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Abstract. In this paper several formulations and comparative test results are
presented for problems involving the general paradigm of coupled sets of compo-
nents. This paradigm is general enough to include systems of systems (SoS) and
multidisciplinary design optimization (MDO). It is assumed that these systems
involve a (potentially inactive) coordinating component, or “Central Authority”
and one or more, potentially interacting, subordinate components. The formu-
lations differ in the amount of control given to the central authority versus the
autonomy granted to the subordinate components. Comparative test results
are given for several of the formulations on a NASA-generated, public domain,
aircraft conceptual design problem.

Keywords: System of systems, multidisciplinary design optimization, dis-
tributed optimization, optimization formulations.

1 Introduction

This paper describes optimization formulations for problems that can be rep-
resented by the data flow diagram shown in Figure 1 and provides test results
on a NASA-supplied, public domain, conceptual aircraft design problem. Each
component in Figure 1 produces its own “best response” to its inputs. The best
responses can be produced by any method, including optimization. In general,
the system includes a (potentially inactive) coordinating component , or “cen-
tral authority” (CA), which, if active, can influence the behavior of the other
components in order to obtain system-wide goals.



The notion of coupled sets of components is general enough to include sys-
tems of systems (SoS) and multidisciplinary design optimization (MDO). Key to
the proposed optimization formulations is the trade between the power granted
to the central authority versus the autonomy allowed for the individual compo-
nents. Component autonomy makes a system agile. However, central control
is a more direct method for obtaining a “global perspective” that advances
system-wide goals and helps satisfy system-wide constraints. The formula-
tions, described in moderate detail here, are discussed more fully in references
[Arroyo et al., 2005a] and [Arroyo et al., 2005b].

There has been considerable research in areas related to
the work presented here. Some of these areas, along with a
small set of examples for each, include distributed optimization
[Sobieszczanski—Sobieski, 2006] [Kim and Hidalgo, 2006] [Inalhany et al., 2002]
[Davidsson et al., 2003], collaborative optimization [Braun, 1996]
[DeMiguel and Murray, 2006] [Alexandrov and Lewis, 1999, collectives
[Wolpert, 2004] [Bieniawski and Wolpert, 2004] [Bieniawski et al., 2004],
auction algorithms [Cholankeril et al., 2003] [Hunsberger and Grosz, 2000]
[Bertsekas, 1987], and game theory [Liu and Simaan, 2004] [Tang et al., 2002]
[Wolpert, 2003] [Haffa and Patton, 1998]. The distinguishing aspect of this
paper, and our prior papers [Arroyo et al., 2005a] and [Arroyo et al., 2005b],
is systematic characterization of optimization formulations based on the trade
between degree of central control versus the autonomy granted to the individual
components.

To help understand the differences in the formulations to be presented, note
that the arrows in Figure 1 represent precedence constraints, which inhibit par-
allel execution of the components. Mutual precedence constraints, which appear
as feedback loops in Figure 1, represent iterative processes to obtain equilibrium.
These iterative processes can lead to long solution times, especially in the con-
text of system-wide optimization. For some systems, system-wide optimization
can be facilitated by eliminating the precedence and/or equilibrium constraints
implied by these arrows and, instead, allowing the central authority to supply
estimates for the data flows associated with the arrows. The central authority
is then responsible for ensuring that its estimates for the data eventually match
the data produced by the components.

Note that although the central authority could legitimately be viewed as a
component, it simplifies the exposition to give it the special designation “central
authority”. Thus, in what follows, the term “component” refers to all the
entities represented by boxes in Figure 1 that are below the level of the central
authority.

The four “basic” formulations for optimization of coupled sets of components
are summarized below. A more detailed description is given in Section 3:

e ICA (Inactive Central Authority): This formulation is well-described by
Figure 1, except there is no iteration at the top level. That is, the central
authority provides input parameters initially and then receives the results
from the components. The components produce their own best responses
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and are responsible for attaining equilibrium with the other components.

o GCA (Guiding Central Authority): The one difference between GCA and
ICA is that there can be iterations at the top level. That is, once the
components reach equilibrium via their best responses, the central au-
thority can change the component input parameters, presumably in the
furtherance of system-wide goals.

e MCA (Mediating Central Authority): The central authority removes all
the arrows connecting the components, and the precedence and equilib-
rium constraints they imply. The central authority may now supply esti-
mates for the associated data, in addition to the “usual” input parameters
it supplies in ICA and GCA. The top-level process is iterative, with ad-
ditional variables and constraints potentially arising due to elimination of
the couplings at the component level. The components still supply their
best, responses, but all their inputs come from the central authority.

e OCA (Omnipotent Central Authority): This is the extreme case of central
control. OCA is like MCA, except that the components no longer control
their own variables or produce their own best responses. Instead, the
central authority controls the variables for all the components, and the
components merely provide response values (not “best response” values)
for a given set of inputs. Thus, the central authority may not even consider
the goals for individual components.

In the next section, a mathematical description of the system-level problem
and the problems solved by the components is presented. In the subsequent
section each of the formulations is described in more detail and their relative
merits are discussed. Next, the aircraft design test problem is described. This
is followed by a section providing test results for the aircraft design problem.
Conclusions and a discussion of further research are given in the final section.



2 Problems solved by the Central Authority and
the Components

Before describing the problems solved by the top-level system and the compo-
nents, two observations are made. The first is that the coupled sets of com-
ponents optimization problem contains the implicit assumption that there are
“parameters” associated with the problem that are available to the central au-
thority and to the components, perhaps via the central authority. Examples of
such parameters would be items such as strengths of materials and properties of
the atmosphere in an aircraft design problem. A second observation is that in
any solution to the coupled sets of components optimization problem, the equi-
librium implied by the forward and backward arrows in Figure 1 is attained.
By analogy with design and control, the top-level problem can be stated as:

Inuinf(v,y) s.t. Clv,y) <0, (1)

where v is determined at the system level by the central authority for each wu,
and then y is determined at the component level from v by solving a subproblem
for y(v(u)). In the design and control setting, « would be termed the “control”
variables.

Although the above top-level problem is posed in terms of the variables u,
and v is a function of u it is simpler to discuss the formulations as if the central
authority were directly altering v. This approach is taken in the remainder of
the paper.

The subproblem solved with a fixed v, to obtain y(v) is given by

min fs(z,y;v) st Cs(z,y;v) <0, (2)

where v represents the subproblem parameters passed down from the top-level
problem (i.e., central authority), = represents the decision variables for the sub-
problem, and y is an ancillary variable in the subproblem. Thus y is a function
of v and z, but we suppress the dependence on x since x does not explicitly
affect the top-level optimization.

In describing the formulations for coupled systems of components, it will be
useful to consider, as is illustrated in Figure 2, a central authority and a pair of
components, which will be referred to as the “left” and “right” components. The
left and right components, respectively, accept v and yr and ¥y, and produce
yr and yR.

3 Formulations

3.1 ICA formulation

Figure 2 illustrates an inactive central authority (ICA) for coupled systems of
components. By this we mean that the central authority (CA) furnishes an
initial input v to the components. The task of the components is to arrive at
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Figure 2: Schematic for the ICA

an equilibrium point, (CEqP) as defined below. Any such point is a solution to
the inactive central authority problem. We will continue with the case of only
a left and right component for clarity; the reader will see that this only makes
the notation easier, but it does not restrict the generality of our approach.

Definition 3.1 The components are in equilibrium with each other correspond-
ing to the current value of the variables v(u) at (z,y) = (xL, R, YL, Yr), if and
only if every component is feasible with respect to its constraints, and no compo-
nent can improve its objective and still meet its constraints by manipulating its
own x variables unless the other components allow a change in their y output
produced by their own x variables. A point (u,v,x,y) with the above properties
1s denoted in this paper as a “component equilibrium point” CEqP.

Notice that there is no guarantee that there is an CEqP corresponding to a
given v or that if there is one, it is unique. It is common in MDO for the linking
constraints to fail to be satisfied for a given v, and surely this will happen in SoS
problems as well. The cause may be that there is no choice of internal component
variables that will produce the required linking (i.e., inter-component) variables,
or there may be a failure of the “agents” doing the linking. SoS algorithms must
be able to cope with this.

Another point worth mentioning is that an CEqP may not be a Pareto point
for the multiobjective problem corresponding to the components. This could
happen if the left component could improve its objective if the right component
were to choose a different, but equally good, solution for its problem. We have
avoided the rather messy subject of local Pareto points in this paper, but the
above issue determines when equilibrium points are Pareto.
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3.2 The GCA formulation

The first active CA formulation we identify is the case we call guiding central
authority (GCA). In this formulation, the CA guides the components by an
algorithm that controls v, to solve the system level optimization problem over
the set of component equilibrium points that are feasible with respect to the
system level constraints. See Figure 3.

The assumption is that the CA has system level constraints for which it is
responsible and, possibly, a system level objective it wishes to optimize. Thus,
whereas any equilibrium point is a solution for an ICA, the GCA has a CA that
actively manipulates v to find an equilibrium point that solves the system level
optimization problem.

In the GCA, the components still have enough autonomy that the system
level has to be content with the best it can achieve by varying v while the
component agents still control the linking constraints instantiated by the pa-
rameters. Thus, the CA sees only the component equilibrium points found by
the component agents controlling satisfaction of the linking constraints.

An important point here is that when the central authority updates the vari-
ables, some components, given those parameters, may not be able to achieve
feasibility. Or, even if they can achieve feasibility, they may have a worse solu-
tion of their subproblems than for the previous v even after reaching equilibrium.



3.3 The MCA formulation

The mediating central authority formulation, MCA (see Figure 4), is the next
rung up the ladder of central authority control. In this formulation, and the
next one, responsibility for resolving the linking constraints is assumed by the
CA rather than by the component agents. This might require adding a new
subvector § to v. This subvector can be thought of as the guessed at values of
y produced from other components using the current v, that are needed by a
given component to produce its part of y.

The linking constraints must be satisfied for system level feasibility, but in
this and the next formulation, these constraints are handled by the CA rather
than being addressed at the component level. In the MCA formulation we
consider in this section, the components control their own internal decision
variables to optimize their own objective functions. This formulation has the
advantage that no special process or "agent” is required to attain equilibrium
among the components.

Thus, to complete the MCA formulation we add shared variable consistency
constraints to the system level problem of the form

Cl('U, y) S 0. (3)

To illustrate the need for shared variable consistency constraints, consider
a problem where y;, and yr represent usage of resources that must be coordi-
nated between the components. These constraints can be satisfied when the
components negotiate among themselves, as in the ICA or GCA, or when they
are controlled by a central authority, as in this formulation and the next.

Following this example further, the central authority might try to achieve
consistency by manipulating component output values through v.

In this formulation, there is no guarantee that the solution will be an equilib-
rium point. Instead, any solution is only guaranteed to be a “central authority
equilibrium point” CAEqP, which is defined below.

Definition 3.2 e A component is in an equilibrium with the central author-
ity if the component is feasible with respect to its constraints, and it cannot
improve its objective and still meet its constraints by manipulating its own
x variables unless the central authority allows a change in the component’s
v input.

e The system is at a central authority equilibrium point corresponding to the
current value of the variables v at (z,y) = (zr,ZR,YL,YR), if and only
each component is individually in equilibrium with the central authority
and all linking constraints are satisfied. The point (v, x,y) is called a
CAEFEqP point corresponding to u.

The MCA formulation should admit more efficient solution algorithms than
the ICA or GCA formulations. The reason for this is that the MCA does not
require that the components reach a CEqP for each trial value of the variable
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Figure 4: Schematic for the MCA

v, rather it mediates the resolution of the component coupling simultaneously
while solving the system level optimization problem. This calls for a more active
central authority than the ICA or GCA because the MCA takes responsibility
for satisfying the coupling constraints in the limit.

MCA is the formulation chosen by [Sobieszczanski—Sobieski, 2006] when he
introduced Tri-level Integrated System Synthesis (TLISS). In this method, a
new response model level is added to the Bi-level decomposition approach.

3.4 The OCA formulation

An omnipotent central authority (OCA) formulation is shown in Figure 5. Here,
the central authority controls all the variables and takes responsibility for sat-
isfying all the constraints, even the component constraints. In addition, the
CA solves the system level optimization problem. The component algorithmic
model we used for the other formulations is not in play here. That is, the “inter-
nal variables” that were controlled by the components in the other formulations
are controlled by the central authority in the OCA formulation.

The component objective functions can be used to break ties or, optionally,
made part of the system level problem. Otherwise, they are not considered since
xr, xR are manipulated by the CA to achieve a better system level solution. This
means that the system level OCA solution need not be an equilibrium point.
Thus, it would be a surprise if the OCA solution were not better at the system
level than the ICA, GCA, or MCA solutions, since those solutions are restricted
to a subset of the feasible region for OCA.
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3.5 Comparing the formulations

It should be noted that the best formulation for a given coupled set of compo-
nents may be a combination of the above basic formulations. For example, com-
bining GCA and MCA would be appropriate in many cases. That is, depending
on the properties of the inter-component couplings, it would be advantageous
to handle some of the precedence and equilibrium constraints at the component
level, and the others at the central authority level. Below is a list of factors
that influence the decision on whether or not the central authority should take
responsibility for a given set of precedence and/or equilibrium constraints.

e The tradeoff between fewer iterations at the component level versus the
increased number of variables and constraints that must be handled at the
central authority level. This will depend on the coupling bandwidths and
the computation time estimates for each level.

e Response time requirements for the system — For example, a computer
network quality of service problem might require faster response times in
resolving component interactions than can be attained via central con-
trol. However, there may be plenty of time for system-wide, performance-
improving policy changes by the central authority via the GCA approach.

e Can the central authority handle the new constraints and variables result-
ing from the problem formulation? For example, specialized techniques
required for handling new constraint or variable types resulting from a
formulation may not be available or practical for the central authority.



Central Authority

(Supplies to all ---- tic, Aspect Ratio, Sweep angle,
Ref. area, Altitude, and Mach number )

Structures
{Design vars — taper ratio,
wingbox cross section) Total weight,
Twist
Lift
Aerodynamics
{Design var --- skin friction coeff.)
Drag
Engine Scale '
Engine weight Factor _
. Propulsion N
i SFC | LiD | Total weight,
(Desian var — Thrush 41 Fuel weight
Performance

Range
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4 Aircraft Conceptual Design Problem

The test problem used to compare the formulations is a NASA public domain,
conceptual aircraft design problem [Sobieszczanski—Sobieski et al., 1998]. In ref-
erence [Sobieszczanski—Sobieski et al., 1998] it served as a test case for the Bi-
Level Integrated Synthesis (BLISS) method for solving MDO problems.

The design problem is to determine values for basic aircraft design param-
eters that maximize range, subject to various technology-related constraints.
The disciplines involved are structures, aerodynamics, propulsion, and aircraft
performance. In addition to the above top-level optimization problem, all the
disciplines, except performance, perform discipline-specific optimizations. The
design problem, illustrated in Figure 6, is described in more detail below.

The problem used for testing in this work is exactly the same as in
[Sobieszczanski—Sobieski et al., 1998] except that, similar to what was done in
[Wang et al., 2006], the structures discipline constraint on twist was relaxed
from an upper bound of 1.04 to one of 1.06. This was done so that the for-
mulation comparisons would not be hindered by frequent posing of infeasible
structures subproblems. The important issue of infeasible subproblems will be
discussed in the final section.
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It should also be noted that all of the optimizations associated with this
design problem involve smooth and inexpensive-to-evaluate simulations. Thus,
gradient-based optimization methods are used for the testing. Many problems
encountered in industry involve nonsmooth simulation responses, long run times,
and possibly a mix of continuous and discrete design variables. The implications
of these complicating features are also discussed in the final section.

Detailed specification of the top-level design problem, and the discipline
optimization problems are given in Figure 7.

5 Test Results

The ICA, GCA, MCA, and OCA formulations for the conceptual aircraft design
problem were implemented using Phoenix Integration’s ModelCenter tool for
code integration and design space exploration. These formulations are shown
in Figures 8 through 11, respectively. The optimizer used in all cases is the
gradient-based optimization DOT® code [DOT, 1995]. This gradient-based
optimizer was supplied as part of the ModelCenter package. For the ICA and
GCA formulations, the interdisciplinary comnsistency conditions were solved via
fixed-point iterations using ModelCenter’s ” Converger” tool. For the MCA and
OCA formulations, satisfaction of the interdisciplinary consistency conditions
was the responsibility of the DOT optimizer assigned to the top-level problem.

The test results for the formulations are summarized in Figure 12. The
second column in Figure 12 is the relative tolerance on satisfaction of the inter-
disciplinary consistency conditions, which was a key influence in the test results.
The third column lists the objective value, which is range in nautical miles. Col-
umn 4 in Figure 12 lists the number of analyses run for each discipline, in the
order of “S” for structures, “A” for aerodynamics, “P” for propulsion, and “R”
for range computation. Although the discipline analysis evaluations were very
fast for this problem, the total number of analyses for each discipline provides
a good basis for comparing solution efficiencies. The last column in Figure 12
indicates whether or not the best locally optimal solution was obtained. Note
that MCA and OCA results are not given for 1.0e-5 tolerance on the consistency
constraints because they fail to attain feasibility at the 1.0e-3 level, and also fail
at the tighter level.

The information in the last column of Figure 12 indicates that although the
test problem is relatively simple, it exhibits difficulties one would expect in more
complex systems. That is, some cases fail because infeasible subproblems are
posed, and in other cases there is convergence to inferior local optimizers. This
work did not focus on dealing with infeasible subproblems, but the issue will be
discussed in the next section.

One conclusion from the test results is that the OCA is clearly the most ef-
ficient formulation, when it solves the problem. Unfortunately, if the subsystem
optimizations cannot be assigned to the CA, the OCA formulation cannot be
used. Another observation is, for the GCA, MCA, and OCA formulations, a
good design can be obtained quite efficiently with relatively loose tolerances for

11



Top-Level Optimization Problem

Objective: maximize range
Variables: 0.01 < thickness/chord < 0.06

30,000 ft < altitude < 60,000 ft

1.4 < Mach number < 1.8

2.5 < wing aspect ratio < 8.5

40 deg < wing sweep < 70 deg

500ft? < wing surface area < 1,500ft?
Constraints: | None at the top-level

Structural Optimization Problem
Objective: minimize weight
Variables: 0.1 < wing taper ratio < 0.4

0.75 < wingbox x-sect area as a polynomial < 1.25
Constraints: | 0.96 < wing twist < 1.06

stressl < 1.09

stress2 < 1.09

stress3 < 1.09

stress4 < 1.09

stressd < 1.09

Aerodynamics Optimization Problem
Objective: minimize drag
Variables: 0.75 < skin friction coeff as a polynomial < 1.25
Constraints: | 0.5 < dp/dx < 1.04

Propulsion Optimization Problem
Objective: maximize specific fuel consumption
Variables: 0.1 < throttle setting < 1.0
Constraints: | temperature < 1.02

throttle setting - throttle_limit(Mach,alt) < 0.0
0.5 < engine scale factor < 1.5

Figure 7: Top-Level and Discipline-Level Optimization Problems
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Figure 8: ICA Formulation in ModelCenter

the interdisciplinary consistency conditions. The MCA and OCA formulations
are particularly efficient for a loose tolerance, but have much more difficulty
than the GCA formulation when the tolerance is tightened. This is not sur-
prising given that for the MCA and the OCA formulation the CA has to deal
simultaneously with changes in the top-level design variables as it attempts to
meet tight tolerances on consistency constraints. Of course, at the end of the
design process, one would want to have accurate values for the coupled param-
eters. This would suggest a process where a good top-level design is obtained
via MCA or OCA with loose tolerances on consistency constrains, followed by
a run of ICA or GCA with tighter tolerances.

6 Conclusions and Extensions

We have given four formulations of SoS problems based on the degree of control
exercised by the central authority. These formulations were run on a conceptual
aircraft design problem. For this problem, the MCA and OCA formulations
were advantageous compared to the GCA formulation when loose tolerances
were used for the interdisciplinary consistency conditions. However, both the
MCA and OCA formulations ran into more difficulty than the GCA when the
tolerance was tightened. This result suggests a method where the MCA, or
the OCA if it can be applied, is used with loose tolerance to obtain a good
initial design and then the GCA, or the ICA, is used to further resolve the
interdisciplinary consistency conditions.

13



Figure 9: GCA Formulation in ModelCenter

Figure 10: MCA Formulation in ModelCenter
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Figure 11: OCA Formulation in ModelCenter
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Problem | Tol. on | Range No. Evals Optimality?
ID consist | (nmi) S A P R
constrs
Run
ICA 1.0e-5 3,930 50 40 30 1 using
opt design
GCA_1 1.0e-5 3,930 | 1170 936 834 26 es
GCA_2 1.0e-3 3,930 | 610 488 505 25 es
Infeasible
GCA_3 1.0e-2 1,900 | 230 176 185 13 | subproblem
GCA_4 1.0e-1 3,956 | 290 232 239 24 es
Infeasible
MCA_1 1.0e-3 2,907 | 203 160 214 32 | subproblem
Inferior
MCA_2a | 1.0e-2 3,105 | 259 210 294 42 | local
optimizer
es, but
required a
MCA_2b 1.0e-2 3,950 | 273 215 322 43 | restricted
domain for
aspect ratio
MCA_3 1.0e-1 3,958 | 210 165 242 33 es
Infeasible
OCA_1 1.0e-3 3,952 62 72 T2 T2 point
returned
OCA_2 1.0e-2 3,932 78 90 90 90 es
OCA3 1.0e-1 3,931 50 58 58 58 es

Figure 12: Summary of Test Results

16




Even for the relatively simple test problem used here, there were difficul-
ties with infeasible subproblems and inferior local optimizers. The infeasible
subproblem issue could be addressed via methods, such as collaborative opti-
mization [Braun, 1996] [DeMiguel and Murray, 2006] that ensure that feasible
subproblems are always posed. However, collaborative optimization does not
address the issue of inferior local optimizers.

Since the conceptual aircraft design problem is a smooth problem, one could
reduce the likelihood of convergence to an inferior local optimizer by doing
gradient-based local optimizations from multiple start points. However, the
situation is more complex for problems that involve discrete variables or nons-
mooth responses to continuous variables. Since sensitivities cannot be used in
these cases, one might have to employ heuristic solvers such as simulated anneal-
ing or genetic optimization. Although these methods attempt to search globally,
even local convergence cannot be guaranteed. Local convergence guarantees can
be obtained if pattern search methods are used alone, or in conjunction with
the above methods.

Another difficulty for problems where sensitivity information cannot be ob-
tained, is determining how the central authority should alter its inputs to the
components to better achieve its goals or reduce violations of interdisciplinary
consistency conditions. One approach would be to “survey” a component for
various sets of input values and compute a response model based on the re-
sulting output data. Response models that would be suitable for systems con-
taining a mix of continuous-valued and discrete-valued variables include mul-
tivariate adaptive regression splines (see e.g. [Friedman, 1991]), radial basis
functions (see e.g. [Buhmann, 1991]), and Gaussian models for mixed variables
(see [ ian et al., 1991]).

The next stage of this work is application of the formulations to “industrial
strength” problems. In particular, problems involving simultaneous resource
allocation and resource design are being considered. An example is simultaneous
airline fleet assignment and commercial aircraft preliminary design. Application
to such problems could include study of response-model methods to aid in the
solution process.
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