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Abstract

The purpose of this paper is to introduce a new way of choosing directions for
the Mesh Adaptive Direct Search @s) class of algorithms. The advantages of
this new QRTHOMADS instantiation of MaDS are that the polling directions are
chosen deterministically, ensuring that the results of a given run are repeatable,
and that they are orthogonal to each other, therefore the convex cones of missed
directions at each iteration are minimal in size.

The convergence results forROHOMADS follow directly from those already
published for MADS, and they hold deterministically, rather than with probability
one, as for CMADS, the first MADS instance. The initial numerical results are
quite good for both smooth and nonsmooth, and constrained and unconstrained
problems considered here.
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1 Introduction
This paper considers optimization problems of the form

min f(z) ,
wheref : Q C R" — R U {oc} is typically evaluated through a black-box computer
simulation with no available derivatives, afidis a set of feasible points also defined
by black-box nonlinear constraint, or even Boolean, functions. Because no exploitable
information on the nature gf or {2 exists, we consider direct search methods which only
use functions evaluations to drive their search.

Mesh Adaptive Direct Search (Mbs) is introduced in §] as aSEARCHPOLL de-
rivative-free class of methods with strong convergence properties. It extends the Gener-
alized Pattern Search 5) method of [L8]. The constraints are treated by the extreme
barrier approach, which simply rejects points outdidby setting their objective func-
tion value toco. The first instance of this class of methods is calle§/labs.

LTMADS behaves well in practice, but it has drawbacks that we wish to correct in
this paper. First, there is a probabilistic component to the choice of polling directions.
For each new mesh size, a random direction is chosen to a current mesh point. That
direction is completed somewhat randomly to a positive spanning set of directions from
the current iterate to other current mesh points. The resulting algorithm is shown to
have Clarke stationary point convergence with probability one. However, it has been
observed 10] that this way of choosing polling directions can lead to undesirably large
angles between some of the members of the1kDs polling set at a given iteration.

The purpose of this paper is to introduce a new variant ab§ which we call Gr-
THOMADS, that uses an orthogonal positive spanning set of polling directions and thus
avoids large angles between polling directions. In Fidjnee show some experiments
in which the RTHOM ADS directions do seem better distributed than thi®laDs.

We show that @THOMADS shares the same theoretical convergence results-as L
MADS, except that the convergence is not qualified by being of probability one. In the
tests given here, THOMADS performs generally better tharrMADS.

ORTHOMADS is detailed in Sectio2, where we show a deterministic way to con-
struct a polling set on the current mesh of orthogonal polling directions (#meHO-

MADS directions). Sectior also gives the convergence results, based on thogg.in |
Finally, we present numerical results in Sect®and some concluding remarks in Sec-
tion 4.

Notation: Throughout the text - || denotes thé, norm,e; € R" is thei’" coordinate
vector, anc: € R" is the vector whose components are all equdl tB.(x) denotes the
open ball of radius aroundz.



2 The ORTHOMADS algorithm

The ORTHOMADS algorithm is described in this section. We will not give details for the
MADS class of algorithms and itsTM ADS instantiation, since they are available .|

Each MaDs iterationk is separated into two steps, tReARCHand theroLL, where
the objective functionf and the test for feasibility are evaluated at finitely many trial
points. These trial points lie on the me&h, defined by

My, = {e+Al'Dz : x €V}, ze NP} CR",

whereV), C R" is the set of all evaluated points by the start of the iteratidfi,c R,
is the mesh size parameter at iteratigrand D is a matrix inR™*"» composed of.p
directions inR™. This paper focuses on tim®LL step which is characterized by the set
of trial points

P, = {ZI}]{—FAZdeGDk} C Mk,

wherex;, is thePOLL center at iteratiok and D, is the set ofPOLL directions, which
have to form a positive spanning set and to be constructed sethattrial points lie
on the meshV/,.. In Gps a related method, the directions containedipare always
chosen among the columnsBf Therefore, in @s, there is only the same finite number
of possibilities for selecting the directions in evdpy.

The differences betweenmrMADS and ORTHOMADS lie in the way to generate the
directions inDy: With LTMADS, D, is randomly generated and directions are not nec-
essarily orthogonal, possibly leading to large angles between directions and large unex-
plored convex cones of directions at a given step. However, the union of all normalized
LTMADS directions over all iterations is dense in the unit sphere with probability one.

ORTHOMADS introduces a new way to generate #heLL directionsD;. This new
method is deterministic and generates orthogonal directions, which together with their
negatives formD,, and such that the union of all normalizecR@HOMADS directions
over all iterations is dense in the unit sphere. Furthermore, the components of these
directions are integer, so theoLL points lie on the mesh defined with = [I,, — I,,],
wherel, is the identity matrix in dimension. The orthogonality of the @' HOMADS
directions offers a better distribution of tReLL trial points in the search space, and the
advantage of determinism is that numerical results are now easily reproducible. Because
of the random component offMADS, we felt that numerical experiments had to be
performed on series of several runs to show the reader the variations in the results.

At each iteration of @THOMADS, the main steps for the construction of these di-
rections are as follows. First, the pseudo-random Halton sequence produces one vector
in [0, 1]™ (Subsectior.1). Second, this vector is scaled and rounded to an appropriate
length (Subsectio.2). The resulting direction is called tlaljusted Haltordirection.

Third, the Householder transformation is then applied to the adjusted Halton direction,
producingn orthogonal and integer vectors, forming a basisRér(Subsectior.3).



Finally, the basis is completed to a positive basis forme@byORTHOMADS POLL
directionsD;,, by including inD, the basis and its negatives (Subsecfiof). Figurel
summarizes these steps, and will be referred to throughout the section.
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Figure 1. Example withhn = 2 and (¢,¢/) = (6,3). The Halton direction is;; =
(3/8,2/9)7, the adjusted Halton direction, = (—1, —2)” with «;, = 2 and the set of
PoLL directionsDy, = [H;, — H,, with H,e; = (3,—4)" and H, je5 = (—4,—3)".
EverypoLL directiond € D;, satisfiesA}"||d|| = 5/64 < A} = 1/8.

In this section we show that theRDHOMADS directions meet all the conditions
detailed in P, 4], so that GRTHOMADS is a valid MADS instance and thus inherits all of
its convergence properties.

2.1 The Halton sequencey;

Halton [11] introduced a deterministic family of sequences that grow dense in the hy-
percubel0, 1]*. We consider the simplest sequence of this family, whdselement
is

Ut = (Ut py, Ut pyy - - - ,utmn)T e [0,1]"
wherep;, = 2,p, = 3,p3 = 5 andp; is the ;' prime number, and, , is the radical-
inverse function in basg. More precisely,

(e 9]

P 2 :atmp
tp T p1+r ’
r=0



where thes, ., € Z, are the unique coefficients of the basexpansion of:
t = Zat,r,ppr .

r=0

Tablel describes the first five elementswoffor n = 4 (for exampleuss = 1 x 372 +
2x 37t = g). Our specific sequence af vectors is from this point addressed as the
sequence of Halton directions.

Table 1: The sequence of Halton directionssior 4 andt = 0,1, .. .,6.

; t in base Uy

2 3 5 T| wa wgz Uy Uy
0 0 0 0 0 0 0 0 0
1 1 1 1 1/1/2 1/3 1/5 1/7
20 10 2 2 2| 1/4 2/3 2/5 2/7
3/ 11 10 3 3|3/4 1/9 3/5 3/7
41100 11 4 4] 1/8 4/9 4/5 4/7
50101 12 10 5| 5/8 7/9 1/25 5/7
6110 20 11 6| 3/8 2/9 6/25 6/7

In order to remove the linear correlation of the last columns,¢fit is proposed
in [15] to exclude initial points of the Halton sequence. In the present work, we start the
sequence at=n + 1.

The following properties will be used in Subsecti®:

2uu —e=0 & n=t=1 (2)
‘Qut,pi - 1| == ’2ut,pj - 1| & t=0. (2)
Property @) follows from the fact that, ,, andu, ,, can be written as reduced fractions
with denominators that are powers of different prime numpgendp;.

The next result shows that the union of all the directions in the sequence of Halton
is dense irf0, 1], i.e. any directior € [0, 1] is an accumulation point of the sequence

{u}e,.
Proposition 2.1 The Halton sequenc; }:°, is dense irj0, 1]™.

Proof. It suffices to show that for any vectore [0, 1]* and any= > 0, there exists an
integert such that|u; — v|| < €. A construction of such an integeinvolves solving a
system of» Diophantine equations, and existence of a solution is ensured by the Chinese
Remainder Theoren8], and by the fact that prime numbers are used in the definition of
us. We refer the reader td ] for a detailed proof. .



2.2 The adjusted Halton directiong;

The directions inD,, used in therOLL step of MADS cannot be arbitrarily chosen, they
must satisfy precise requirements. The Halton directigrd not satisfy these require-
ments and the first steps toward generating a satisfactor,sate to translate, scale
and round,.

These operations depend on another integer paranfetefich is related to the
mesh size parametéy}” (this relationship withA}" is unimportant at this point and will
be detailed in Subsectioh4). The parametef is used to transform the directian
into theadjusted Halton directiory, , € Z", a direction whose norm is close 21/,
Furthermore, the normalized directiCﬁ% will be constructed so that it is close to

II;UAZ:EH' We already observed ii)that2u, — e = 0 is possible only ifn = 1 andt = 1,
and our algorithm never uses= 1 (we begin our Halton sequencetat n + 1, see
Subsectior?.4).

In order to definey, ,, we first introduce the following sequence of functions:

2u; — e 1 11"
= dlar——) € Z"Nn |—a — =, =
q:(a) = roun <a||2ut — e||) [ a-zQ + 2}

wherea € R, is a scaling factor, and; is thet Halton direction. The function;(-) is

a monotone non-decreasing step functioriRon Let o, , be a scalar such tha, (o () ||
is as close as possible 282, without exceeding it:

ape € argmax ||g(a)||
OZGR+ (3)
st gl <202

Problem B) can easily be solved using a bisection method. The adjusted Halton direction
¢+ is defined to be equal tg,(a:,), and the following Lemma ensures thay is a
nonzero integer vector:

Lemma 2.2 If t # 0, the adjusted Halton direction satisfig¢g .|| > 1.

Proof. From @), if t # 0 anda = 12— then||g(a)| = 1 < 214/2 for all ¢. .

2]|2ut —el| o

The following lemma gives a lower bound on the valuexpf. It will be used later
to justify thata; , grows large witty.
oler/2 - q

Vo2

Proof. Let o, , be an optimal solution of Probler8)(and set; , = ¢:(a: ). Then every

Lemma 2.3 The optimal solution of Problen3) satisfiesy, , >



feasible solutiorv to Problem B) satisfies

o (12=0)

12u; — el

2
. 2uj — 1
3" round (M
[2u — el

>2

i=1
n 1 2 1 2
2 (ee3) =n(ova)
i=1

oltl/2

Defines = 27 — 5. Theng is feasible for Problem8), sincel|¢:(5)||* < n(3+3)* =
2%l thereforea, o > 3. .

lg:(a)]®

IA

Table2 shows elements of the sequenegsindg, , for n = 4 and eight pairst, ()
whose values are compatible with the(RtHOMADS algorithm presented in Subsec-
tion 2.4. The values ofv;, and the square norrg ¢||* are also reported. One can
also notice thatv, often differs from2/4/2. In the example illustrated in Figurg

(t,6) = (6,3) andg,(a) = round (ﬁ(—g,—zoﬁ). An optimal solution of 8) is

o, = 2 and satisfiegig, || = V5 < VB = 21/ < [|q,(217)]| = ||(~1, =3)"| = V/I0.

Table 2: The sequence of Halton directionsind the adjusted Halton directiogg for
n = 4 and eight pairst, ¢).

&0, u“ e | O G lge.ell?
(5,0)| 5/8 7/9 1/25 5/7| 1.0/ 0 0-1 0 1
(6,1)| 3/8 2/9 6/25 6/7| 1.0/ 0—-1 0 1| 2
(7,2)| 7/8 5/9 11/25 1/49| 1.0/ 1 0 0 -1 2
(8,3)] 1/16  8/9 16/25 8/49| 25/—-2 1 1 -1 7
(9,4)] 9/16 1/27 21/25 15/49 | 4.0/ 0 -3 2 —1| 14
(10,5)| 5/16 10/27 2/25 22/49 | 55[-2 —1 =5 —1| 31
(11,6)| 13/16 19/27 7/25 29/49 | 7.7 5 4 —4 2| 61
(12,7)| 3/16 4/27 12/25 36/49/11.0|-7 =7 0 5| 123

The following proposition gives a property of the scaling and rounding operations,
which transform a vector into ¢ = round («v/||ul|). The property states that the
directionsv/||v|| andq/||¢|| are arbitrarily close for sufficient large valuescaf
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Proposition 2.4 Letv # 0 be a vector inR". For anye > 0, if « > — + — 5
g

q-round( ) # 0, then q v
[lgll Tl

=
ol 2

Proof. Considerg > 0 anda > 2y/n/e + /n/2. The vectorg may be expressed as
q = a— + 6, whered = (61,05,...,6,)" and|d§;| < 1/2foralli = 1,2,... n. It

follows that

il - )i
<%£?;_);i"’q'

L~ ol < ol < o2
la — |lg||| < ||6]]. Furthermoreq > 2y/n/c +\/n/2 > /n/2 andH(SH < /n/2 implies

thata satisfied) < a — [|§]]. It follows that
‘ < 2ol 2ol v e
lgll = =16l a—=vn/2 2

The norm ofg can be bounded with + ||9]] and therefore

||CJ|| o]

2.3 Construction of an orthogonal integer basis

This subsection gives a way to transform a sequence of directions into a sequence of
orthogonal bases. Given an integer nonzero vegterZ", we apply the (symmetric)
scaled Householder transformatidt?] to construct an orthogonal basis f&" com-

posed of integer vectors:

H = ||q|I*(1, — 2vv"), wherev = ——

ol )

Proposition 2.5 The columns off form an integer orthogonal basis fd".
Proof. First, the columns off are mutually orthogonal, sine€v = 1 and

HTH = |ql*(I, — 200™)" (I, — 200"
= |lg||* (I, — 200" — 200" + dvvTv?) = |q||*],.

7



Second, by dividing the previous equation |hy|* and applying symmetry, we reveal
the inverse off asH~! = . H. SinceH ! exists, the columns off form a basis in

: . llall*
R”™. Finally, the entries of !

q q°

H = ||q||*L, — QHC]HQWW

= llall*Z, — 2¢4"
are integer, since and||¢||* are integer. .

The next proposition shows that the Householder transformation applied to a dense
set of normalized directions produces a dense set of normalized directions:

Proposition 2.6 For t = 1,2,..., letv, = i and Hy = [|g:[|* (1 — 2vev/). If {ve}2,

is dense on the unit sphere, then the normalized sequence composed/otdtiemns
of H,, {Hg’f—eu} is dense on the unit sphere.

teill J =1
Proof. Let w € R™ with ||w|| = 1 be an arbitrarily unit vector > 0 be some small
positive number, and € {1,2,...,n} be the index of a column. Far > 1 (n = 1is
trivial), we need to show that there exists an indexN such that théth column of 4,
H.e;, satisfies
Hye;

[Huei]

First, observe thatH,e;|| = \/e] H{ Hye; = ||.[|*, and thereforete = e; — 2v,0/ e;.
Now, define the vector

—L  _(e;,—w if w; <1,
d:{ (e~ w

~uf <

2(1-w;)
eir1 (the sumi + 1 is modulon) otherwise.

Observe that ifv; = 1 then the vectod satisfied|d|| = 1 and2d;d = 0 = e; — w, and if
w; < 1then

T — 1 T —
ldl = Vd'd = \/m(ei—w) (e; —w) = 1,

1

By assumption{v, }?°, is dense on the unit sphere, and therefore there exists some
indext such that;, = d+ ¢, whered € R" is small enough to satisfy; (d+9) + d;|| <



/2. The proof may be completed as follows:

[~ = 2wl
l|ei — 2(d + 0)(d + 6)"e; — wl|

= |le; — 2(d; + 0;)(d + 9) — w||

= |le; — 2d;d — w — 2(0;(d + 0) + d;9)||

= |le; — (e; — w) —w — 2(8;(d + &) + d;0)||

= 2|[6;(d+0) + did]| < e.

In Figure 1, the Householder transformation is appliedgte = (—1,-2)” and

produces the integer orthogonal balis, = {_i :g}

2.4 TheORTHOMADS instance ofMADS

The new QRTHOMADS instance of M\DS can be now defined by combining the com-
ponents introduced in Subsectiochd-2.3. ThePoLL setP, used by RTHOMADS at
iterationk is entirely determined by the values of the paiand/,. Thet!" element of
the Halton sequenag, is used to create the adjusted Halton directign, whose norm

is as close as possible 282, The Householder transformation gn ,, produces an
orthogonal integer bas;, ,,, and the norm of each column is closexto!.

The LTMADS and QRTHOMADS algorithms are identical except for the construction
of the setP, and thepoLL directionsD,.. The set of direction® = [I,, — I,,] defining
the mesh\/;, and the mesh update parametets 4, w~ = —1 andw™ = 1 are the same
for both algorithms. The mesh size parame¥t and thepoLL size parameted! are
still defined with the integef;,, except that it is allowed to be negative. This extension is
not specific to @THOMADS and can be applied inTIMADS as well: at each iteration
k, thepoLL and mesh size parameters are entirely defined by the valje of

_0 m 4% jf b, >0
A =27 and Ay = { 1  otherwise )
Atiterationk = 0, ¢ is settol andAj* = A = 1. The mesh andoLL size parameters
always satisfyA7* < AP and A2/l = AP,
In the update step of iteratidn if no new incumbent is found, the iteration is said
to be unsuccessful anfg, ; <— /¢, + 1. Otherwise, the iteration is a success épd «—
¢, — 1. The MaDs algorithm generatesoLL trial points at a distance of ordéx}, from

thepoLL center, on a mesh/,, of size A}". At an unsuccessful iterationy;” is reduced

9



[0] Initializations
‘onQ,fo%O,k‘HO
[1] Iteration &
SEARCH (optional)
|evaluatef on Sy, C Mj,
PoOLL (optional is thesEARCHwas successful)
if thepoLL size is the smallest one so far
(e, if AP =min{AP: j=0,1,...,k})
[te — b +n+1
else(i.e., smallelPoLL sizes were considered)
‘tk<—max{tj :7=0,1,...,k—1}
computeuy,, g, ¢,» He, ¢, andDy, = [Hy, o, — Hy, 4, ]
evaluatef on P, C My,
[2] Updates
if the iteration is successful
Tht1 < Ts € Sp Ol x, € Py,
lppr — O — 1
else(iteration failure)
Th1 < Tk
lpr1 — b+ 1
k—k+1
goto [1] if no stopping condition is met

Figure 2: The @THOMADS algorithm.

faster thanA? and the number of possibkoLL trial points increases, allowing more
flexibility in the choice of theeoLL directionsDy.

Figure 2 describes our algorithm. TheoLL directionsD, depend entirely on the
two integerg; and/,. These integers are chosen to ensure that there will be a sequence
of unsuccessful iterations for which the mesh size parameter goes to zero, and such that
the directions used in that subsequence will be the tail of the entire Halton sequence.
In order to accomplish that goal, we keep track of the value of the smaltast size
parameter visited so far. At every iteration whek& is equal to that value, we set
tr = (. +n+ 1. A consequence of this way of fixing is that the set of ordered indices

U= {k1,ky,...} = {k : iterationk is unsuccessful, andy < ATVj =0,1,...k}

SatiSﬁeqtkl,gkl) = (n+ 1, 0), (th,ng) = (n+ 2, 1), Ceey (tkz>€kz) = (n—l—z, 71— 1), and
the set of Halton direction§uy, }rcu is precisely{u,; };2, . ;.

At the other iterations, those for which smallepLL sizes were previously consid-
ered, we just keep increasirg so that a new Halton direction is used. Examples of

10



Table 3: Example of @' HOMADS iterations forn = 4. lterationsk € {4,5, 8} cor-
respond to failed iterations with consecutive Halton eleménts 5, 6 and7 satisfying
ly =0 +n+ 1.

k SUCC/Fall(tk , gk) Azn AI]; HDkQH
o S (5, 0 1 1 1
1 s (6,-1) 1 2 2
o F  (T,-2 1 4 4
3 F  (8,-1) 1 2 2
4 F (5,0 1 1 1
5 F (6, 1) 1/4 1/2 2
6 S (7, 2) 1/161/4 4
7 F (9, 1) 1/4 1/2 2
8 F (7, 2 1/161/4 5
9 S (8, 3) 1/641/8 8

pairs(t;, £;) can be seen in Table The boldface entries are those whererleL size
parameter is the smallest one so far. In this example, the first three indiCewotld
be{4,5,8}.
As in LTMADS, the basidd;, ,, is completed to a maximal positive basis composed
of 2n directions,
Dy = [Htkugk - Htk,fk]v

the set ofPoLL directions. A minimal positive basis with + 1 directions is not con-
sidered in order to keep orthogonal directions. Tabikustrates QRTHOMADS bases
H,, 4., with possible pairsty, ().

Notice that any directiobe; (1 < i < 2n) satisfieg| Dre;|| = |lqiel|? < (21472)? =
2l and|| Dye;|| < 2¥. Therefore, theeoLL trial pointx;, + A Dye; is at an euclidean
distance of at mosh72//l = AP from thePoLL center. This distance is comparable to
that used in LMADS, where thepoLL trial points are exactly at a distanc€’ (using
the/,, norm) from thePOLL center.

We conclude this section with the following propositions that show thrt{®dM ADS
has the same convergence properties ad]iwith no need for a probabilistic argument.

Proposition 2.7 The set of normalized directior{ IgtfH } with/ =t—n—1is dense
& t=1
in the unit sphere.

Proof. Lete > 0 andd € R"™ with ||d|| = 1. Proposition2.1 states that the Halton
sequencéu, }:°, is dense in the unit culjé, 1]. Therefore, there exists an indeguch

olt—n—1|/2 1 2vn Vn 2ui—e £
that_\/ﬁ B > e + 2 and‘ ||2uz—eH dH S 2°

11



Table 4. A sequence of FTHOMADS bases corresponding to seven consecutive failed

iterations. Pair$ty, ¢;) correspond to consecutive Halton elements5, 6, . . ., 12 with
tr =0 +n+ 1.
(tr, Cr) Hy, o, (th, ) Hy, o,
HHtkkaei” ||Htk,€k6i”
[ 1 0 0 07 [ 14 0 0 0]
(5,0) 0O 1 0 0 (9,4) 0 -4 12 —6
1 0 0 -1 0 14 0 12 6 4
. 0o o o 1] 0 -6 4 12
[ 2 0 0 07 [ 23 —4 —-20 —47
(6,1) o o o 2| (105 4 29 —10 -2
9 0 0 2 0 31 20 —10 —19 —10
.0 2 0 0] | -4 -2 —10 29
[ 0 0 0 2] [ 11 —40 40 —-207
(7,2) o 2 o ofl (L6 | 40 29 32 —16
9 0 0 2 0 61 40 32 29 16
. 2 0 0 0] | 20 —16 16 53
-1 4 4 —47 [ 25 —908 0 707
(8,3) 4 5 —2 ol (027 | 98 25 0 70
7 4 -2 5 2 123 0 0 123 0
-4 2 2 5] 70 70 0 73

12



oltl/2

S

LemmaZ2.3 ensures that that,, > Tn —% > 2=+ ‘/75 Combining this last
inequality with Propositior2.4 gives
o=l = lia-me=al+ lpi=a -4
IIqtzII [2u; — el 20, —e]

<S4 -
2 2

This allows us to state our main result:
Theorem 2.8 ORTHOMADS is a validMADS instance.

Proof. In order to show that e HOMADS is a valid MADS instance we need to show
that thepoLL directions satisfy the following four propertie®, {4]:

e Any directionDe; (1 < i < 2n) can be written as a non-negative integer combi-
nation of the directions ab: This is the case by construction.

e The distance from theoLL centerz, to aPOLL trial point (in /., norm) has to be
bounded above bj}: This is also the case by construction because we ensured
that || Dye;|| < 2/%! for all i in {1,2,...,2n} and ||A7 Dyeillo < |AT Dyes|| <
Am2lisl = AP,

e Limits (as defined in7]) of convergent subsequences of the normalizedBgts
{d/||d|| : d € Dy} are positive spanning set$his can be shown the same way as
in [2] where the proof for LMADS is detailed, since, for & HOMADS and with
Htk,fk = {d/”d” :d € Ht]mgk}, det (chgk) = —1.

e The set of normalized directions used over all failed iterations is dense in the unit
sphere The strategy chosen for the valuestpfand/,, ensures that there exists a
sequence of failed iterations corresponding to consecutive valdgsTtdiese iter-
ationsk € U can be chosen to correspond to large valuei tiecause, from],

llchl AP = 0, andAy = 4% for ¢, > 0. Fork € U, the sets of directions
S
k—oo

{Dy}rev are constructed from consecutive directiops, , which are dense in
the unit sphere after normalization (Propositidi). Then, from Proposmoﬁ 6

and sinceDy, = [Hy, o, — Hy, 4], the set of normalized dlrectlor{ D’f‘fl }
keU
also dense in the unit sphere forak 1,2, ..., 2n.
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3 Numerical Tests

In this section, @THOMADS is compared to its predecessorNIADS [4] and to the
GpPs method [L8], on 45 problems from the literature. In theAds algorithms, the
theory supports handling constraints by the extreme barrier approach: Points éutside
are simply ignored and' is not evaluated. For &5 the extreme barrier approach is
supported by the theory only for a finite number of linear constraiti® [Still, for
comparison, we apply two different approaches: the extreme barrres- EB), and the
filter method described ir8] (GPs-FILTER), which has stronger theoretical support.

Because of its random behavior, 30 instances¥aDs are performed for each
problem. G sand CRTHOMADS are scored by comparing them against the BMaDs
instances. A score of for GPsor ORTHOMADS means that this instance gave a value
of f at least as good asof the 30 LTMADS instances, with a relative precision 0.

The worst score i9 and the perfect score corresponds3to We consider that a bad
instance has a score less thdn an acceptable instance is betwdé&nand 19, and a
good instance has a score greater than or eql.to

The integer/;, (see b)), defining the mesh andoLL size parameterd}* and A?
at iterationk, is allowed to be negative for bothtMADS and CRTHOMADS. Maxi-
mal positive base2{; directions) are used in the three methods, as is the opportunistic
strategy (theroLL is interrupted at the first success), and the optimist strategy: after a
successful point has been foundseARCH point is generated further along the same
direction. No otheisSEARCH s performed. The stopping criteria is satisfied when the
POLL size parametef] drops belowl E-12 or when the number of function evaluations
reached 000n.

The methods are tested on 45 problems divided into 4 groups: our choice of smooth
and nonsmooth unconstrained problems is the same &6jiarjd [9], respectively, with
21 smooth problems from theuG Er test set 1 6] and 13 nonsmooth problems frort¥],
which is a compilation of nonsmooth problems from the literature. We also tested on 9
constrained problems frond[6, 14], and in addition, we added two problems frofij [
that correspond to real applications.

All results and problem descriptions are summarized in Tabl€s where f(z*)
corresponds to the best known minimal valugpbalue to the final value off for each
method, ancvals to the number of function evaluations that each method performed.
Tables5 and 6 show results on the 21 unconstrained smooth problems frameC
ORTHOMADS has a perfect score on 17 of these problems. Taldisplays results on
the 13 unconstrained nonsmooth problems, wherge HOM ADS achieves good scores
on 7 problems. Tabl8 shows results for the 9 constrained problems. The same number
of problems (4) is considered good and bad f@m@oMADS. Finally, Table9 presents
results for the two real applications, aniRtHOMADS has perfect scores on both of
them.

Table10 summarizes the results. The first observation is that botip $4nstances

14



Table 5: QTEr unconstrained smooth problems (1 of 2). A scores &6r a method
indicates that the finaf value is at least as good af the 30 LTMADS runs (with a
relative error ofl%).

LTMADSXx 30

Problem GPs ORTHOMADS
worst best
n f(x*) evals evals evals evals
value value value ¢ value "¢
ARWHEAD 6128 650 1039 20 660 20
10 0.00 0.00 0.00 0.00 0.00
ARWHEAD 20000 1285 2079 30 1320 30
20 0.00 0.00 0.00 0.00 0.00
BDQRTIC 6320 4497 3510 30 5763 30
10 11.9 18.3 18.3 18.3 18.3
BDQRTIC 20000 17884 17074 20 20000 30
20 35.4 58.3 58.3 58.3 58.3
BIGGS6 831 570 764 30 713 30
6 0.00 2.06 2.06 2.06 2.06
BROWNAL10| 10000 10000 10000 1 10000 3
10 0.00 0.07 0.00 0.06 0.04
BROWNAL20| 20000  20000| 20000 3 20000 20
20 0.00 0.34 0.00 0.16 0.01
PENALTY 1 10000 10000 10000 0 10000 30
10 7.09E-5 7.09E-5 7.09E-5| 8.82E-5 7.09E-5
PENALTY 1 20000  20000| 20000 0 20000 30
20 1.58E4 1.58E-4 1.58E-4| 1.88E+4 1.58E+4
PENALTY 2 10000 10000 10000 30 10000 30
10 0.294E-3 |1.280E-3 1.241E-3|1.243E-3 1.250E-3
PENALTY 2 20000  20000| 20000 0 20000 30
20 0.829E-2 |1.080E-2 1.078E-2|1.152E-2 1.079E-2

...continued on Tablé

15



Table 6: GQTEr unconstrained smooth problems (2 of 2). A scores &6r a method
indicates that the finaf value is at least as good af the 30 LTMADS runs (with a
relative error ofl%).

Problem LTMADSX30 GpPs ORTHOMADS
worst  best
n f(x*) evals evals| evals evals
value value| value " ¢| value "¢
POWELLSG| 12000 12000 10093 20 12000 20
12 0.00 0.00 0.00] 0.00 0.00
POWELLSG| 20000 20000 20000 20 20000 20
20 0.00 0.00 0.00] 0.00 0.00
SROSENBR| 10000 10000| 10000 20 10000 o5
10 0.00 6.31 0.00] 0.00 0.06
SROSENBR| 20000 20000| 20000 30 1958 30
20 0.00 16.52  0.48| 0.00 0.00
TRIDIA 10000 7591| 9317 30 10000 30
10 0.00 0.00 0.00] 0.00 0.00
TRIDIA 20000 20000| 20000 30 20000 30
20 0.00 0.00 0.00] 0.00 0.00
VARDIM 1000  8163| 10000 0 10000 30
10 0.00 0.00 0.00f 4.01 0.00
VARDIM 20000 20000| 20000 0 20000 0
20 0.00 0.00 0.00(110.59 110.84
WoobDs 10951  7327| 8433 30 9479 30
12 0.00 104.91 104.91(104.91 104.91
Woobs 20000 19181 20000 30 20000 30
20 0.00 174.84 174.84|174.84 174.84
average scores20.2| 26.6
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Table 7: Results for unconstrained nonsmooth problems fieth |A score ofs for a
method indicates that the findlvalue is at least as good a®f the 30 LTMADS runs
(with a relative error ofl %).

Problem LTMADSX30 GpPs ORTHOMADS
worst best
n f(z*) evals evals| evals evals
value  value| wvalue “° | wvalue "¢
ELATTAR 456 1795 2392 16 3984 20
6 0.560 8.021 0.563| 1.714 1.504
EvD61 490 3280 920 5 4224 99
6 0.0349 | 1.6001 0.0417| 0.5443 0.0709
FILTER 1293 1761 1132 7 1332 9
9 0.00619 [0.00971 0.00797]0.00950 0.00935
GOFFIN 50000 50000| 24097 20 16842 20
50 0.00 1.10 0.06 0.00 0.00
Hs78 403 1026 819 13 405 13
5 —2.92 10.00 —2.88 0.00 0.00
L1HILB 17953 50000| 8738 0 50000 14
50 0.00 1.84 0.04 3.95 0.22
MXHILB 11523 20377 9384 0 20755 3
50 0.00 0.280 0.003| 0.976 0.197
OSBORNE2| 2046  5414| 1660 0 4555 2
11 0.0480 | 0.1703 0.0549| 0.2799 0.1089
Pecl 1211 1127 677 9 1291 17
50.0223 | 0.4146 0.0343| 0.3845 0.1602
PoLAK 2 1449 1742 1327 20 949 20
10 54.6 54.6 54.6 54.6 54.6
SHOR 1345 882 787 0 1087 20
5 22.6 22.9 22.6 23.5 22.8
WoNG1 1161 2109 1100 30 1823 30
7 681 699 693 697 693
WONG2 5403  5403| 1871 0 4977 0
10 24.3 31.4 24.8 47.4 32.8
| average scores10.2] 18.3]
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Table 8: Results for constrained problems. A score fufr a method indicates that the
final f value is at least as good asf the 30 LTMADS runs (with a relative error af%).

Problem LV\T/CIZ/:Qszigst GPSFILTER GPsEB |ORTHOMADS
n m f(z*) evals evals| evals evals evals
score score score
value value| walue value value
CRESCENTLO [5]| 1279  4473| 2152 0 1172 0 5497 20
10 2 —=9.00 —8.26 —8.95| —6.19 —2.32 —8.97
Disk10 [9] 1909 2626 2322 0 1143 0 2359 20
10 1 —-17.3 —-17.2 —-17.3| —13.0 —10.0 —17.2
B250 [6] 60000 60000| 15412 0 27773 0 60000 0
60 1 7.95 15.41 7.9911142.01 1116.03 16.92
B500 [6] 16705 15359| 11189 0 18912 0 29858 6
60 1 104 557 104 1235 1254 277
G2 [6] 3880  6461| 2056 4 2689 29 5414 99
10 2 —0.728 —0.181 —0.728| —0.221 —0.706 —0.561
G2 [6] 10877 15722 6376 3 6551 99 20000 99
20 2 —0.804 |—0.203 —0.736| —0.241 —0.721 —0.711
Hs114 [14] 1506  2135| 1756 0 1756 0 1661 4
9 6 —1769 —1012 —1312| —968 —968 —1016
MADG [14] 1122 1542| 1378 99 1378 99 1671 7
5 70.102 0.113 0.102| 0.103 0.103 0.108
PENTAGON [14] 859 2525 601 0 601 0 980 19
6 15 —1.86 —1.60 —1.86 0.00 0.00 —1.81
] average scores 3.2 8.9 16.3\
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Table 9: Results for real applications. A scoresdbr a method indicates that the final
f value is at least as good af the 30 LTMADS runs (with a relative error of%).
Displayedz values for problem 8y are divided byl 0”.

Problem LTMADSx30 GPSFILTER GrPsEB |ORTHOMADS
worst  best
n m f(z*) | evals evals| evals evals evals
score score score
value value| value value value
MDoO [1] 1767 15| 2719 0 2048 0 1212 30
10 10 —3964|—2530 —3964 | —1386 —1386 —3964
Sty [1] 1590 1189| 2073 99 2113 0 1214 20
8 11 —3.35| —2.88 —3.29| —3.11 —2.82 —3.27
| average scores11.0| 0.0] 30.0]

outperform Gs For 25 problems out of 45, &rHOMADS found the same solution as
the best of 30 LMADS runs. The new method solved 32 problems out of 45 problems
efficiently enough that, for these problems, the single run RF DM ADS was better
than two thirds of the 30 tMADS runs. For 4 problems, the two methods performed
equally well, and for 9 problems, at least two thirds of theMlADS runs gave a better
solution than the one produced byRCHOM ADS.

Table 10: Summary for the &and QRTHOM ADS performances. F, E and O correspond
respectively to ®s-FILTER, GPS-EB, and QRTHOMADS. A bad instance has a score
between O and 9, an acceptable (acc.) instance a score between 10 and 19, a good
instance a score higher than 20 and a perfect (perf.) instance has a score of 30.

average #of | # of bad|# of acc.|# of good # of perf.

problems . . M K K
scores (on 30)problemsinstancesinstancesinstancesinstances

F E O F EOFEO|F EO|F EO
smooth20.2 20.2 26.6 21 7 7 20 0 0 |14 14 19|14 14 17
nonsmooth10.2 10.2 18.3 13 8 8 312 2 3|3 3 7|3 3 4
constrained3.2 8.9 16.3 9 8 6 4/0 0 1|1 340 0 2
real applij11.0 0.0 30.0 2 12000 01 020 0 2
[totaloravd13.5 14.2 22.3] 45 |24 23 9|2 2 4 [19 20 32[17 17 25|
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Figure3illustrates the spread of the directions for bottMADS and QRTHOMADS.
Rosenbrock’s functionl[7] with n = 2 andn = 3 was used with 2000 and 3000 eval-
uations, respectively. In the two-dimensional case, all the normalized directions used to
generateeoLL trial points are directly represented on the top two subfigures. It is clear
that ORTHOM ADS directions are well distributed on the unit circle. This is not the case
with LTMADS because half the directions correspond to either or +e,. Forn = 3,
the two plots on the bottom represent the standard angles of the normalized directions
in spherical coordinates. There again it can be seen tR@HOM ADS directions have
a better distribution than those off MADS, since at least two thirds of theTMADS
directions possess some null coordinates. On the subfigure usiMgs with n = 3,
the horizontal bar ab = 7/2 corresponds to the set of directions where- 0. The
vertical bars af = +7/2 correspond to directions with = 0, and the one & = 0 and
0 = m correspond to directions with = 0.

LTMads n=2 OrthoMads n=2
1 X X 1 >i<x)‘(\ MX)‘(
X xX * % *g?( %
X }?()2( &’S%(
0.5 0.5
< X X X
y Ox ¥ y 0
X X X X
X
-05f 05 % X
X y % X
1 X xX 1 )%%‘(XW wwx%x
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X

OrthoMads n=3

Figure 3: LTMADS and QRTHOMADS normalizedpoLL directions on the Rosenbrock

function withn = 2 andn = 3.
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4 Discussion

This paper introduced FTHOMADS, an alternative instantiation of the Abs class of
algorithms. The advantages oROHOMADS over the original IMADS are that the
MADS directions are chosen deterministically, and that those directions are orthogonal
to each other. Moreover,RrHOMADS inherits all of the MADS convergence properties,
without probabilistic arguments, and without additional parameters.

Intensive tests on 45 problems from the literature showed that bathdVhstances
outperform the @salgorithm, and that @ HOMADS is at least as competitive ag_L
MADS, with a better distribution of theoLL directions.
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