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Abstract

A Reduced Basis Method

for Molecular Dynamics Simulation

by

Rachel Elisabeth Vincent-Finley

In this dissertation, we develop a method for molecular simulation based on principal
component analysis (PCA) of a molecular dynamics trajectory and least squares
approximation of a potential energy function. Molecular dynamics (MD) simulation
is a computational tool used to study molecular systems as they evolve through time.
With respect to protein dynamics, local motions, such as bond stretching, occur
within femtoseconds, while rigid body and large-scale motions, occur within a range
of nanoseconds to seconds. To capture motion at all levels, time steps on the order
of a femtosecond are employed when solving the equations of motion and simulations
must continue long enough to capture the desired large-scale motion.

To date, simulations of solvated proteins on the order of nanoseconds have been
reported. It is typically the case that simulations of a few nanoseconds do not provide

adequate information for the study of large-scale motions. Thus, the development of



iii
techniques that allow longer simulation times can advance the study of protein func-
tion and dynamics. In this dissertation we use principal component analysis (PCA)
to identify the dominant characteristics of an MD trajectory and to represent the co-
ordinates with respect to these characteristics. We augment PCA with an updating
scheme based on a reduced representation of a molecule and consider equations of
motion with respect to the reduced representation. We apply our method to butane
and BPTI and compare the results to standard MD simulations of these molecules.
Our results indicate that the molecular activity with respect to our simulation method
is analogous to that observed in the standard MD simulation with simulations on the

order of picoseconds.
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Chapter 1

Introduction

“The purpose of computing is insight, not numbers.” - Richard Hamming
Molecular dynamics (MD) simulation is a powerful tool used to study molecular
motion with respect to classical mechanics. With respect to protein dynamics, local
motions, such as bond stretching, occur within femtoseconds, while rigid body and
large-scale motions, occur within a range of nanoseconds to seconds. To capture
motion at all levels, time steps on the order of a femtosecond are employed when
solving the equations of motion and simulations must continue long enough to capture
the desired large-scale motion. To date, simulations of solvated proteins on the order
of nanoseconds have been reported, however, it is typically the case that simulations
of this length do not provide adequate sampling for the study of large-scale motion.
In this dissertation we develop a method for performing molecular simulations

with respect to a kD coordinate space. Given a standard MD trajectory we use



principal component analysis (PCA) to identify the & dominant characteristics of the
trajectory and construct a kD representation of the atomic coordinates with respect
to these k characteristics. We then construct a radial basis function (RBF) network
based on a kD representation of the trajectory and the values of the potential function
evaluated at the conformations in the trajectory. The RBF network provides a model
of the molecules potential energy surface. Using this model we construct equations of
motion and perform simulations with respect to the constructed kD representation.

We apply our method to butane and BPTI and compare the simulations to stan-
dard MD simulations of these molecules. Our results indicate that the molecular
activity with respect to our simulation method is analogous to that observed in the
standard MD simulation with simulations on the order of picoseconds. The reduced
representation of the molecule and potential energy surface allows us to efficiently
simulate test molecules by reducing the storage required to represent the molecules
and the computation required to simulate the motion of the molecules.

This area of research promises to move classical MD beyond its time step and
storage limitations. Previous MD research has focused on reducing the complexity of
a molecular system by dividing internal coordinates two classes- coordinates that are
deemed important to overall dynamics and coordinates that are negligible (see [2], [3],
8], [18], [56], [66], [67]). The important coordinates then undergo further analysis.

One of the earliest reported discussions of reduced coordinates was presented by

Go and Scheraga [25], who made use of the standard set of internal coordinates -



bond lengths, bond angles and dihedral angles - as well as external variables (overall
translation and rotation). They classified bond lengths and bond angles as hard vari-
ables, while the dihedral angles and external variable were classified as soft variables
when calculating configurational entropy. Karplus and Kushick [40] generalized this
notion by defining soft or important internal coordinates to include not only dihedral
angles, but also internal coordinates that were strongly correlated. Further evidence
of the validity of this generalization was provided in [45].

Building on the idea of soft or important coordinates and hard or nonessential in-
ternal coordinates, we consider dynamics with respect to a coordinate system defined
using PCA of a trajectory matrix. This dissertation provides further evidence of the
usefulness of a reduced representation provided by PCA of an MD trajectory in the
study and prediction of molecular motion.

We provide a brief overview of protein structure and introduce notation and defi-
nitions used in this dissertation in Section 1.1. We then provide an overview of this

dissertation in Section 1.2.

1.1 Protein Structure

A molecule is a chemical unit made up of smaller units called atoms, the basic building
blocks of matter. Amino acids are molecules made up of three basic units - an amino
group, a carboxyl group, and a side chain - all of which are bonded to a central

carbon atom (see Figure 1.1). An amino group is composed of a nitrogen atom and
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Figure 1.1: Basic structure of an amino acid molecule. The amino group (on the left)
is composed of a nitrogen atom and two hydrogen atoms and the molecular formula
is NHy. The carboxyl group (on the right) is composed of a carbon atom, two oxygen
atoms and a hydrogen with molecular formula COOH.

two hydrogen atoms and the molecular formula is NH,. A carboxyl group is composed
of a carbon atom, two oxygen atoms and a hydrogen with molecular formula COOH.
The central carbon atom, denoted C,, is bonded to a hydrogen atom, the nitrogen
atom of the amino group, and the carbon atom of the carboxyl group. The side chain
is the distinguishing feature between amino acids and this structure also shares a
bond with the C, atom.

Of the known amino acids only twenty amino acids are found in proteins. When
an amino acid bonds to another amino acid the carbon atom in the carboxyl group of
amino acid p, denoted C’, bonds to the nitrogen atom in the amino group of amino
acid p + 1 forming a peptide bond (see Figure 1.2). During this process a water
molecule (H50) is released. The primary structure of a protein is the polypeptide
chain of amino acids. An amino acid unit along the polypeptide chain is also called
a residue.

The primary structure of a protein folds to form a tightly packed three-dimensional



(3D) structure called the native structure. Understanding protein folding, the process
by which the primary structure folds into a 3D structure, is a thriving area of research.
Our interests lie in the 3D structure referred to as the tertiary structure. It is in this
form that the protein is biologically active and able to perform its function.

The backbone, or main chain, of the protein is made up of the repeating unit
NH-C,H—C" =0. The degree of rotation about the bond between N and C, is
denoted ¢; and the degree of rotation about the bond between C, and C’ is denoted
1. Substructures, or secondary structures, common to proteins are alpha helices and
beta sheets. An alpha helix is formed when consecutive residues have the same ¢ and
1 angles. These values are approximately ¢ ~ —60° and ¥ =~ —50°. Alpha helices
can contain as little as four residues or as many as forty residues. The average rise
per residue is 1.5 Angstroms. A beta sheet is formed when regions of an amino acid
sequence align adjacent to each other. These regions, known as beta strands, are
about five to ten residues long [11].

As previously noted, the function of a protein is determined by its 3D structure
and this structure is continuously experiencing fluctuations, thus takes various steric
forms. A conformation, or configuration, is an arbitrary static structure of a molecule
that comes about through free rotation of atoms about single chemical bonds. A
molecule containing n atoms can be represented by 3n Cartesian coordinates. These
coordinates can be combined to form a 3nD vector. Generally for proteins the atoms

are ordered with respect to the residue order in the polypeptide chain. The atomic
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Figure 1.2: The carbon atom in the carboxyl group of amino acid p bonds to the
nitrogen atom in the amino group of amino acid p + 1 forming a peptide bond.

positions of a molecule containing n atoms at time ¢; = ih are denoted r(t;) = r* € IR*"
where h is the length of the discrete time step. Cartesian coordinates in the z, y, and
z directions of atom a are stored in components rs, o, r3,_1, and rs,, respectively. A
trajectory is a collection of conformations from an MD simulation over a period of
time. The conformation space of a molecule is a 3nD space containing the collection
of all points r’ that represent a configuration of the molecule. Molecular dynamics
simulation provides a means to explore the conformation space, to study the motion
of a protein, and to gain insight into the function of a protein.

In the following sections we introduce definitions and notation used throughout

this dissertation. Additional notation will be introduced as needed.

1.1.1 Notation

e IR denotes the field of real numbers and IR" is a vector space of dimension m

over the real numbers. We will use the shorthand notation mD when discussing



m-dimensional vectors.

A vector with a superscript denotes enumeration, eg., r’ denotes the ith vector
in a set of vectors. A vector with a subscript denotes a component of the vector,
eg., r; denotes the ith component of r. We will use the shorthand r’ = r(ih) in

accordance to this notation convention where 7 is an index over time.

The vector v(t) € IR represents the atomic velocities at time ¢. The jth

component of v(t) is the first time derivative of position

. dI'j

vV, =TI, = —.
J J dt

Atomic accelerations at time ¢ are represented by a(t) € IR*". The jth compo-

nent of a;(t),

dr?

a; =T &2t

is the second time derivative of position. Higher time derivatives of position,

r(M(t) = {dr}/d"t}, will be introduced as needed.
V(r(t)) denotes a potential energy function.

M e IR" is a diagonal matrix containing atomic masses in triplicate, i.e.,

M = diag(myI,--- ,m,I) where I is the 3 by 3 identity matrix.

kp represents the Boltzmann constant, a quantity that relates temperature to

energy,

kg = 1.3806503 x 107 JK !



where joule (J) is an energy unit and Kelvin (K) is a temperature unit. Mass is
represented in atomic mass units. Distance is represented with units of nanome-
ters (nm = 107 m), and time is represented in units of femtoseconds (fs = 1071

s), picoseconds (ps = 107'? s), and nanoseconds (ns).

1.1.2 Internal Coordinates

Internal coordinates define the location of the atoms in a molecule relative to the
other atoms in the molecule. Here we define distance between atoms, angles and
dihedral angles formed by bonded atoms.

Let d;; denote the vector from atom j to atom 7 in a molecule:
dij = [1"32'—2 —TI3j_9,I3;—1 —I'3j—1,I3; — I'3j]7

and let d;; = ||d;;||2 denote the two-norm of vector d;;. A bond angle, 6;;;, formed

by bonded atoms ¢ — j — k is defined as follows:

1.1
T (1.1)

cos 0,5, =
A dihedral angle, ¢;;x;, formed by bonded atoms ¢ — j — k — [ is defined as follows:
COS Qijki = Nd,;d;;, ® Nddy, - (1.2)

Here, ng,;q,, and ng,,q,, are the unit normal vectors to the planes spanned by vector
pairs {d;;, d;x} and {d;x, dx }, respectively. In Cartesian coordinate space a nonlinear

molecule has 3n — 6 internal degrees of freedom (3n — 5 for linear molecules).



1.2 Organization of the Dissertation

In Chapter 2 we will provide an overview of molecular dynamics (MD) simulation
highlighting the general procedures and implementation. This discussion provides an
overview of the equations of motion and the common numerical integration techniques
used to solve them.

In Chapter 3 we discuss methods used to analyze results obtained from an MD
simulation. We provide definitions of correlation functions, power spectrum, principal
component analysis (PCA), and the singular value decomposition (SVD) which is used
to compute principal components is also defined.

In Chapter 4 we discuss the use of PCA in the context of MD simulation, high-
lighting literature that is relevant to this work. Given a molecule containing n atoms,
we consider working in a 3n dimensional (3nD) space defined by a concatenation of
the 3D Cartesian coordinates of the atoms. We use information provided by PCA of
a trajectory matrix to select a kD space where k is significantly smaller than 3n.

Chapter 5 chronicles the methods we use to build our reduced dynamics code.
We begin by defining the projection of an MD trajectory onto a kD space. We then
use this projection and potential energy information from a standard MD simulation
to generate a model of a kD potential energy surface. We introduce the theory
underlying our reduced MD scheme. An outline of the Fortran subroutines used to
implement this method is provided in Appendix A.

In Chapter 6 we consider the errors associated with reduced simulation. We



10

discuss the approximation properties of RBF networks and the local error associated
with using the Verlet method to numerically solve the equations of motion.

In Chapter 7 we discuss how we utilize a standard MD simulation package, Ex-
tended System Program (ESP), to begin our simulation and discuss the protocol used
to continue a simulation in a reduced setting (ie. computing the starting basis, rESP,
updating the basis, computing force, returning to original space). We compare com-
puted trajectories with the true trajectory by comparing power spectra computed
from standard MD data to power spectra obtained from reduced simulation data.

Finally in Chapter 8 we provide a review of the developments of this dissertation

and suggest directions for future consideration.



Chapter 2

Molecular Dynamics

“The purpose [of MD] is never to produce reliable trajectories... in the
real physical world individual trajectories have no meaning...” [§]

Molecular dynamics (MD) is a computational technique used to study the inter-
actions of a molecular system as it evolves in time. In this chapter we provide an
overview of classical MD. For a more detailed introductory discussion see Introduction
to Protein Structure by Branden and Tooze [11], Molecular Modelling, Principles and
Applications by Leach [43], or see [1], [28], [54].

We provide a description of an empirical potential energy function in Section
2.1, followed by an overview of the numerical integration techniques used in MD
simulations in Section 2.2. In Section 2.3 we provide an overview of how a standard
MD program is set up and discuss the particular program used in this work, Extended

System Program.

11
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2.1 Potential Energy Function

The Schrodinger equation describes the motion of a particle in space subject to an

external field (/) [43]. The time-independent form is
HY(r,,r.) = EV(r,,1.). (2.1)

Here F is the energy of the system, ¥ is the wavefunction which is a function of the
nuclei and electron coordinates, r, and r., respectively, and H is the Hamiltonian
operator
H = {—5—;V2 + u} :

The value h is Planck’s constant divided by 27, m is mass of the particle, and the
symbol V? represents aa—;z + g—;g + 88—222. The wavefunction gives the probability of
finding the particle at a certain position. The solution of this partial differential
eigenvalue problem requires obtaining energies and wavefunctions such that the effect
of the Hamiltonian on the wavefunction equals the (scalar) multiplication of the
wavefunction by the E (see Equation 2.1).

Equation 2.1 cannot be solved analytically for molecular systems. The Born-
Oppenheimer approximation asserts that the motion of the electron can be decoupled
from the motion of the nuclei since the weight of an electron is several orders of

magnitude lighter than the nuclei [43]:

HU, (re;r,) = EV(rer,) (2.2)

HU,(r,) = EU,(r). (2.3)
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Equation 2.2 is solved for fixed arrangements of the nuclei and defines an energy F,
called the potential energy surface (PES), that is a function of nuclear coordinates,
r,. Minimum points on the PES are of particular interest because they correspond
to stable configurations of a molecule. Maximum points on the PES correspond
to configurations that are unstable, while saddle points on the PES correspond to
transition configurations that connect minimum energy regions of a potential energy
surface. After solving Equation 2.2, Equation 2.3 is solved and its solution describes
the motion of the nuclei on the potential energy surface.

Molecular dynamics uses an empirical fit to the potential energy surface, called a
force field, in lieu of solving Equation 2.2. A force field characterizes the potential
energy surface (PES) using information about a subset of molecules to infer parame-
ters for a larger set of molecules. A full description of a force field includes a list of
atom types, a list of atomic charges, atom-typing rules, parameters for the function
terms, rules for assigning parameters that are not explicitly defined, and functional
forms for the components of the energy expression which we denote V. With this
information energy and force can be calculated for a molecular system.

Molecular dynamics is concerned with the solution of the Hamiltonian system

p=—-H,p,a), q=H,(p,q) (2.4)

where the Hamiltonian

H(p,Q):H(pl, yPd, 41,7 - >qd)>
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represents the total energy of the system and is a function of the generalized coordi-
nates, ¢;, and the momentum, p; for i = 1,--- | d where d is the number of degrees of
freedom. The functions H, and H, represent the partial derivative of H with respect
to coordinates and momenta, respectively, and p and q are dependent on time t.
Along the solution curve of Equation 2.4 the Hamiltonian is constant.

Specifically the total energy is of the form

1
H(p,q) = §pTM‘1p +V(q)

which is a separable Hamiltonian, H(p,q) = T(p) + V(q), where T'(p) is a quadratic

form and V(q) is a given potential function. The Hamiltonian system (2.4) is then
p=-VV(), q=M"p (2.5)

where M is a diagonal matrix containing atomic masses and {VV(q)}; = g—;, is the
force associated with the ith component of the coordinate vector.

The evaluation of the potential function is the core computation of an MD simu-
lation. In the following section we discuss the key interactions that contribute to the
potential energy function (see Figure 2.1) and force calculation. The particular em-

pirical potential energy function discussed is the CHARMM potential energy function

12].
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Figure 2.1: Bond lengths, bond angles, dihedral angles and nonbonded interactions
contribute to the potential energy function [62].

2.1.1 Bonded Interactions

The bond (V) and bond angle (V) potentials are modeled by harmonic functions:

1 1
Vo= > k(b —by)* and Vp = 5 > k(0 — 6p)°. (2.6)

bonds .
Variables b and 6 correspond to the actual bond lengths and bond angles. Parameters
by, 0y and k, (x = b or ) represent reference bond lengths, reference bond angles,
and force constants, respectively. The higher the force constant the more difficult it
is to deform the bond or bond angle. These terms depend on the chemical type of

the bonded atoms and sums are over all bonded atoms and bond angles, respectively.

The dihedral angle potential (V,), also called the torsion potential, is modeled by
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a cosine series:

V=Y ky(1+cos(ng —v)). (2.7)

dihedral
angles

Four bonded atoms define ¢, and Equation (2.7) represents the rotation about the
bond between the middle pair of atoms (see Figure 2.1). Here n, the multiplicity,
equals the number of minimum energy points that occur as the dihedral angle rotates
360°, and 1, the phase shift, determines where the dihedral angle passes through
an energy minimum. The value k, represents the energy cost associated with angle

rotation, often referred to as the barrier height.

2.1.2 Nonbonded Interactions

Nonbonded interactions also contribute to the potential energy of a molecule. These

contributions are a function of the distance, d;;, between nonbonded atom 7 and atom

The Lennard-Jones 12-6 function models the Van der Waals repulsive and attrac-

tive forces:

12 6
Oij 04
Vvaw = Z dei [(d_j) N (d_J) ] ’ (2.8)
nonbonded v )

pairs

The collision diameter, o0;;, corresponds to the separation distance at which the
Lennard-Jones function equals zero. The well depth, ¢;;, is the magnitude of min-
imum energy of the Lennard-Jones function. Each of these parameters depends on

the interacting atoms [1].
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Equation 2.8 has an (absolute) minimum at distance d;; = 0;;v/2. At short
distances electron-electron and nucleus-nucleus interactions are strong leading to a
repulsive force, modeled by the first term of Equation (2.8). Changes in the charge
distributions of the atoms’ electron clouds give rise to dipole-dipole interactions which
lead to attractive forces, modeled by the second term of Equation (2.8).

We calculate the electrostatic interactions between nonbonded atoms ¢ and j using

Coulomb’s law:

Velec - Z 4 (29)

nonbonded 47T€0 dl-]
pairs

Here ¢; and g; are the partial charges on atoms ¢ and j. Equation (2.9) models the
electric force acting on a point charge, ¢; as a result of the presence of a second point
charge, ¢;. The parameter €, the dielectric constant, specifies the relative speed that
an electric signal travels in a material.

For the Lennard-Jones and electrostatic interactions summations are over non-
bonded pairs considering atom ¢ and atom j. Evaluation of these interactions is
typically the most computationally intensive and time consuming portion of an MD
simulation ([1], [12], [43], [54]). For example, the computational complexity of elec-
trostatic force evaluation is O(N?) where N, is the number of point charges in the
molecule. Efficient algorithms exist for large systems (particle-mesh Ewald method,

for example) which reduces the computational complexity to O(N.log(N,)) [17].
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2.1.3 Potential Energy Gradient

To obtain the force exerted on each atom at time ¢ we must evaluate the gradient of
the potential energy function. Derivatives of potential energy terms are calculated
analytically using the chain rule containing partial derivatives of V with respect to
internal coordinates - bond lengths (b), bond angles (), dihedral angle (¢) and in-
teratomic distances (d) - and partial derivatives of internal coordinates with respect
to Cartesian coordinates. For example, the bond potential between atoms i and j as
given in Equation (2.6) is

1
V. = 51@,,(192-]- — bp)?

i
and the distance between bonded atoms ¢ and j is
bij = ((xi — ;)" + (g — y)* + (2 — )")"/*.

The partial derivative of V;,, with respect to component g is

OV, OV, by
8045 n 8()@) 80&5’

(2.10)

where « € {z,y, 2z} and [ is an index over the the interacting atoms. Thus we have

WV, ob;; a; — Qj
ij S ) -+ 3 j
I, ky(bij — by) and Jos b
thus,
aVbij . bij — b(]
Bap Tl T kT

(4, if B =14, and —, if = 7).
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We obtain derivatives of the other potential energy components in a similar man-
ner [48]. All derivatives with respect to the ith component of r are then combined to
obtain the total force acting on that component. Thus the computation of the force

is a straightforward byproduct of the calculation of the potential energy.

2.2 Numerical Integration

Recall that molecular dynamics is concerned with the solution of the Hamiltonian

system

p = _vv(q)v q = M_lp

where the momenta p = Mv and the coordinates are simply the Cartesian coordinates
of the atoms in the system q = r. This system of first order differential equations is

equivalent to the system of second order differential equations

i— f(r) (2.11)

where f(r) = —M~1VV(r) does not depend on ¥ = v. Due to the nature of the
potential energy function the equations of motion cannot be solved analytically and
must be solved numerically. Calculation of the potential energy is the most computa-
tionally intensive portion of an MD simulation, thus a numerical integration method
applicable in the context of MD should include at most one energy (and gradient)
calculation per iteration.

In the following sections we present numerical integration methods used to solve
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the equations of motion. To begin we describe the Verlet method in Section 2.2.1 and
Gear predictor-corrector methods in Section 2.2.2. We then provide an overview of
multiple time step methods in Section 2.2.3 which account for the varying time scales

of molecular activity during the integration process.

2.2.1 The Verlet Method

Let t = ih denote discrete points in time where h is the discretization step, and let r’,
v’ and a’ be approximations to r(ih), v(ih), and a(ih), respectively. An underlying
assumption when using numerical methods to solve the equations of motion is that
positions, velocities and accelerations can be approximated by Taylor series expan-

sions. Consider the forward and backward Taylor series expansion of r(¢) with time

step h:
o .
r(t+h) = r(0)+hv(t) + Talt) + ¢b(t) + O
et —h) = x(t)~hv() + alt) — b + O,

where r(t), v(t), and a(t) represent position, velocity and acceleration vectors, respec-

3
drj

tively, and b(t) denotes the third time derivative of r(t), that is b(t) = g+. Adding
these two expressions, we obtain
r(t +h) =2r(t) —r(t — h) + h%a(t) + O(h*). (2.12)

Loup Verlet (1967) proposed a method based on Equation 2.12 for the numerical
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integration of the system second order differential equations 2.11

rtt = 2r' — 't 4 pZal. (2.13)

Equation 2.13 iteratively updates r with respect to each component. Velocities do
not appear explicitly in this formula, but can be computed from the positions using

the formula

This method is known as the Verlet method [68] in molecular dynamics literature, the
Stormer method ! in astronomy literature, and the explicit central difference method
in numerical analysis literature.

The Verlet method is a widely used for numerical integration in MD for it is easily
implemented, time reversible (i.e. r'™! and r'~! are interchangeable in Equation 2.13)
and has good stability for moderately large time steps [28]. Furthermore, the Verlet
method is symplectic. That is, it provides an exact solution to a discrete Hamil-
tonian system that closely resembles the continuous system of interest. Important
consequences of symplecticity are preservation of geometry and conservation of total
energy. Thus under proper simulation conditions the structural integrity of a molecule
is maintained during MD simulation.

Variations of the Verlet method have been developed which allow for more precise

calculation the velocity. Swope, et al (1982) [64] introduced an implementation of

LC. Stérmer (1907) introduced this method into astronomy calculations.
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the Verlet method that updates positions and velocities as follows:

. . - R?

r'tt = ' v+ 7al (2.14)
i+1 i b i

v = V' + §[a +a™. (2.15)

Equations 2.14 and 2.15 are known as the velocity Verlet method. In practice the

velocities are updated in two steps to incorporate accelerations at time ¢ and ¢ + h:

. - ho
Vz—i—% — VZ _az
* 2
att = —M'VV(rt)
vitl = yits 4 gai—l—l.

During each iteration positions, velocities and accelerations (9n words) are needed to
update terms. Mathematically the velocity Verlet method is equivalent to the Verlet

method. However, the velocity Verlet method performs better numerically [64].

2.2.2 Gear Predictor-Corrector Methods

Predictor-corrector methods make up another class of methods commonly used in MD
simulations. We consider the most prominent of these methods, the Gear predictor-
corrector methods [22], which uses scaled time derivatives of positions to predict and

correct positions at time ¢ 4+ h. The fourth order Gear algorithm in matrix form is as



Order () | g0 91 92 93 91 s
2 0 1 1
B
4w 1l 3w
5 % %0 L . 5 @

Table 2.1: Gear corrector parameters for a

predictor of order n [22],[1].

follows:
pitl
I'.i+1

r

r(3) i+1

p@) it1
P

w1 =

00014

0 00O0T1

@) i

p@) i
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The predicted positions (denoted by the subscript P) are then used to evaluate new

forces. From the computed forces we obtain the acceleration at time ¢ + h and use

the difference A¥ = ¥+ — i‘i;rl to correct the predicted values. The corrector step
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updates r and its derivatives using this information:

ritl pitl 9o
pitl pitl i
ot =1 +1 g | AT
r®) i+l r® itl g3
r(#) i+l . r@) i+l ., 04

Table 2.1 displays the parameters (¢;) used in n—th order Gear predictor-corrector
algorithms. During each iteration the fourth order Gear method requires positions,
velocities, old and new accelerations, as well as higher order derivatives (18n words)
to update terms.

When one desires high accuracy the Gear methods perform well, while the Verlet
method and its variants, though less accurate, are more stable for large time steps
and are time reversible [8]. Advances in multiple time step methods attempt to com-
bine these features (accuracy and stability) to produce robust methods for molecular

simulation. We provide an overview of multiple time step methods in the next section.

2.2.3 Multiple Time Step Methods

As noted in Section 2.1.2, evaluation of nonbonded interactions is the most compu-
tationally intensive portion of an MD simulation. Atoms that are separated by a
substantial distance interact at low frequency, thus these forces do not change signif-

icantly with respect to a standard time step.
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Multiple time step (MTS) methods take into account the range of times in which
molecular activity occurs and use more than one time step during numerical integra-
tion. Figure 2.2 outlines a typical MTS method [65]. Here we consider an algorithm
that splits force into two parts, F' = Fiport + Flong. Short range, Fpon, and long
range, Fjong, forces are typically defined with respect to a splitting function based
upon interatomic distances. Short range atomic interactions determine the value of

time step h. After m steps, velocities are corrected with respect to Fj,,g ([10], [35]).

2.2.4 Integration Time Step

With respect to protein dynamics, local motions, such as bond stretching, occur
within femtoseconds (fs = 107!® second), while rigid body and large-scale motions
occur within a range of nanoseconds (ns = 107" second) to seconds [63]. To resolve
local motions, an integration time step of approximately 0.5 fs (for example, with
respect to O-H bond stretching) must be used [60]. The introduction of the SHAKE
[58] and RATTLE [4] algorithms allowed the constraint of bond lengths to their
reference lengths, and made it possible to increase the integration time step (1 to 2

fs).

2.3 MD Simulation

In the previous sections we described a potential energy function (Section 2.1) and

numerical integration methods used to solve the equations of motion (Section 2.2). In
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this section we outline the steps needed to run an MD simulation. We then describe

the particular program used for our simulations.

2.3.1 Set up and Simulation

Figure 2.3 [63] provides an overview of the stages of an MD simulation. The first stage
of a simulation includes building the system of interest. Initial atomic coordinates
as well as a molecule’s topology must be supplied to a program. Such information
is obtained from theoretical information or experimental data (NMA data, X-Ray
crystallography, etc.) which is user defined or retrieved from a database such as the
Protein Data Bank [5]. The structure then undergoes energy minimization to relieve
adverse atomic interactions present in the initial configuration.

Initial velocities are randomly assigned using the Maxwell-Boltzmann distribution

with respect to a particular temperature, 7"

1/2 2
Mo 1mk{a}vk [e%
P(Viiay) = (4) exp [__7{}

2.16
27T/{ZBT 2 ]{IBT ( )

Here vj(qy represents the velocity of the kth atom in the o direction where o €
{x,y, 2}; My is the associated atomic mass; and kp is the Boltzmann constant.
The Maxwell-Boltzmann distribution is a Gaussian distribution [43].

The system may then undergo various intervals of heating to bring the system to
the desired temperature. This may entail adjusting velocities or coupling the system
with an external heat bath.

The next stage of dynamics, equilibration dynamics, is used to stabilize the system.
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Generally, this entails monitoring energies, temperature, and pressure, depending on
the thermodynamic ensemble desired (see Section 2.3.2), to make sure these quantities
are fluctuating minimally about a desired mean.

Once the system is properly specified, production dynamics begins. During this
stage atomic position, velocities, and the desired simulation parameters are stored for
future analysis.

There are many programs available for performing molecular dynamics. Those
most widely used in the scientific community include CHARMM (Chemistry at
HARvard Macromolecular Mechanics) [12], AMBER (Assisted Model Building
with Energy Refinement) [52], and NAMD (Not Another Molecular Dynamics)
program [38]. In this work we use ESP (Extended System Program) [61] to per-
form MD simulations courtesy of the Department of Chemistry at the University of

Houston. We provide a brief overview of ESP in the following section, Section 2.3.2.

2.3.2 Extended System Program

Figure (2.4) illustrates the organization of ESP. The main program, ESP, facilitates
the construction of the molecular system with topology and parameter files pro-
vided by the user. Topology files include information about atom types, charges, and
connectivities. Atom types are assigned to identify elements and molecular orbital
environments, charges are assigned to each atom type. Connectivities between atoms

include lists of bonded atoms, bond angles, and torsion angles. Other simulation pa-
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rameters such as integration time step, simulation length, system temperature, etc.,
are incorporated into ESP via a user defined data file.

Parameter files contain force constants necessary to describe the bond, angle,
and torsion energies as well as nonbonded interactions. These files may also suggest
parameters for setting up energy calculations. For example, the minimum distance
at which to consider nonbonded interactions.

Once the system is constructed with user defined initial coordinates and veloci-
ties, the program transfers control to one of the second level subroutines - RUNNVE;,
MTSNVE, or RUNNVT. ESP supports the canonical (RUNNVT) and the micro-
canonical (RUNNVE) ensembles with the option of using multiple integration time
steps in conjunction with the microcanonical ensemble (MTSNVE). The microcanon-
ical ensemble is characterized by a fixed number of atoms (N), fixed volume (V), and
fixed energy (E). The canonical ensemble is characterized by a fixed number of atoms,
fixed volume and fixed temperature (T).

Numerical integration of the equations of motion occurs in the second level sub-
routines with calls to the third and fourth level subroutines to obtain force and energy
calculations, respectively. CHARMM parameterization [12] is used to define a force-
field, and the velocity Verlet method (see Section 2.2.1) is used to perform numerical

integration.
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Algorithm 1 Multiple Time Step Integration Algorithm

Input: r, v, Fypori(r), Flong(r) from previous iteration step
Output: r, v

1. fori=1: 3*natoms
V; — V; + hTmF’long(r)i
end

2. forui=1:m

2.1. for i =1 : 3 * Natoms
r;, < r;,+ hVi + %Fshort(r)i
V; <— V; + %Fshort(r)i
end
2.2. call Fypn(r)

2.3. fOI‘ 'I/ - 1 . 3 * /n/atoms
V; — V; + %Fshort(r)i
end

end
3. call Fy4(r)

4. fori=1:3 * Natoms
V; < V; + hTmEong(r>i
end

Figure 2.2: Code for one iteration of multiple time step algorithm updating positions
and velocities using step sizes h and h,,, = mh [65].



Set Initial Coordinates
Minimize Structure

Assign Initial Velocities

v
|—>[Equilibration Dynamics ]
v

[Rescale Velocities ]

t

No

Temperature
Okay?

* Yes

[ Production Dynamics ]

v

[ Analysis of Trajectory ]
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Chapter 3

Analysis of MD Trajectory

During the production dynamics stage of an MD simulation the coordinates, veloc-
ities, and energies are stored at user defined intervals for analysis. The information
obtained from a single time step is of little value in isolation. However, the conformers
sampled by an MD simulation belong to the same statistical ensemble. A statistical
ensemble is a collection of configurations with different microscopic characteristic (for
example, atomic coordinates and velocities) that have similar macroscopic character-
istics - for example, the energy (E), volume (V), temperature (T), pressure (P), and
number of particles (N). The microcanonical, or NVE, ensemble, has a fixed number
of atoms, volume, and energy. Properties of the configurations in an ensemble are
then averaged to generate the macroscopic observations of interest.

MD simulation provides time ordered information detailing how a system evolves

with respect to classical mechanics in its ensemble context. Ergodic theory [41] states

31
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that ensemble averages can be replaced by time averages. Thus macroscopic obser-
vations and correlations of dynamic properties can be computed using MD data.
We provide a brief discussion of time correlations in Section 3.1 and the related
power spectrum in Section 3.2. In Section 3.3 we introduce matrix decompositions
used in the analysis of MD trajectories. In Chapter 4 we describe the use of Principal

Component Analysis in analyzing an MD trajectory.

3.1 Correlation

Time correlations associate a dynamic property with another time shifted dynamic
property. A property of interest may be a component of a position vector (r;(t)) or
a component of a velocity vector (v;(t)). We define a discrete time correlation in
Section 3.1.1 and give examples of its use and interpretation in MD. In Section 3.1.2

describe an algorithm for computing discrete correlations.

3.1.1 Definition

Consider two time dependent functions, a(t) and b(t), that are sampled at times
t, = pAt. Here At is the sampling rate, the time interval between consecutive
samples (i.e. At =t,.1 —t,) and p={0,---, N — 1}. Suppose that the samples are

periodic with period N. The discrete correlation of a(t) and b(t) associated with time
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shift [At is defined

P

Corr(a, b), = a1 pbp,
p

I
o

where a, = a(t,). The correlation of a function with itself is called the autocorrelation.

Let A, and B,, denote the discrete Fourier transforms (DFT) of a, and b,, respec-

tively,
N-1 N-1
A, = ap627rzpn/N and B, = Z bpe2mpn/N
p=0 p=0
where n = 0, - - - ,%. The discrete correlation theorem notes that Corr(a,b); is the

Fourier transform pair of the product A, B}, eg., one can use the discrete Fourier
transform to move from one representation to the other [53]. Here the asterisk (*)
denotes complex conjugation. This relationship allows the use of the fast Fourier
transform (FFT) to compute correlations.

Correlations provide information about how a dynamic property is related to
another time shifted dynamic property. Consider the discrete autocorrelation of the

jth component of velocity:

—1-
Corr(v;, v;)i = Z Vi(ip) - [=0,---,N—1. (3.1)

p=0
Note that the summation is over N — 1 — [ values versus N — 1 values. This is due to
the fact that the data we receive from MD is not periodic as required by the discrete
correlation theorem. Thus, the index [ + p cannot exceed the number of available

values v;. We will discuss how to resolve the lack to periodicity in Section 3.1.2. Also

note that a normalization factor C' is included to insure that Corr(v;,v;)o = 1 and
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the weighting 1/(N —1) is included to reflect changes in the number of items included
in the summation as [ varies.

To incorporate velocity components in all directions (z,y, and z) for all atoms in
the system, we consider Equation (3.2) which is simply summation over all velocity

autocorrelations (see Equation (3.1)) weighted by the number of atoms in the system

N,:

C No 3
Corr(v,v), = NN 1) > Via(+p) " Viap): (=0, N =1 (3.2)

i=1 a=1 p=0

<
Il

Here « is an index over the x, y, and z components of velocity. Computing the
discrete velocity autocorrelation as noted in Equation (3.2) is a process of order N2.
The computational cost is greatly reduced by taking advantage of the discrete corre-
lation theorem. Section 3.1.2 outlines how this is achieved. Before we move to that
discussion, however, we provide a brief interpretation of the velocity autocorrelation.

What does the velocity autocorrelation reveal about the associated MD simu-
lation? Generally, this information reveals the nature of force interactions in the
system. Newton’s first law of motion states that an object in a state of uniform
motion maintains that motion unless an external force is applied to the object. Thus
velocities in a system with no atomic interactions remain unchanged and the resulting
autocorrelations would be constant. In the case of weak force interactions, changes
in velocity would be gradual producing an autocorrelation that decays exponentially.
When strong force interactions are present atoms in the system tend to fluctuate

about stable positions. What results are changes in the velocity in the positive and
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Algorithm 2 Computation of Autocorrelation Function

Input: a,
Output: Corr(a,a),

a. compute the DFT of a, using an FFT subroutine:
An = 2;50—1 ape27ripn/(2N—l);

b. compute the square modulus of the DFT obtained in the previ-
ous step:

Gn = ‘AnP;

c. compute the inverse DFT of GG,, using an FF'T subroutine:
— 2N-1 —2mipn —-1).
Gp =2y Gue 2mPm/CN=D;

d. apply the proper normalization:
Corr(a,a), = 4.

Figure 3.1: Procedure used to compute the autocorrelation function of a time series
a, = a(t,).

negative directions of fluctuation, producing an oscillating autocorrelation. The os-
cillations are damped by force perturbations inherent in the simulated system. The
extent of the damped oscillation depends on the nature of the material. We now

outline how an autocorrelation is computed using the FFT.

3.1.2 Computation

The discrete correlation theorem assumes that the sampled functions are periodic.
This is generally not true for the MD data. We induce periodicity by adding N zeros

to the end of our data set. In essence we have for the time dependent quantity a, that
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as(n-1)+1 = a1. The zero padding absorbs errors that may result from non-periodic
data ([53], [1]). What follows is an outline of how time autocorrelations are computed
using the FFT.

Given a set of discretely sampled values, a, = a(t,), for p = 0,--- ,N — 1, we
append N zeros to the set, so that a, =0 for p = N,--- ;2N — 1. The computation
proceeds as outlined in Figure 3.1. Information pertaining to the original data is
stored while the information associated with the zero padding is discarded. Thus
we obtain an autocorrelation by application of the discrete correlation theorem very

efficiently using the FFT ([21], [41], [1], [53]).

3.2 Power Spectrum

Given a time series sampled at equal intervals, a, where p = 0,1,---, N — 1, the

discrete Fourier transform of the N points is defined
A, =) a,exp(2mipn/N). (3.3)

It is often convenient to consider data in the frequency domain. Parseval’s theorem
states that the total power in a signal can be computed in the time domain or the

frequency domain [53]. The discrete form of Parseval’s theorem is

i
=

1

O I (3.4)

|ap|2 =

Il
o
Il
=)

p

for Fourier transform pair {a,}y—o.. n—1 and {A,}tn=o... N-1.
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In Section 3.2.1 we define a power spectrum and discuss its relevance and inter-
pretation with respect to MD, and in Section 3.2.2 we discuss the methods used to

compute a power spectrum.

3.2.1 Definition

The power spectrum, also called the power spectral density (PSD), is defined as the
amount of power per unit of frequency as a function of frequency. It describes how
the power of a time series is distributed over frequency, where power is defined as the
average energy of the time series. Mathematically, the power spectrum is proportional
to the square modulus of the Fourier transform of a time series. Given the discrete
Fourier transform of a time series sampled at equally spaced intervals (see Equation
3.3) an estimate of the power spectrum at zero and positive frequencies is defined as

follows

PO) = P(fo) = ylAof (35
PUD = gz P+, =120 (5 1) 6o
P() = Plfus) = gl (37

We perform this computation for each component of the velocity using steps (a.) and

(b.) of Algorithm 2.
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3.2.1.1 Interpretation of Power Spectrum

The Fourier transform of the velocity autocorrelation provides information about the
density of the normal modes in a harmonic system [1]. With respect to molecular
mechanics, the Fourier transform of the velocity autocorrelation function reveals the
underlying frequencies of the molecular processes. Thus the power spectrum provides
information about the dynamic behavior of atomic interactions and can be compared
with the infra-red (IR) spectrum of a molecule. The IR spectrum of a molecule shows
which frequencies of infrared radiation are absorbed by the molecule and can be used
to identify the functional groups in a molecule.

When plotting a power spectrum versus frequency, we observe pronounced peaks
in the neighborhood of the normal mode frequencies. The normal vibrational modes
are the characteristic vibrations of a system about a local energy minimum. It is
customary to present power spectrum with respect to wavenumber units which is the
inverse of the wavelength in centimeters (cm™!). Multiplying the wavenumbers by the
speed of light (2.99792 x 10! cm/sec) converts the value to frequency units, inverse

seconds (sec™1).

3.2.1.2 Normal Mode Analysis

As an aside we briefly outline how normal modes are calculated. First the potential

energy is minimized. At a local energy minimum

aV(r) 9?V(r)
ar. =0 and B

(2

207
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for i = 1,---,3N,. The molecular configurations at which minimum energies are
achieved correspond to equilibrium arrangements of the system.We are interested in
atomic fluctuations about local minimum configurations. Let Ar; denote the dis-
placement of r; from its equilibrium position. We denote mass weighted coordinates
as follows R; = mj1/2Ari where m; is the mass of the i¢th atom and ¢ =35 —2: 3y
for j =1: N,. Coordinates are mass weighted because the magnitude of atomic force
interactions are affected by the mass of each atom.

The Hessian matrix of the potential energies with respect to mass weighted dis-

9%V(r)

placements is defined, H;; = 5775
101

The Hessian matrix is diagonalized to obtain
the normal modes (the eigenvectors of H) and the associated frequencies (the square

roots of the eigenvalues). We now turn our attention to the computation of the power

spectrum.

3.2.2 Computation

As noted earlier, one can use the first two steps for computing an autocorrelation
to compute a power spectrum (see Section 3.1.2). We note here some coding details
and summarize the routines that accomplish these tasks in Appendix A. The present
code implements the Fast Fourier Transform with a Bartlett window function using

overlapping data. The window function is defined as follows:

I3

IN

w]:]_—‘
2
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The purpose of a window function is to provide a more accurate estimate of the power

spectrum. Given the window function the power spectrum estimate becomes

N-1
B, = Zajwjexp@mjp/]\f) forp=0,--- ,N—1 (3.9)
=0
1
P0) = P(fo) = W ‘Bo|2 (3.10)
1 9 9 N
P(fy) = = UBl +[Bvpl’] p=1,2, (5 =1 (3.11)
1
P(fe) = P(f) = 557~ 1Bpl’ (3.12)
where
N-1
We=N>

=

The data is partitioned into K segments each containing 2M consecutive points.
Data overlapping occurs since consecutive segments share M points. The FFT of
each segment is computed and the average over the K segments is the estimated
power spectrum. This method of computation is particularly efficient when dealing
with large data sets in that the FF'T is computed in parts, thus it is not necessary to
consider the entire data set at once.

The spectrum, 1, (w), of atomic vibrations, derived by a Fourier transform of the
trajectory of atom «, determines the contribution of the motion of atom « to the
infrared spectrum of a protein [27]. We consider the spectrum of atomic vibrations
with respect to two ranges - (0 - 500 cm™") and (500 - 3500 cm™!) - which will be

designated the low-frequency and high-frequency ranges, respectively.
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3.2.3 Atomic RMS Fluctuations

Let (ro) =, ra(ti)/nt denote the average position of atom a with respect to nt in-
tegration time steps. Let h denote the integration step size. The average displacement

of atom « from its mean value is computed
1/2
O, = Z ((ra(t;) — (ra))?) /nt
t;
This quantity measures atomic mobility, which may also be determined via exper-
imental techniques such as X-ray or neutron scattering. Thus comparing o, with

values obtained from experimental techniques provides a gauge of the quality of the

MD simulation [27].

3.3 Matrix Analysis

In this section we provide an overview of principal component analysis. We begin in
Section 3.3.1 by defining descriptive statistics that will be useful in our analysis. In
Section 3.3.2 we describe principal component analysis, a method commonly used to
identify dominant features in a data set. Finally, in Section 3.3.3 we introduce the

singular value decomposition.

3.3.1 Basic Statistics

Consider a set of n data vectors, x/ € IR" where z;; denotes the ith component of

the jth data vector. Each vector x/ represents an observation and its components
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x;; are variables that describe the observation. Let z; = % 2?21 x;; denote the mean
over the ith components of all data vectors. The sample variance is a measure of
the dispersion of a set of variables around its mean value. If we consider the pth

component of each data vector the sample variance is computed as follows

n

1 _
st = " Z(xm’ —1,)%,
j=1
which is the average of the squared deviations from mean values. The measure of the

variance of two variables with respect to each other is the covariance. The covariance

of components p and ¢ over all data vectors is

cov(p,q) = %Z(mpj — Zp) (g5 — Zy)

Jj=1

The matrix with components C,, = cov(p, q) is called the covariance matrix where
C € IR™™ is symmetric and positive semidefinite. Given the matrix with data vectors
as columns

X — [Xl X2 Xn] c Rmxn’
we can represent the covariance matrix as follows

1o
C=-XX"
n

where the 7jth component of X is Tij — T;.

3.3.2 Principal Component Analysis

The goal of principal component analysis (PCA) is to represent data described by a

large number of interrelated variables, m, using k new uncorrelated variables called
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the principal components, where k is significantly smaller than m. PCA is a multi-
variate method in statistics that identifies the variance inherent in the variables that
describe the data and constructs a new set of uncorrelated variables that retains a
majority of the total variance.

Given a set of data, we construct a covariance matrix, C. C is a real, symmetric
matrix, thus by the spectral theorem, there exists an orthogonal matrix U that diag-
onalizes C, i.e., C = UAU", where the columns of U are eigenvectors of C and the
diagonal matrix A contains the eigenvalues of C. We order the columns of U such
that the associated eigenvalues are in nonincreasing order.

The principal components of X are computed by an orthogonal transformation
Y = U"X. The rows of Y are the principal components. That is, the pth row of Y
is defined y? = (u?)" X where u? is the pth column of U. The first component of y?
is first principal component associated with xP. Generally, the 7th component of y”
is the ith principal component associated with xP. The ith eigenvalue, A;;, is equal
to the variance of {y;;}=1,... n, the components of ith row of Y. The total variance of
the principal components is given by the sum ) ;_; A;; where r represents the number
of nonzero eigenvalues [19].

Let U, = [u! u? ... u¥] denote the matrix whose columns are the eigenvectors
associated with the k largest eigenvalues. A kD representation of the data is obtained

by an orthogonal transformation and is defined as follows: Y = UZX.
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3.3.3 Singular Value Decomposition

We use the singular value decomposition (SVD) to compute the principal components.
Since the principal components associated with the directions of highest variance are
of interest, we consider a truncated SVD (TSVD).

The SVD is a matrix factorization that decomposes a rectangular matrix W €

IR"*" into the product of three matrices W = USV7' where
U=[u' - -u]eR™, V= .v"]eR*"

U'U=1, VV =V'V=I, and

S is an n x n diagonal matrix where n < m. The vectors u* and v’ are the and left

singular vectors and right singular vectors of W, respectively. The diagonal elements

of matrix S, s;;, are the singular values of W where s11 > S99 > -+ - s, > 0 [26].
Consider W = ﬁfi — USV7 where X is the matrix introduced in Section 3.3.1.

Then the covariance matrix can be written
1 ~ A
C=-XX =USV' VS'U =USU".
n

Thus with respect to PCA the SVD provides an efficient method to compute the
eigenvectors and eigenvalues of C. The eigenvectors are the left singular vectors
of W, and the singular values of W are the square roots of the eigenvalues of C.
Furthermore, we obtain in the right singular vectors a standardized version of the
principal components [37]. Recall that Y = U"X. Then by substituting the SVD of

X we obtain Y = /nSV".
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The TSVD provides a rank k representation of W:
k
Wa W, =UiS V] =) guiv' ", (3.13)
i=1
and has the unique property ||[W — Wy||s = o1, i.e., it is the best rank k approx-
imation of W [26]. Furthermore, the TSVD can be updated as new data becomes
available. We discuss SVD updating in Section 5.2.4. In the following chapter we

outline the procedure used to compute the principal components of an MD trajectory.



Chapter 4

PCA of an MD Trajectory

During an MD simulation the molecular system moves freely in Cartesian space. For
the purposes of analyzing the internal motion of a molecule we must consider the
MD data with respect to the same frame of reference. Given a trajectory from a
reliable MD simulation, we superimpose the conformations onto the 3D coordinates
of a reference conformation by performing an RMSD fit. We describe the procedure

we used in the following section.

4.1 Defining Coordinates

4.1.1 RMSD Fit

Recall that atomic positions of a molecule at time ¢, are denoted r™ € IR™ where

Cartesian coordinates in the z, y, and z directions of atom a are stored in components

46
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Algorithm 3 RMSD Fit to a Reference Structure

Input: Reference structure, Aguy, and current structure, A, € IR'*3
Output: I that minimizes || Azzr — A.T||p subject to I' T’ = I,

1. B= A, Apgr
2. B=USVT
3. T =VvU”

4. A, — AT

Figure 4.1: Procedure used to compute the RMSD fit of an MD trajectory to a
reference structure.

I3, 2, I'sq_1, and rs,, respectively, and n, is the number of atoms in the molecule.
For the purposes of the present procedure we consider an n, by 3 matrix for each
conformation. We construct column vectors X, y and z where x, = mgrs,_2, Yo =
Mal3qa_1, and z, = m,r3,, and a is an index over the n, atoms in the molecule, and

m, is the mass of atom a. The centers of mass in the x, y, and z directions are

2221 X; . 2221 Yi _ E?:l Z;

XCM - I CM — I ZCM - I
Mror Mror Mror

where mqyor = 2211 m, represents the total mass of the n, atom system.

We translate the center of mass of the system to the origin by subtracting the

appropriate center of mass from the components of x, y, and z and form the following
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matrix

X1 —Xem Y1~ Yenu Z1 —Zou

Xo —Xem Y2 —Yom 22 —Zcoy

Xn —Xoem Yn = Yom Zpn — Zcou

This is done for all conformations in the trajectory.
Next we compute a rotation based on the root-mean-square deviation (RMSD) of
each conformation with respect to a reference configuration. The RMSD is used to

estimate structural similarity between molecules and is defined as follows
RMSD(Azgr, A;) = minp||Agpr — AL 5 (4.1)

where Agzr is a reference configuration, I' is a rotation matrix, and || - || denotes
the Frobenius matrix norm. We use a minimum energy structure as the reference
configuration.

For each time step t, we construct a matrix B = A:AREF e R and compute
the SVD of B =USV". Using the resulting matrices we construct a rotation matrix
I' = VU7T. The rotation matrix I produced by this procedure satisfies Equation 4.1
[26]. The procedure for computing rotation matrix I" is summarized in Figure 4.1.

We consider translation and rotation with respect to the C, atoms of a molecule.
This is done to achieve a superposition similar to that accomplished by the zero

angular momentum condition as concluded in various simulation studies ([34], [39],

[2])-
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4.1.2 Absolute and Mean Adjusted Coordinates

We replace the atomic coordinates by their translation and rotation free counterparts,
making the substitution r™ = A, (:) where A, (:) denotes the vector defined by con-
catenating (in order) the columns of A, using the adjusted coordinates. Consider the

sample matrix

R=['r* --- "] ¢ R™"

where r* € IR" contains the atomic coordinates of a molecule and n = 3n,. Let T be
the vector containing the sample mean where the jth component is r; = % Y ieim r;

Define R as follows

1
R=[ - 1]= aReeT e RV™

where e € IR™ has all components equal to 1. The columns of R are identical, that
is each component in the 7th row is the sample mean of the ith atomic coordinate.
The matrix R contains absolute coordinates, and the matrix R — R contains mean
adjusted coordinates.

We use the SVD to analyze and to predict the behavior of dynamic systems. Since
we will be considering simulations where the number of coordinates, n, is (much) less

than the number of time points, m, we define
R=R" and R=(R-R)".
The covariance matrix of the MD trajectory is diagonalized

K=-—R"R=QAQ (4.2)

1
m
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where A = diag(\1, A2, -+, A,) and the matrix
Q=ld'd" - q', QQ=I,

contains the eigenvectors of K arranged such that the associated eigenvalues, \; are
in nonincreasing order. The eigenvectors can be partitioned such that each atom has
a set of eigenvectors that represent the directions preferred by the atom [57]. The
eigenvalues are the root mean square fluctuation along these axes.

We consider the eigenvectors associated with the 3n, — 6 largest eigenvalues. The
six smallest eigenvalues are approximately zero and correspond to the overall transla-
tion and rotation of the molecule during simulation, thus the associated eigenvectors

do not contribute significantly to the internal motion of the molecule.

4.2 Important Space of Atomic Motion

Consider the following partitioning of Q,

°-la &

k m—k
The columns of Q form an orthonormal basis for IR"™. Internal motion can be divided
into two subspaces - one in which “important” or correlated molecular motion occurs
and another in which all other motion occurs. The eigenvectors associated with the

k largest eigenvalues, the columns of Q, form a basis for the former subspace, while

the columns of Qy, form a basis for the latter subspace.
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Previous studies have reported values of k significantly smaller than 3n, — 6, the
dimension of the configuration space ([2], [57], [56], [67], [66]). Amadei et al. reported
that 90% of the overall motion was described by the first k = 35 eigenvectors in a
study of lysozyme considering all atoms (3n, = 3792) [2]. When considering only
the C, atoms (3n, = 387), 90% of the motion was described by the first & = 20
eigenvectors. In a study of myoglobin, Romo reported that 70% of the side-chain
activity was described when k = 20 (3n, = 459) [56].

These studies suggest that considering protein motion with respect to the impor-
tant or essential subspace [2] could provide a means to significantly reduce computa-
tional overhead and therefore allow longer simulation times. We discuss an analysis
of equations of motion with respect to an essential subspace presented by Amadei et
al. [2] in the following section. In Section 4.3 we discuss coordinate selection and

procedures for choosing k.

4.2.1 Orthogonal Transformation of Equations of Motion

In this section we consider an orthogonal transformation of the equations of motion as
presented by Amadei et al. [2]. This analysis provides compelling evidence in favor of
using information obtained from PCA in conjunction with the equations of motion to
reduce the computation required to solve the equations of motion. Particularly, if an
empirical potential function can be reformulated with respect to transformed coordi-

nates, then the equations of motion can be written such that functionally important
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motion can be separated from other motion.
We present the findings of Amadei et al. [2] in the form of a proposition and

provide a discussion of the results.

Proposition 4.2.1 Let r, = r(t.) denote mean adjusted molecular coordinates at
time t,. obtained from an MD trajectory. Assume that overall translation and rota-
tion have been removed as outlined in Algorithm 3. Let K be the covariance matriz
associated with the trajectory as defined in Equation 4.2, where Q is an orthogonal ma-
trixz that diagonalizes K, and A is a diagonal matriz containing the eigenvalues of K,
Ai, in nonincreasing order. Consider the coordinate transformation r = L(y) = Qy
where L : R¥™ — IR is an orthogonal linear mapping and ng is the number of

atoms in the system. Construct vectors & and s such that

§ =D - =& - & and (4.3)

S = [y 0 Yl =51 - Ssm._]- (4.4)

Assume that the components of s are normally distributed. Then the motion with
respect to the £ coordinates can be described (approzimately) independently from the

motion with respect to the s coordinates.

Amadei et al. [2] call the k-dimensional vector space containing vectors & the
essential subspace. While the m — k dimensional vector space containing vectors s
is considered nonessential and it is suggested that coordinates in this space behave

relatively as full constraints. Thus this vector space is presumed to be negligible in an
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MD calculation. We present the argument outlining the validity of such constraints

in the following discussion.

4.2.1.1 Analysis of Motion

Consider a system in a canonical ensemble, that is, a system composed of n, particles,
occupying volume V' with absolute temperature 7. The configurational probability
density function (PDF), also called the statistical distribution function, for atomic

coordinates r is

exp(—=£V(r’))

plr') = [, exp(=BV(r))dr

(4.5)

where § = 1/k;T and kp is the Boltzmann constant. This value represents the
fraction of configuration points per unit volume at point r° € IR*" [70].

Given the coordinate transformation, r = L(y) = Qy, we can express the distribu-
tion function with respect to coordinates y. This is accomplished by first performing
a change of variables for the integral' in the denominator of Equation 4.5. The
Jacobian matrix of mapping L is an orthogonal matrix, specifically Q, thus the Ja-
cobian determinant is +1. Since an orthogonal transformation is either a rotation or

a rotoinversion [69], interatomic distances and angles are preserved by the mapping

!Theorem (The Change of Variables Theorem [20]) Suppose that the mapping ¥ : O — IR"
is a smooth change of variables on the open subset O of IR". Let D be an open Jordan domain such
that K = DU D is contained in O. Then V(K) is a Jordan domain that has the property that for
any continuous function f: U(K) — R, the following integral transformation formula holds:

/ f(x)dx:/ f(¥T(u))|det DU (u)|du.
¥ (K) K



o4

L. Thus we can write,

leading to the following PDF

p<y0) —

exp(—BV(y"))
T, exp(—BV(y))dy

where V,, denotes the volume occupied by transformed coordinates y.

Consider the second-order Taylor expansion®? of the potential function about

sy = (Sa 03na—k)>

2

)% 1 0%y
V(qSo + h) - V(qSo) + Z Siﬁ—si(qSO) + 5 ; SiSjM(qso) + R2(h7 qso) (47)

where h = (03,, x;s) and i,j = k + 1,---,3n,. Substituting Equation 4.7 into
Equation 4.6 leads to the following PDF

eXp(_ﬁV(qSO)) GXp( ﬁAV(§O7 SO))

P ) = D AV () e [ exp(—BAV(E; ))d5 (48)
where
0 0?
AVIES) = 3 g a3 2 o s (19

We obtain a PDF for the s variables by integrating Equation 4.8 over all possible

values &

0 exp(—BV(qs,)) exp(=SAV(£;s°))
ps") = / $')de = /fe —BV(as,))dE [ exp( ﬂAV(S;S))deS' (4.10)

2Theorem (Second-Order Taylor Formula [46]) Let f : U C IR' — IR have continuous
partial derivatives of third order. Then we may write

n 0
f(xo+h) = f(x0) + Zhia_gf(xo) + : Z hih; 05;08;
Pt i . 108

(x0) + Ra(h,x0)

ij=1

where Ra(h,x0)/||h||?> — 0 as h — 0 and the second sum is over all i’s and j’s between 1 and n (so
there are n? terms).
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Now suppose an MD simulation resulted in a trajectory such that each component

of s has a normal distribution. Then the collective PDF for s is

o(s) =[] O_,jﬁ exp(—s2/207) (4.11)

where the variance of s; is 62 = )\;, the ith eigenvalue of K. Equation 4.11 is true

provided that

exp(—BAV(;s)) ~ eXp(—ZS?/%f) (4.12)
and thus
15)% oV 9
a—(‘si(qso)si ~ (0 and Dsis, (dsy) =~ (kgT'/o;)bij. (4.13)

The potential function can now be expressed as follows

V(&;s) ~V(as,) + % Z(kT/)\i)sf,z' =n+1,---,3n,—6 (4.14)

2

and the PDF becomes

pletis) = p(e) [T gz exp(—st/20) (1.15)

where

exp(—AV(as))

PE) = T oxp( V() dE

(4.16)

Let é’ denote the unit vectors corresponding to the hyperplane containing co-
ordinates ¢ (i = 1,---,k), and let § denote the unit vectors corresponding to the

hyperplane containing coordinates s (i = 1,---,3n, — 6 — n). Let § denote unit
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vectors that are linearly independent from él and satisfy?
& Ms; =58, Mg = 0. (4.17)

Then {é’, &7 } is a basis set for IR and r and y can be expressed with respect to

this basis

r(t) = O1y(t) (4.18)

y(t) = ©:3(t) (4.19)

where ©; and ©, are transformation matrices. Then y can be represented as y =
(é ;§) where é represents coordinates corresponding to é’ and S represents coordinates

corresponding to éj. We can then express coordinates of r and y = (£;s) as follows

n(t) = (G- BE®) + D (5 75 (4.20)
&t) = D6 EED +D (5 &)30) (4.21)
s(t) = (- 30&®) + D (5 505 (4.22)

where 1; is the unit vector corresponding to r, ¢ =1,--- ,kand j =1,--- ,3n, — k.

These representations reduce to

&) = g}(t)+2(§j-€l)§j(t) (4.23)

() = S°G-805() (4.24)

J

3Theorem ([71] sections 39-41; [26]) IfV; € IR ("™ has orthonormal columns, then there
exists Vo € IR™ ("7 such that V = [V4Va] is orthogonal. Note that range(Vy)* = range(Vs).
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given the definitions of él and §;, and we can then represent the potential function as

follows (see Equations 4.14, 4.23, and 4.24)
N x 1 -
V(&:8) = V(&:0) + 3 Z/fijsisj
ij

where k;; are force constants.

We now rewrite the equations of motion using Equation 4.18 and obtain
Ly = —=V5V(y)

where

I' =0, M6,

is a block-diagonal matrix (see Equation 4.17)

< o 3 —VeV(€:9)
0 TI® S —VsV(£;8)
and
€ _ A Tardi g
Fij - 6 M§]>Zaj_17"'>k
5 = §& ' M&ij=1,--,3n, —6.

Given Equation 4.14 we approximate
—VV(§;8) ~ V(£ 0),

and coupled with Equations 4.28 obtain

Tl ~ —V:V(£;0).

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)
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Equation 4.32 provides an approximate representation of the equations of motion with
respect to the essential or important coordinates. That is, the é coordinates can be
considered independently from the S coordinates with the approximation becoming
exact as kpT/\; — oo for each i = k+1,---,3n, — 6.

This analysis supports separating the equations of motion with respect to impor-
tant coordinates. However, an underlying assumption throughout this analysis is that
the parameterization of a potential energy surface remains valid or can be reformu-
lated under the suggested separation of coordinates. The current literature suggests
that a reformulation of the potential energy surface would be necessary, however it is
intractable given the highly nonlinear nature of a potential energy surface [9].

Our purpose here is to define and analyze equations of motion with respect to
transformed (least squares) coordinates. In Chapter 5 we construct an approximation
to a potential energy surface given an MD trajectory and associated potential energy
calculations. We conclude this chapter with a discussion comparing absolute and

mean atomic adjusted coordinates.

4.3 Coordinate Selection

In this section we consider the use of absolute coordinates versus mean adjusted

coordinates when studying MD trajectories. Recall matrices

R c R and R € R™™
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where R contains absolute coordinates and R contains mean adjusted coordinates,
m is the number of time points and n is the number of coordinates.

The right singular vectors of R or R (the left singular vectors of R or R — R,
respectively) form orthogonal basis for the coordinate space. We seek approximate

solutions to the equations of motion
M# = f(r) where f(r) = —VV(r)

which allow us to take advantage of a reduced representation of the configuration
space provided by a previous MD simulation. We begin by discussing the relation-
ship between the SVD of the the absolute coordinates, R, and the mean adjusted

A

coordinates, R.

4.3.1 Thin SVD
Consider the SVD of R and 7%,

R =USV and R =USV"

~

where U, U e R, V,V e R, with U U=UU=1, =V V=V'V, S=
diag(sy, -+, sp), and S = diag(8y,- -+, $,). The covariance matrix can be represented
1 ~7 .+ N 29T
K=—TRR=—VSV |
m
and we see that the eigenvectors of K, the columns of Q in Equation 4.2, are rep-

resented here by the columns of \7, and the eigenvalues are the squared singular

values.
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We study the SVD of R by considering the related symmetric system, 7A2T7A€, and

observe that this system is a diagonal matrix plus a rank one matrix. By definition

. _ 1 1
R=MR-R) =1- —ee R
( ) =1 —ee )R,
thus
AT A ~ 1 ~
R'R = R (1I- aeeT)27z (4.33)
1
= VSU (I- EeeT)USVT (4.34)
1
= V($?-— ESUTeeTUS)VT (4.35)
1 T T
= V(S*— —zz )V 4.36
(8%~ 2z’ ) (4.36)
— V(S + paz)V' (4.37)
where z = z/||z|; and p = —L1||z[3.

The matrix R is obtained from an MD trajectory thus r = rank(R) < n — 6. Let

D = diag(s?,--- ,s?), then

D 0 Z A
S? = and z = =
0 0 Z9 0
and _
; D 0 AV
S? + pzz = +p
0 O 0 0

It is well established? that the eigenvalues, \;, of D + pilif have the property

ST> A >85> > 82>\,

YTheorem ([26]) Suppose D = diag(dy,--- ,dy) € R>** and that the diagonal entries satisfy
dy > - > dp. Assume that p # 0 and that z € R® has no zero components. If Q € R¥™* s
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and the eigenvectors, w', are multiples of (D — \I)7'2;.

Let W = [w! .-+ w"] € IR™" be the matrix containing the eigenvectors of D +
pilif. The matrix containing the eigenvectors of S% + pzz’ is X = [LW, 12] where
I =[e'--e]and I, = [e"*--- €], and €' denotes the ith canonical vector

e =(0,---,0,1,0,---,0)" € R".
——

i—1 n—i

If the orthogonal decomposition of S2 + pz2z" is
S% 4 pzz = XAX

then V = VX and the singular values of R are §; = )\2-1/2 fori=1:7rand $; =0
for i = r+1:n. The first r columns of U can be computed using the relationship
|

= L1Rvifori=1:r.

34

4.3.2 Truncated SVD

Let Ry and Ry denote the best rank & approximations of R and R, respectively,

In the previous section we saw that the right singular vectors of R (the left singular

vectors of R — R) are the columns of V = VX, thus the matrix containing the first

orthogonal such that
Q' (D + pez’ )Q = diag(Ar.-+ , \i)
with \y > -+ > M\ and Q = [q',--- ,q"], then
(a) The \; are the k zeros of f(A) =1+ oz (D — A\I)"lz.
(b) If p >0, then Ay >dy > Xg > --->dg. If p<O0, thendy > X\ >do > -+ > d > Ag.
(c) The eigenvector q* is a multiple of (D — \1)~'z.
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Eigenvalues

1-4

3.1266e+02

1.1626e+-02

9.4376e+01

8.6457e+-01

5-8

8.2372e+401

7.1588e+-01

6.7394e+01

6.4604e+-01

9-12

6.1301e+01

4.9726e+-01

2.2584e+01

5.6031e+00

13 -16

5.2369e+-00

4.6835e+00

3.5589e+-00

2.9849e+00

17-20

2.6260e+-00

2.5335e+-00

1.3294e+00

1.0537e+00

21-24

9.7310e-01

9.3433e-01

7.1021e-01

6.5308e-01

25 - 28

5.8324e-01

5.6634e-01

4.8389¢-01

4.4330e-01

29 - 32

3.8222e-01

3.3230e-01

8.4873e-02

8.2981e-02

33 - 36

7.0623e-02

6.1314e-02

9.3039e-02

3.7945e-02

Table 4.1: First 3n, — 6 eigenvalues of a butane trajectory.
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k columns of V can be represented by Vk = VX, where X, represents the first k
columns of X. The columns of Vk represent an orthogonal transformation of X, with
respect to V. Recall that the columns of V form an orthogonal basis for the row

space of R (column space of R) which is the space of sampled atomic coordinates.

4.3.3 Choosing k

We close this chapter with a discussion of methods for choosing k, the dimension of
the new coordinate space. The methods for choosing k described in PCA literature
are generally ad hoc, thus the user must take care to understand the details of their
problem when applying the methods. We describe here the scree graph, the log-

eigenvalue (LEV) graph, and the cumulative percentage of total variation.

4.3.3.1 Scree Graph

A scree graph is a plot of the eigenvalues \; of K in nonincreasing order versus

the eigenvalue index (see 4.2(a)). Cattell (1966) described these graphs as scree
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Figure 4.2: Eigenvalues of trajectory matrix (nm?) in non-increasing order: (a) Scree
Graph: A;; versus 7, (b) LEV Graph: log(A;;) versus 7.

because such graphs often resemble a scree slope, a wedge-shaped accumulation of
rock fragments at the base of a steep rock face [15]. A scree graph is used to determine
graphically a value k. The general rule of thumb for the use of a scree graph is as
follows. Compute the slope between eigenvalues ¢ and ¢ 4 1 for all 7. When the slope
is relatively constant, or graphically the plot resembles a straight line, the first index
associated with this occurrence is chosen as the cut off k. In the case that the slope is
relatively constant in multiple regions of the graph, the cut off is chosen with respect
to the first such occurrence.

We provide a scree graph for the eigenvalues of a butane MD trajectory in Figure

4.2(a) (See also Table 4.1). Butane (CyH;o) contains 14 atoms (n, = 14). We use
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Percentage of Total Variation (x 100 %)
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Figure 4.3: Cumulative percentage of the total variation captured by the first ¢ prin-
cipal components.

10,000 configurations from a 25 ps simulation in this calculation. According to the

rule just outlined, the cut off for our example is k = 12.

4.3.3.2 Log-Eigenvalue Graph

The LEV graph is a plot of log()\;) in non-increasing order versus the eigenvalue index
(see 4.2(b)). This graph was named and discussed by Craddock and Flood (1969)
when considering a meteorological application [16]. The rule of thumb for selecting a
cut off when using a LEV graph is similar to that noted for use with a scree graph,
however, generally the two methods produce different cut offs.

We provide the LEV graph for the eigenvalues of a butane MD trajectory in Figure

4.2(b). According to the rule for the use of a LEV graph the cut off is k = 1. Note
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that setting the cut off to k = 36 is an obvious choice (3n, — 6 = 36). This example
illustrates that in the case of the scree graph and the LEV graph, if the slope of the
graph gradually becomes less steep, the procedures become less effective in identifying

a cut off location.

4.3.3.3 Cumulative Percentage of Total Variation

The cumulative percentage of the total variation captured by the first k principal
components, or in the context of atomic motion, the cumulative percentage of atomic

fluctuation associated with the first & principal vectors [2], is defined as follows

k k
P — Zizl Ay o Z,’:1 3222‘
N

o - P 2
izt Nii i=15ii

where p = 3n, —6. As a rule of thumb one can choose a cut off percentage P* between
70% and 90% where the cut off k is the smallest integer k for which P, > P* [37].
With respect to our butane example P* = 70% results in a cut off of k = 6, P* = 80%
results in a cut off of k = 8, and P* = 90% results in a cut off of k = 10 (see Figure
4.3).

We use the scree graph, the LEV graph and the cumulative percentage of the total

variation in concert to choose cut off values k.



Chapter 5
Methods

In this chapter we present a method for molecular simulation that takes advantage
of a reduced basis defined by SVD analysis of an MD trajectory. We seek to explore
the configuration space in the directions “preferred” by a molecule and to suggest
reasonable simulation parameters for test molecules. We begin by discussing in Sec-
tion 5.1 one of the primary difficulties that we encountered in developing our reduced
basis method. We then discuss the construction of a kD approximation to a potential

energy surface in Section 5.2.
5.1 The Problem

A primary difficulty in developing a method for performing dynamics with respect to
a reduced set of coordinates is the determination of a potential energy surface that is
a function of these new coordinates. Given an MD trajectory that has been translated

and rotated in the manner described in Section 3.3.2, we consider the truncated SVD
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where R contains coordinates from an MD trajectory organized as described in Section
4.1.2.

The first step is to perform a coordinate transformation from Euclidean coordi-
nates to coordinates in the range of U,. This requires the solution of the overde-
termined systems Uy’ = r’ where i is an index over a subset of the coordinates
produced during MD. The vectors ¥ = UZri € IR* are the least squares solutions
and the vectors #* = Uy’ are the projections of the atomic coordinates, r’, onto the
range of U,. We call y* the kD representation of atomic coordinates r* with respect
to Uy.

Using these new coordinates, we make the substitution r ~ r into the equations
of motion,

ME(t) = MU,y (1) = =VV(E(1)).

Multiplying on the left by Uz we obtain
My(t) = —U, VV(i(1)) (5.1)

where M = UzMUk. In Equation 5.1, as in the original system, the potential energy
function depends on 3n, coordinates. An ideal scenario would be to efficiently solve
Equation 5.1 taking advantage of the reduced representation given by y'.

Our initial inclination was to consider the directional derivatives of the potential

energy function in the directions of the first &k left singular vectors. For h sufficiently
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small

W YY) = lim %[V(r - wir) — V()] (5.2)
~ %[V(r+ujh)—V(r)] F= 1k (5.3)

where u’ represents the jth left singular vector, the jth column of U,. Equation
5.3 requires k + 1 evaluations of the potential energy function per iteration to ap-
proximate the directional derivative. As noted in Section 2.2, the evaluation of the
potential function is the dominant computational task during an iteration of MD
simulation, and the partial derivatives of the potential energy function are calculated
analytically using the chain rule (see Section 2.1.3). Thus given an evaluation of
the potential energy function, it is straightforward to compute the partial deriva-
tives. Since the approximation of the directional derivatives requires an increase in
the number of potential function evaluations, we gain nothing computationally from
this approximation.

A reformulation of the potential energy function with respect to the kD represen-
tation of the atomic coordinates has proven to be an intractable feat [9]. Our goal
here is to present a method for approximating the potential energy surface of a par-
ticular molecule with respect to a kD representation of the atomic coordinates. In the
following sections we outline a procedure that uses coordinate and energy information

from a standard MD simulation coupled with SVD analysis.
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5.2 Model of kD Energy Function

In Section 2.1 we introduced components of an empirical potential energy function.
This function provides an approximation of the energy surface based on CHARMm

parameterization [12] and its basic functional form is

V) = > kb—b0)*+ Y ke(0— 00>+ Y ksl — kg cos(ng)

bonds bond dihedral
angles angles

12 6
05 (OFY 4
nonbonded ) ) OTZ]

pairs
In this section we outline a method for generating representative potential energies

and forces with respect to kD coordinates.

5.2.1 Preliminary Study

We performed a preliminary study to observe the affects of projecting the 3nD force
generated by a standard MD simulation onto a kD space defined by PCA and used
this information to update positions and velocities. The procedure outlined in Figure
5.1 shows how kD positions, velocities, and forces were initialized and updated. The
final atomic coordinates and velocities from a standard MD trajectory served as the
initial coordinates for the reduced system. The coordinates were adjusted to reflect
the removal of translation and rotation.

The first three steps of Algorithm 4 initialize the kD system. After we update
the kD coordinates in step 4 of Algorithm 4, we project the result onto the range of

U, r' = U,r'. This serves as our approximate to the atomic (3nD) coordinates that
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would have been produced during a standard MD simulation. We use r’ to compute
the full force f* = —VV(r"), which is then used to define force with respect to kD
coordinates, f/ = U, f!. We use this information to update the kD velocities in the
current iteration and kD coordinates in the next iteration.

In a truly reduced simulation we would not compute the full force during each
iteration since it is the computationally intensive portion of an MD simulation that
we wish to overcome. The goal of this exercise was to provide some insight into the
nature of atomic activity with respect to a kD representation of a molecular system.
Recall that in the new coordinate system we are no longer considering individual
atomic positions but the system as a whole with respect to independent degrees of
freedom.

Our task then is to replace step 4b in Algorithm 4 with a function with respect to
I that provides a reasonable approximate of U.f without computing f = —VV(r) at
each step of iteration. Such a function is provided by the linear least squares model
introduced in the next section.

Recall the kD representation of atomic coordinates, r, with respect to Uy, is
yi = Uzri. Here we drop the ~ notation. The potential energy at conformation r’ is
represented by V(r?) and is calculated during an MD simulation. We associate this
energy with the kD coordinate, y*, and seek to generate a function, G, that follows

the rule

G(y') = V(). (5.4)
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With this goal in mind we construct a linear least squares model with respect to the

data {y’, V(r")}. Step 4b in Algorithm 4 is then replaced by

f’r-l-l _ —Vg(f’T+l).

Algorithm 4 Simulation in kD

Input: r, v, U, M = UZMUk
Output: r, v

1. f° = call Force(r?), f°'=TU,f

~ T ~ T
2. 1°=U,r, V'=U,v,

]~

3.a%=M f°
4. fort=0:mn — 1

a. for i =1 : Ngtoms
1
P = BT 4+ heT + AT, v R =T+
7 1 7 2 Fio 1 - Y1

N

T
a;

end
b. I'T—i_1 = U]CIN'T-%1

“ T

ft! = call Force(r™™), ™ =U,f!

c. a7t = N
for i =1 : Ngroms

ST+l _ STTS | haT+l
v; =V, + 39;

end

end

Figure 5.1: Procedure used to project 3nD coordinates onto kD space and update
using full force.
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5.2.2 General Linear Least Squares Problem

We construct a model that has the general form

Gly) = Z a;g;(y) (5.5)

where g; : IR* — IR are basis functions and the coefficient a; € IRis the weight
of the jth basis function. This model is linear in the sense that it depends on the
parameters a; linearly, i.e., the model is a linear combination of the basis functions.
We seek to model the function that generated the data V(r%) given input y’. Given
an appropriate selection of basis functions, the coefficients a; must be chosen in such
a way that G obeys the rule given in Equation 5.4 as closely as possible.

The “chi-square” merit function, denoted Y2, given in Equation 5.6, provides a

measure of how well Equation 5.5 agrees with the data, {y*, V(r")},

N
X=>
=1

E; — Z]Ai1 ajgj(yi)] 2 . (5.6)

0

Here N is the number of variable vectors y*, E; = V(r') is the energy with respect to
conformation r?, and o; is the standard deviation of the ith data vector. In principle,
the smaller the value x?, the better Equation 5.5 models the underlying function
that generated the data. Parameters a; in Equation 5.5 are selected such that x? is
minimized over all vectors [a; - --ap]. It is generally expected that on average the
value x? ~ v where v = N — M [53].

RV<M

The system of interest is constructed as follows. A design matrix, D €

is built where the 75th component is the jth basis function evaluated at the ith kD
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coordinate divided by the energy sample standard deviation

Note that N, the number of data points, is larger than M, the number of basis
functions. We construct a vector b € IRV where the ith component is the target value

of the 7th coordinate, E;, scaled by o,

and the vector a € IRM represent the coefficients, a;, to be determined. A least

squares solution to the system

Da = b, (5.7)

is a vector, a* € IRY | that minimizes 2.

We present methods for solving a least squares system in Section 5.2.2.1 (the
method of normal equations) and Section 5.2.2.2 (the SVD method). We then turn
our attention to choosing appropriate basis functions for our model. Our model must
be differentiable everywhere, thus the basis functions we choose must be differentiable
We also want to choose functions that deal well with multidimensional scattered data.

In Section 5.2.3 we introduce radial functions which serve as our basis functions.

5.2.2.1 Solution using Normal Equations

A necessary condition for a = a* to be a local minimizer of x? (see Equation 5.6) is

that the gradient of x? evaluated at a* equals the zero vector (€ IRM). This condition



74

leads to the following system of equations in matrix notation
D' Da=D'b. (5.8)

Equation 5.8 denotes the normal equations of the least squares problem. If D is full
rank, then D' D is nonsingular, and the linear system can be solved using Cholesky
factorization!. Specifically, let C = D'D and d = D' b. Given the Cholesky de-
composition of C, the least squares solution can be obtained by solving the following
triangular system

Gq=d
and using its solution q* in the triangular system
G a=q

to obtain the least squares solution a,s. However, information about the original LS
system is lost in the formation of C. Furthermore, if D is ill-conditioned or rank
deficient this method is quite inaccurate. The SVD is used in these cases. In the next
section we present a theorem which outlines the use of the SVD to solve the least

squares problem.

5.2.2.2 Solution using the SVD

Given the SVD of the design matrix, D, the least squares solution to Equation 5.7 is

obtained as noted in Theorem 5.2.1.

!Theorem (Cholesky Factorization [26]) If C € RM*M is symmetric positive definite, then
there exists a unique lower triangular matriz G € RM*M with positive diagonal entries such that
C=GGT.
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Theorem 5.2.1 (SVD Solution to Least Squares Problem [26]) Suppose
U'DV =8 is the SVD of D € RV with r = rank(D). If U = [u',--- ,u"] and

V =[v!, .-+, vM] are column partitionings and b € RY, then

as=Y () b (5.9)

minimizes |[Da — blly and has the smallest 2-norm of all minimizers. Moreover

pis = |Dass — bl = > ((w) b)? (5.10)

i=r+1

where p*, denotes the least squares residual.

This solution method does not require the design matrix to be full rank. Furthermore,
it provides an efficient formula for computing the least squares residual. We now turn

our attention to describing the basis functions used in our model.

5.2.3 Radial Functions

Radial functions are a class of functions ¢ : IR™ — IR with the general form

g(llx = cll;n)-

The vector ¢ € IR" is the center of the radial function, € IR is the width, or scale

parameter, and || - || is a vector norm. Examples of radial functions include

1. the Gaussian function: ¢(z) = eXp(—;—z) :

2. the multiquadric function: g(z) = (1 + ;—2)1/2,
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Figure 5.2: One dimensional Gaussian (—), multiquadric (- - -), inverse multiquadric
(--+), and Cauchy (---) radial functions with center ¢ = 0 and scale n = 1.

~1/2
)

3. the inverse multiquadric function: g(z) = (1 + ;—z) and

4. the Cauchy function: g(z) = (1 + ;—z)_l,

where z = ||x —c||. These functions are shown in Figure 5.2 for one dimensional input
using the Euclidean norm with ¢ = 0 and n = 1. These functions are symmetric about
the center and the output values decrease (or increase) as input values move away
from the center. Specifically, as |z — ¢| increases, |g(|z — ¢|)| decreases (or increases).

Radial functions with local responses, that is, functions that give a significant
response only in a neighborhood near its center, such as the Gaussian function (see
Example 1), are particularly attractive in biological modelling, because in such cases

a response is typically finite [49]. Linear combinations of radial functions model a
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Figure 5.3: A RBFN is a feedforward network with three layers - an input layer (x'), a
kernel layer (g(||x —c’||)), and an output layer (f(x")). Here w; is the weight applied
to basis function g(||[x — ¢/||) and j = 1,--- ,m.

large class of functions ([24], [32], [50], [51]) and have the general form

£ = > wigllx = ). (5:11)

Equation 5.11 is called a radial basis function (RBF) network in neural network
literature. An RBF network is a feedforward network with three layers - an input
layer, a kernel layer composed of m basis functions, and an output layer consisting
of the resulting function. Figure 5.3 displays a schematic of an RBFN. When the
input value is x' each of the functions on the kernel layer are evaluated at x!. The

resulting values are multiplied by the appropriate weight and then summed to obtain
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the output, f(x).

When designing an RBF network one must select basis functions, g;, with associ-
ated widths, n;, the number of basis functions, and the location of RBF centers, ¢’.
The selection of the basis functions is generally dependent on the particular applica-
tion. Determining the number of basis functions to use in a model is related to the
model order selection problem [23]. For initialization purposes we chose the number
of basis functions based on the distribution of the data.

After selecting the type and number of RBFs to include in the model, the centers
(¢?), the widths (n;), and the weights (w;) must be determined. The process of
selecting these parameters, often referred to as training an RBF network, is outlined

in the following section.

5.2.3.1 Training an RBF Network

We present a two-stage training method to compute centers, widths and weights for
an RBF network. As the name of this method suggests the training procedure is
performed in two stages. The centers and widths are defined during the first stage of
training, and the weights are determined using the centers and widths obtained from
the first stage of training. Only the independent (input) variables are used during
the first stage of training, thus this process is called unsupervised learning.

The goal of the first stage of training is to determine the placement of basis

functions that best represents the input data and its density. Particularly, we want
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to select centers for the RBF in locations where there is data and set the widths of
the basis functions to represent the local variance of the data taking into account
nearby basis functions.

There are various alternatives for selecting basis function centers. The simplest
method is to select a random subset of the data points to serve as centers. At first
pass this is generally a reasonable initial guess when using a method that iteratively
alters the centers. However, this selection procedure is only as good as the centers
are representative of the entire data set. A representative choice of centers can be
obtained by clustering the input data. More precisely, given N data points x* in IR",
our goal is to generate M clusters, or subsets, of the data such that within the clusters
some similarity criterion is satisfied.

We use a k-means algorithm to cluster the kD representations into M groups,
where M is some predefined factor of the number of data points. A-means is a least
squares partitioning method that divides a collection of data points into k groups [30].
Particularly, a k~-means algorithm divides the data into clusters such that within each
cluster the sum-of-squares criterion

M
S =33 Il -
j=1i€G;
achieves a local minimum [31]. The symbol X’ denotes the geometric centroid of
the cluster G;. We randomly choose M data points to serve as the initial centroids.
The kmeans algorithm then randomly assigns data points x° to clusters, computes

the centroids and iteratively alters the cluster assignments until an algorithm specific
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stopping criterion is achieved.

The widths associated with each basis function play an important role in deter-
mining the overall nature of a RBFN. In the simplest case all of the widths can be set
to the same value. For example, the widths can be set to a multiple of the average

distance between all centers

K P ,
=77 Z |c* = c’|| foralli

1,J;8<J

where k € IR" and i, j are indices over the centers. It is more customary to vary the
widths taking into account nearby basis functions. A straight forward width selection
method sets the width of the ith basis function to a multiple of the average distance

of its center, c’, from L of its nearest neighbors

L
K ; ,
N = EZHC —c|.
J

Once the centers for the basis functions and their associated widths are set, Equa-

tion 5.11 reduces to the general linear least squares problem in Equation 5.5 where

9;(y) = g(lly — ¢||)

and a; = w; are the weights that will be determined via the SVD solution to the least

squares problem.

5.2.4 SVD Updating

We would like to incorporate new information obtained from reduced simulation into

the basis describing the reduced representation. This is accomplished by updating
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Algorithm 5 SVD Updating Algorithm

Input: A, = U,S, VI € R™", A, € RV
Output: S}, U/, V}

—_

. compute QR = (I — UpU,)A e

2. compute B = U, A,c

T
3. build D = [ B Ui }

4. compute fjkék\?,f ~D

T
5. update Sf — S;, U — [Uy, QUs, (Vi) <V, [ Vi 0 } .

0 I

Figure 5.4: SVD updating algorithm.

the SVD.
Consider the TSVD of a matrix, A ~ Ay = UkSkV,f e IR™™". Suppose we append

j new columns, A, € IR", to Aj. Our goal is to compute the TSVD of
[Ak7 Anew] € Rmxn+j (512>

taking advantage of the known SVD of A ([14], [13]).
This updating procedure combines ) R-updating with the SVD [47]. Consider the

following factorization of the updated matrix

S, U, A,.. \Y
UiSiVE, Aneu] = [Us, Q) * ’ (5.13)

0 R 0 I

where QR = (I = U, U})A 0, QTQ = I; and R is j x j upper triangular. The TSVD
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of the second matrix in the factorization is computed:

S, U,A
N A A k new . .
U8 V] ~ ’ € RE+)x(+0), (5.14)

0 R
Using this new decomposition and previously computed information, we obtain the
matrices U}, S, and V.

The updating procedure is summarized in Figure 5.4. To obtain an updated TSVD
we compute a TSVD in Equation 5.14, a small matrix relative to the original matrix
Equation 5.13, and perform matrix multiplications. Once new SVD information is
obtained, we must again construct a kD model of the energy function based on the

updated left singular vectors.



Chapter 6

Analysis of Reduced Simulation

In the previous chapter we presented a kD model of an empirical potential energy
surface. Given an MD trajectory we compute a linear least squares model based on a
kD representation of the trajectory and the values of the potential function evaluated

at the conformations in the trajectory. The model is as follows

Gly) = Z a;9;(y) (6.1)

where g;(y) = exp(—|ly — y’[I?/n7) is the jth of M basis functions.
Using this model we perform simulations with respect to kD coordinates. Specif-

ically, we solve the following system numerically

~

Mg = —VG(y). (6.2)

The solution of Equation 6.2 is approximated using the velocity Verlet method as is

the case with our standard MD simulation. Our present goal is to access the behavior

83
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and performance of this method in comparison to a standard MD simulation. To this

end we consider the following questions:
e How well does G(y) approximate V(r) where y = U, r?
e What is the local behavior of Equation 6.27

We address the first question in Section 6.1 where we discuss the approximation
properties of RBF networks. In Section 6.2 we provide an overview of results about
the local error associated with the use of a symplectic integrator. Finally, we discuss
the error associated with the force approximation provided by the gradient of the

RBF network and other topics for future consideration in Section 6.3.

6.1 RBF and the Best Approximation Property

In this section we discuss the approximation properties of RBF networks. We discuss
the concept of best approximation and the associated error bounds. Girosi et al.
showed that when M, the number of basis functions, equals N, the number of data
points, RBF networks can approximate continuous functions arbitrarily well [24].
More precisely, given a function ¢ belonging to a set of functions £ and a non-
empty subset, & C &, the approximation problem is to find a function in &, that best

approximates . The distance of ¥ from &, is defined

A(v. €)= inf d(i, )
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where d(1, f) is a distance function defined on &. If there exists a f* € &, such that

(¢, &) = d(4, [7),

f* is called the best approximation of ¢ in &,. If for each ¥ € £ there is at least one
f € &, that is a best approximation of ¢, the set &, is an existence set. The set is a
uniqueness set if at most one f € &; is a best approximation of 1. A set that is both
an existence set and a uniqueness set is called a Tchebycheff set. Girosi et al. proved
that if &, is a compact set in a metric space £, then &, is an existence set [24].
When considering Gaussian radial functions the approximated solution belongs to

G™, the set of Gaussian superpositions,

M g 2 -
G" ={G € C[X]|G(x) = Zaj exp (HyniCH) y,c € N;aj,nj € R},
j=1 J

where C[X] denotes the set of continuous functions on X C IR*. The set G C C[X]
is an existence set, and if C[X] is strictly convex, G is a Tchebycheff set. This is
the case when we consider C[X] with an L,-norm for 1 < p < oo [55]. Furthermore,
Cirosi et al. showed that G is dense in C[X] when X is a compact subset of IR*
[24]. Thus RBF networks with Gaussian radial functions can approximate continuous
functions arbitrarily well.

In most cases we are considering data with noise or large data sets, thus it is
computationally infeasible to consider the linear system that results from Equation
6.1 when M = N. When considering noisy data or a large data set we seek a function

approximation in the form of Equation 6.1 with M < N. In order to maintain the
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best approximation property for the set of Gaussian superpositions when the number
of basis functions is less than the number of data points, we implement a two step
training method. The first step fixes the centers of the radial functions and the second
step computes the weights a; (see Section 5.2.3.1).

Barron [6] derived a lower bound on the error associated with the best approxi-

mation provided by an RBF network. The error can be characterized as follows

1
cf 1\*
sup d(¢, span{gr, g2, -~ . gur}) 2 Ky (M) (6.3)
Ppe€

where x is a universal constant such that k > c is a constant that depends

on the basis functions, k is the dimension of the input, and M is the number of
basis functions. This is the worst case scenario based on a fixed number of basis
functions chosen with no prior knowledge of . That is, the basis functions are
not adjusted during the training process. Better error bounds are obtained if the
basis functions are allowed to adjust during the training process. However, for our
present goal, obtaining a reduced representation of the equations of motion, a fixed

basis approximation of a potential energy surface with respect to reduced coordinates

provides adequate information.

6.2 Stormer/Verlet Method

In this section we provide an overview of backward error analysis for numerical sym-

plectic integrators presented in [29] and consider the Stérmer/Verlet method. Con-
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sider an ordinary differential equation
¢ = f(c), c(0)=co. (6.4)

The goal of backward error analysis is to identify a perturbed or modified differential

equation, ¢ = f,(¢), where
¢ = f(€)+ hfa(€) + K7 f5(E) + - -, (6.5)

whose exact solution is the same as the approximate solution of the original differential

equation. Then an optimal truncation of Equation 6.5 is determined
¢ =Fy(€), Fn(€) = f(@)+hfa(€)+---+h"""fy(@), (6.6)

and an error bound for the difference between the numerical and exact solutions of
the truncated differential equation is presented (see Theorem 6.2.4). It is assumed

that f(c) is analytic in a complex neighborhood of ¢y and that
| f(c)]| < v forall ce By,(cy),

where Bs,(co) = {c € CP : ||c — ¢o|| < 2p}. Recall that a Hamiltonian system has

the form

p=-Hp,q), q=H,(p,q) (6.7)

where ¢ = <p7 q)T S ]I)“Zd and f(C) = (_Hq(p7 q)7 Hp(p7 q)>T Let p(tap(b qO)v Q(t,po, qO)

be the solution of the system corresponding to the initial values p(0) = po, ¢(0) = qo.
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Definition 6.2.1 The flow over time ¢ is a mapping, ¢, : U — IR%, that advances

the solution by time ¢ and is denoted by

©t(po, 90) = (p(t, po, 90), q(t, Po, 90)),

where U C IR?* is an open set.

The solutions to a differential equation produced by a numerical method produces a

discrete flow.

Definition 6.2.2 A formula to approximate the solution to a differential equation
(6.4), denoted by the mapping ®;, : ¢’ — ¢, is called the discrete or numerical flow

and h is the time step of the method.

Recall the Stormer/Verlet method which when applied to the equations of motion,

iteratively updates positions, r, with respect to each component as follows
Pl —opi _ pitl o p2gi

A one-step implementation of this method updates positions and velocities, v, as

follows

Vz+1/2 = vig4 iaz (68)
ri+1 — ri 4 hvi+1/2 (69)

. . no
V2+1 — VZ+1/2 4 §a2+1. (610)

Equations 6.8 through 6.10 represent the numerical flow of the Stormer /Verlet method.
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6.2.1 Symplectic Integrator
Definition 6.2.3 A differential map z : i — IR*? is called symplectic if the Jacobian
matrix z/(p, q) is everywhere symplectic, that is, if

Z(p,q)"JZ (p.q) = J where J= :
10

I is the identity matrix of dimension d and & C IR?? is an open set.

A numerical one-step method is called symplectic if the one-step map, ®, is sym-

plectic whenever the method is applied to a smooth Hamiltonian system

Theorem 6.2.1 The Stormer/Verlet scheme in Equations 6.8 through 6.10 is a sym-

plectic method of order 2.

Proof : See [29] (see also [59]).

The following results pertain to the symplecity of the flow of a Hamiltonian system.
Particularly, the next two theorems assert that symplecity of the flow is a character-
istic property of Hamiltonian systems. Furthermore, the application of a symplectic

integrator to a Hamiltonian system is itself Hamiltonian (see [29] for proofs).

Theorem 6.2.2 (Poincaré, 1899) Let H(p, q) be a twice differentiable function on
U C R*. Then, for each fized t, the flow ¢, is a symplectic transformation wherever

it is defined [29].

Theorem 6.2.3 If a symplectic method ®y(c) is applied to a Hamiltonian system

with a smooth Hamiltonian H : TR? — TR, then the modified equation (6.5) is
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also Hamiltonian. More precisely, there exist smooth functions H; : R — R for

Jj=2,3,---, such that f;(c) = J"'VHj(c).

We now turn our attention to estimating the local error, the difference between the

numerical and exact solutions of the truncated differential equation.

6.2.2 Estimate of the Local Error Bound

In this section we outline the steps taken to provide an estimate of a local error bound
as presented in [29]. See [29] for a full discussion of these results. The Taylor’s series

expansion of the numerical flow is
®y(c) = ¢+ hf(c) + h*dy(c) + h*ds(c) + - - - (6.11)

where the functions d;(c) depend on f(c) and its derivatives.
The first step is to provide estimates for functions d;(c) using Equation 6.11, also
known as Cauchy’s inequality. The functions d;(c) are bounded as follows

2KV

j—1
el <o (22) 7 dor e el < (6.12)

The coefficients, f;(c) of the modified equation are then estimated resulting in the

following estimate of the local error of a numerical method.

Theorem 6.2.4 Let f(c) be analytic in Bs,(c), let the coefficients dj(c) of the
method (6.11) be analytic in B,(c®), and assume (6.5) and (6.12) hold. If h < ho/4
with hyg = p/(env), then there exists N = N(h) (namely N equal to the largest in-

teger satisfying hN < hgy) such that the difference between the numerical solution
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c! = @,(c) and the exact solution ¢y 4(c®) of the truncated modified equation (6.6)
satisfies

1@n(c”) = @an(c)[| < hyve"o/",
where v = e(2 4 1.65n + u) depends only on the method.

When Theorem 6.2.4 is applied to the Stormer/Verlet method we obtain informa-
tion about the energy conservation of symplectic methods. Recall from Theorem 6.2.3
that the modified equation of a Hamiltonian system is itself Hamiltonian. Consider

the truncated modified Hamiltonian

H(c)=H(c)+h Hyyi(c)+--+hV T Hy(c). (6.13)

The following theorem provides results that explain the (approximate) energy con-

servation of symplectic methods applied to Hamiltonian systems.

Theorem 6.2.5 ([7]) Consider a Hamiltonian system with analytic H : D — R
(where D C TR??), and apply a symplectic numerical method ®y(c) with step size h.

If the numerical solution stays in the compact set K C D, then there exist hy and

N = N(h) (as in Theorem 6.2.4) such that
H(c") = ﬁ[(co)+(’)(6_h°/2h)
H(c") = H(c")+ O(RP)

over exponentially long time intervals ih < eho/?h,
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6.3 Open Questions

We conclude this chapter with items for future consideration. We have replaced the

right side of an orthogonal transformation of the equations of motion with the gradient

of a RBF network:

UMUF(t) = —U,VV(x(t))

Q

—VG(y).

Here Uy, is the left singular vector matrix obtained from the SVD of a standard
MD trajectory, y = Uzr, and M = UZMUk is the transformed mass matrix. Our

“reduced” equations of motion are then
My (t) ~ —VG(y) (6.14)

and we solve this system of equations to obtain updated kD coordinates.

Recall that the purpose for this approximation is to replace the empirical potential
function with a reasonable approximation that is easily evaluated and is based on
PCA of a previously computed trajectory. Assessing the error introduced by this
substitution and deriving a bound for this error will assist in clearly defining the
strengths and limitations of this method and serve as a guide in refining this method.

Our model function, G, is a RBF network and we discussed the error associated
with function approximation using RBF networks in Section 6.1. We use numeri-

cal integration to solve Equation 6.14. We discussed in Section 6.2 the local error
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associated with using the Stormer/Verlet method to numerically solve differential
equations.

A model function, G, depends on the molecule under consideration, the MD tra-
jectory used to define the initial PCA, and the choice of k via the potential energies
and the kD representations used to generate the model function. Items for future
consideration are to quantify the cumulative error associated with the substitution of
the gradient VG(y) to approximate the projection U, VV(r), to assess the contribu-
tion to the error at each level of approximation (PCA, RBF network, and numerical
solution of reduced equations of motion), and to identify how the error propagates in
the solution of the reduced equations of motion (see Equation 6.14).

In the next chapter we discuss how the potential function approximation and
simulation with respect to a kD representations affect molecular motion. We pro-
vide qualitative assessments of the molecular activity associated with the solutions of
Equation 6.14 by comparing the power spectra associated with standard and reduced

simulations and reviewing cross-correlation plots.



Chapter 7

Simulations

In this chapter we consider the application of our reduced simulation method to
butane and BPTI. Standard MD simulations were performed using the MD program
ESP (see Section 2.3.2). Test systems were performed in vacuum versus in the natural
solvent environment to limit the size of the systems. We chose not to include solvent in
our test systems for several reasons. First, the protein-solvent interactions are evident
in the PCA of a system (see for example [25] and [34]). The equations of motion are
coupled, thus reductions of the full system would not isolate molecular activity from
protein-solvent interactions. Our primary interest is the internal molecular activity.
Second, the solvent-solvent interactions introduce “noise” into PCA and complicates
the analysis of the molecule. Third, and related to the first two concerns, we want
to consider a reduced set of equations of motion. These equations are defined with

respect to a basis determined by PCA of an MD trajectory. Thus it is desired that
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Figure 7.1: Newman projections of butane conformations: (a) Syn, ¥ = 0°,360°,
(b) Gauche, ¥ =60°, (c) Eclipsed, v = 120°, (d) Anti, ¢ = 180°, (e) Eclipsed,
¥ = 240°, (f) Gauche, ¢ = 300°.

the only interactions inherent in the trajectory represent interatomic activity.

7.1 Butane

Butane provides a simple case study for initial tests of our reduced basis method.
Though it is significantly smaller than the macromolecules we ultimately intend to
study, butane contains the relevant degrees of freedom (bond stretching, angle bend-
ing, and dihedral torsion) found in larger systems. Furthermore, because butane
is a simple molecule, we are able to consider lengthy simulations and explore the
conformation space.

Butane is an alkane containing four carbons and ten hydrogens, CH3(CH;),CHs.
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The molecular weight of butane is 58.124 atomic mass units and the critical temper-
ature® is 425.15 K. Figure 7.1 displays Newman projections? of butane conformations
that result from rotation of the molecule about its central carbon-carbon bond.

The syn conformation of butane occurs when the methyl groups (CHj) are aligned
and the dihedral angle is 0° or 360°. The eclipsed conformations occur when the
methyl groups align with hydrogen atoms and the dihedral angle is 120° or 240°. The
gauche conformations have dihedral angles of 60° and 240°. The anti conformation
has dihedral angle of 180°.

Consider the potential energy of butane as a function of the dihedral angle re-
sulting from the molecule’s rotation about the central carbon-carbon bond, holding
bond lengths and bond angles constant. Local minima of this function occur when
butane is in the anti or gauche conformations. These conformations represent stable
conformations of butane. The global minimum occurs when butane is in the anti con-
formation. Local maxima of the function occur when butane is in the syn or eclipsed

conformations. The global maximum occurs when butane is in the syn conformation.

'The critical temperature of a substance is temperature at and above which a substance cannot
exist as a liquid.

2A Newman projection represents the head-on look down the bond of interest. The circle the
Newman projection represents the atom in front of the bond, and the lines radiating from the center
are the bonds of that atom. The bonds of the rear atom emerge from the sides of the circle. Newman
projections can be characterized by the angles formed between bonds on the front atom and bonds
on the rear atom. Such angles are called dihedral angles.
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7.1.1 Simulation
7.1.1.1 MD Simulation

Molecular dynamics simulations were performed using ESP distribution 0800 with the
NVE ensemble and was run on a Sun Ultra 10 workstation. Bonds were constrained
using SHAKE [58], and the integration time step for the velocity Verlet algorithm
was 1 fs. The initial simulation temperature was set to 300 K and was controlled over
100 ps using velocity rescaling. The simulation was then run with no rescaling for
50 ps. Simulation continued for 100 ps and position and velocity data were collected

every 5 fs. The average simulation temperature was 303.21 K.

7.1.1.2 kD Representation

Given a standard MD trajectory, we remove translation and rotation using the pro-
cedure outlined in Figure 4.1. We then compute the truncated SVD of the trajectory
matrix, UkSkV,: = \/%R, where n;, is the number of conformations used to form the
trajectory matrix. In this case n; = 20,000 and represents every fifth conformation
over the 100 ps simulation. The kD representation of atomic coordinates, r’, with

respect to Uy is y* = U, r’ as previously defined.

7.1.2 Analysis

We provide a scree graph for the eigenvalues (squared singular values) of a butane

MD trajectory in Figure 7.2(a) and the LEV graph for the eigenvalues of a butane
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Figure 7.2: Eigenvalues of trajectory matrix (nm?) in non-increasing order: (a) Scree
Graph: A;; versus 7, (b) LEV Graph: log(A;;) versus 7.

MD trajectory in Figure 7.2(b). It is not clear from these two figures how we should
choose k. We rely on the graph of the cumulative percentage of the total variation
(see Figure 7.3) to suggest an appropriate choice of k. With respect to our butane
example cut off values of k = 6, k = 8, and k = 10 retain 70%, 80%, and 90% of the
total variation, respectively. We chose various values for k£ (90% of the total variation
and higher) to access the performance of this procedure.

We present here simulation data for & = {10,26,36}. Each simulation contained
100,000 integration steps with a time step of 1 fs providing 100 ps of simulation time.
Position and velocity information was stored every 5 fs. We computed power spectra

for reduced trajectories and compared them to a power spectrum from a standard
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Figure 7.3: Cumulative percentage of the total variation captured by the first ¢ prin-
cipal components.

butane simulation.

We observe in Figures 7.4 that for £ = 36 qualitatively the power spectra of the
reduced and standard simulations behave similarly noting that they contain peaks at
approximately the same frequencies, indicating similar interatomic activity during the
simulations. As k decreases, the kD power spectrum degenerates with respect to high
frequencies, while low frequencies (less than 500) are approximated fairly well. This
observation is quite significant since we seek to maintain the large scale molecular
motion which is associated with the low frequency activity of the power spectrum.
We quantify this observation by computing the percentage of the total power that

is captured in the low frequency range, 0 to 500 cm~!. For the standard MD power
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Figure 7.4: Power spectral density, nev = 36 versus reference.

spectrum approximately 34% of the total power is present within the frequency range
of 0 to 500 cm™!. In the reduced power spectra approximately 35%, 32%, and 26%
of the total power is present within the frequency range of 0 to 500 cm~! for k£ = 36,
26, 10, respectively.

Figure 7.5 displays the power spectrum for reduced simulation with £ = 26. We
observe that qualitatively the power spectrum in Figure 7.1.2 behaves similarly to
that in Figure 7.1.2.

Figure 7.6 displays the power spectrum for reduced simulation with k& = 10. At
this point the degeneration of the power spectrum is more pronounced in the low
frequency range. Given that coordinates responsible for high frequency motion are
excluded from the kD representation, we anticipated that this behavior would be mis-

represented in the power spectra from the reduced simulation. These results indicate
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Figure 7.5: Power spectral density, nev = 26 versus reference.

that low frequency motion, most likely to be functionally significant, is reasonably

maintained by the reduced simulation method.



102

0.16 ; ‘ ‘ ‘
— reduced dynamics
i -== full dynamics
0.14f i !
i
)
0.12 i g
H
]
0.1 N ‘ i
5 ’
0.08f H . 1
: 5 i
[ 1 n
0.06- [ h 1
o ¥
nd L 4
1
L
[ 4
i 1
2 ! |
1000 1500 2000 2500 3000 3500 o 100 200 300 200 500
frequency (cm™) frequency (cm ™)
(a) Full Spectrum (b) Magnification of 0 - 500 cm™*

Figure 7.6: Power spectral density, nev = 10 versus reference.



103

7.2 BPTI

Bovine pancreatic trypsin inhibitor (BPTI) is a protein containing 58 residues (892
atoms). BPTI contains two alpha helices - one C-terminal a-helix (residues 47 to 56)
and one 3¢ helix (residues 3 to 7) - and two strands of antiparallel beta sheet (residues
16 to 24 and residues 29 to 36). Three disulfide bonds, generally important in the
folding, structure and function of a protein, serve to stabilize the tertiary structure
of the protein.

BPTT belongs to a class of proteins called serine protease inhibitors. It binds to
and inactivates trypsin, a digestive enzyme, found in the pancreas. This interaction is
irreversible and serves to protect the pancreas from self-digestion. When trypsin and
BPTT bind, the Lys 15 side chain of BPTI occupies the specificity pocket of trypsin.

BPTT is a small protein containing both alpha helices and beta sheets, furthermore
it is stable due to the three disulfide bonds. Thus BPTI provides a favorable model
for general studies of protein structure. The first protein simulation on BPTI was
performed in 1977 [63]. Since then BPTI has been widely studied.

Numerous comparative studies consider normal mode (NM) analysis and principal
component analysis to gain insight into structural and dynamic properties of proteins
( [34], [33], [36], [42] ). Ichiye and Karplus [34] performed a comparative study of
atomic fluctuations in MD and NM simulations. The results in their work indicate
that a solvent simulation provides the most realistic simulation environment. Partic-

ularly, the solvent environment is significant to the long-range motion. However, for
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Figure 7.7: Singular values of trajectory matrix (nm).

simplification we perform simulations in vacuum.

7.2.1 Simulation

7.2.1.1 MD Simulation

We use the program ESP to perform MD simulations in vacuum using the NVT
ensemble. The particular molecule we consider includes four internal water molecules.
Temperature is set at 300 Kelvin. Bond lengths were constrained using the SHAKE
algorithm [58], and an integration time step of 1 fs was used in the velocity Verlet
method. The total simulation time was 100 ps. Positions and velocities were stored

every 10 fs; thus 10,000 conformations were available for analysis.
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Figure 7.8: Relative contribution of first ¢+ LSV to positional fluctuation.

7.2.1.2 PCA of trajectory

After removing overall translation and rotation from the atomic coordinates using
the procedure outlined in Figure 4.1, we construct the matrix of mean adjusted co-
ordinates and perform a standard PCA. Figure 7.7 displays the eigenvalues obtained
from PCA. We observe that one mode is prominent.

Figure 7.8 displays the cumulative percentage of the total variation as a func-
tion of the eigenvalue index. We observe that over 40% of the total variation can
be attributed to the first principal component, and approximately 50% of the total

variation can be attributed to the first 9 principal components.
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Figure 7.9: Contour plot of cross-correlation matrix, C', using the C, atom of each
residue. C'is a symmetric matrix thus we only display the lower triangular portion
of the matrix.

7.2.2 Analysis

In this section we consider the cross-correlations of residues in BPTI. Our purpose is
to show that the correlations between residues are maintained in reduced simulation.
We present the results for £ = 100.

For a set of discrete points, r”, from an MD trajectory the cross-correlation be-

tween atoms ¢ and j, or normalized covariance, is calculated as follows

SN c(i,9)
O = (e, i
where
i) = =3 (T -0 )

n=1
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Contour plot of interatomic distances using Ca atoms of each residue
(distances reported in Angstroms)
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Figure 7.10: Contour plot of interatomic distances using the C, atom of each residue.
The distance matrix is symmetric thus we display the lower triangular portion of the
matrix.

The cross-correlation quantifies the qualitative correspondence between parts of the
molecule. The motion of atoms i and j are completely correlated when C(i,j) = 1.
By this we mean that the motions have the same phase and period. The motion
of atoms i and j are completely anti-correlated when C(i,j) = —1. This measure
is most useful in identifying the level of correlation between atoms with the angle
between the directions of motion is close to 0° or 180° [34].

We examine the correlations between residues ¢ and j. Figure 7.9 displays a
contour plot of a cross-correlation matrix using the C,, atom of each residue. The x

and y axes contain the residue indices 7 and j, respectively. The contour plot displays
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the level curves of the matrix C'. Since this matrix is symmetric, we only display the
lower triangular portion. The cross-correlation is represented by the height above (or
below) the x — y plane. The height along the diagonal (i = j) is the self correlation
and by definition is equal to 1.

The C-terminal a-helix (residues 47 to 56) exhibits high correlations with the
two strands of antiparallel beta sheet (residues 16 to 24 and residues 29 to 36).
While there is a negative correlation between the C-terminal a-helix and the 3;p-helix.
The two strands of antiparallel beta sheet are highly correlated. We observe a high
anticorrelation between residues 7 to 24 and residues 1 to 3 and a high anticorrelation
between residues 30 to 51 and residues 1 to 3.

Figure 7.10 displays a contour plot of interatomic distances using C, atoms of
each residue. The x and y axes represent the residue index ¢ and j, respectively. The
distance matrix is symmetric thus we display the lower triangular portion. When
comparing Figures 7.9 and 7.10 we generally observe that residues that are closer

together in distance are more positively correlated.



Chapter 8

Conclusion

In this dissertation we have presented a method for performing molecular simula-
tions with respect to a kD coordinate space. Given a standard molecular dynamics
we consider the truncated SVD of the resulting trajectory matrix. We presented a
method for approximating the potential energy surface of a particular molecule with
respect to a kD representation of the atomic coordinates and potential energies from
a standard MD simulation.

We applied our method to butane and BPTI and compared the results to standard
MD simulations of these molecules. Our results indicate that the molecular activity
with respect to our simulation method is analogous to that observed in the standard
MD simulation with simulations on the order of picoseconds. This work provides
further evidence of the usefulness of a reduced representation provided by PCA of an

MD trajectory in the study and prediction of molecular motion.
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Our current implementation considers each molecule in vacuum in order to sim-
plify our analysis. However, as noted in various studies, the solvent environment is
most like a protein’s natural environment (see [34] for example). We are currently
investigating ways in which solvent affects can be incorporated into a kD simulation
scheme. Future work will focus on further error analysis of this method and the in-
corporation of solvent affects into our reduced simulation model. This will include
the simulation of larger proteins and protein-protein interactions, and automation of

the simulation process.



Appendix A

Overview of Fortran Subroutines

In this appendix we provide an overview of the Fortran subroutines developed for use

in this project. We constructed subroutines to accomplish the following tasks:

il

iii.

1v.

. Compute the SVD of a standard MD trajectory and define a kD representation

of the trajectory.

Model a potential energy surface with respect to kD representations of a

molecule and the known potential energies.

Use the potential surface model to update kD coordinates.

Construct a 3nD trajectory from the new kD coordinates.

. Analyze data.

In the following sections we list the input and output for various components of the

project and provide brief descriptions of this information.
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INPUT ouTPUT

FPOS: trajectory file svd(FPOS)
nstep: number of conformers in file

ncoord: number of coordinates in the system
FPDB: reference structure

nev: number of singular vectors computed (*arp)

Table A.1: Input and output for functions svdarp.f and svdlap.f

A.1 SVD

ARPACK (ARnoldi PACKage) and LAPACK (Linear Algebra PACKage) are used
to compute the SVD of trajectory matrices. ARPACK is a collection of fortran
subroutines that uses the implicitly restarted Arnoldi method to efficiently compute
the k largest or smallest (algebraically or in magnitude) eigenvalues and associated
eigenvectors of an n by n matrix. One can also compute the singular values and
vectors of an m by n matrix. The singular value computation provides a rank k
approximation of an m by n matrix (assuming m > n) and only requires O(nk)
storage [44].

When full SVD computations are necessary we use the LAPACK subroutine

dgesvd.f. Table A.1 lists the input required by the SVD drivers, svdarp.f and svdlap.f.
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INPUT ouTPUT
FPOS: kD trajectory file a;: model coefficients
FENE: energy file n;: function widths

nstep: number of conformers in file
nev: number of singular vectors computed (*arp)

ns: read increment for training

nsc: read increment for centers

Table A.2: Input and output for function Isfit.f

A.2 LS Fit

Once we have computed the SVD of an MD trajectory and extracted the appropriate
potential energy information from an MD simulation, we have the necessary data to
begin constructing a model of the potential energy surface. Using k user defined left
singular vectors, we first compute a kD representation of the MD trajectory with

respect to Uy

y' = Ugri c IR,

The potential energy evaluated at r’, V(r?), is associated with y*.
We seck a function that best fits the data {y’,V(r")} in the least squares sense,

where the function is of the form

G(y) =D ai2i(y): (A1)
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and ¢;(y) = exp( are Gaussian radial functions. The general least linear
squares problem is solved using the SVD method described in Section 5.2.2.2.

The task here is to compute the coefficients for the least squares model in Equation

A.1 and the gradient of the model. The ith component of the gradient vector is

L 0g;(y) 7 2q, . ly — |
Vo0 = Y0, 0 -3 By - eeny (L)
j=1 g j=1 1 J

Equation A.2 represents the force acting on the kD coordinates based on a least
squares approximation of the potential energy surface.
The computations are facilitated by the program drive_lsfit.f with the calling

sequence:

drive_lsfit.x kD*.pos *.ener nstep nev nskip nskipc.

The user is prompted to supply files containing the independent (kD*.pos) and de-
pendent variables of interest (*.ener). In this case the independent variables are kD
representations of atomic coordinates produced by an MD simulation, and the de-
pendent variables are the associated potential energies. The user is also prompted
to supply the number of data entries in the files (nstep), the dimension, k, of the
independent variable (nev), the increment at which to read in data points (nskip),
and the increment at which to read in data points that will serve as the initial centers

for the RBF's (nskipc). Table A.2 summarizes the information required as input into

Isfit.f.
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INPUT ouTPUT

FPOS: kD trajectory file y*: updated kD coordinates
nstep: number of time steps r*: corresponding 3nD coordinates
nev: number of left singular vectors time averages

MOL: file containing molecule parameters

Table A.3: Input and output for subroutine runred.f.

A.3 kD Simulation

Once we have defined our model parameters, we consider equations of motion in k

dimensions

N (1) ~ ~VG(y).

The model function is used to compute kD energies and the forces acting on the kD

coordinates. Recall that we have defined the force acting on the ith component of

yas f; = ag}(g). This process is facilitated by runred.f, a subroutine incorporated

in Extended System Program (see Section 2.3.2). Table A.3 outlines the basic input

requirements of this subroutine.

A.4 Power Spectrum

In Section 3.2 we defined the power spectrum. Here we present the Fortran program

used to compute estimates of the power spectrum of a molecule. The subroutine
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INPUT ouTPUT

FVEL: velocity file from MD simulation | psd: power spectrum
natom: number of atoms in the system
nstep: number of time steps

ovropt: logical data - overlap data

nseg: number of data segments

lenseg: length of each segment

Table A.4: Input and output for function power.f.

spetrm.f provided by Numerical Recipes in Fortran 77 [53] is an integral part of

these computations. The calling sequence is as follows:

usage: power.x *.vel natom nstep ovropt nseg lenseg.

The function power.f takes the FFT of each component of the velocity produced
during an MD simulation. The user must supply a file containing the velocity data
(FVEL), as well as the number of atoms in the system (natom), and the number
of velocity vectors in the file (nstep). The data is partitioned into nseg segments
each containing lenseg data points. The function takes the FFT of 2xlenseg data
points. The user has the option to overlap the segments by letting ovropt = 0. In
this case segments ¢ and ¢ + 1 have lenseg data points in common, and the power
spectrum approximation is based on (2+nseg+1)xlenseg data points. If the data is

not overlapped the values nseg and lenseg should be chosen such that the number of
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data points used to approximate the power spectrum, 4snsegxlenseg, does not exceed

the available data. Table A.4 summarizes the input required by the function power.f.
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