on O, ug € WHr(Q), of

27) [ Vi@ Vel de = (Fg), forallg € WoR(@),
Q

Moreover, there exists a constant C'(p, ) such that

(28) lullwr g < €@ Q) (Il o) + IF w10y ) -
O

Definition 2.2 (Strong Steepest Descent Algorithm). Let ug € WHP(Q,RY), p > N, such that E(uo) < 1,
be given. Let us assume that the strong gradient given by (2.3) satisfiesthe regularity g(u.,,) € W12 (Q,RY),
p> N. Leta,, € (0,1/A] bearesult of the following line search

(2.9) RN E(un — ag(uy)).

We choose the new iteration to be

(2.10) Upt1 = Up — Qg (Up), in .

We have u,, € C°(Q,RY), n € N, in view of the continuity of the imbedding of W »»(Q, RY) into
continuous functions for p > N.

Remark

Frequently, we use a topologically weaker version of the Steepest Descent Algorithm, the Weak Steepest
Descent Algorithm, in Finite Element calculations modeling the formation of microstructures [5], [9]. Fi-
nite element approximations disregard discontinuities in the first derivatives, regularizing thus the problem
at hand. Microstructures ought to have spatial white noise characteristics in the deformation gradients. Con-
sequently, the natural topology to be used for minimization in this framework is the topology of the space
W—12(Q, RN). This would suggest the use of I,2-scalar product as opposed to the W !+2-scalar product used
in Definition 2.2. On the other hand, the L 2-scalar product is not coercive on the Sobolev space W 1:2(Q, RV)
which means that we would not be able to guarantee the existence of new iterates if we were to change the
scalar product to L — scalar product in Definition 2.2. We reconcile these difficulties by using L 2 —topology
but we restrict the algorithm to a finite dimensional subspace of C'°(Q, RY ). This approach renders the min-
imization problem well-posed by restriction to a dense subset of W :>°(Q2, RV). In practice, we use finite
element spaces V}, which are imbedded into continuous functions by definition (e.g. P1—finite elements or
(Q1—finite elements on rectangular grid aligned with the coordinate system), i.e., we have V;, ¢ C°(Q, RV)
for any positive h by construction. O

Definition 2.3 (Weak Steepest Descent Algorithm). Let ug, € Vi, € WHe°(Q, RY), such that E(ug.,) <
1, begiven. Let ag = 1/A. Let upy1/2.n € Vi, Upt1/2,0(2) = Fx, x € 052, be such that

(2.11)
/ (nt1/2,1(2) = unn(2)) on(x) de = —an/DW(Vumh(;r)) :Vp(z)dz, forall g, € V.
Q Q

Let a,, 11 bearesult of the following line search

(2.12) ae{g}gm) E(up,n + (tUni1/2,n — Unp)), @ >0.
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We refer to [8] and [15] for the line-search methods with a lower bound on the step size. We choose the new
iteration to be

(2.13) Unt1,h = Un,h + Ot (Un+1/2,h — un,h) , in .

Remark

Both versions of the Steepest Descent Algorithm guarantee decrease of the energy when moving from u ,, to
Up+1-

(i) We get using Taylor’s expansion in the case of the Strong Steepest Descent Algorithm

E(upt1) = E(uy) + a/DW(Vun(;r))Vg(un)(a:) dx
Q
(2.14) + %az /DZW(Vun(a:)) (Vg(up)(z), Vg(up)(z)) dx
Q

< E(uy) — a/Vg(un)(w)Vg(un)(x) dr + 1a”A / Vg(un)(@)Vg(uy)(z) dz.
Q Q

The right-hand side of the expression (2.14) has minimum at « = 1/A. Thus, in particular,
(2-15) ”g(un“WOlﬂ(Q,]RN) <V QAE(Un)l/Q-

(if) The evaluation of E(u,1,,) in the case of the Weak Steepest Descent Algorithm is more involved. We
drop the subscript 4 in what follows with understanding that w ,,, w,,1/2, Un+1 € Vi C Whe(Q,RY). We
have, similar to (2.14), for some functionv € V},

E(up + a(tpi1/2 — un)) = E(uy) + a/DW(Vun(a:))V (Unt1/2 — un) (2) dx
Q
(2.16) + %az / D*W (Vo(z)) (V (Un+1/2 - Un) (x),V (Un+1/2 - un) (;r)) dx
Q

SE(un)—ag/|un+1/2—un|2(a:)da:+%a2/\/|V (un+1/2—un)|2(a:)da:.
Q Q

Writing

(2.17)

A/ |V (tUnt1/2 — tn)) |2 (x)dz
Q

= A/ |Vun+1/2 —Vuyy1/2 + MVUy 12 — TV, + 1TV, — un|2 (z)dz
Q
< 2A/ V12 — MV, 41 0| dae + QA/ MV, 115 — TV, [* do + 2A/|HVun — up|* (z) de
Q Q Q
we can estimate the right-hand side of (2.17), using the constitutive assumption (1.5), and assuming that

V172 —MVu, =0ae. in €, by

2 (E(un+1/2) + E(un)) .
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Hence,
E(up + atpy1/2 — un))
a
(2.18) < E(uy,) — - / |un+1/2 - un|2 (z) dz + o (E(uny1/2) + E(un)) .
Q

It follows from (2.4) by taking ¢ = g(u,,), that there exists a positive constant C, independent of n, such
that

(2.19) ||Un+1/2 - “n”m(Q,RN) > Coay ||g(“n)||W01'2(Q,RN) :
Thus it follows from (2.18) and (2.19)

2.20) E(up + atpy1/2 — un))2

< E(un) = Coallg(unlly2grm + o (E(unt1/2) + E(uy)), forany a € R*.

Assuming that E(u,) > 0 we have for some oo > 0
o (E(upt1/2) + BE(un)) < €E(tn + (Upir/2 — un)), e>0.
Thus
(1= €)B(unt1) < B(un) = Co a [lg(unlfyr2 (g ) -
We find the parameter « by a line search,[8], [15]. In particular, we recover from the above inequality

(2.21) lg(un)llwr2 g mny < C E(un)/?, C#C(n) > 0.

3. OUTLINE OF THE ARGUMENT

The Steepest Descent Algorithms applied to relaxation of non-quasiconvex stored energies fail to produce
microstructures with Young measure different from simple Dirac mass. The argument supporting this con-
clusion is based on the observation that the scaling properties of the frequency term moh (& ,,) are controlled
by two different mechanisms. Namely, by the strong gradient g(u,,) € W12(Q,RY), and by the ampli-
tudeterm |ju,, — F:::||L2(Q’RN). The scaling properties of the strong gradient are determined by the Steepest

Descent Algorithm; it follows from (2.15) as well as (2.21) and Theorem 5.1 that its W !2-norm scales
as E(uy)'/?. The scaling of |ju, — Fx||p2qpn) 1S E(uy,)'/*. The scaling of this term is determined by
properties of binomial microstructures.

We construct the proof by reductio ad absurdum. Hence, let us assume that the sequence {u,}22, C
Wh2(Q,RY) is binomial microstructure generated by the Strong Steepest Descent Algorithms, i.e., let us
assume that the sequence is given by Definition 2.2. Then Theorem 5.1 and the Definition 2.4 of the strong
gradient yield

(3.1) CE(un) s < lg(n) i mny < CoaBE(un)?.

It follows from Theorem 5.3 that

(3.2) Z Qn ||g(“n)||W1,Z(Q,RN) < +00.

n=0
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The summability of oy, [|g(un)llyy1.2(o vy is enough to obtain the strong convergence of the iterates given
by the Strong Steepest Descent Algorithm, Definition 2.2. Namely, denoting the weak limit of {u ,, },en In
Wh2(Q,RY) by u we have
(oo}

(33) ||Un — U’HWLQ(Q,RN) S Z (7% ||g(um)||W1,2(Q7RN) — 0, asn — oo.
In order to show the strong convergence of the iterates generated by the Weak Steepest Descent Algorithm,
Definition 2.3, we need additional scaling laws because we do not have a direct access to the gradients of
this sequence, c.f. (2.13), (2.10). We note that the following arguments can be also applied to gradient flow
associated with the energy F, i.e., to the equation u; = div DW (Vu), [5].

We show in Theorem 6.1 that a simplified version of Lojasiewicz-Simon’s inequality [16] providing the
lower bound in (3.1) yields

(3.4) 0<C < ”g(un,h)”%?a(Q’RN) moh (gn,h) ) N =23,

for any sequence {u, n}n,n C Vi given by Definition 2.3. We recall that £,, ;, is the set of laminates, c.f.
(1.13), corresponding to w , p,.
The binomial microstructures obey the following amplitude-frequency coupling proven in Theorem 5.5

(3.5) lun — F|| oo (g ) moh (€,) < oo.

Next, we derive in Theorem 7.2 and Lemma 7.1 the following upper and lower estimates valid for any
binomial microstructure

(3.6) C1 E(un)% < lun — Fx||L2(Q,RN) <Oy E(Un)%: forany vy € (0,1).

Whence, assuming that the iterates generated by the Weak Steepest Descent Algorithm, Definition 2.3, yield
minimizing binomial microstructure in Vi, i.e., limp, o0 E(uy ) < C h®, for some o > 0, the contradiction
is established upon comparison of the decay rates of the energy. Namely,
1 (36)
-E(Un,h)47 < O ||un,h - F:I:”L2(Q’RN)

(3.5
< Cy moh (&,,) "

(3.7) 04 .
S 03 ”g(un,h)”WOlﬁ(Q’RN)
(2.22) 12
< CyE(up,p)2s, forany vy € (0,1), h>0.

The paper is organized according to the above steps. We prove existence of sharp microstructures in Section 4.
We prove (3.1) in Section 5 and (3.4) in Section 6. We establish (3.5) in Section 4 and we verify (3.6) in
Section 7. The last Section 8 contain the strong convergence result (1.15) for the Weak Steepest Descent
Algorithm. The last Section 9 contains additional inequalities which might be of interest but which are not
used in the paper.

4, SHARP BINOMIAL MICROSTRUCTURES

We established the existence of the sharp binomial microstructures {w, }nen C C°(Q, RY) in [10] within
the framework of finite dimensional approximation. Here, we provide an extension of this result to infinite
dimensional setting.
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Theorem 4.1. Let {uy, }nen C WHP(Q,RY), p > N, be a minimizing sequence of

/ I (2) — Veun ()| da.
Q

Then for every function u,, there exists a function w,, € C°(Q, RN) with Vw, € {Fi, F>} ae in(, such
that for n > ng, no € N sufficiently large, we have

4.1 ltn = wall w20 x) < C [ Vtn = TVu [5G g -
The constant C' in (4.1) isindependent of n.

Proof. The function u,, is weakly differentiable in © thus by Rademacher Theorem [[17], Theorem 2.2.1] u ,,
is classically differentiable for almost all points in 2. Moreover, by Sobolev imbedding, v ,, € C°(Q, RV).

(i) Let zo be a point at which Vu,, exists in the classical sense. Let us denote by B,.(zo) a ball at o with
radius r > 0. We define the function

(4.2) Wag,r (@) E Fao + I o Vun (20)(x — 70) + 7oy lun = Fallpwqpny, @ € Br(wo).
The vector r,,, € RY will be determined later. We have forany z € B,.(zp) andi =1 ori = 2
(4.3) |Wao,r () — Fa| = |(F; — F)(x — x0) + Ta [[un — Fx”Lw(Q,]RN) .
Now for z € B,.(zp) we get
|Wag,r(T) — Un ()]

< |Fao — un(xo) + un(xo) — un(x) + F(x — o)

4.4
(44) +|(F = F)(& — 20) + 14y llun — Fall (o,

< 3llun — Foll oz + | (Fi = )@ = 20) + 7y lun = Fol e o)
If rz, # 0 we obtain
llun — F$||Lw(Q,RN)
(Fy = F)(@ = 20) + Ty lun = Fall po ) = (Fs = F)(@ = )|

1 1
< 1 | = ) = 20) 4 ra = Pl o | + 1 (O = P = 20)]
xo

|rzo|
Taking r > 0 such that

(4.5)

F;,—F
@8 I =B < 4 = Pl e
720
yields
2
(4.7) lltn — Fx”LZ(Q,RN) < oo | (Fi = F)(z — 20) + 1o, [Jun — Fx“LOO(Q,]RN)‘ :
Zo

Whence we get from (4.6) and (4.4)

[Wao,r(T) — un(z)]

6
“8) < <1 + > ‘(Fi = F)(z — 20) + 72 ||tn — Fx“LOO(Q,]RN)‘

|72 |

_ (1 ' i) 0,0 () — Ft].

|72 |
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Finally,

(4.9) [Wao,r(x) = Fo| < |(F = F)(@ = 20)| + |rag lln — F2ll po o m |-
Taking r > 0 such that

(4.10) r < rag| Jun — F2|| oo (o mvy

we get from (4.9)

(4.11) Wi (2) = Fz| < 2|rg,| lun — F2llpe o) -

Thus we have for

|72 |

r<min{2———— |r, un, — Fz|;
= { “F—FZ“ | 0|}“ “L (Q,RN)

the following inequalities

6
|mww—mwnsQ+F7wmw@—Fm

(4.12)

6
< 2|7y, | <1 + —> lun = Fz|| oo rny, foranyz € By (zo).

|T960 |
Let us define

MY {zo € Q| Vun(xo) exists in the classical sense, ||Vun(xo) — II1 2 Vuy,(z0)]| < 6 < 1},

(4.13)
G(zo,r) E {z € B,(m0) | rank (Vwg, »(z) — Iy 5 Vun(z)) = 0}, @9 € M.

The sets G(xo,7) # () have the following properties
G(zo,r) C By(x), closed,
(4.14) measy (G (zo,7)) > CrV,
measy (0G(xg,7)) = 0.

The constant C appearing in (4.14) is independent of ». The properties (4.14b,c) can be argued as follows.
First, we verify the condition (4.14b). Let us assume that IT1 » Vu,(zo) = Fi. Then

Gi(z0,7) & G(xo,7) = {& € Byr(wo) |y 2 Vun(z) = Fi }.
Without loss of generality we can assume that
Iy 2 Vup(z) — Vuy(2)|| << 1 a. e. in B,(xp)

since {uy }nen is @ minimizing sequence of [, [|[IIVu, (z) — Vu,(z) |* dz. The Young measure associated
with this sequence convergesto A10r, + A2dr, [13]. Thus, in particular,

B.(xo) = G1(x0,7) UGa(xg,7) UN, meas(N) < ¢,

where G (zg,r) is defined as G4 (zo,r) but with F replaced by F5. If the density of G (zo,r) would be
vanishing, i.e., if

measy (G1(zo,7))

i P g
then meas(G2(xo,7)) — meas(B,(xo)) + €. But then
)\1 < meas(Gl(:nO,r)) N 0’ as T — 0’

Ay = meas(Ga(zo,7))
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which establishes the contradiction. Thus (4.14b) holds. !
As for the remaining conclusion, we proceed as follows. Since

(4.15) {z € B,(x0)| [I1,2Vun(z)] = ta ® b} C G (zo,7),
where [.] denotes the jump of the projection of the derivatives of w ,,, if
measy (0G(zg,r)) >0

there exists a measurable subset of Q such that for any = € Q we have [II; »Vu,(z)] # 0. But then
u, ¢ WH(Q,RY). Hence (4.14c) holds.

Now we are in a position to apply Vitali Covering Theorem [[6], Theorem 10.5]. We obtain a (at most)
countable subcollection of disjoint sets such that

(4.16) M= G, re).
p

We define forany z € M
(4.17) wp(x) &f Wy 1y (X), z € G(Tk,Tk)-
(if) Now we determine the vectors r, in the definition (4.2) so that
w, € CO(M,RY),
|7z.| > C > 0.

Assuming that 0 < § < 1 implies that Vu,, are a. e. rank — one oriented in M. We can assume that M
is open and connected for otherwise we would apply the forthcoming argument to each of the components of
M. Hence application of [Proposition 1, [3]] yields a function i, € W>°(Q, RY) such that

Vyn € {F1, Fy}, a.e.inq,
yn(x) =yo + Frx + gn(m)aa zeM,

(4.18)

(4.19)

where o € RV, yo L a, and g,, € WH°(Q, RY) is such that Vg, (z) = xr, (x)b almost everywhere, x r,
denotes the characteristic function of the set of all points = € M such that IT1 »Vu,(z)=F;. Let M¢ be a
convex subset of M. Then we can represent the function g, in the form

(4.20) gn(2) = g(x-0) + B llun = Frllpwqpry,  B>0, zeM,
where g € W°°(RR) has derivatives either 0 or 1. Requiring
wp(zk) = yn (1), T €M,
give the following equation for r
(4.21) Yo + Fizp, + Bllun — Fo| o g rvy @ = Fop + 12y [n — F2llpeoqrny, 1=1,2.
Since Vy,, € {F1, F>} a. e. in M, we obtain from (4.21)
(4.22) wp(z) = yn(z), z € Gz, k).
Consequently, (4.22) yields continuity of w,, in M.

L1f we would know that osc un, > 6, > 0 then (4.14b) can be argued as follows. We have in view of the local Lipschitz property of
Un

n < Jun(wo) — un(y)| < ||Fill lzo —y|, @=Tor2.
Now we intersect some connected component of B, (z¢) with the set
{yllzo —yl > on/ || Fill}-

Such set is contained in G (o, ) and (4.14b) would be established. Unfortunately, it is not possible to rule out that osc w, will vanish
based solely on the information that ||TT; > Vup — VUnHLz(Q) — 0.



STEEPEST DESCENT MINIMIZATION OF DOUBLE-WELL ENERGIES 13

Now we provide the lower bound for |, |. Multiplying (4.21) by a, and recalling thata L y, and a L b,

we get
Bllun — FmHLw(Q,RN) |a|2

(4.23) =ra * @lun — Fal|poqryy) + (Fog — un(zr)) - a + (un(zk) — Fizg) - a
=Ta, - allup — Fx||L°°(Q,RN) :

Hence |r,, | > (3 |a|. The assumption 8 > const. > 0 yields the lower bound for r,, .

(iii) The last step consists in extending the function w, from M¢ onto Q2. The domain M¢ is convex and
closed. Without loss of generality we can assume that O/ ¢ has uniform C'!-regularity, otherwise we would
apply the argument to a proper subset of A ©. Moreover, we can chose M © so that there exists a finite cover
of 0M¢. We extend wj, by method of images in the a—direction [[1], Theorem 4.26] and periodically in the
b-direction. Since a L b and {b,b*} forms a basis in R", the reflection operator E brings w, from M¢

to RV. The reflection (extension) operator £ mapping from M ¢ onto Q is linear and it has the following
properties

Ew, € WH2(Q,RY),
Ew, =w,, ae.inM°
(4.24) . .
VEw, € {F,, F}, a.e. in 2, since Vwy, € {Fy, F»},
”Ewnnwl,Z(Q,RN) <C “wnuwl.Z(Mc,RN) .
Combining (4.24) with (4.8) yields
||un - Ewn||L2(Q7RN) = “Un — Buy, + Euy, — Ewn”LZ(Q,RN)
< lup — Eun”m(Q,RN) + |1 E(up — wh)||L2(Q,RN)
(4.25)
< Nlun = Bunll g2\ are mvy + C lun = wallp2pre my
< Mlun = Eunllp2o\are gy + C lwn = Fall 2 pre mvy -
Since {uy, }nen is a binomial microstructure, we have
(4.26) meas (Q\ M) — 0.
Moreover, since u,, € W1P(Q,RY), p > N, we can estimate using intepolation inequalities, 2 < p; < p,

4.27) llun — E“n”L2(Q\MC RN) = < lun — EunHLm (Q\M¢ RN)

< |lupn — E’UITLHLZ(Q\MCJRN) llwn — Eun|
where 1/p1 = a/2+ (1 — «)/s1,2 < p; < 51 < 400. Thus
(4.28)

||’LLn - Eun||%2(Q\MC7RN) ||Un Eun|

LSl (Q\M< RN) >

L31 (Q\ M= RN)

< lun — Eun”L2(Q\MC,RN) lltn — E“n“m(Q\MC,RN) meas (Q\Mc)ﬁ tn = B[

L52 (Q\M<RN) >
where 3 > 0and p > s» > s1 > 2. Consequently, we have from (4.28) and (4.27)
(4.29) lun = Eunllpz(o\are vy < meas (M) |Ju, — Eun|l 2@ \are gy, 8>0.
We can estimate

[tn — Eun + Ew, — Ewn”LZ(Q\MC,JRN) < lun - Ewn”Lz(Q,RN) 1B (un — wn)”Lz(Q,RN)
(4.30) < lun = Bwnllp2q vy + C llun = wnllp2ge mw)

< lun = Bwnll 2 ryy + C lwn = Fallp2ge gy -



14 PETR KLOUCEK
Combining (4.30) with (4.25) and taking meas (2\ M C)ﬁ < 1, we get the inequality
(4.31) (1 — meas (Q\MC)ﬁ) ltn — Bwnll2i0.zm) < C lwn = Fzll 20 ) -

The constant C' is independent of n. We will denote Ew,, by w,, in what follows.
It follows from (4.11) that there exists a constant C', independent of n, such that

lwn = Fa|l o qrv) < C inf sl ltn = 2|l oo g )
(4.32) Ty ERY,|rg, | 28>0

= CBlun _Fm”LOO(Q,RN)v B> 0.

The constant 3 appears in view of the representation (4.20). Now we extend the upper bound in (4.32) to
lun — Fz|| 120 ). Namely, we show that there exists a positive constant C', independent of n, such that

(4.33) lwn = Fll 2qur) < CBllun = Fall 2 gy, — 8>0.

Let us denote g(z) = w,(z) — Fz and f(z) = u,(z) — Fx for brevity. We observe that (4.31) yields a
constant C', independent of n, such that

(4.34) f - g||L2(Q,RN) <C ||g||L2(Q,RN) :
Moreover, assuming that 0 < 8 < 1/2, (4.11) guarantees
(4.35) ||g||L°<>(Q,RN) < ||f||L°°(Q,RN) :

We note that 3 > 0 can be arbitrarily small since {u,,} forms binomial microstructure. Hence, the Young’s
inequality and (4.34) yield for some ¢ > 0

||9||2LZ(Q,RN) = ||f||2L2(Q,RN) + 2/(9(55) = f(@) flx)dz + || f - g||2Lz(Q,RN)
(4.36) o
2 2 1 2 2
< ”f”LZ(Q,RN) + 4e ||g||L2(Q,RN) + 3 ”f“LZ(Q,RN) +f - g”LZ(Q,RN) .
We have in view of (4.35) [, (¢9(x) — f(z)) g(x) dz < 0. Thus, using (4.34), we get

1 = gl = [ (o(@) = @) f@)d + [ (gla) = F(a)) g(a) do

(4.37) < / (9(x) — £(2) f() dz

2 2
< dellgllia@ray + ¢ 1flr2@ry) -

The upper estimate (4.33) follows from (4.37) and (4.36).
The gradient of w,, is a projection of Vu,, onto {1, F»}. Consequently, we have in view of [[13], proof
of Theorem 4]

(4.38) IVtn = Vw72 rxxny < C [Vt = TV 200 gy -
We have from (4.33) and (4.38)
C lwn — Un”?/Vlﬂ(Q,RN) < lwn — Fw“%ﬁ(Q,RN) +[Vun — vwn”%ﬁ(Q,RN)

(4.39) )
< C (llun = Folfaqmm + 1 Vtn = TV g ) -
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The Poincaré-Friedrichs inequality and [[13], Theorem 2] yield

2
lun = Fz||720.0n) < C |(Vun = F) mll72 e

(4.40) <C |[(Vun = F)ml[j2qrny, m€bh,
<C | Vun - Hvun“LZ(Q,RN) .
The proof of (4.1) follows from (4.39) and (4.40). O

Lemma4.2. Let the sequence {u, }>2, ¢ WHP(Q,RN), p > N, be a binomial microstructure. Let €,, be
its set of laminates. Then there exists a positive constant C, independent of n, such that

n) < C mi n)-
(4.41) max meas(e,) < Inin meas(e;, )

Proof. Let {w,}>2, be the sharp approximate binomial microstructure. Let e be an arbitrary open subset of
2, and let

(4.42) e; ¥ {z €e|ll o Vun () = Fi}, i=1,2.

We have fori =1,2

(4.43) /AiFi dz + (meas(e;) — A\; meas(e)) F; = / Iy s Vwy, (z) dz.
Thus

2

Z (meas(e;) — A; meas(e)) F;

i=1 ‘

Moreover, taking e, » = e; U ey, forany e, ez € &,,, we have

(4.44)

/6an(3:) — Fdzx

NE

(meas(e;) — A; meas(ey 2)) F;

4.45 =t
(4.45) = (Ay meas(e;) — A\; meas(es)) F1 + (A; meas(es) — A2 meas(e;)) F

= (Ay meas(e;) — A\ meas(es)) (F1 — F>).
Hence

|A\1 meas(es) — A2 meas(e;)| ||F1 — F|| =

< lwn = Fall o, , v measy—1(9e,2).

2
Z (meas(e;) — A; meas(ey 2)) F;
i=1

(4.46)

/ Vwy(z) — F dx

We obtain using integration by parts the inequality

(4.47) Vuw, (z) — F dz

€1,2

The inequality (4.47) and (4.46) yield

1
|IFy — F|| A\ meas(e;)

< Clwn — F-T”Loo(

meas(ez) A
meas(e;) Ap

/ Vwy(xz) — Fdx

(4.48)

e1.3,RY) meas(el)*l.
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The sharp binomial microstructure is a continuous affine function hence, by comparing the gradients,
(4.49) lwn = F2ll poe e, , oy meas(e;) " < C.
Consequently, there exists a constant C, independent of £ ,, such that

meas(e2) A
meas(e;) Ap

<C.

(4.50) ‘

The proof follows from the arbitrariness of the choice ofe; € €,,i =1, 2.

5. ESTIMATES OF THE STRONG GRADIENT

The following Theorem is a simplified version of [[16], Theorem 3].

Theorem 5.1. Let the sequence {u,,}5, C W1P(Q,RY), p > N, be a binomial microstructure relaxing
the variational integral [, W (Vu(z)) dz. Then there exists a positive constant C, independent of n € N,
such that we have

(5.1) C AT E(un)t < llg(un) a2 opn) < V2AE(un)?,

Proof. (i) The upper estimate of the strong gradient is derived in (2.15).

(ii) The lower estimate in (5.1) follows by using the sharp binomial microstructures delivered by Theorem 4.1,
and by using the constitutive assumption (1.5). We obtain

B(un) = |E(un) — E(wn)|

_ /0 / DW (Vi + H(Vn — V) (@) : V(wn (&) — un(w)) da dt
Q

= /0 /Vg(un + t(wp, —up))(z) : V(wn(z) —uy(z)) dedt

(5.2)

IN

Q
1
| gt + 0, = ) gz, 1 0 = )l vy
1 1
<C / lg(un + t(wn — un))||W&’2(Q7RN) dt|[Vu, — Hvun”zz(QRNXN)
0 1
1\* [* 1
<C |+ “g(un + t(wn - un))||W1’2 QRN th(Un)4 -
A 0 0 ( ’ )
We show below that there exists a constant C', independent of n, such that

1
(5.3) /0 llg(tn + t(wn — un))“WOl'Z(Q,RN) dt < C “g(un)”WOl’z(Q,RN) '

The proof then follows from (5.2) and (5.3).
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We have, in view of the assumption (1.4),

d
at lg(un + t(w, — un))“WOl'Q(Q,RN)
= — |lg(un + t(w, — Un))“;Vlolﬂ(QRm

(5.4) 2 / D>W (Vup + t(Vwy — V) () (V(we () — un(2)), Vg(tun + t(w, —uy))) dz
Q

= = lln + twn ~ )l g 201 [ ¥ (wn(2) = une)) s Vglun + tn — un)) da
Q

forsome A; > 0. Since, recalling again the assumption (1.4), for some 7 € (0, 1) andany ¢ € W&’Q(Q,]RN),

/Vg(un)(;r) :Vo(z)de = /DW(Vun(a:)) : Vo(z) d
Q Q

_ / (DW (Vun(z)) — DW (Vo (z))) : Voo(a) da
Q

(5.5)
= /D2W (Vun(z) + 7V (wpn — un)(@))) (V (wn — uy) (x), Ve(x)) dr

Q
= A / V (w, — up) (z) : V(z) dz, Ay >0,
Q

we obtain from (5.5) and (5.4) with ¢ = g(u,, + t(w, — u,)) a positive constant C, independent of n, such
that

d
(5.6) ‘% llg(un + t(wn — “n))“WOLZ(Q,RN) lir <cC “g(“n)”WOLZ(Q,RN) :

The inequality (5.3) follows from (5.6) and the proof is completed.
O

Remark
The lower estimate in (5.1) can be improved to E(un)% using differential geometry arguments if the energy
density W were analytic [16].

O

Now we prove the following two results, Lemma 5.2 and Theorem 5.3, yielding the summability of the

WhH2(Q, RN )-norm of g(u,,) which is essential to obtain the strong convergence of the minimizing sequences
generated by the Strong Steepest Descent Algorithm.

Lemma5.2. Let {g(u,)}3, ¢ WLP(Q,RY), p > N, be the sequence of strong gradients, defined by
(2.1), corresponding to the sequence {u,,}5°, C W1P(Q,RY), p > N, generated by the Srong Steepest
Descent Algorithm. Then there exists a positive finite constant 3, independent of n, such that for anyn > n
we havefor ¢ € (0, a,,)

/ Vg (tns1 + tg(um)) (2)Vg(un)(z) da
(5.7) o

>p ||g(un+1 + tg(un))HWOl.z(QRN) ||g(un)||W01‘2(Q7RN) s te [07 an]-
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Proof. We denote

9n(®)(@) E g (unsr + tg(un)) (2).

We will not indicate the dependence on z in the course of the proof to make the formulas shorter and easier
to read. We have

/Ilvgn(t)ll2 dw+/||Vg(un)||2 dz
Q Q

(5.8)
- / V(1) Vg (8) d — / Y (9(tn) — gn(t)) Viagu(t) de + / IV g(un) |2 d.
Q Q Q
Writing
/ Y (9(ttn) — ga(t)) Vgu(t) da
(5.9) “

1
— (t—an) // D’W (Vin + 7V (st — ttn + tg(un))) dr (Vg(un), Van(t)) da,
o 0
and recalling (1.4) we obtain from (5.8) and (5.9)

(5.10)
2 (190 (1)l 2 oy 190w w2 o,

< [ Von(O¥gtun) dz + A1t = anllgn @l 2500 lon) g 2y + [ 190n) | d
Q Q

Since a;, < 1/A we have
s Ol ol < [ Tont¥g(wn) do+ [ 190 de.
Q Q

Since

IV st de = [ ¥ (g(un) = 90(0) Votun) do + [ Va6 (un) do
Q Q Q
we obtain from (5.9) and Cauchy’s inequality

12) [ IVoI” do < At = anll9a Oy 20 90y 2 + [ Ton (O g(un) o
Q Q

Since A |t — a,| < 1fort € (0, a,) the proof follows from (5.12) and (5.11).
O

Theorem 5.3. Let the sequence {u,}2, C WHP(Q,RY), p > N, be binomial microstructure generated
by the Strong Steepest Descent Algorithms, i.e., let us assume that the sequence is given by Definition 2.2.
Then there exists a finite constant C' such that

(5.13) Y anllg(n)lwazqpn) < C < +oo,

n=0
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Proof. Theorem 5.1 and the definition of the Steepest Descent Algorithm (2.9) yield for any 6 € [0, 1/4]

d
EE(unJrl + tg(un))e

= 0B (unt1 + tg(un))’ ™" /DW(Vun+1(w) +1Vg(un)(2))Vg(un)(r) dr
Q

(5.14) = 0B (uny1 + tg(un))’ /Vg (tnt1 +tg(un)) (2)Vg(un)(z) dx
Q

Lemma 5.2

BOE(uni1 + tg(un))071 lg(tns1 + tg(un))||W01’2(Q7RN) ||g(un)||wg>2(Q,RN)
Theorem 5.1 0_1 1-0
2 BOE(uns1 + tg(un))” " E(tnt1 + tg(un)) ||g(“n)||W01'2(Q,RN) :
Integrating 4 F (u,41 + tg(un))? over (0, a,) we obtain
(5.15) E(upy1 + ang(un))e - E(Un+1))0 > CpBba, ||g(un)||W01.2(Q7RN) .

Since E(upt1 + ang(un)) = E(u,) summing up (5.15) over n € N we obtain

T 0
(5.16) E(ug)” — n11_>Holo E(un)” > 30 Z an ||g(un)||W&’2(Q,RN)

n=0

which proves (5.13). O

Theorem 5.4 (Strong Convergence of the Strong Steepest Descent Algorithm). Letthe sequence{w ,,}52, C
WhP(Q,RV), p > N, be generated by the Strong Steepest Descent Algorithm, i.e., let us assume that the
sequence is given by the Definition 2.2. Then there exists a constant C', independent of n, and there exists a
functionu € W12 (Q, RY) such that

(5.17) Jgréo E(un) =E(u) >C >0.
Moreover,
(5.18) Uy — U, strongly in W12 (Q, RY).

Proof. Let us assume that the sequence {u,,}>, C W2(Q, RY) generated by the Strong Steepest Descent
Algorithm, Definition 2.2, minimizes the energy E. Then there exists its weak limit u € W 12(Q,RY). It
follows from Theorem 5.3 that

0
(519) ”Un — u||W1,2(Q7RN) < Z Qp ||g(um)||W1,2(Q7RN) — 0, as n — 0o.
Since
(5.20) 0< ’L.TLf,erl,Z(Q’RN)E(’U) < E(u)

the proof follows.
O

We extend the result of Theorem 5.19 for the Weak Steepest Descent Algorithm, Definition 2.3. We
need additional scaling laws to show that even the Weak Steepest Descent Algorithm returns deterministic
assymptotics for the deterministic initial guesses.
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5.1. FREQUENCY AND AMPLITUDE

Theorem 5.5. Let the sequence {u,,}5°, C WHP(Q,RY), p > N, beabinomial microstructure. Let €,, be
the set of laminates of u,,. Then there exists a positive constant C', independent of n, such that

(5.21) |un — F|[12(q g~y moh (€,) < C.

Proof. Let {w,}5, C W (Q, RY) be the sharp binomial microstructure corresponding to {u ,,}5°,. Let
us denote

def
(5.22) €n = l|wn — Fw“mo(ﬂ,RN) :

Then there exists a pointz € Q and e,, € &,, such that
(5.23) lwn = Fallpqryy = [wn(@) — FZ| = €, T € €y
We obtain using the Taylor expansion at z € e,, with zy ¢ e,
(5.24) wp(z) = wy(x0) + Fi(z — o) |
=wy,(xg) — Fx + Fx — Fxg + Fxo + Fi(z — x9), t=1or2.
Without loss of generality we can assume that
(5.25) lwn(20) — Fazo| < 5 lwn(T) — FZ|.
Hence, there exists a positive constant C', independent of 7, such that
en = |wn(T) — FZ| = |wy(w0) + F(z0 — T) — F3(T — 20)|
lwn (o) — Fao| + |F||[Z — @o| + [|Fill [T — zo
s€n + max{[|F||, | F|I} |7 — 2ol
s€n +max{[|F||, || F;||} diam(ey)
<C (%en + max{||F||, ||Fi||}meas(en)) , 0<C<1.

(5.26)

IAN N A

The last inequality follows in view of the fact that e,, is laminate, i. e. diam(e,,) < 1 and meas(e,,) =
diam(e,,) X measy_1(ey). Thus,

(5.27) lw, — Fa:||Loo(Q’RN) meas(e,) " = e, meas(e,) ™ < C, C #C(n).
Since
~1
(5.28) moh(&,) < ( mig meas(en)>
enECn
we have

-1
(5.29) lwn = Fa|l g vy moh(€n) < lwn — Fa|lpe g rm) (einei(rgln meas(en)>

< Nwn = Fzl| oo vy meas(en) ™t <O, C#C(n).
It follows from (4.33) of Theorem 4.1 that
(5.30) lun = Fal| 2 g pry < lltn — wallp2iqpay + lwn = Fall gz ra
<C |lwp = F 2 rwy) -

The proof follows from (5.30) and (5.29).
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6. SCALING OF THE FREQUENCY WITH RESPECT TO THE STRONG GRADIENT

The goal of this section is to show that
(6.1) 0 < C < [lg(unn) 317 2 n) mOh (Enn),

where g(u,. ) i the strong gradient of the total energy at the point u, , and &,, j is the set of laminates
corresponding to w,, .

Theorem 6.1. Let the sequence {u,, 1}52, C Vi, € WLP(Q,RY), p > N, be binomial microstructure
generated by the Weak Steepest Descent Algorithms, i.e., let us assume that the sequence is given by Defini-
tion 2.3, and let us assume that

(6.2) lim lim E(upp) =0.

h—04 n—+00

Then there exists a positive constant C', independent of n and &, such that

(6.3) C < |lg(un, h)ll moh (&5,5) ,

02 (Q,RN)
where g(uy, ) isthe strong gradient defined by (2.4).

Proof. Let {wy, n}52, be the sharp binomial microstructure corresponding to {u,, »}22o C Vi, h > 0. The
sharp binomial microstructure is a sequence of continuous functions with gradients in {F'y, F>}. Thus there
exists a constant C, independent of n, such that

(6.4) C meas(2) < / IVwn n(2) — FI|” da.

Integration by parts in (6.4) leads to the following estimate

cmeas(sz)g/uvmn,h( ~FIPdz= ) / |Vw,p(z) — F| da

E, h€Enn

82” (wpn(x) — F)ds

I
o
B

S

=
|

&

(6.5) en€En " 00
= Z / (wp,n(z) — Fx) ds

< |(F; — F)n| moh( nh) |1 Wn,p — F:v||Loo(Q7RN) measy_1(0ep).

The function w,, ;, — Fx is a piece-wise affine function imbedded into the finite dimensional space V7, with
dim(V},) = moh (€,,). Since this function is w,, » constant in the direction(s) {6}, its oscillations occur
only in one spatial dimension. Consequently, it follows from the discrete inverse inequalities [[4], Theorem

17.2] that
(6.6) lwnn = Fll oo @y < l0nn = Fl 12 gy moh (Enn) 2 .

Since measy—_1(0e,) > C > 0 in view of the Hadamard jump condition, we get from (6.6), (6.5) and
Lemma 4.2 a positive constant C', independent of n and h, such that

(6.7) C meas(2) < moh (Sn,h)3/2 lwn n — Fac||L2(Q RVY -
We have in view of (4.33) of Theorem 4.1

(6.8) |wn,n — Fl“”LZ(Q,RN) <C lun,n — F$||L2(Q,RN) .
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Now we show that the Definition 2.3 yields
(6.9) l|tn,n — Fx“LZ(Q,]RN) <C ||g(unyh)||W01’2(Q7RN) .

The proof of the Theorem thus will follow from (6.8), (6.9) and (6.7).
In order to verify (6.9) we proceed as follows. Taking

= (unt1/2n = ) unsi/en = unlly2g am)

in the Definition 2.3 we get
2
YA

(6.10) < Jwnt1/zm = u"7h||W1‘2(Q rN) ¥n Sup ‘<G(“nvh)’ Plw-12(@rN),Wh2(@RY)
o 1ol 2.2 g ) <1 ’

= |[wns+1/20 = un7h||W01'2(Q,RN) on |G (unp)lly-120,2m)

We have from (2.16) for some A > 0 and n € N large, and some v, 5, € Vj,,
@ 2
o / |Un+1/2,h - Un,h| (33) dx
" Q
= E(un,n) — E(un,n + a(Upi1/2,n — Un,n))
(6.11) +Lla? /DQW(an,h(ﬂf)) (V (unt172,0 = unn) (2), V (Ung1/2,n = tnp) (2)) dz
Q
> %CK2A/ ||V (un+1/27h — un,h) (a:)”2 dx.
Q

It follows from (6.10) and (6.11) with @ = a1 that

2 Qp
(6.12) ||un+1/2,h - un7h||L2(Q7]RN) < \/;\/%70‘77”1 ||g(un7h)||W01.2(Q7RN) .
We can assume that there exists constant C', independent of n, such that
(6.13) an < Capg.
Consequently,
[2C
(6.14) ||un+1/2,h - U’n7h||L2(Q’RN) < BN ||g(un,h)||W01'2(Q7RN) :

Let wy,41/2,, be the sharp binomial microstructure, given by Theorem 4.1, corresponding to w ,, 41 2,5 Let
us define the function

(6.15) wn+1/2,h($) = wn+1/2,h($) - m /wn+1/2,h($) - Un+1/2,h($) dx.
Q

Then Vi, 1172, € {F1, Fo} and [, Wyi1/2,5(%) — Uny1 /2,0 (x) dz = 0. Moreover, it follows from (4.33)
that

(6.16) lwnt1/2n = FCE”H(Q,RN) < 5 [lunsrjzn — Fx||L2(Q,RN) :
Since

m /wn+1/2,h($) - Un+1/2,h($) dr < meas(Q)_1/2 ||wn+1/2,h - U’n+1/2,h||L2(Q7]RN)
Q
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we get from (6.16)
(6.17) [Tn7zn = Fa| o nny < (=€) [tnrrjon = Foll 2 gy, €>0,

provided meas(2) > 1/4. Since we assume that {uy, » }nen iS @ minimizing sequence of the energy E, we
have

(618) ||un+1/2,h - FxHLZ(Q’RN) < ”un,h - Fm||L2(Q,]RN) :
Writing

||F:L’ - un,h“LZ(Q’RN)
(6.19) __
< |Junt1/on = u”’h”LZ(Q,RN) + [|tnsr/2n = w"+1/2vh||L2(Q,RN) + || Tarizn - Fx”L?(Q,RN)
it suffices to show that
(620) ||'Ufn+1/2,h - wn+1/2,h ||L2(Q’RN) S C ||un+1/2,h - un,h”LZ(Q’RN)

for some constant C, independent of n and A, in order to conclude (6.9). The proof of the inequality (6.9)
follows from (6.19)-(6.20) and (6.14). In order to prove (6.20) we recall the Definition 2.3 and we set
© = Upt1/2,h — Wpy1/2,h- This yields for some v, , € V4 such that [|Vu, p — Han,h||Lz(QRNXN) is
small
(6.21)

/ (Un+1/2,h - Un,h) (z) (Un+1/2,h - wn+1/2,h) (z) dx
Q

= —an/DW(Vun) 'V (unﬂ/z’h — wn+1/2’h) (z) dx
Q
+ Oén/DW(an+1/2,h) : V (Uns1/2.0 — Wnrian) (2) de
Q

= an/DZW(vvn,h) (V (unt1/2,0 = Wngijon) (), V (Ung1/2n — Wngi/2n) (@) do
3

> apA ||v (Un+1/2,h - wn+1/2,h) ||i2(Q7RN><N) > Cay, ||un+1/2,h - wn+1/2,h||iz(Q’RN) ) ¢ >0.
We obtain from (6.21) and (2.12)
(6.22) letns1/2,0 = tnnll oo ny = C VA [tniason = Tarizon| 2oz

The proof of (6.9) follows. O

7. SCALING OF THE AMPLITUDE WITH RESPECT TO THE ENERGY

The goal of this section is show that for any binomial microstructure {u . ., C WhP(Q,RN), p > N, there
exists a positive constant C, independent of n, such that for some no € N large we have for any n > ng and

v €(0,1)
(7.1) E(un)™ < C llun = Foll g2 g g -
We note that this result complements the inequality proven in [13]

lun = Fallpogzv) < C Eup)

which we re-establish for the sake of completeness first.
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Lemma7.1. Let the sequence {u,,}22, ¢ W2(Q,RY) be a binomial microstructure. Then there exists a
positive constant C', independent of n, such that

(7.2) lun — Fall 2 g zn) < C E(un)*
Proof. We have from [13] and (1.5)

2

BE(u,)? > VA (/ |Vu(z) — TVu(z)|” da:)

Q

(7.3) e / 1(Vu(z) — F)m|® do
Q

Z C ||’U,n — Fx“i%Q,RN) B m &€ bL.

The second inequality follows from [[13], Theorem 2]. The last inequality is the Poincaré-Friedrichs inequal-
ity with respect to directional derivatives.
O

Theorem 7.2. Let the sequence {u,}>2, ¢ W1P(Q,RY), p > N, be a binomial microstructure. Then
there exists a positive constant C', independent of n, such that for any n € N sufficiently large we have

(7.4) E(u)% < C llun = Folaqpny, 7€ (0,1),
provided that A > 0 in the constitutive assumption (1.5) is sufficiently large.

Proof. First, we show that there exists a constant C, independent of n, such that

H/D Vun(z) — Fda

< C meas(D)'? |Vu, — HVun||2/22(Q7RNxN) + C meas(D)"/? ||u, — Ff”“ZZ(Q,RN) ’
v € (0,1), D cQ, open.

(7.5)

Then the proof is as follows. Let w,, be the sharp microstructure corresponding to u ,, constructed in The-
orem 4.1. Then, again in view of Theorem 4.1, we obtain a positive constant C, independent of n, such
that

H/D Vun(z) — Fdx

(7.6) > ‘ / Vuw,(z) — Fdz| — H/ Vun(z) — Vw,(x) dz
D D
> ||[F; — F||meas(D) — C meas(D)"/? |[Vuy, — IVun[|}4%g qvny 0= 1,2
Combining (7.5) and (7.6) we obtain
(77 | Vun —TVun | 5l gvsny + llun = FallJapgny > C meas(D)/?, D eé,.

Taking D € &, where &, is the set of laminates of u,,, the Harnack-type “max-min-max” properties of the
laminates, Lemma 4.2, yield

(7.8) meas(D)'/2 > moh (€,)""/?, D eE&,.



STEEPEST DESCENT MINIMIZATION OF DOUBLE-WELL ENERGIES 25
Since Theorem 6.1 and Theorem 5.1 give 2
(7.9) moh (€)™ > C llg(un) I}/ 2 g vy > C E(un)'/?
we get from (7.9), (7.8) and (7.7)
(7.10) IVt = TV |55 vy + m = Fall3 o zny > C Bun)'/*,

Thus, recalling the constitutive assumption (1.5), we obtain the claim of the Theorem in view of the inequality

1
(711) ||Vun - Hvun“},/QZ(Q’RNxN) < KE(UH)1/4

provided that A > 0 is sufficiently large.

Proof of the estimate (7.5). Let the mapping R. be the Friedrichs’ mollifier with a kernel ¢, and let ¢ be
arbitrary and positive. We have

(7.12) / (Vun(z) — F) da|| < / Viun (&) — R Vun(2) dz|| + / R. (Vun(z) — F) dz|| .
D D D

We estimate each of the integrals on the right-hand side of (7.12) separately.

We have
/Vun(m) — R.Vuy(z)dz
D
(7.13) < /Vun(a:) — I 2 Vup(z) — Re (Vup(x) — i 2 Vuy(x)) dz

D
Since in view of [[13], Theorem 4] we have
(7.14) 1T 2Vt (2) = Vet ()| 2 g vy < C TV () = Vit (2) |t vy »
we obtain a constant C', independent of D and n, such that

11,2 Vun(z) — Hvun(x)“[/l(D’RNxN)

< meas(D)'/? ||T1; »Vun(z) — IV un()|| 2 p <
(7.15)
< meas(D)!/? (||H1,2VUn($) = Vun(2)| 2 mvxny + I Vun(z) — HVun(a:)HLQ(Q,RNX]V))

< C meas(D)'? ||V, (z) — Hvun($)||1L/22(Q,RNXN) .

2We can apply Theorem 6.1 here. We assume that {u } e is @ binomial microstructure thus (6.2) of Theorem 6.1 is satisfied.
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Thus using the fact that IT§ , = H1 2Vuy,(z + e2) is again a projection onto {F;, F»} for givene > 0, we
obtain a constant C, mdependent of D and n, such that

/HL?vun(x) — R.1I1y o2 Vuy(z) dx
D
(7.16)

/HLgVun(a:) — IVuy,(x) + OVu,(z) — R 2Vu,(z) do
D
< C meas(D)'/? [|Vun(x) — TV, (2)[|7470 gy -

Hence we have constants C; — Cs, independent of D, n and ¢, such that
/(wn( ) — R.Vun(z)) da </||Vun 2) = T sV (2)|| de

/ IR (Vup(z) — i 2 Vuy(x))|| de + Cy meas(D)l/2 IVu,(z) — IVu,(z )||1L/22Q RNXN)

(717 o / IVt (2) = L1 5 Vit (2) |

+Cy / IV un(@) = TV (@)]] dz + C1 meas(D)'/2 ||V (&) = TV () | fafg g n sy

< O3 meas(D)? [[Vun(2) — TV (@)||org vy -

The second integral on the right-hand side of (7.12) can be estimated using integration by parts and the Holder
inequality. Namely,

[ B (Fun(o) = F) o] < 21900l [ Junl — cv0(a)) = Flo = (o) do
718) |2 D

1
<cC z ||V¢0||Loo(R,RN) meaS(D)l/Z llun(z) — Fx“LZ(Q,RN) :

The estimate (7.5) follows from (7.12), (7.17) and (7.18) by taking

e = llun— Fal2lop~ forany0 <y <.

8. STRONG CONVERGENCE OF THE WEAK STEEPEST DESCENT ALGORITHM

Theorem 8.1. Let thesequence {u,, »}5%, C Vi, C WHP(Q,RN), p > N, h > 0, be generated by the Weak
Seepest Descent Algorithm, i.e., let us assume that the sequence is given by Definition 2.3. Let us assume
that the constant A > 0 in (1.4) is sufficiently large. Then there exists a constant C', independent of n and h,
and there exists a functionu € W12(Q, RY) such that

(8.1) lim lim E(upyp) = E(u) >C >0.

h—0 n—o0
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Moreover,
(8.2) Upp = U, strongly in Wh:2(Q, RY), ash — 04, andn — +oo.

Proof. Let us assume first that

(8.3) il E(un,) = 0.

Thus

(8.4) hlig)l+ nlgrréo / IVtpn(z) — IVUy, p(2)|| dz = 0.
Q

It follows from (8.4) and [13], [9] that
(8.5) Vi, — Fr, weakly in WhH2(Q,RV) asn — +oo,h — 0.
We obtain from Theorem 7.2, Theorem 5.5, Corollary 6.1, and Theorem 5.1 that

1 Theorem 7.2
E(Un,h) 4 < Ch ||Un,h - F"I"”LZ(Q’RN)
Theorem 5.5 1
Cy moh (&)
(86) Theorem 6.1 2
< C(3 ||g(un7h)||;/01.2(Q7RN)
(2.21) 12
< CyE(up,p)2s, forany v € (0,1).

Thus there exists a positive constant C, independent of n € N such that

1(l=n

C < E(uny) = 305)
which contradicts (8.3) for

1 1
2 4

—

if v is sufficiently close to 1. Thus we have

87) lim lim E(uyyp) > 0.

h—04 n—+o00
Consequently, there exists a function v € W 12(Q, RV) such that

(8.8) lim lim E(upn) = E(u).

h—04 n—+o0

Hence, for some ¢ € (0, 1) we have

(8.9) E(u) — E(up,p) = /DW (Vupp(z) +t (Vu(z) — Vupp(2))) : (Vu(z) — Vup p(x)) de.
Q

Since,

(8.10) /DW (Vu(x)) : (Vu(z) — Vupp(z)) de =0
Q

27
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we obtain from (8.9) and (8.10) for some 7 € (0, 1)
0+ E(u) — E(un,p)

(8.11) = /D2W (Vwy, (1) (2)) (Vu(z) = Vi n(z), Vu(z) — Vi p(z)) dz
Q

> A ”vu - vun,h“?/{/l,Z(Q’RN) , for some A > 0,
where
Vwn (1) = Vupp +t(Vu — Vupp) + 7 (Vupp + 6 (Vu — Vupp) — Vu) .

The convexity of D?W in the direction Vu(z) — Vup 5 (z) follows from the fact the Steepest Descent
Algorithm must stagnate at the function u. The proof is finished.
O

9. AUXILIARY INEQUALITIES

Lemma9.1. Let the sequence {u,}2, C W1P(Q,RY), p > N, be binomial microstructure generated by
one of the Steepest Descent Algorithms, i.e,, let us assume that the sequenceis given either by Definition 2.2
or Definition 2.3. Let €,, be a set of laminates corresponding to .,,. Let us assume that «;,, > A > 0 for any
n € N. Then thereexist no € N, and a positive constant C, independent of n, such that for any n > n g we
have

(9.1) moh (&,) 77 > C Y E(um).
Thus, in particular, there exists a constant C', independent of n, such that
(9.2) C >moh (€,)% D |lun — Fzllj2qpw -

Proof. We have

(9.3) ¢ = Z Qn ||g(un)||W01'2(Q7RN) > A Z ||g(un)||W01'2(Q7RN) >C Z E(“n)%
n=0 n=0 n=0

Hence, taking n € N such that

(9.4) 1> 3" Blup)}

we obtain from (9.4)
(95) E(un)t > C ) Blum).

Next, we have from Theorem 6.1, Theorem 5.1, (9.4) and Lemma 7.2

=

(9.6) moh (&,)™" > C ||g(un) > C E(un)

2
2 0.2m)

> C (i E(um)> .

The proof follows.
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Lemma9.2. Let the sequence {u,,}>, C WLP(Q,RY), p > N, be binomial microstructure generated by
one of the Steepest Descent Algorithms, i.e., let us assume that the sequenceis given either by Definition 2.2
or Definition 2.3. Then

1, — on
9.7) E(ug)? > li_)m E(uy)? + Zﬂ@ Z E(un)1/2/ E(tni1 + tglun))?’~* dt, feR
n (oo} 0

n=0

The positive constant 5 in (9.7) comes from the estimate (5.7) of Lemma 5.2.

Proof. The proof is similar to the proof of Theorem 5.3. We have forany § ¢ R+

d
EE(Un-H + tg(un))e

= OB (s + t9(u)) ™ [ DWW (Vs () + V() 0)) V) ) d
Q

(©.8) = 0B (up+1 + tg(un))’™! /Vg (tnt1 +tg(un)) (£)Vg(un)(z) dz
Q

Lemma 5.2
2" BOB (s + tg(un)’~ g (unss + tg(ua))llyr gmy 190y 20z

Theorem 5.1 1
> BOE(upi1 + tg(un))o_lE(un—&-l + tg(un))3/4E(Un))1/2-

4
Integrating (9.8) over (0, «,,) and summing over n € N we get
09  Elw)’ - lim B(,)’ 2 3503 B [ Blunss +tg(u)’ /dt
n— 00
n=0 0

which concludes the proof.
O

Acknowledgement: The author would like to thank the Department of Mathematics, University Mons-
Hainaut, Belgium, and the Department of Mathematics, Federal Institute of Technology, Lausanne, Switzer-
land, for the hospitality during his work on the material presented in this paper. The author would like to
thank Alfred Wagner for numerous helpful discussions of the subject.

REFERENCES

[1] J. ADAMS, Sobolev Spaces, Springer Verlag, New York, 1989.
[2] J. M. BALL, P.J. HOLMES, R. D. JAMES, R. L. PEGO, AND P. J. SWART, On the dynamics of fine structure, J. Nonlin. Sci., 1
(1991), pp. 17-70.
[3] J. M. BALL AND R. D. JAMES, Fine phase mixtures as minimizers of energy, Arch. Rat. Mech. Anal., 100 (1987), pp. 13-52.
[4] P. CIARLET, Introduction de |’ analyse numerique matricielle, Masson, Paris, 1982.
[5]1 D. Cox, P. KLOUCEK, AND D. R. REYNOLDS, Non-local relaxation of nonconvex ill-posed problems using stochastic finite
element method: One dimensional theory and computations, manuscript, (2000).
[6] B. DACOROGNA AND P. MARCELLINI, Implicit Partial Differential Equations, Birkhéuser, 2000.
[7] G. FRIESECKE AND J. B. MCLEOD, Dynamics as a mechanism preventing the formation of finer and finer microstructure, Arch.
Rat. Mech. Anal., 133 (1996).
[8] W. A. GRUVER AND E. W. SACHS, Algorithmic Methods In Optimal Control, Pitman, London, 1980.
[9] P. KLOUCEK, The relaxation of non-quasiconvex variational integrals, Num. Math., 82 (1998).
[10] , The finite element approximation of binomial microstrutures, Num. Math., (2000). to appear.
[11] P. KLOUCEK AND M. LUsKIN, The computational modeling of the martensitic transformation with surface energy, Mathematical
and Computer Modelling, 20 (1994).
, The computations of the dynamics of the martensitic deformation, Continuum Mechanics and Thermodynamics, 6 (1994).

[12]




30 PETR KLOUCEK

[13] M. LuskIN, Approximation of a laminated microstructure for a rotationally invariant, double well energy density, Num. Math.,
(1996).

[14] J. NECAS, Ecoulement Transonic: Compactite par Entropy, Masson, Paris, 1983.

[15] J. NOCEDAL AND S. J. WRIGHT, Numerical Optimization, Springer Verlag, Berlin, Heidelberg, New York, 1999.

[16] L. SimoN, Asymptotics for a class of nonlinear evolution equations, with application to geometric problems, Ann. Math., 118
(1981).

[17] W. P. ZIEMER, Weakly Differentiable Functions, Graduate Texts in Mathematics, Sringer Verlag, New York, 1989.



