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Abstract—The symmetry preserving singular value decompo- their work for rotations and re ections is equivalent to our
sition (SPSVD) produces the best symmetric (low rank) appe-  earlier work shown in [17]. In the case of inversions, the
imation to a set of data. These symmefric approximations are method shown in this paper is equivalent to the Pinsky et al.
characterized via an invariance under the action of a symmey . . . . .
group on the set of data. The symmetry groups of interest corist formula’gon. Anoth_er point concerning earlier resegrcmﬂi
of all the non_spherica| Symmetry groups in three dimensios. no matrix formula“on ha.S been g|Ven to Characte”ze many Of
This set includes the rotational, re ectional, dihedral, and inver- the symmetry groups in three dimensions. The solution ® thi
sion symmetry groups. In order to calculate the best symmetc  problem is presented here by formulating a matrix represen-
(low rank) approximation, the symmetry of the data set must 4iinn for each of the seven in nite series, which de nes all

be determined. Therefore, matrix representations for eachof th herical t N th di . Th
the non-spherical symmetry groups have been formulated. Tése € non-spherical symmetry groups in three dimensions. the

new matrix representations lead directly to a novel reweigting FyC"f?, inV(_arsion, and dihedral symmetry groups are inetid
iterative method to determine the symmetry of a given data in this series.

set by solving a series of minimization problems. Once the |n addition, there has been some work that is related to

symmetry of the data set is found, the best symmetric (low rak) the second step of the SPSVD, symmetric approximations [2]
approximation in the Frobenius norm and matrix 2-norm can ’ ’

be established by using the SPSVD. [10], [11], [22], [23]. Spepi cally, Zgbrodsky et al. [23]ane .
, » the Folding Method which is equivalent to the symmetric
Index Terms—singular value decomposition, symmetry, sym-

. . ! , . approximation discussed in this paper. However, their proo
metry operation, symmetry constraints, rotation, re ection, di- . . .
hedral, inversion, large scale, protein dynamics does not reveal the best symmetric low rank approximation

to a set, nor can it be efciently calculated for large scale
matrices as is possible with the SPSVD.

This paper is organized as follows. Section Il de nes
His paper is concerned with the approximation of a sefymmetry and characterizes the generators for each of the sy
of points in<?3 that is known to have spatial symmetriesmetry groups of the seven in nite series in readily computed

perhaps slightly perturbed by noise. To address this siredt matrix form. Section Il describes an algorithm to identify
approximation problem, we have developed a symmetry ptée symmetry group for a given set of correctly paired data.
serving singular value decomposition (SPSVD) that corstru Section 1V extends this identi cation of symmetry groups by
the best symmetric low rank approximation to the given dataeating an iterative method that effectively ignores ietsl
set. Calculating the SPSVD is a two-step process. In the r8iat are inherent in a noisy data set during symmetry detecti
step, a matrix representation for the symmetry of a givea daection V constructs the SPSVD which produces the best
set is determined. This process is presented as a novéhiterasymmetric low rank approximation to a set of data. Finally,
reweighting method: a scheme which is rapidly converge8ection VI presents applications of the SPSVD to protein
in practice and seems to be extremely effective in ignorirdynamics.

outliers of the data. In the second step, the best approkimat Throughout the discussiok, k shall denote the 2-norm and
that maintains the symmetry calculated from the rst step is kg shall represent the Frobenius norm. The tesmallest
computed. This approximation is designated the SPSVD of tbiggenvaluewill refer to the algebraically smallest eigenvalue

I. INTRODUCTION

data set. of a symmetric matrix. All vectors are column vectors.
There has been considerable research related to the st ste
of the SPSVD, symmetry detection and formulation [1], [4], Il. DEEINING SYMMETRY

[9], [12], [14], [15], [19], [22]. This research is not appdible

to the work that is presented here since certain information
necessary to characterize the symmetry of the data in mattt,r&
form is not available. For example, both the angle and al§s:

of rotation are necessary in order to compute the standard The inverse of a transformation belonging to the set also
Rodrigues matrix. However, in many situations, only thelang ~ belongs to the set.

of rotation is known. Therefore, it is necessary to createvan  The product of two transformations belonging to the set
formulation of rotation in the case where the axis of symgnetr ~ also belongs to the set.

is not given. An exception is the work done by Pinsky et aAs a result, the linear transformations are isomorphic to a
[15]. In this paper, Pinsky et al. describe methods to ddtesm group of nonsingular matrices [18]. Moreover, this group of
inversions, rotations, and re ections. It should be notkedtt nonsingular matrices must be scale preserving [21]. Inrothe

Symmetry may be classied as a set of invertible linear
nsformations fronx 2 | < 3 that satisfy the group proper-



words, if a symmetry group contains more than one elementLemma 2.4:A setS is k-fold rotationally symmetric with
then the matrices must be orthogonal. respect to an axis of symmetrg if and only if there
In order to characterize speci c symmetry groups, certaixists someQ 2 <3 2 and Gy 2 <? 2 such that for

group is called thevrder of the group. Note that groups may e T
be either nite or in nite. For example, the set of invertéieal S=CiS=(I QG«Q')'S;
n n matrices forms an in nite group, while the sét,; Ig,
forms a nite group of order 2. A group may be dened b
its generator. Here, a subset of a group geaeratorif every
element of the group can be written as a ( nite) product
elements of the subset and its inverses [5]. Conventiqnalgé
generators are represented by. For examplefl; Ig is
generated byh li. When a groupG, acts on a setsS, it
permutes the elements 8f For a speci c elemens 2 S, the
movement ofs is de ned as theorbit of s; i.e.,

where[q, Q] forms an orthogonal matrix arld Gy isa2 2

yorthogonal matrix that describes a plane rotation through a
0?ngle of =2 =k degrees.

Using these formulations for re ection and rotation, the
ven in nite series in three dimensions may now be gen-
erated (see gure 1). The classi cation is split into two set
as adapted from Weyl [21]: (orientation preserving) proper
rotations and (non-orientation preserving) improper tiotes.
Observe that the groups of proper rotations for the seven

Og(s)= fGs: G 2 Gg: in nite series are given byCy and Dy. In these cases, the
cyclic groupCy represents rotations about one axis through
Therefore, ifG = fl; 1g, wherel is the two-dimensional the centerc by angles2 =k, and the dihedral groupy
identity, then consists of these rotations combined with rotations @bout
1 1 1 k horizontal axes through that form equal anglessk with
Oc 1 T 1 1 : each other. Therefore, the cyclic group is generated@yi

while the dihedral group is generated iy, ; C»i. Notice that

As stated above, a group may be characterized by itsthe case of dihedral symmetry, the axis of symmetrydgr
generator. In the case of symmetry, this characterization iis perpendicular to the axis of symmetry fGr.
plies that there exists a nite set of orthogonal matricestth The improper rotations may be added to the classi cation
can generate the full symmetry group of interest. It can kg the seven in nite series in only two ways as outlined in
shown that this generator is a composition of re ections angleyl [21]:
rotations. Therefore, once matrix representations foecdon
and rotation are formulated, then all symmetry groups may be
de ned in terms of these two represen{ations [17].

De nition 2.1: A set of pointsS < 2 w? isre ectively
symmetric with respect to the hyperpladeif for every point

$2 S, there exists a poirg 2 S such thats = s+ w for such thatZG contains the improper rotatior&S.

some scalar with s+ zw 2 H. 2) Substituting some proper rotatioBsby improper rota-
Here, a hyperplandl is speci ed by a constant and a vector tions ZS as stated above. Hence, if all proper rotations
wviaH = fx: +w'x=0g. Inthis case, the vectaw PYin the differenceG=P, whereP is a subgroup of a
is palled thenormal to the planeNote that the centec proper rotation groupG of index 2, is replaced with

L s softhe point set lies in the plane of symmetry, where ZP° a new group of improper rotatior@P is formed.

m is the number of elements i. Moreover, since the data  Note that half of this new group consists of the proper
is assumed to be mean-adjusted, the center is at the origin, |qtationsP. while the other half is improper.
¢ = 0 which implies =0. . o . .
'mp . . . Starting with the rst method, the set of improper rotations
The following lemma is an immediate consequence of the

fact that for eacls 2 S there is a re ected poirt = s+ w 2 are constructed. Adjoining the inversio#, to the cyclic
S group, Cy, results in the group ok-fold inversions,Cy. A

' ) . . L body is said to beCy if it is invariant under the combined
Lemma 2.2:A setS is re ectively symmetric with respect : : _ X
. : . . transformations of rotation &f =k degrees about an axis and
to a hyperplanéd with unit normalw if and only if

then re ection in the plane perpendicular to that axis. 8inc

1) Adding the re ectionZ about the centec (also known
as inversion). In other wordg, carries any poinp to
its symmetric counterpap® found by lengthening the
straight linepc to cp® Therefore, for a groups of
proper rotationsS, a new grougG = G+ ZG is formed

S=WS=(l 2wmwT)S; this symmetry group is a composition of rotation and re ec-
. . _ tion, it is generated byIC W i. Note thatW , represents
whereW =1 2ww " is known as thee egtion matrix re ection along the plane perpendicular (horizontal) te th

De nition 2.3: A set of pointsS < 3 g” is k-fold axis of symmetry foiC. The antiprismatic symmetric group,
rotationally symmetric about an axig 2 < 2 if there exist an Dy, is formed wherZ Dy is appended to the dihedral group,
3 3 orthogonal matrixCk such that for every poins2 S, D,. This attachment results in the addition kfre ection
there are exactlk 1 distinct pointssi;sz;::i;sk 1 2 S planes (between the binary axes) containing the main axis of
with Cys=sj fori =1;2;:::;k 1. symmetry to the elements of the dihedral group. Therefore,
The unit vectorg is called theaxis of symmetrywhile Cy is  the antiprismatic group may be generatedH®y; Co; W yi.
known as theotation matrix Lemma 2.4 gives an expressiorHere, the axis of symmetry fa€, is perpendicular to the axis
for the rotation matrixCy. of Cy (as is the case for dihedral symmetry), and the plane



Notation|  Generator Order A\ [
Ck RC i k 4 3 @ w

Ck hC W qi k (even) f—

Cok Ck hCy; W i 2k Cs Cs C16Cs

Dy hCy; Cai 2k

Dy Ci hCy ;W yi 2k NN e Mo IRrases

Dy hCy:Ca: W yi 4K R+ VLA —

D2k Dk Cy;Co;Whi 4k Ds Dg DsCs D16Ds
TABLE |

Fig. 1. Example of each of the seven in nite series for= 8. (Adapted
from http://en.wikipedia.org/wiki/Image:Uniaxial.pn@6/10/07 with permis-
sion from Andrew Kepert).

THE SEVEN INFINITE SERIES

of re ection W runs along (vertical) the axis of symmetryalnd

of Ck.
Using the second procedure @x and Dy results in the Cy 'wk t=cgt .
. .. . K+1 K+l — 1 ) CkZthWhl.
following three groups. Beginning with the grouyy, the C,™ W = Ci

group Cy is indeed a subgroup of order 2. Thus, if th — . . L .
substitution, as outlined in the second method, is perfdrmjhus’Ck = CaCx If K is odd. This is not necessarily the

then the prismatic groug,xCx is constructed. This group case wherk is even [8]. Therefore, when dealing wid, k
contains rotations o2 =k degrees about an axis along with® assumed to be even. .

re ections about the perpendicular plane. Thus, the graup i Now that the seven in nite series have b_een formed, meth-
generated byrCy: W yi, whereW , is re ection along the od_s to calculate the symmetry group for a given set of cdgrect
plane perpendicular (horizontal) to the axis of symmetry (Halred data can may now be consiructed.

Ck. Next, consider the dihedral groups. The only subgroups

of Dy of order 2 areCy andD,-, (for k even). The pyramidal lIl. CALCULATING SYMMETRY

group, Dk Cy, constructsk re ective planes running through In the previous section, the generators for each of the
the main axis of symmetry along with the base rotationalymmetry groups of the seven in nite series were formulated
group Ci, while the bipyramidal groupD2xDy, appends Here, this research is extended to the computation of the
a perpendicular plane of symmetry to the dihedral grougenerator for a given set of correctly paired data. Methods
Therefore, the pyramidal group is generated HB4; W vi, to pair the set of data given are shown in [1], [6], [23].

and the bipyramidal group is generated b@y;Co; W hi. As discussed in the introduction, there has been consitierab
Again, note thatw , is the plane that runs along (vertical)esearch in the area of symmetry detection. However, thik wo
the axis of symmetry ofCy, while W, is the plane that generally does not take advantage of information that isrinh
runs perpendicular (horizontal) to the axis of symmetry aintin the data set, such as knowledge of the generatorathste
Cy. Also, the axis of symmetry fo€ is perpendicular to the the research assumes the information a priori. This section

axis of symmetry forCy. formulates methods to calculate the generator of symmetry
In conclusion, the seven in nite series in three dimensiorfer each of the seven in nite series by taking advantage ef th
are correct pairing of the data.
Ce: Ci: CoxCr fork=1:2:::" Classi cation of the generators of symmetry may be split

into three sections: those that can be formulated with oige ax
two axes, and three axes. To begin, the series that can be
constructed with just one axis of symmetry will be considere
|fIiS discussion will be followed by methods to calculate

trix formulations for the series composed of double and
triple axes.

Dy Dy; DxCyk; Dok Dy fork=1;2;:::

The generator for each symmetry group along with the orderE
the group can be seen in Table I. A note should be made
regards to the order @, = hCyW ni. Here k is assumed to
be even, since

A. Single axis computation

CkWn=1 2997 QGkQT; . . L . .

) ] The cyclicCy, inversionCy, and prismaticCo Cx groups
where e ection about the normaj is represented bWn = may all be constructed using just one axis of symmetry. This
| 2qq" andk-fold rotation about the axig is denoted as 4t js obvious for the cycli€y and inversiorCx groups, but

Ck=1 _ QG kQTj- Therefore, _ j may not be so apparent for the prismaige Cx = hCox; Cxi
Forj odd, Wy, = W and(C«Wn) = CyWh. group since the generator contains two elements. However,
Forj even,W| = | and(CxW)' = Cj. both elements need the same agiso formulate its content

Hence, there is a difference in operation generate€pW because
depending on whethds is even or odd. Ik is odd, re ection -
(W) and k-fold rotation Cx) must exist independently as Ck I QG«Q
the following demonstrates: Wy = | 2qq7;

C',EWE =Wp) WhH2hCW pi; where the columns o) span the space orthogonaldo



In order to develop a means to calculate the axis &. Double axes computation
symmetry, one must recall that the data setrmofpoints is
assumed to be correctly paired. Therefore, forlkHeld cyclic
group, the data is split intd matricesX; 2 <@ ™) for

For the dihedraDyx and pyramidaDy Cy groups, two axes

— the majorg axis and minoip axis — are necessary in order
to compute the generator of each group. Here, the major axis
of symmetryq denotes the axis of rotation for ti&; rotation,

Xj = CLXo =(1 QG«Q")Xo; whereas thg minor axis r_epresents the axis of symmetry for

the C, rotation for the dihedral group or the normal \&f ,,

whereCy is thek-fold rotation matrix. For the case &ffold for the pyramidal group.
inversion, the data is again split inkomatrices. However, here  To calculate the generator for the dihedral and pyramidal
k is assumed to be even as discussed in the previous sectifoups, one takes advantage of the correctly paired data set
Therefore, forj =0;:::;k 1 In the case of the dihedr&@l, group, the data is paired within

X; = (CkWn) Xo; 2k matrices |
: , . . Xy = CiXo
whereCy W, is thek-fold inversion matrix. In other words, .
h T - Xgj+s1 = CpXg = C2ClXo
X;i = a9 +Q( Gk)Q" Xo , . .
forj =0;1;:::;k 1. Similarly, the pyramidaDxCy group
for j even, and H . is paired forj =0;1;:::;k 1
[ _
Xj = da’' +Q( GK'QT Xo Xy = ClXo

_ - = iy .
for j odd. Finally, for thek-fold prismatic group, the data is Xgu = WyXz = WyCiXo:
split into 2k matriCﬁs such that fogr=0;1;:::;k 1, Solving the following minimization problem:

i
Xy = hqu +Q(I GK)?QT Xo; i, ka"M ke @)
[ qk=
— T 2j+1 AT .
Xoje1 = qq’ + Q(I G Q" Xo: gives the major axis of symmetry for the dihedral and
Using these relationships, a characteristic for the axis Byram|dal groups where

symmetry for each of the symmetry groups may be formed. 2% 1 _
This formulation is an extension of the formulation of the M =2k 1)Xo ( 1Y X; (3)
cyclic group shown in our earlier work [17]. i=1

Lemma 3.1:SupposeX, has full rank and thalGk is for dihedral symmetry and
nonsingular. Them is a major axis of symmetry if and only

if x 1
q'M =0: M =2k 1)Xo X; 4)
j=1
where K 1 for pyramidal symmetry. This property is a consequence of
M =(k 1)Xo X the following lemma.
i=1 Lemma 3.3:SupposeX has full rank and thalGy is
for the cyclic group, Qonsingular. Them is a major axis of symmetry if and only
[
K1 o q'M =0:
M=(k DXo  ( 1)X;
j=1 Lemma 3.4:The solutionq to the minimization problem

(2) is the unit eigenvector corresponding to the smallest

for the inversion group, and . ; : .
nversion group eigenvalue oMM T, whereM is de ned in equation (3) for

x 1 j the dihedral group and in equation (4) for the pyramidal grou
M =@k 1)Xo ' ( DX, The procedure for calculating the minor axis follows a
1=t similar method as the major axis. For both the dihedral and
for the prismatic group. pyramidal cases, the data is con gured into two matrices
Therefore, the solution of the optimization problem
. P P Ro = [Xo;Xzii;Xok 2]
Jmin ka' M ke (1) Ry = [XiXazi Xk 1l

speci es the approximate axis of symmetyy Thus,q can be Therefore,

computed as follows: R, =C,R,
Lemma 3.2:The solutionq to the minimization prob- .

lem (1) is the unit eigenvector corresponding to the srnlallefgr the dihedral group, and

eigenvalue oMM T. R,=wW,R,



for the pyramidal group. Thus, calculating the minor axis IV. NoISsy SYMMETRY

for the dihedral group follows the form of thefold cyclic | the previous section, an approach for distinguishing the
group. In other words, the minor axis is calcu_lated as the Aymmetry group for a given set of data was established.
of symmetry of Lemma 3.2, namely the minor axis is thgjoyever, during this symmetry detection, there may be a need
eigenvector associated with the smallest eigenvaludof’,  \eight certain elements in the data set higher than athers
where For instance, when calculating the generator of a protein

N=Ro Ru dynamics trajectory, one may wish to place more emphasis

The case of the pyramidal group follows a different fornPn the docking site since this site determines the function
Since R, is re ectively symmetric toR,, calculating the Of the protein and is where most of the dynamics occur. On
minor axis reduces to calculating the normal to the plane B¢ other hand, the side chains, generally, have more noise
symmetry. In our earlier work [17], we showed that the norm&nd less in uence on the overall dynamics of the trajectory.

to the plane of symmetry can be calculated by solving ~ Thus, less weight should be placed on those regions. This
section begins by calculating the generator of symmetry for

min fkRo W, R1keg: (5)  a known weighting. This is followed by an introduction to a

kw k=1
) o novel iterative method that automatically chooses weigf#i
Lemma 3.5:The solutionw to the minimization problem effectively ignore outliers of the data set.

(5) is the unit eigenvector corresponding to the smallest
eigenvalue of the symmetric inde nite matrix o
A. General Weighting

— T T.
N = kokl * klko' It has been demonstrated that for each symmetry group,
In conclusion, calculating the generator for the doublesaxgalculating the optimal axis (axes) of symmetry reducesito a
symmetry groups results in computing a major agisind a optimization problem: To calculate an axis of symmetry

minor axisp. Once these axes are known, the full symmetry q = argmin kg™ M ke :

group can be formed as kak=1

hC,;Cki=hH 2PPT;I QG«Q'i; whereM is described in the previous section, and to calculate
for the case of the dihedral group and the normal

W.,:Cki=h 2ppT:1 QG Qi w=alzvg3r|;rliln kXo WX 1kg:

for the case of the pyramidal group. Here, the column®of A weighting may be presented into these minimization
andQ span the space perpendiculamtandq, respectively. problems to de-emphasize anomalies in the supposed sym-

metry relation. In each case, a diagonal weighting matrix
C. Triple axes computation D = diag ig is introduced, where thgth diagonal weights

The remaining two groups of the seven in nite series nedféejth column of the matrix of the objective function. Thus,
three axes — the majog, minor p, and semi-minow — the optimization problems become: To calculate an axis of

in order to calculate their generator. The generator foh botYMMetry _ ;
the antiprismatidy group and the bipyramiddd,, Dy group q= aLgLT—]m kla’ M ]Dk; (6)
consist of the dihedral groupx = hCy; Ci plus a re ection qk=1
operator. Here, the re ection is verticil/, for the case of and to calculate the normal
the antiprismatic group, and horizontl, for the case of the _ . )
bipyramidal group. Since each generator contains the dihed W= akrV%rkrl|ln KXo WX a]Dke: (7)
group, the major and minor axes are computed as stated in th
previous section. This section will concentrate on deteinmgj
the third axis, the semi-minor axis.

Here, the data is split int@ matrices,R, andR 1, where

Eemma 4.1:The solutiong to the minimization problem
(6) is the unit eigenvector corresponding to the smallest
eigenvalue of

MD 2M T: (8)

Lemma 4.2:The solutionw to the minimization problem

contains the dihedral group and (7) is the unit eigenvector corresponding to the smallest
R1=[WX ;WX 1300 WX 2k 1] eigenvalue of the symmetric inde nite matrix
M = XoD2X] + X1D?X{: (9)

contains the re ection of the dihedral group. Agaifd, = W

for the antiprismatic group and/ = Wy, for the bipyramidal  sjnce the minimizations are with respect to the Frobenius

group. Thgn the semi-minor axis can be ca_lcu_lated aSnorm, both the above optimization problems (6) and (7) can
discussed in Lemma 5. In other words, the semi-minor @xis pe expanded column-wise into

is just the eigenvector associated with the smallest eajaav .
of min WM w; (10)

Nzkok-{‘l'klkg: kwk=1 . _

j=1



where Proof: Givenz, kzk=1,

M; = (Me;)(Me)T (11) vy X fi(2)

o @ - ™
for calculation of the axis of symmetry, and Ve T i=1 !
2 T T Hence,
Mi= x@ x® 1+2 xOxP +xOxO (12 _
kmka>1< kmkln1 F(z;v) m:
zk= vk=
for calculation of the normal to the plane of re ective sym-
metry. If v =z, thenF(z;v) = F(z;z) = m. Therefore, any xed
Note that the calculation of the minor axis and semi-mindtoint of the minimization problem (13) is a solution to the
axis is similar to the methods given above. Once the majar axax-min problem (15). L

has been calculated, the data is split into two matrRgsaand ~ The above lemma explains that a xed point of iteration
R 1 as described in Sections I1I-B and I1I-C. The orthogonalit{l4) solves the max-min problem (15). The existence of a
properties between the axes are accomplished by projeating€d point to the iteration (14) is shown in Theorem 4.4.
guess for the (semi-) minor axis ontQ by the projection ~ Theorem 4.4:There is a poinz of unit norm such that
matrix QQT, where th_e columns of) spanQ, the space z =argmin F(z ;w):

perpendicular to the axig. kw k=1

Proof: Let M; be de ned for the respective symmetry
B. Discrepancy Weighting group as outlined in equation (11) and in equation (12). For a

An iterative reweighting scheme is now developed to cofivenz, anyw that solves
struct aD that diminishes the in uence of outliers in the X WM w
SPSVD. This weighting is adapted from our previous work min F(z;w) min Mz
shown in [17], but here it is generalized for the generator of kwk=1 kwk=l 1, 2 Miz
each of the seven in nite series. will also solve

Given a guesg to the normal/axis of symmetry, the weight 30

i of the minimization (10) is set as min ( z)F(z;w) = min (WM w;
kw k=1

kw k=1
i=(z"M;z) b

i=1
PR Lo .where (z) = @ZTM'Z and (z) =
Therefore, ifz is a good approximation to the normal/axis, T 14 | - j=1

thenz"™ M ;z will be small; thus ; will be a large weight. isi
De ne function ( z) restricted to the unit sphere is a continuous

3o function on a compact set. Thereforain, ( z) = ( z ) is
F(z;w) = WTMw = attained at some poirt= z on the unit sphere.
i1 i=1 fi(2) From Lagrange multiplier theory [13],

@ zZ"Mjz. The

wheref;(z) = z"M;z. The best normal/axis with respect
to this weighting, may be found as the that solves the
respective minimization problem described in Lemma 4.1 or =)
Lemma 4.2. Note that the approximateassociated with this or, if M (z) = 2, i(Z)Mj, then
weighting solves M@Zz)z =7 :

xo
r(z)=2 i(z)Miz =2z ;
i=1

min F(z;w); (13)
kwk=1 Now, it is straightforward to establish that an eigenvector
which suggests an iterative reweighting scheme that axljist corresponding to the smallest eigenvaluévb{z ) is also an
vectorz to optimally diminish the effect of outliers. Beginningeigenvector corresponding to the smallest eigenvalud dah

with an initial guessy, iterate equation (9) for re ective symmetry or the smallest eigdnea
_ ) NP of MDM T in equation (8) for all other symmetries. Here,
Zp+1 = akr\%m'ln F(zp;w); p=0;12:: (14)  the weighting matrixD = D(z ). Therefore, it is suf cient

to prove that is the smallest eigenvalue ™ (z ) to show
until kzp+1  zpk is sufciently small. Notice that the xed thatz is a xed point. The following argument will establish
point to this iteration will solve the following max-min poe this.

lem The Kurush—Kuhn—-Tucker rst- and second- order nec-
max min F(z;V) (15) essary conditions [13] will imply that for allv such that
kzk=1  kvk=1 w'Tz =0 we must have

as the following lemma indicates. wir (z)=w'M(z )z =0;

Lemma 4.3:If v = z is a xed point of the minimization
problem (13), therz is a solution to the max-min problemand
(15), andF (z;v) = m. wh r2(z) 21w O (16)



Lemma 4.5:The sequence z,) is convergent to( z ).
Proof: Recall thatz,+;, is chosen to minimize the opti-
mization problem

. X wWTMw
min F(zp;w) = min o
kw k=1 kwk=1 ._ Zy Mizp
i=z1 P
Fig. 2. Convergence of discrepancy weighting. Notice howthasiterates Thysg
rogress, less emphasis is placed on the outliers (st téd from [17]. '
prog p p (stadsip [17] xn ZE)—+1Min+1 xn Z-prMin_

- zZIMizp i zZIMizp
Now, 0 o Since the geometric mean never exceeds the arithmetic mean,
" Ho.
(D=2 @Mz M@ (zpa) ™ _ YV ZaMizgn
i= i= = T —Tr o
and ( Zp) =1 Z-ll)- M in
0 8 1 17 25 MiZpn
= R
ri(z = r %) zTszg m_, ZpMiz
j:l 1.
isi
(2) Thus,
- ZTM;z (zps1)  ( 2p):
- 1 (2 2(2) M 7 Hence, ( z,) is a monotonically decreasing sequence that is
ZTMz (ZTM;2)2 ' bounded below and is therefore convergent. Moreover, since
Therefore ( 2) is a continuous function on the compact unit sph&g,
’ there exists & 2 S, such that
wir i(z)= ﬂWTM-Z' (17)

i (z ™M,z )2 e (zp)! (z) as p!'1l

Substituting expression (17) into the formula for ]

w' r2(z) 21 w in the second-order necessary Theorem 4.6:The sequence

conditions (16) gives
) F(Zp;Zpe) ! m;

X TM .
0o awM@Ew 4(z) YMZ 5 apin
=1 Z Miz Proof: During the proof that the sequencgz,) con-
2( )i verges monotonically to z ), we showed that
where = WTM(Z_)W. Thus, for any eigen- (zper) ™ 21X 20 Mizpn
value of M(z ). Since is the smallest eigenvalue of ﬁ m Moz
M (z ), a constrained minimizex of ( z) satisesz = P i=1 prITP
argming,, =1 F(z ;w). m Multiplying both sides bym gives
1=m

Remark: Theorem 4.4 assume$ z) 6 0. This is a rea- m (Zpw1) F(Zp;Zps1) M
sonable assumption since the only wdyz) = 0 is if ( zp)
kxPk = kxPk = 10 = kxj(k Yk for some n-tuplet Since (zp)! (z )60, it follows that

(xjeo) ;xj(l);:::;x-(k 1)), wherek is dependent on the order

of the symmetry group in consideration. Since the sets are as
sumed to be noisy, it is unlikely that these norms are pricise [ ]
equal in practice. We have created another formulation thatA note should be made in the case of formulating an
solves this problem which involves taking the inner-pradudterative search for the double and triple axes formulation
between the current and previous iterate. Though the aralyBhe algorithm begins by searching for an optimal major
of this inner-product weighting is not as complete as thend (semi-) minor axes of symmetry with no weights. To
weighting presented in this paper. Details can be found jomeserve the orthogonality conditions, the (semi-) minxis a
the Tech Report [16]. is projected onto the space perpendicular to the major axis
The convergence history depicted in gure 2 is typical, andith a projection matrix, as described before. Then, the
iteration (14) seems to be convergent in practice, though iteration calculates the weights by alternatively prdjegt
analytic proof showing the convergence of the iteratge$ias the major/(semi-) minor axis onto the space perpendicolar t
been given. However, the sequence of function values ddhe (semi-) minor/major axis. This projection is in order to
converge. This fact is established with the following tlesor preserve the orthogonality conditions. The iteration corgs
Theorem 4.6. until the current and previous major/(semi-) minor axis is

F(ZpiZp+r) ! m:



within a speci ed tolerance. It should be noted that there ar  Proof: Consider
occasions where the iteration oscillates between the baisrm o 1 0 2, 1 2, 1 0O

and (semi-) minor axis. However, these oscillations, galhegr X3 2,
s RE-efp s
Xk 2 R

occur close to the pre-de ned tolerance.

V. SYMMETRY PRESERVINGSVD

. . I . 0 .
In the previous sections, the seven in nite series were gen- X ;
erated by the composition of two transformations: re estio _ % . g % . §
and rotation. This information is used here to compute the
best symmetric approximation to a set of data that preserves X o R,
the symmetry of one of the seven in nite series. wgere the orthogonal matrig is given by
Once the symmetry of the data is known and represente 0 1
asfRjg, fori = 0;1;:::;k 1, wherek is the order of

the group, the best symmetric approximation may be built by B=@ - 0 | A
utilizing the following theorem. Here, the data set is assdm [ 0
to be correctly paired. Methodology for calculating such Borj =1;2;:::;k 1, de ne the orthogonal matrices
pairing is presented in [1], [6], [23]. 1 RT PR 4 e (o1
Theorem 5.1:If 0 L Bj pJTl b, ,» andB; B -
Xo Let

X1
X = ) Zo = Xo

- T T
Zj_Rk ijj+Rk (] 1)Xk (] 1)+...

Xk 1
h +RE Xk 1+ Xo
where .
Nj = P==—(Xk ;] R« jZ 1):
RIXi= Xo+ Ej; ! iG+0) (X kiZj 1)
Then
then
0 1 0 1 Oxolof%ol2 0 4,1 0, 12
X R X1 R, X5 R,
min %} :0 X %} :O X % : 2 % : % = %} : X % : §
hj:RJ‘ 0 ' ) Xk 2 Rk 2 Xk 1 kk 1
Xk 1 kk 1 X Ri 1 Xo Ro
20 X, 1 2

in both the matrix 2-norm and Frobenius norm can be solved

0
by 0 %, 1 = BB 1:::I§1§%> ng X %

« :
usvT =B K 5t s
' 0 1 2
R R
where 0 1 : .
Xk (j +1) :
Uo — 1 7. kk (j +1)
1 P = ST P
U:p—E% : X; S= kSp; V =Vg; JN,- 1+éko
Uk 1
N 2 0
and N1 0
Uj = RjUg; for j =0;12:::k 1, since
. Xk _ p_l?z- R e
with BJ P%ij .= JNlj ] andBj ijkJO = J+é_)?o

UoSoVy = %(x0+ RIX1+ RIX,+ + R} ;X 1): Ifthis process continues unfil= k 1, then

1
. o 1 % 20 1 0p_,102

Moreover, the best rank-symmetric approximation to the §2 Ri plﬁzk ! P koko
original data set is %? : g : E _ % k. 1 § %) : g

X X 2 ; 5

j Uj VJ-T Xt i k: i Ni 0

1= 2 1

- . 1 p— )
whereu; andv; are thej th column ofU andV , respectively, = p_EZk 1 kRo + kN k=:

and ; is thejth singular value of. i=1



Convergence of z k for 1ISAC Convergence of z k for 1IDS

llzk - zk-1ll
%
l1zk - zk-1ll

1 3 5 1 5 9 13
Iteration Iteration

(a) Fixed point iteration for 1SAC (b) Fixed point iteration for 11DS
_ ) o ) (a) 1SAC (b) 1SAC (red) with symmetric
Fig. 3. Fixed point iteration. approximation (blue)

Hence, the best symmetric ranlapproximation to the original

data set is determined by the best ran&pproximationX o,

to %Zk 1 for both the Frobenius norm and 2-norm [7]. m
Intuitively, Theorem 5.1 states that the best symmetr

approximation,i@, to a data seK is given by rst nding

the best symmetric approximatioko, to X by calculating

is the transformation o)l_(i ontoX o. Notice if X is a perf_ectly
symmetric set, theR* 'X; = X, so the average &% 'X; LSAC (red) with noise added (@) 1SAC (red) with full
fori =0;1;:::7k 1 will equal Xo. Next, to determine the Eg)lue) (red) with noise adde En)emc apprgﬁrgat‘iﬁ'n of‘ihesgg?s'y
symmetric approximationi%, multiply R by R' to getX; molecule (blue)
and concatenate tH&; to form R . This step force® tobea _ ) _—

. . Fig. 4. Different approximations of ISAC.
perfectly symmetric set, and Theorem 5.1 proves that this is
in fact, the best symmetric approximationXowith respect to

the Frobenius norm and matrix 2-norm. Note that this resul};;Iper [17], which only presents data sets with 2-fold rotai

is identical to the conclusions of Zabrodsky et al's papér . . . ;
Y bap re ectional symmetries. However, in [17] there is also

[23]. However, Theorem 5.1 also presents a way to ef cientl"
’ ’ - . . X discussion of symmetrizing the motions (modes) of the
calculate the best symmetric low rank approximation to the

. molecule. In addition, low rank symmetric approximations a
data set by taking an SVD. made by looking at just the rst few modes of the molecule
It is observed in Theorem 5.1 that the best symmeétriank Y gat] '

. . S T Here, the concentration is placed on the structure of the
approximation to a data sat is given byU- SV, where the molecule; though calculating symmetric modes of motion ma
SVD of the symmetric approximatid% = USV T. Here,U- ' g 9y 4

andV- represent the leadingcolumns ofU andV, andS: Eeai??g;toerd :cr(l)rae;?;er;[hrz&esga"eazsto r?:er?tgz Slzomsm;flgg
denotes the leading ° principal submatrix ofS. One may ) y P ' pap

. ) 7 the generator for each molecule represents more complex
constructU+;S-; andV- in a straightforward manner using 9 P P

: symmetries such as 5-fold rotational symmetry to represent
the ARPACK software on a serial computer orARPACK y ) . ) y Y b
vl single axis computation and dihedral symmetry to represent
on a parallel platform. It may seem counterintuitive to us . I~ .
ouble axes computation. In addition, the best symmetric
ARPACK on a dense system. However, for large data sels L . .
L g ) approximation (SPSVD) to the original data set is calcualate
it is indeed computationally more ef cient to calculate pnl _: ! : . .
O . . : ince molecules are chiral, re ective symmetry is not plolesi
the leading’ terms (singular values) using ARPACK instead . L i
- . . - with these structures. Thus, no example is given to illtstra
of computing all of the singular values and then discardi : . .
N : . " . ple axes computations. However, simulations have been
n of them. One may either specifyor utilize a restarting . i .
. ) . performed on contrived data sets with triple axes genesator
scheme to adjustuntil - tol 1> -.;.The important _ . L .
) - . with results that are similar to the single and double axes
computational point is that only matrix-vector producte ar
generators presented here.
needed to calculate . .
1 The data sets consist of molecules acquired from the Pro-
u= E(x0+ RIX1+RIXo+ + R} Xk 1)v; tein Data Bank (PDB_) (http://www.rcsb.org/pdb)._ The rst
molecule serum amyloid P-component (LSAC), which exhibits
and this is essentially the same work per iteration one wouldko|d rotational symmetry, has been linked to Alzheimer's

require to compute the corresponding standard SVDXof gisease [20], while the second molecule superoxide diseuta

without the symmetry constraint. (1IDS), which exhibits2-fold dihedral symmetry, has been
shown to reduce radio brosis in breast cancer patients [3].
VI. EXPERIMENTAL RESULTS 1SAC is a5-fold rotationally symmetric molecule that

A number of experiments were performed on a Mac 2.1dnsists 0f8245 atoms (gure 4(a)). Thus, the matrix of
GHz Intel Core 2 Duo machine. These experiments are aoordinate points is of siz8& 8245 Calculating the generator
extension of the SPSVD approximations shown in our previofm this molecule took less than a second to compute. The
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tolerance for each iterations of the xed point iteratiord)1
is shown in gure 3(a). Notice that in gure 4(b) the best
symmetric approximation (SPSVD) (blue) is superimposed on
top of the original (red) data set. For purposes of illusbrat
arti cial noise is introduced into the molecule ( gure 4j@nd
the SPSVD is applied to the noisy molecule ( gure 4(d)). The
SPSVD averages out the noise introduced into the molecule
and the resulting SPSVD approximation has a better t to the
original molecule. This conclusion is analytically supteorby
noting that the relative error between the noisy and origina (a) 1IDS with generator (b) 1IDS (red) with SPSVD ap-
molecule is approximately 0.142, while the relative error proximation (blue)
between the symmetric (noisy) molecule and the original
molecule is approximately 0.066. In other words, the SPSVD
approximation cuts the noise level by more than a half.
In the case of the6272 molecule 1IDS, calculation of
the generator took approximatebyseconds to compute. The
increased computational time for the generator is a redult o
needing two axes, the major and minor, in order to formulate
the generator foR-fold dihedral symmetry. The tolerance for
each step of the xed point iteration being applied to 1IDS
is shown in gure 3(b). The nal iteration's major and minor
axes is shown on top of 1IDS in gure 5(a), whereas the be&) 1IDS (red) with a low rank ap-  (d) 1SAC (red) with a low rank
symm_et_ric approximation _(SPSVD) (blue) _is shown on top cfﬁﬁ;g?]at'on of the noisy molecule %?;T%fecif’epr(zﬁﬁfnon of the
the original (red) data set in gure 5(b). A simulated trdjay
is constructed in order to compare low rank approximatiofi§. 5. Different approximations of 1IDS.
obtained from the SVD and SPSVD with results appearing
in gure 5(c) and 5(d), respectively. As with the full SPSVD _ - )
approximation, the rank-6 SPSVD approximation betterHs t (SPSVD_): This decomposition gxtends the singular value de-
original data set when compared to the rank-6 SVD appro@Mmposition (SVD) by constructing the best low rank approx-
imation. This conclusion is analytically supported by ngti imation to a set of data that also preserves the symmetry
that the relative error between a rank-6 approximation ef tinherent in the data set. Re ective, rotational, inversiand
noisy molecule and the original molecule is approximateffihedral symmetry groups are examples of the symmetry
0.195, while the relative error between the a rank-6 symimetroups considered in this paper. . .
(noisy) molecule and the original molecule is approximatel In order to calculate an S_PSVD, a matrix representation
0.098. In other words, a low rank SPSVD approximation al§f the symmetry group of interest needs to be obtained.
cuts the noise level by more than a half when compared tol 8iS Step is established by an iterative reweighting preces
standard low rank SVD approximation to the molecule. that effchyer ignores anomalies in the data set. ane_ the
A note should be made in general with regards to tfYMmetry is known, then the SPSVD may be built using
computational cost and storage requirements of calcglatifinly matrix-vector products and is no more expensive than
an SPSVD (low rank) approximation compared to an Svgonventlon_al SVD methods. Addltlonally,_ the SPSVD may
(low rank) approximation. First, the computational cost fgeduce noise that has t_)een mtrqduced into the data S(_at. In
the SPSVD is far less than the cost of an SVD approximatiG@nclusion, the SPSVD is an ef cient method for calculating
since the SVD of only the base set, which.ik the size of the the best symmetric (low rank) approximation to a set of data
original data, has to be calculated. Then the full SPSVD méy Poth the Frobenius norm and the matrix 2-norm.
be formed by computing the orbit of the base set. Second,
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