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Abstract

Independence Systems and Stable Set Relaxations

by

Benjamin McClosky

Many fundamental combinatorial optimization problems inwlve the search for subsets
of graph elements which satisfy some notion of independencehis thesis develops
techniques for optimizing over a class of independence ®rsis and focuses on systems
having the vertex set of a nite graph as a ground set. The seetn for maximum stable
sets in a graph o ers a well-studied example of such a problenMore generally, for
any integerk 1, the maximum cok-plex problem ts into this framework as well.
Co-k-plexes are de ned as a relaxation of stable sets.

This thesis studies cd-plexes from polyhedral, algorithmic, and enumerative per
spectives. The polyhedral analysis explores the relatidrnip between the stable set
polytope and cok-plex polyhedra. Results include generalizations of odd les, webs,
wheels, and the claw. Su cient conditions for the integraliy of some related linear
systems and results on the composition of stable set polyliadare also given. The
algorithmic analysis involves the development of heurigtiand exact algorithms for
nding maximum Kk-plexes. This problem is closely related to the search for-&e
plexes. The nal chapter includes results on the enumeravstructure of cok-plexes

in certain graphs.
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Chapter 1

Introduction

Graphs are often used to model relationships among elememisa system. For
example, suppose a retail company desires to open a large f@mof outlets in a
developing area. If research indicates that the market camstain at most one outlet
per ve-mile radius, how should the company choose from a set potential locations
in order to maximize the total number of new outlets? This prblem can be solved
by analyzing a related graph.

To see the connection, levV = fvy,...v,g denote the ( nite) set of potential outlet
locations. LetE be the set of unordered pairs;v; such that locationv; is within ve

miles of locationv;. Notice that SV represents a feasible set of locations whenever
ViV Z E forall Vi, Vj 2 S.

In other words, the elements of5 are pairwise nonadjacent in the grapl = (V, E).
The setS de nes astable setin G, and the company's problem is solved by nding
a maximum cardinality stable set inG.

A natural extension of this location problem would be to allw at most k outlets



per ve-mile radius for some integerk 1. Note that the stable sets ofG remain
feasible. In general, though, the company will have the ogtin of opening more outlets.
De ne the neighbor set ofv; as Ng(vi) := fv; jviv; 2 Eg. Ng(vi) denotes the set of
locations within ve miles of v;. The problem now requires a feasible solutio® V

to satisfy the following:

iNg(v)\'Sj k 1 forallv2s.

In other words, each element o6 has at mostk 1 neighbors inS. The setS
de nes acok-plexin G, and the company's problem is solved by nding a maximum
cardinality co-k-plex in G.

The abstract notions of nding maximum stable sets and cd-plexes in a graph
are thus seen to have a useful application. Unfortunatelyhe ability to phrase a
problem in graph-theoretic terms does not imply that an e cient solution method
exists. Indeed, the decision versions of the Maximum Stalfs=t Problem (MSSP) and
the Maximum Co-k-plex Problem (MCPP-) belong to the class of NP-hard problems.
This suggests that any exact solution method for MSSP or MCPR probably requires
exponential, with respect to the size of the input parametst time to identify an
optimal solution in a general graph. Garey and Johnson (31)nd Papadimitriou and
Steiglitz (57) o er precise treatments of these complexityssues.

The complexity results on MSSP and MCPH« may seem discouraging, but they

do not indicate that all problem instances of practical sizare intractable. In fact,



an extensive body of research has lead to the solution of dealging MSSP instances
on graphs with hundreds of vertices (68; 73; 18; 4; 54). Muchi this research was
conducted in response to an implementation challenge coordted by the center for
Discrete Mathematics and Theoretical Computer Scien¢®IMACS) in 1992.

Since 1992, algorithms for solving MSSP are primarily tesdeon the well-known
DIMACS (26) benchmark graphs, many of which have industriabpplications. A
survey of methods as of 1999 is given by Bomze et al.(10). Mamexent research
(65; 60) has improved the running time for solutions on the MACS graphs and
found solutions for random graphs on the order of 15,000 vexs. MCPPXk is far
less studied (6; 49), but one purpose of this thesis is to agaé MCPPk on graphs
of comparable size.

This thesis shows that many results rst discovered in the adext of stable sets
have analogues in the context of ck-plexes. The new cdeplex analogues reveal that
certain properties of stable sets do not strictly depend orne de nition of a stable set.
Instead, it turns out that an arbitrary, but xed, level of de gree-boundedness su ces
to obtain much of the structure associated with stable setsThe analysis focuses on
nding co-k-plex analogues for polyhedral, algorithmic, and enumernae properties
of stable sets.

The polyhedral analysis deals with linear systems of ineqjitees. In principle,
polyhedral results facilitate the use of linear programmin techniques to solve cé-

plex optimization problems. Chapter 4 introduces four newlasses of facets for the



cok-plex polytope. Chapter 4 also shows that the exclusion of ntain subgraphs
causes the co-2-plex polytope to have a relatively simplecfal structure. This result
characterizes a class of graphs for which co-2-plex optimion is tractable. In ad-
dition, the polyhedral analysis includes a generalized non of graph perfection and
results on composition of co-1-plex polyhedra.

Combinatorial algorithms provide another solution methodor cok-plex optimiza-
tion problems. Rather than mapping the problem into a polyhéron, combinatorial
algorithms operate directly on the graph elements. Chaptes describes various new
combinatorial algorithms related to cok-plex optimization. The heuristics general-
ize well-known algorithms by Belaz (11) and Balas and Xue&). The exact algo-
rithms generalize well-known algorithms by Applegate andahnson (1), Carraghan
and Pardalos (18), andOstergrd (54).

The cok-plex polynomials in Chapter 6 carry information on the comimatorial
structure of cok-plexes in a graph. Although tractable cd-plex optimization and
nice combinatorial structure often coincide, the study of @k-plex polynomials has
other bene ts including visualization. For example, the poblem of counting and char-
acterizing binary strings with no consecutive triplet of oes is equivalent to computing
the co-2-plex polynomial of the pathP". Chapter 6 introduces cok-plex polynomials
and obtains recursive formulas for structured graphs sucls gaths and cycles.

This thesis is organized as follows. Chapter 2 introducestation and de nitions

used throughout the thesis. Chapter 3 discusses compositiof stable set polyhe-



dra. Chapter 4 studies the cd¢-plex polytope. Chapter 5 contains heuristic and
exact algorithms for detecting cohesive subgraphs, a preoh intimately related to
the search for cdk-plexes. All algorithms were implemented and run on a 2.2 GHz
Dual-Core AMD Opteron processor with 3 GB of memory. Chapte8 introduces co-
k-plex polynomials. Chapter 7 o ers some concluding remarkand discusses future

research.



Chapter 2

Notation and Definitions

This section discusses notation and de nitions relating tgraphs, polyhedra, inde-
pendence systems, and generating functions. An in-deptheatment of graph theory
is given by Diestel (25). Polyhedral theory is discussed ind@k et al. (23). Stanley's
book (64) develops the theory of generating functions. Mosif what follows can be
found in these references. The remainder of this thesis willake extensive use of the

material in this chapter.

2.1 Graph Preliminaries

Let G = (V,E) be a graph with verticesV (G) := V and edgesE(G) := E. All
graphs considered will be nite, simple, and undirected. Té verticesv,u 2 V are
said to beadjacentif uv 2 E. A stable setconsists of pairwise nonadjacent vertices.
The cardinality of a largest stable set irG is denoteda(G). A completegraph consists
of pairwise adjacent vertices. Maximal complete subgraptee called cliques. The
cardinality of a largest clique inG is denoted byw(G). Let G = (V, E) denote the

complement graphof G, wheree 2 E, e Z E. Notice that the complement of a



stable set is a complete graph.

A path P* in G is a subgraph with vertex setfvy,...,vig V and edge set
fvavo, ...,V 1vkg E where thev; are all distinct. A cycle C¥ in G is a subgraph
with vertex set fvy,...,vk@ V and edge sefviv,, ...,k 1Vk,WkV1g E where the
v; are all distinct. The length of a path (cycle) is de ned to bejE(P*)j (JE(C)j).
An edgee 2 E nE(CK) which joins two vertices inCk is achord. Chordless cycles of
length at least four are called induced cycles droles

Forallv2 V, let Ng(v) := fu2V juv 2 Eg be the neighbor set ofv, and let
degs(v) = jNg(v)] be the degree of in G. De ne the closed neighbor set ablg[v] :=
Ng(v) [f vg. Dene ( G):= max,yyfdegs(v)g and 6(G) := min,,yfdegs(v)g. Let
Ve VvV and E(VY := fuv 2 E ju,v 2 VY. The subgraphinducedby VO is
GIVY:= (VO E(VY).

Fix anintegerk 1. A subsetS V induces acok-plexif ( G[S]) k 1. The
term cok-plex refers to both the graphG[S] and the setS. Notice that co-1-plexes
are stable sets. A subseK V induces ak-plexwheneveré(G[K]) j Kj k. The
term k-plex refers to both the graphG[K] and the setK. Notice that 1-plexes are
complete graphs. The sef is a cok-plex in G if and only if S is a k-plex in G.
Consequently, the Maximum cdk-plex and Maximum k-plex problems are intimately
related. This is analogous to the relationship between stibsets inG and complete

graphs inG.



2.2 Polyhedral Preliminaries

Given vectorsxy, ..., Xk 2 R" and nonnegative scalard\;, ..., Ax 2 R, , the vector

!‘:1 AiXi IS a convex combinationof the x;'s if P !‘:1 A = 1. The convex hullof a
nite set S R" is the set of all convex combinations o8. The convex hull ofS is
the smallest convex set containing.

The vectors x4, ...,Xx 2 R" are said to bea nely independent if P !‘:1 AiXi =0

P
ikzl Ai = 0 imply that A; = O for all i. The more familiar concept of linear

and
independence implies a ne independence. Thdimensionof K R", i.e. dim K,
is one less than the maximum cardinality of an a nely indepedent set contained in
K.

A polyhedronis the solution set to a nite system of linear inequalities.In other
words, for any polyhedronP, there exists someA, b) such thatP = fxj Ax bg. A
polyhedronP  R" is full-dimensionalif dim P = n. A vector v 2 P is avertexif and
only if v is not the convex combination of vectors irP nfvg. Bounded polyhedra are
called polytopes A polytope can be characterized as the convex hull of its veres.

An inequality ¢c"™x disvalidfor P if P f xjc'x dg. The inequality is
supportingif P\f x jc'™x = dg 6 ;. The setF = P \f xj ¢'x = dg is called
a face of P. More generally, any subsystemA%  b° of Ax b inducesthe face
F=P\f xj A = b%, and every face oP is de ned by some subsystem of valid

inequalities. IfF 6 ; and F 6 P, then F is a proper face ofP.

A polyhedron isintegral if every nonempty face contains an integral vector. The



set of facesF, of the polyhedronP and the set inclusion relation de ne a partially
ordered set £, ). The maximal elements of F, ) are calledfacets If P is a
polytope, then the minimal elements of £, ) are exactly the vertices ofP. Thus, a
polytope is integral if its vertices are integral vectors.

For the remainder of this section, letP be a full-dimensional polytope. All facets
F of P satisfy dmF = n 1. Consequently,F is a facet whenever it contains
a nely independent points. Any facet F of P also satis es the following: ifF°2 F
is a proper face and=  F° then F = F°

Any de ning linear system for P must contain a distinct facet-inducing inequality
for each facet. A de ning system of inequalites isinimal if there exists a bijection
between the set of inequalities and the facets &f. P always has a unique (up to
positive scalar multiple) minimal de ning system. The wordfacet will often be used

to refer to both the face itself and the inequality which indees it.

2.3 Independence Systems

Let S be a nite ground set and| a family of subsets which are closed under
set inclusion. More preciselyJ® J 2 | implies that J°2 | . The pair (S,1)
de nes anindependence systemThe elements inl are known as independent sets.
Each elementd 2 | has an associated incidence vector’ 2 RSI, wherex] = 1 if
v 2 J and x] = 0 otherwise. The convex hull of all such incidence vectorsedhes an

independence system polytope.



A normal independence system has the property that all singletons2 S are
independent, i.e. v 2 S implies fvg 2 | . The polyhedra associated with normal
independence systems are full-dimensional subsets of thetunypercube in RIS!. In-
dependence systems are well-studied (22; 29; 53).

Finding an independent set of maximum cardinality is an NP-ard problem in
general. One notable exception occurs when all maximal ingEndent sets have the
same cardinality. An independence system with this propeytis called amatroid.
Matriods and the associated greedy algorithm have been wstudied (27; 28; 45; 55;
59; 67).

It is possible to de ne many independence systems over a mitgraphG. This
thesis studies a family of independence systems de ned over In particular, for any
integerk 1, let | denote the set of cd¢-plexes inG. Notice that if S is a cok-plex
and S° S, then S%is also a cok-plex. In other words, any induced subgraph of a
degree-bounded graph is also degree-bounded. Thug,s closed under set inclusion,
and (V, 1) de nes an independence system. The associated indepenckersystem
polytope is studied in Chapter 4. The enumerative structuref (V, I ) is analyzed in

Chapter 6.

2.4 Independence Polynomials and Enumeration

In enumerative combinatorics, a sequence of integers ), o is often represented

as the coe cients of a formal power series The reason for this is best explained

10



through an example. LetS be a set ofn objects and suppos@; denotes the number
of subsetsT S such thatjTj = i. Following the convention that " =0 for i > n,

n

the elements of the sequence satisty = foralli O.

The sequenced;); o can be stored as the coe cients of the following power series

X X n .
A(X) = ax = i x'.

i 0 i 0
Observe thata; is the coe cient of x' in the polynomial A(x). In this context, A(X) is
called agenerating function This construction is a form of book-keeping, and there is
no claim made on the convergence properties A{x). Moreover, the analysis ofA(X)
will focus on its properties as an object subject to operatis such as multiplication
and addition. Although A(1) happens to give the total number of subsets &, the
evaluation of A(x) need not have combinatorial signi cance in general.

Notice that the Binomial Theorem allows for an elegant repsentation of this

sequence A(x) can be described as follows:

X n . X 5
A(x) = i x = i x'=(1+ x)".
Thus, the value ofa; is stored as the coe cient ofx' in the polynomial (1+x)". One
purpose of this representation is that performing an operan on A(x) can correspond

to an operation on the setS. For example, letS® be a set ofm objects such that

S\ S°= 2. Dene () o accordingly. The sequencebf); o can be represented as

11



the polynomial B(x) = (1 + x)™. Consider the product of generating functions:
CX)= AX)B(X)=(1+ X)"1+x)" =@+ x)"™,

The coe cient ¢; of x' in C(X) now represents the number of subsefs  S[ S°
such that|T| = 1. Therefore, taking the product of generating functions coesponded
to taking the union of the underlying sets. Generating funébns are also useful for
developing recursive relationships and analyzing asymjpito behavior. It would have
been easy to derive these results directly for this particat sequence, but generating
functions are powerful tools for gaining insight into the bleavior of more complicated
combinatorial structures.

Given a graphG = (V, E), let | © denote the set of stable sets iG. Gutman and

Harary (33) associated the following polynomial withG:

X
1(G;x) = xI
121 G
This is the independence polynomiabf G. Now the coe cient a; of X' is the number
of stable sets of cardinalityi in G. The independence polynomiahtas been studied in
a number of papers (2; 12; 13; 14; 20; 34; 35; 37; 40; 41; 42)viLand Mandrescu
o er a survey (43). Chapter 6 introduces thecok-plex polynomialand generalizes
some properties of the independence polynomial.

The de nitions and notation discussed in this chapter will B used throughout this

12



thesis. In-depth treatments of these concepts can be foundthe references listed at

the beginning of this chapter.
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Chapter 3

Composition of Stable Set Polyhedra

Barahona and Mahjoub found a de ning system of the stable sgiolytope for a
graph with a cut-set of cardinality 2. This chapter extends liis result to cut-sets
composed of a complete graph minus an edge and uses the nevortm to derive a

class of facets.

3.1 Introduction

Let G = (V,E) be a simple undirected graph. LetS = fS VjSisa
stable sey. Each'S 2 S has an incidence vectox® 2 R/, where xS(v) = 1 if
v 2 S and x3(v) = 0 otherwise. Let P(G) be the convex hull of allx® such that
S 2S. P(G) is a full-dimensional polytope and has a unique (up to posiwe scalar
multiples) minimal de ning system. A vertex setK V is complete wheneveG[K]
is a complete subgraph. A maximal complete subgraph de nesdique. A vertex
v 2 V is simplicial if G[N(v)] is complete.

A cut-setC V decomposess into a pair of proper subgraphs G, G,) such that

C =V(Gy\ V(G,) and all paths from G; to G, intersect C. Chwatal (21) showed

14



that the union of de ning systems ofP (G;) and P (G,) de nes P (G) when G[C] is a
clique. Barahona and Mahjoub (8) de nedP (G) based on systems related t® (G;)
and P (G,) whenjCj 2. We extend this result to the case wher&[C] is a complete
graph minus an edge.

Section 3.2 contains results necessary to extend BarahomaldMahjoub's theorem.
Section 3.3 generalizes their theorem. Section 3.3 refavgésults from (8). Section 3.4
applies the new theorem to derive a class of facets for the lska set polytope called
diamonds. Section 3.5 uses techniques similar to BarahonadaMahjoub's method

to prove a theorem of Chwatal. Section 3.6 summarizes the salts.

3.2 Support Graphs

SupposeG has a cut-setC consisting of a nonadjacent pair of vertices. To obtain
a de ning system for P (G), Barahona and Mahjoub (8) attach toC a new set of
verticesfw;g. This augmentation de nes a graphG. P (G) has a facet which projects
along the subspace ofw;g variables to de ne P(G). We generalize this method to
the case whereG[C] is a complete graph minus an edge. Section 3.3 analyzes the
decomposition ofG into the pair (G, G;). Here, we determine how the support
graphs of facets foP (Gy) interact with the fw;g vertices.

Let a™x b be a nontrivial facet of P (G). Nontriviality implies b>0anda, 0
for all v 2 V. In this section, all facets are assumed to be nontrivial. Dee the

following sets:

15



Va:=fv2Vja,>0gandF,:=fS2Sja'x5 = bg.

The support graphofa™x b is de ned asG, := G[V,], the subgraph induced byV,.

Remark 1. Given a faceta’x b, F, consists of maximal stable sets i,.

In Section 3.3, we partition inequalities based on their imrsection with the set
fwig. Lemma 1 reduces the number of partition sets. Recall thatrgie P (G) is
full-dimensional, the setsS 2 F , collectively satisfy no equations other than scalar

multiples of a™x = b.
Lemma 1. If a™x b is a non-clique facet, thenG, contains no simplicial vertex.

Proof. Supposev 2 V, is simplicial in G,. Then K := Ng,(v) is a cliqgue and there
exists anS 2 F , such that S\ K = ;. Otherwise, i ok X3 (v) =1 forall S°2 F,,
a contradiction becausea’x b is not a clique inequality. Observe thatS is not
a maximal stable set inG,, sinceS [f vg is a feasible stable set. This contradicts

Remark 1. O

SupposeG = ( Gy, G) has a cut-setC whereG[C] is a complete graph minus an
edge. NoticeG[C] has a stable setu,vg. For k 2 f 1, 2g, add the f w;g vertices to Gy
such that Ng, (w1) = fwog [ (C nfug), Ng (wz2) = fwy,ug, and Ng, (w3) = C. See
Figure 3.1 for the augmented graptGy . The heavy edges denote joins (see (71)).
For example, the edge between and C nfu, vg indicates that u is adjacent to every

vertex in C nfu,vg.

16



1 6™

Figure 3.2: The matrix A.

Lemma 2. Let u,v 2 C be nonadjacent andC := C [f wy, w;,, wzg. For k 21, 2g,

X
Fe = fx2 P(Gy) j X(z)=2g

z2C

is a facet for P(Gy). Moreover, no other facet contains all the vertices d@ in its

support.

Proof. We show thatFy is a facet forP (G¢[C]) by building a full-rank jCj j Cj matrix
whose columns are incidence vectors of all stable sets whighon F,. See Figure
3.2. The rst three rows correspond towy, w,, and wz. The last rows correspond to
u and C n fug, respectively. Letlbe the (Cj-1)-dimensional column vector with a
1 in row v and O's elsewhere.

We now lift the inequality P ,ocX(z) 2 to afacet of P(Gy). Since all maximal

stable setsJ in Gy satisfyjJ\ Cj = 2, the lifting coe cients for vertices in V (G¢)nC

17



are zero. Thus, the inequality is a facet oP (G). Suppose another facea™x b
P
contains all vertices ofC in its support. By Remark 1, ZZCxSE(z) = 2 for all

S92 F .. It follows that F, coincides with the face induced ba™x b. O

Given a de ning system for a polytope, the process of projeng along a subspace
of variables, sayw; and w,, is less complicated if the coe cients ofw; and w, are
binary. The following lemma allows the de ning systems encmtered in Section 3.3

to be put in this form.

Lemma 3 (Mahjoub (47)). Given a faceta™x b, let wy, w, 2 V, be adjacent vertices

in G,. If wy is simplicial in G, w;, and w; is simplicial in G,  w;s, then a,,, = ay,.

Lemma 3 implies thata,, = ay, in any nontrivial facet containing both w; and
W, in its support. As a result, scaling these inequalities by ¢h,,) = (1 /a,) will

produce inequalities where both variables have binary coeients.

3.3 Composition of Stable Set Polyhedra

This section o ers a straightforward extension of techniges developed by Bara-
hona and Mahjoub. We will refer to results from (8). LetG = ( G4, G,) have a cut-set
C where G[C] is a complete graph minus an edge. Construct the augmentedagh

G by adding a new set of vertice$w;g to C, as in Section 3.2. De neC := C[f w;g.
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P
P(G) has a facetF = fx2 P(G) ] ,,cX(z) =29 such that
P(G) = proju,w,w.fFg=fx2 R®jow2 R®s.t (x,w) 2 Fg.

The set C decomposess into the pair (G, G;). In Section 3.2, it was shown that

P (Gk) has a facetFy for k 2 f 1, 2g.

Lemma 4 (Barahona and Mahjoub (8)) The facetF is de ned by the union of the

systems that de neF; and F.

Lemma 4 relies on the existence of a full-rank, square matrif all incidence
vectors for stable sets or-, F;, and F,. The matrix A constructed in the proof of
Lemma 2 (see Figure 3.2) implies that this lemma holds for theass of cut-setsC we
are analyzing. In order to nd a de ning system forF, consider the de ning system
for P (Gy) (other than clique inequalities involving thefw;g variables). Recall from
Section 3.2 that the support ofa’x b is denoted byV,. Lemma 1 and Lemma 2
imply that the facet-de ning inequalities can be partitioned into three setslf, 15, 1%
de ned as follows:

I]IT = fa.TX bi J Vai\f W11W21W3g: ’g

1X:=fa'x b j Vg \f Wi, Wo, wag = fwy, wogg

15:=fa'x b j Vg \T Wy, wo, wag = fwsgg.

19



Let Vx = V(Gk). Lemma 3 and Lemma 4 imply that the de ning system of can be
written as follows, k 2 f 1, 2g:
i2v Ak x(d) b, foralli2 Ik
i2v A X() + x(wy) + x(w;)  bE, forall i 2 15
i2v Ak X(3) + X(ws) bl forall i 2 1§
i2cnu XU) + x(wy) 1
j2cnu XU) + xX(wg) 1
i2cny XU) + X(ws) 1
x(u)+ x(wy) 1
X(wp) + x(wz) 1
P .
i2cx()=2
x(jJ) O, forallj2 V.

The projection of this system along the subspace of thiew;g variables is the

polytope P (G). To de ne P(G), we proceed exactly as in (8).

Theorem 1. The polytopeP (G) is de ned by the union of de ning systems foP (G;)
and P (G,), the non-negativity constraints, and the following facede ning mixed in-

equalities:

X X X
af x()+  ayx(j) x(j) b<+bl 2 fork=1,2;1=1,2;k6 I;i2 15r2 1)
i 2 Vi i2v j2cC
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Figure 3.3: A diamond of size 6.

Proof. See Theorem 3.5 and Corollary 3.7 in (8). O

3.4 Diamonds

This section uses Theorem 1 to derive a class of facetsRdIG). Let K, ..., Kg be
sets of vertices such that eacK; is nonempty and complete. The graplc shown in
Figure 3.3 is a member of a class of graphs which we call diarden The heavy edges
denote joins. For example, an edge betwedf; and K| indicates that G[K; [ K] is
complete. The size of the diamond is equal to the number of sd€;. The diamond in
Figure 3.3 has size 6, angl) ,ov X(z) 3 induces a facet foP (G). In general, facet-
inducing diamonds have sizer2(wheren > 1), a vertexu such that Ng(u) = Siz:l Ki,

and a pathP = pyp,...p2n 2 attached to the setsKgy, ..., K;, as shown in Figure 3.3.

P
Theorem 2. Let n > 1. If a diamond G has size2n, then ,,,, X(z) n induces a

facet for P (G).

Proof. The proof is by induction onn.
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Figure 3.4: Subgraphs of G; and Go.

Base case (n = 2): Choosev 2 K; andw 2 K,. The diamond of size 4 has
a 5-hole on the vertex sef p;, p2, w, u,vg. Moreover, the odd-hole inequality can be
lifted to include all vertices in Si4:1 Ki. This implies that P ,ov X(z) 2 induces a
facet for P (G) as claimed.

Induction step (n > 2): Suppose the theorem holds for all diamonds of even
size less than A. The diamond of size B has a cut-setC = Ky, 3[f U,p2n 49
which can be constructed by removing an edge from a completeagh. Therefore,
we apply Theorem 1. Figure 3.4 shows subgraphs of the pa®, G,). Let V. =
V (G1) nfwy, wog and V2= V (G,) nfwsg. The graph on the left is a diamond of size
2n 2. By induction,

X
x(z) n 1 (3.1)

z2vH

is a facet forP (G;). G, has an odd-hole inequality which lifts to obtain that

X
xX(z) 3 (3.2)

z2V,-

is a facet forP (G,).
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Figure 3.5: Diamonds with odd size.

Notice that inequality (3.1) 2 1} and inequality (3.2) 2 12. Theorem 1 gives the

following facet-de ning mixed inequality for P (G) :

X X X
X(z) + X(z) X(z) n 1+3 2
22V (Gy) 22V (Gy) z2¢C

P
Upon simplifying, we obtain that ,,,, X(z) nis a facet forP (G) as claimed.

O

Theorem 2 fails when the diamond has size that is odd and at E&hree. To see
this, let G be the diamond of size 3 shown in Figure 3.%5 is perfect and not a clique,
so G is not a support graph for any facet of° (G). Now let G be the diamond of
size 5 also shown in Figure 3.5. 16 is the support graph of a facet, then there must
exist 4+ P i5=1 jKij a nely independent maximal stable sets satisfying some e@uion.
However, no such set exists. It follows by induction that a dimond of odd size is not

a support graph for any facet ofP (G).
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3.5 A Theorem of Chvatal

This section uses techniques from the previous sections tbtain a theorem of
Chwatal. Let G = ( Gy, G,) be a graph with cut-setC, whereC is a clique. De ne
G by adding a new vertexw such that N;(w) = C. The maximal clique inequality
P i2c X() + x(w)  1is a facetF for P(G) and a facetFy for P(Gk). Moreover,
P (G) is the projection of F along thew variable. Partition the de ning system for
P(Gy) into the sets I¥ := fa™x BjwZVgandls:=fa'™x Bjw2Vaqg.
Lemma 1 impliesls = fP i2¢ X(J) + x(w)  1gsincew is simplicial. Therefore,F is

de ned by the following systemk 2 f 1, 2g:
P k H k H k
1 oun & X)) B foralli2lf
P ]
2. e X()* x(w)=1
3. x(J) O,forallj2 WV

The projection of which is simply the union of de ning systers for P (G;) and

P(G2).

3.6 Conclusions

This chapter generalizes a theorem of Barahona and Mahjoubrezerning the com-
position of stable set polyhedra. The main theorem extendsaBahona and Mahjoub's
theorem to the case where the separating set consists of a piete graph minus an
edge. The new result is applied to derive a class of facetsledldiamonds. It is also
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shown that similar techniques can be used to prove Chwata'theorem on complete

separating sets.
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Chapter 4

The Co-k-plex Polyhedra and Integral Systems

k-plexes are cohesive subgraphs which were introduced toasekthe structure of
cligues. A cok-plex is the complement of &-plex and is therefore similar to a stable
set. This chapter derives the co-2-plex analogue for cemaproperties of the stable
set polytope. We also describe a class of 0-1 matricAsfor which the polytope
fx2 R} j Ax 2,x 1gis integral. This characterization leads to the concept of

k-plex perfection.

4.1 Introduction

Given a graphG = (V, E), the problem of nding a maximum cardinality stable
set in G is a fundamental topic in combinatorial optimization. The Maximum Stable
Set Problem (MSSP) has been the subject of extensive resdarmuch of which has
focused on analyzing the convex hull of stable set incideneectorsP (G). If a system
of linear inequalities which de neP (G) is at hand, MSSP can be solved using linear
programming methods. However, such de ning systems can becdlt to obtain

because MSSP is NP-hard in general.
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The Maximum Clique Problem (MCP) is intimately related to MSSP. The search
for cohesive subgraphs has applications in ad hoc wirelegtworks (19), data mining
(69), social network analysis (70), and biochemistry and gemics (16). For a dis-
cussion of these applications, the reader is referred to Balindaram et al.(6). Using
MCP to detect cohesive subgraphs can be overly restrictivédCP will nd only ex-
tremely cohesive subgraphs. This approach can fail to detanuch of the structure
present in a graph. Seidman and Foster (62) introducddplexes to address this issue.

Recall that a cok-plex is the complement of &-plex. This chapter focuses on the
co-2-plex polytope and a related class of matrices. We degithe co-2-plex analogue
for certain properties of the stable set polytope.

This chapter is organized as follows. Section 4.2 discussesne preliminary def-
initions. Section 4.3 derives four classes of facets for the-2-plex polytope and a
class of facets for the general doplex polytope. The facets are related to 2-plexes,
cycles, wheels, webs, and the claw. Section 4.4 analyzes thdter of maximal 2-
plexes in 2-plexes, paths, cycles, and co-2-plexes. Notect®n 4.4 uses de nitions
and theorems found in Corniejols (24). Section 4.5 charastizes 2-claw-free graphs
(2-claws are de ned in Section 4.3). The results of Section4and Section 4.5 al-
low us to characterize the maximal 2-plex clutter matricesor which the polytope
fx2 R} jAx 2,x 1gisintegral. This characterization leads to the concept of

k-plex perfection, which is the topic of Section 4.6.

27



4.2 Preliminaries

Let G =(V,E) be a nite, simple graph. Fixk 1, recall that a subsetK V

induces ak-plex if the following condition holds:

degeki(v) J Kj k 8v2K.

Notice that 1-plexes are cliquesk-plexes were introduced by Seidman and Fos-
ter (62) in the context of social network analysis. Balasuratam et al.(6) provided an
integer programming formulation for the maximumk-plex problem and established
the NP-hardness of thek-plex decision problem.

A co-k-plex is the complement of &-plex. Each vertex in a cok-plex S has at
most (k 1) neighbors inS. Notice that co-1-plexes are stable sets. The NP-hardness
of the cok-plex decision problem follows directly from the result fok-plexes.

De ne ok(G) as the size of a largest c&-plex in G and refer to ax(G) as the
cok-plex number of G. Let| = flI V j I induces a cdk-plexg. Each cok-plex
I 2 1 has an associated incidence vecto 2 RV, wherex!, = 1if v 2 I and
x|, = 0 otherwise. Let Px(G) denote the convex hull of allx' such that 1 2 I .
Px(G) is a full-dimensional polytope and therefore has a unique§ to positive scalar
multiples) minimal de ning system of inequalities. The maxmal faces ofP,(G) and
their corresponding inequalities are both called facets. positive scalar multiple of

every facet must appear in any de ning system foPy(G).
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4.3 Facets of the co-2-plex polytope

Co-2-plexes and stable sets are both induced subgraphs af Imaximum degree.
Stable sets are induced subgraphs consisting of isolatedties. Co-2-plexes are
induced subgraphs consisting of isolated vertices and mh&d pairs. In this section,
we shall see that the associated polytopes share similar pesties.

We will rst determine when a 2-plex inequality induces a faet for P,(G). The
result is analogous to the maximal clique facets of the stabket polytope. The search
for facets then continues with four familiar classes of grap: cycles, wheels, webs,
and the claw. It is well-known that the presence of these sul@aphs can complicate
the facial structure of the stable set polytope (50; 52; 56;6%. It turns out that
similar graphs a ect the structure of the co-2-plex polytoe as well.

Our rst result gives a useful equivalent characterizatiorof 2-plexes. De ne the

neighbor set ofv as follows:

N(v):=fu2Vj(uv)?2Eg.

Lemma 5. G=(V,E) is a 2-plex if and only if a;(G) = minf 2,jVjg.

Proof. To show necessity, lelG be a 2-plex.jVj =1 clearly implies that 0,(G) = 1.
Otherwise, we haven,(G) 2 since any pair of vertices induce a co-2-plex. Suppose
a,(G) > 2. Then there exists anS  V such that G[S] is a co-2-plex of cardinality 3,

and we must havedeggs)(v) = 0 for somev 2 S. G[S] is a vertex-induced subgraph
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of G which is not a 2-plex. However, Seidman and Foster (62) shaivéhat if G is
a 2-plex, then any vertex-induced subgraph d& is also a 2-plex. This contradiction
implies the result.

To show su ciency, let a;(G) = minf2,jVijg. If a,(G) = 1, then jVj =1 and
henceG is a 2-plex. Suppose&,(G) = 2. All graphs on 2 vertices are 2-plexes, so
we may assumgVj 3. If G is not a 2-plex, then there existsv 2 V such that
dege(v) j Vj 3. Letw,u2 V nN(v). The setfv,u,wg induces a co-2-plex and

a,(G) 3, a contradiction. O

Lemma 5 fails for generak. For example, letk = 3 and consider the chordless
cycle on ve vertices. Cycles are 2-regular, s6° is both a co-3-plex and a 3-plex.
Thus

a3(C°) =5 6 minf3,jVjg.

4.3.1 2-plexes

This subsection o ers the co-2-plex analogue of the maximalique inequalities

for the stable set polytope. LetG = (V,E) and jVj = n. Given a 2-plexK, de ne

X
Xy GZ(K)
v2K

to be the associated 2-plex inequality.

We rst examine the case whenK = fvg. By Lemma 5, the 2-plex inequality
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becomesk, 1. Consider the vectors

vag’ Xful;vg’ o Xfun_l;vg

wherefuy,...,up, 1=V nv. Thesen a nely independent vectors satisfy the 2-plex
inequality at equality. Moreover, they are the incidence \a&ors of co-2-plexes irG.
Therefore,x, 1 is a facet forP,(G).

Notice that if JKj > 1, then the right hand side of the 2-plex inequality increases.
Consequently, any 2-plex properly containing vg will not induce x, 1. In other
words, X, 1 is a facet regardless of whether or ndtvg is maximal.

Consider the case wher& = fw, ug. The 2-plex inequality x,, + X, 2 does not
induce a facet. This is becausg, + X, 2 is a linear combination of the inequalities

Xw landx, 1 In contrast, whenjKj > 2, we have the following result.

Theorem 3. If K is maximal andjKj > 2, then the 2-plex inequality induces a facet

for P,(G).

P
Proof. Lemma 5 implies thata,(K) = 2, so the 2-plex inequality becomes ,, Xy

2. Let yTx g be a valid inequality for P»(G) and de ne the following sets:

X
F=fx2PyG)j x =2g, F =fX2PyG)jy x= Yo

v2K

Suppose thatF  F , and that F is a proper face (i.e.y nonzero). We will show
that F = F . This implies that F is maximal and that the 2-plex inequality is a facet
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for P,(G). Notice that we may assume/ has nonnegative components. For if, <0,
then F is contained in the face induced bk, 0, andy™x Yy, can be replaced by
Xy 0 without loss of generality.

Let u,w,z 2 K and note that x'4W9 xfuz9 xfwz8 2 F SinceF F , we have

Yot Yw= Yot Yz2=YwtY2=Yo ) Yu=Yz= Yw.

u,w, and z were arbitrary, so there exists a scalat > 0 such thaty,, = t for all
w 2 K. It also follows that y, = 2t.
Suppose there exists Z K. By the maximality of K, there existsu,z 2 KnN(s).

Moreover, x'U29 xfsuz6 2 F F | Hence

Yst Yot VY2=YutVYz2=Yo ) Ys = 0.
Thus ys = 0 for all s Z K. We have shown thaty"x yq represents an inequality of

P
the formt ., x, 2t Itfollows that F = F . O

An independent proof of Theorem 3 appears in Balasundaram ak(6).

4.3.2 Paths, cycles, and wheels

Let P" denote the path with n vertices andC" the chordless cycle om vertices.
The following lemmas will be useful as we determine which dgs and wheels induce

facets for the co-2-plex polytope.
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Lemma 6. ap(P")= 2 , 8n 1

Proof. Given a pathP", label V(P") with f1, ..., ng such that:

N(1)=f29, N(n)=fn 1g, N(H)=fi Li+1g 2 i n 1L
Dene S V(P"), wherei 2 S i 6 O0mod(3). S is a co-2-plex, and
jSj=n 3 = %” . Any larger setS°® V (P") must have a subset of the form
fi,i+1,i+2gand is thus not a co-2-plex. The result follows. O

Lemma 7. ap(C")= 2 , 8n 3

Proof. C3is a 2-plex, so Lemma 5 implies thati,(C3) =2 = % . Supposen 4.

Given a cycleC", label V (C") with f1,...,ng such that:
N(1)=fn,2g, N(n)=fn 1,1g, N@)=fi 21i+1lg 2 i n 1

Forallj2 V(C")dene K; = fj,j+1,j+2g V (written mod n). K is a 2-plex
P
for1 j n. Therefore, Lemma 5 implies that ,, X, 2 s a valid inequality
for1 J n. In addition, sincen 4, each vertex belongs to exactly three of the

K; sets. We now sum thesa inequalities and derive a Chwatal-Gomory cut.

X X

Xy 2n
j=1 v2Kj
X

X, 2n
v2V(Cn)
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XV -
v2V(C"n)
X y 2n
v —
v2V(C"n) 3

This valid inequality implies that o (C") &

DeneS V,wherei2S , 16 Omod(3)andié n 1.Sis a co-2-plex, and

jSi= % .Thusax(C") % and the result follows. O

An edgee 2 E(G) is cok-plex critical if axy(G e) = ax(G) + 1. The following is

a variation of a theorem and proof originally given by Chwaal (21).

Theorem 4. Let G = (V,E) be a graph andE E the set of cok-plex critical

edges. IfG = (V,E ) is connected then the inequality

X
Xy ak(G)

v2V
is a facet of P, (G).

vi . P
Proof. Let G satisfy the hypothesis and letP(G) = fx 2 RY | = ., avx
bi,i2 1g, wherel is the index set of facets other than the nonnegativity consdints.

Consider the dual linear programs given by

X X
maxf Xy ] X 0 ayXy Dbj,121g
v2V v2V
X X
minf Aibi jA 0, Aiayz lv2Vg.
i21 i21
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P
An optimal dual solution A satises ,, A/b = ax(G). Let s 2 V, and notice by
dual feasibility, there existsj 2 I such that A;, as > 0.

Choose (,w) 2 E . There exist cok-plex incidence vectorsy and z such that

X X
W= zy= 0(G), (4.1)
v2V v2V
Yo=2Zw =1, Yuw=2,=0, y,=2z, 8v2Vnfu,wg. (4.2)
It follows that
X X
djv Yv = v Zy = bj . (43)
v2V v2V

. : . P
For if not, then without loss of generality, we have ,,, ayz, <b; and hence

X X X X X X
Zy ( )\i ay)Zy = )‘i ( ayvzy) < )\i bi = a(G),

v2Vv v2V i2l i21 v2Vv i21

thus contradicting (4.1). Now (4.2) and (4.3) implya;, = a; . Recall that (u,w) 2 E

was arbitrary and G is connected, so we have
ay = as >0 8v2V.

Therefore, (4.1) and (4.3) imply
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P
The facet indexed byj was a positive scalar multiple of ,,, X, 0k (G). O
As a corollary we obtain the co-2-plex analogue of odd holescawheels.

Corollary 1. Letn 4. If n 6 0 mod (3), then the inequality

X 2n
Xy —

V2V (Cn)
is a facet of P,(C").

Proof. Lemmas 6 and 7 imply that every edge ir€" is co-2-plex critical whenever

n 6 0 mod (3). The result follows from Theorem 4. O

It seems possible that for larger values &, a certain class of cycles might induce
facets forP,(C") However, fork 3, C" is a cok-plex and ax(C") = n. Therefore,

any cycle inequality would be implied by summing the; 1 constraints.

A wheel W, is the cycleC" with an additional vertex u such thatN(u) = V(C").

Corollary 2. Letn 4. If n6 0 mod (3), then the inequality

2 X 2
( A 1)Xu + Xv _n

V2V (CM)
is a facet of Po(W,).

P
Proof. Corollary 1 implies that ,\ cny Xv 2 is a facet forP,(C"). Therefore,

we can lift the cycle inequality to a facet oP,(W, ). We need only calculate the lifting
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coe cient (B, of x,.

2 X _ 2
Bu = maxf En Xy ] Xy =1,Xx2 P(Wy)g= ?n 1
v2V(C"n)

4.3.3 Webs

Trotter (66) showed that a class of graphs called webs can uck facets for the
stable set polytope. We now show that webs can induce facetr fthe co-2-plex
polytope as well. In this section, all sums are written moa. For integersn 2 and

p, 1 p 3, let W(n,p) denote the graph on vertices/ = f1,...,ng and edges
E=f(i,jJ)jj=1+p,...,i+n p; 8i2Vag.

The web W (n, p) is regular of degreen 2p + 1 and has independence numbep. In
particular, any set of p pairwise nonadjacent vertices must form a dominating set in
W (n,p), and every vertexi satises [N(i)\ N(j)j=n 2pforj2fi 1i+1g.
We refer to such a pairi, j as consecutive. Notice that degwnp)(v) 38v 2V

n
wheneverp < 7 .

Lemma 8. If p< 5 , thenax(W(n,p))= p+1.

Proof. a(W(n,p)) p+1follows from the factthat fi,i+1,...,i+ pgis a co-2-plex

of sizep+ 1 for all i 2 V. We show that no larger co-2-plex exists. Since/(n,p)
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has independence numbep, any subsetS of p + 2 vertices satis esjE(G[S])] 2
Suppose for contradiction thatS is a co-2-plex of cardinalityp+2 such that JE(G[S])]
is minimum. Let (e, €2), (v1,U;) 2 E(G[S]).

De ne uy, ...Ups1 2 V such thatu, 2 N(vq) nfu;g and u;, ui+; are consecutive for
1 i p.Observeu,Z S sinceS is a co-2-plex and ¥, u;) 2 E(GJ[S]). In addition,
JN(uj+1) NN (u;)j = 1 becauseu;, uj+; are consecutive. De nevi,; = N(Uj+1) NN (U;).

By construction, we have that

Ui, Ui+1,Ui+2 2 N(v;) 2 i p 1 (4.4)

The setfuy, ..., u,g is a maximum independent set and hence dominating. There-
foree; = v; forsome 2 j p. Let j%be the smallest index such that either;oZ S
or vijo2 S is not isolated in G[S]. We havev;oq 2 S is isolated in G[S], and (4.4)
implies that fuy, ...,Ujz1g  V nS. If vjoZ S, let S°= (Snfvy, ..., vjo 10)[f Up, ..., Ujg.

If vjo2 S is not isolated in G[S], let S°= (S nfvy,...,vj@) [f Uy, ..., uj210. In either

case,S%s ap + 2 co-2-plex with JE(G[SY)j <E(GI[S])j, a contradiction. O

Consider the case wherp= 3 . If nis even, thenW (n, p) is a perfect matching
and a(W(n,p)) = n. If nis odd, thenW (n, p) is a cycle andoa,(W (n, p)) = %” by

Lemma 7.
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Theorem 5. Letp< 3 . Whenn andp+1 are relatively prime, the inequality

X
Xy p+l
v2V

is a facet of P,(W (N, p)).

Proof. Lemma 8 implies that the inequality is valid. Forn 1and 1 p<ndene
A(n,p) asthen n binary matrix wherea; =1if j2fi,i+1,...,i+ pganda; =0
otherwise.

In Trotter (66), it was shown that A(n, p) is nonsingular wheneven and p+1 are
relatively prime. Notice that A(n, p) is an incidence matrix ofn maximum co-2-plexes
given by fi,i+1,...,i+ pgforall i 2 V. These maximum co-2-plexes satisfy the web

inequality at equality. Thus, the web inequality induces adcet of P,(W(n,p)). O

For completeness, we mention thaw (2s + 1, s) is facet-inducing by Corollary 1
whenever 2+1 6 0 mod (3). We also obtain the co-2-plex analogue to odd antiholes.

An antihole C" is the complement of the chordless cyclé".

Corollary 3. Letn 4. If n6 0 mod (3), then the inequality

X
Xy 3

v2V(Cn)

is a facet of P,(C").

P
Proof. The antihole C" is the webW (n, 2). By Theorem 5, cny Xy 3 is a facet
whenevern and 3 are relatively prime. O
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4.3.4 k-claws

Our next goal is to show that a class of graphs similar to the alv can induce
facets for the cok-plex polytope. This motivates the de nition of ak-claw. Given an
integer k 1, the graph H is a k-claw if there exists a vertexu 2 V (H) such that
V(H)nu= N(u), N(u) is a cok-plex, andjN(u)] maxf 3,kg. We refer tou as the

center of the k-claw.

Theorem 6. Fix k 2. Let H =(V, E) be ak-claw with centeru andjVj= n. The
inequality

(n K)xy+ Xy n 1
V2N (u)

is a facet of P (H).

Proof. Let S be a cok-plexinH. If u2 S, thenjN(u)\ Sj k 1 by de nition
of cok-plex. If uZ S, then jN(u)\ Sj j N(u)j = n 1. In either case, thek-claw
inequality is valid. Let y'x vy, be a valid inequality for P,(H) and de ne the

following sets:

X
Fe=fx2 P (H)j(n K)x,+ Xy =n 1g, F = fx2P«(H)jy ™x= vog.

V2N (u)

Suppose thatFy, ~ F , and that F is a proper face. We will show thatF, = F .
This implies that Fy is maximal and thek-claw inequality is a facet forP,(H). As in

the proof of Theorem 3, we assume that has nonnegative components.
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Given a subset of verticed, let X' be the associated incidence vector. De ne

S=fu[ SjS N(u),jSj=k 1g.

Notice that F, = fx5j S 2Sg[f xN“g. Now choosei,j 2 N(u) and observe that

there existS;,S; 2 S such that

i2S, j2S;, iZ2S, jZ5Ss, jSi\ Sj=k L1

SinceFy  F, we havey™x5 = yTx5i = y,. It follows that y; = y;. So for some
constantt>0,y; = y; =t 81i,j 2 N(u).

Moreover, we know thaty™xN (") = y,. This implies that yo = t(n  1). Finally,
take S 2 S. Notice that y'x° = yg = t(n 1). We can now deduce thaty, =

ttn 1) t(kk 1)=1t(n k). Therefore, the inequalityy"x° y, can be written as

X
t(n  K)x, + tx, t(n 1).
V2N (u)
Thus it was a scalar multiple of thek-claw inequality andFy = F . O

A k-claw subgraph can properly contain othek-claws which give rise to distinct
facet-inducing inequalities. In other words, &-claw need not be maximal to produce
a facet. For our purposes, 2-claws will be of special intetéis Section 4.5. See Figure

4.1 for examples of 2-claws.
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Figure 4.1: Three examples of 2-claws.

4.4 P,(G) for 2-plexes, paths, cycles, and co-2-plexes

The purpose of this section is to show that the 2-plex inequtés su ce to
describe the co-2-plex polytope of 2-plexes, paths, certatycles, and co-2-plexes.
This is analogous to a property of perfect graphs. These rdsuprovide a class of
0-1 matricesA for which the polytopefx 2 R} j Ax 2,x 1gis integral. We will
analyze the clutter of maximal 2-plexes. The de nitions andheorems used in this
section can be found in Cornwejols (24).

A clutter is a pairC=(V,E) whereV is a nite set and E is a family of subsets
of V none of which is included in another. We refer to elements ®f as vertices and
elements ofE as edges. Given a grap® = (V, E), let Cbe the clutter whose vertices
areV and whose edges are the maximal 2-plexes@®fDenote by M the edge-vertex
incidence matrix ofC.

The clutter matrix Mg is totally unimodular (TU) if every square submatrix has
determinant O, 1. Ho man and Kruskal (38) showed that Mg is TU if and only if
the polyhedron

fx2 R} j Mgx wg
is integral for all integral vectorsw.
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SupposeK is a 2-plex. The clutter matrix M of maximal 2-plexes inK consists
of a single row of 1's. In this caseéM is clearly TU. It is well known that appending
the identity matrix to My preserves total unimodularity. Therefore, Lemma 5 implies
that the set

fx2R} jMx 2,x 1g

is in fact the co-2-plex polytope oK. Thus, the 2-plex inequalities su ce to describe
the co-2-plex polytope of any 2-plex.

A matrix is minimally nontotally unimodular ( mntu) if it is not totally unimodu-
lar, but every submatrix satis es total unimodularity. If a matrix is not TU, then it
must contain an mntu submatrix. Camion (17) and Gomory (cited in (17)) showed
that an mntu matrix has determinant equal to 2, and each row and column of an

mntu matrix has an even number of nonzeros. L&" be the path onn vertices.
Theorem 7. Let n 1. The clutter matrix Mpn of maximal 2-plexes inP" is TU.

Proof. We show by induction that Mpn contains nomntu submatrix. For n 3,
P" is a 2-plex andMpn is TU. Let n 4 and supposeM,,ois TU for all n® < n.
Label the vertices ofP" as in Lemma 6. The maximal 2-plexes iR" are of the form
Ki =fjj+1,J+2gforl j n 2 We can permute the rows oMpn so that
row j corresponds toK;. It follows that there are three 1's in every row ofMpn. In
addition, Mpn has a single 1 in columns 1 and and exactly two 1's in columns 2
andn 1. See Figure 4.2 for an example.

We attempt to construct an mntu submatrix M° by examining which elements
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1110000
0111000
0011100
0001110
0000111

Figure 4.2: Mp7.

from the rst row can contribute to M If we are able to show that no element from
the rst row contributes, it follows by a symmetric argument that no element from
the last row contributes. Removing the rst and last rows fran Mpn creates anMpn—
which contains nomntu submatrix by induction.

The rst and last columns of Mpn have an odd number of nonzero entries, so we
restrict the search to columns 2 througin 1. Denote bym; the element in thei®
row and j™ column of M. Let m; 2 M°denote that m; contributes a nonzero entry
to the mntu submatrix M°% Supposem;, 2 M% Notice that my, 2 MPif and only if
my3 2 MPsince these are the only nonzero candidates from the rst roworeover, if
my, 2 M? we also knowm,, 2 MP%as it is the only other nonzero entry in the second
column. It follows that my; 2 M%as well. Nowm,, Z MPsince the corresponding row
in M%would have three nonzeros. Thu#/° has two identical rows anddet(M9 =0,
a contradiction. Therefore,M° contains no elements from the rst or last rows, and

Mpn is TU by the induction hypothesis. 0

Once again, we can append the identity matrix and preserve ti unimodularity.
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Consequently, Theorem 7 and Lemma 5 imply that the set
fx2R? jMpax 2,x 1g

is the co-2-plex polytope ofP". In other words, the 2-plex inequalities su ce to
describe the co-2-plex polytope of any path.

We now turn our attention to the clutter of 2-plexes in chordéss cyclesC" is a
2-plex whenn 4. Let n 5. Corollary 1 implies that the 2-plex inequalities will
not su ce to describe P,(C") for n 6 0 mod (3). Even whenn 0 mod (3), the
2-plex clutter matrix Mcn is not TU since it contains an odd-hole submatrix. We
deal with this case directly by showing thatP (C") has no facets other than the 2-plex

inequalities.

Given an inequality a™x (B, dene supp = fv2 V ja, >0gand G =
G[supp ].
Lemma 9. If a™x B is a facet for P(G), then G is connected.

Proof. Let F = fx 2 P¢(G) ja"x = Bg, and suppose for contradiction thatG has

distinct componentsH, and H,. Sincea™ B is a valid inequality, we must have

X X
maxf OyXy | X 2 P(G)g+ maxf ayXy | X2 Pe(G)g= B+ B2 = B.

V2H1 V2H»

P P
In addition, every x 2 F satis es var, OvXy = ;. Otherwise, vaH, OvXy < B1
P P
and |, OyXy > B, a contradiction. Let FO= fx 2 Pc(G) | var, WXy = B10.
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We have that F FO. This is a contradiction sinceF must be maximal whenever

a'x B is a facet. O

Theorem 8. If n 5andn 0 mod (3), thenP,(C") = fx2 R j Mcnx  2,Xx

1g.

Proof. SupposeP,(C") 6 fx 2 R} j Mcnx  2,x  1g. Then there exists a facet
a'x B of P,(C") such that G is not a 2-plex. We know thatC" does not induce
a facet, soG G. Lemma 9 implies thatG is connected, sdG must be a path
P™ with at least four vertices. Sincea™ [ is a facet, there existm co-2-plexes
Si,...,Sm in P™ such that x5, ..., x5 are a nely independent and satisfy the facet
at equality. Thus a™x B also induces a facet of the co-2-plex polytope f&r™. This

contradicts the fact that fx 2 R} j Mpnx 2,X 1g de nes the co-2-plex polytope

forP™. O

Thus far, we have shown that the 2-plex inequalities su ce tale ne the co-2-plex
polytope of 2-plexes, paths, and chordless cycles of length 0 mod (3). We also
have that co-2-plexes satisfy this property. This is becaashe associated polytope
is the entire n-dimensional hypercube which is de ned by the system of 0 x; 1
inequalities. As a result, the polytopefx 2 R} j Ax 2,x 1gis integral whenever
A is the maximal 2-plex clutter matrix of a 2-plex, co-2-plexpath, or chordless cycle

of lengthn 0 mod (3).
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4.5 2-claw-free graphs and integral systems

The purpose of this section is to show that each component oRaclaw-free graph
must be a co-2-plex, 2-plex, path, or chordless cycle. We ubés result to completely
characterize the 2-plex clutter matricesA for which the polytopefx 2 R} j Ax

2,x 1gis integral.

Theorem 9. Let G = (V, E). If G contains a component other than a path, chordless

cycle, co-2-plex, or 2-plex, the contains an induced 2-claw.

Proof. If G is not connected, simply apply the proof to each component. ddce, we
may assumeG is connected. Suppos& is not a path, chordless cycle, co-2-plex, or
2-plex. We will nd an induced 2-claw subgraph. Every graph o 3 or less vertices is
a co-2-plex or a 2-plex. Thus, we may assumej 4.

If G is acyclic, then9 v 2 V such that deg(v) 3 sinceG is connected and not
a path. The setv[ N(v) induces a 2-claw withv as the center vertex. IfG is not
acyclic, letC™ G be a largest induced cycle. Labal (C™) usingfl,2,..,mgas in

Lemma 7. G is connected and not a cycle, so

Nc:=fu2VvnVv(CM™j9v2V(C™) st (uv)2Egs ;.

Supposem 4 and letu 2 Nc¢ satisfy V(C™) 6 N(u). Then there existsi 2

V(C™) such thati2 N(u),i+1 Z N(u). The setfu,i 1,i,i+1ginduces a 2-claw
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with 1 as the center vertex. Therefore, wheneven 4, we assume that

V(C™ N(u) 8u2 Ne.

Notice that if m 5, then this implies that the setfu, 1, 3, 4g induces a 2-claw with
center vertexu for any u 2 Nc. We now havem 4 left to consider. Whenm = 3,
we exclude the case wheme2 N¢ andV (C3)\ N(u) = fig. This is becauseau[ V (C3)
induces a 2-claw withi as the center vertex.

Furthermore, if Nc [ V(C™) 6 V, then there existu 2 Nc andv 2 V nfNc¢ [
V (C™)gsuch that (u,v) 2 E. Foranyi,j 2 V(C™)\ N(u), the setfu,v,1, jginduces

a 2-claw with u as the center vertex. Thus, for both of the following cases,amassume

Nc[ V(C™) = V.

Notice that this implies jVj = jN¢j + jV (C™)j.

Case 1 (m = 4). Recall that we may assumeV (C* N(u) 8 u2 Nc. If G[N¢]

is a 2-plex, thendeggnej(U) J Nej 28 u2 Nc. Hence

dege(u) j V(CHi+(iNcj 2)=jVj 2 8u2Nc.

Moreover,degg(v) = jNcj+2 = jVj 28v 2 V(C?. This implies that G is a 2-plex,

a contradiction. Thus G[N¢] is not a 2-plex, so Lemma 5 implies that there exists a
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co-2-plexS  Nc such thatjSj=3. The seti[ S is a 2-claw for anyi 2 V (C#).

Case 2 (m = 3). Recall that we may assumgN(u)\ V(C3%®j 28u2 Nc¢.If
G[Nc] is not a 2-plex, then Lemma 5 implies that there exists a coq@ex S  Nc¢
such thatjSj=3.1f 912 Tvzs N(v), then the seti[ S induces a 2-claw with center
vertex i.

Now supposeT v2s N(v) = ;. Observe thatdeggn.j(w) = 0 for some vertexw in
S. Let fv,zg= Snwandi 2 N(w)\ N(v)\ V(C?3). The latter set is nonempty
sincejN(u)\ V(C3®j 28 u2 N¢. Foreitherj 2 V(C3\ N(z), the setfw,v,i,jg
induces a 2-claw withi as the center vertex.

SupposeG[Nc] is a 2-plex. Recall thatG is not a 2-plex, so there exists a co-2-plex
SV such thatjSj =3 by Lemma 5. All vertices in N¢c have at least two neighbors
in V(C3 and a,(G[N¢]) = 2, so we must haveS\ V (C3) = fig. Let S\ N¢ = fu,vg
andj 2 N(u)\ N(v)\ V(C3). The setfj,i,u,vginduces a 2-claw with center vertex

J. This completes the proof. O

De ne H to be the set of all graphs whose components are co-2-plex2glexes,
paths, or chordless cycle€" such that n 0 mod (3). We refer to any chordless
cycleC" Z H as anodd-mod 3-hole Let A be the 2-plex clutter matrix for a graph

G. Consider the polytope

PYG)= fx2 R? jAx 2,x I1g.
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Theorem 10. P{G) is integral if and only if G2 H .

Proof. The results of Section 4.4 imply thatP {G) is integral wheneverG 2 H . For
the converse, suppos& Z H. If G contains an induced 2-clanH = (u[ N(u), E9,
then Theorem 6 implies that the 2-claw inequality can be litd to a facet ofP,(G).
Since H is not a 2-plex, the de ning system forP{G) is missing the lifted 2-claw
inequality. We can deduce thatP{G) 6 P,(G). In particular, the optimal solution
to
X
maxf(n  2)x, + Xy j X2 P{G)g
V2N (u)

is a fractional vertex of P{G).

If G ZH is 2-claw-free, then Theorem 9 implies thaG has a component which
is an odd-mod 3-hole. In this case, the de ning system f&t{G) is missing the cycle

inequality which is a facet by Corollary 1. IfC" is an odd-mod 3-hole component of

G, then the optimal solution to

X
maxf xvj X 2 P{G)g

v2V(Cn)
is a fractional vertex of Pq{G). O

Theorem 10 implies thatG is 2-claw-free for allG 2 H, otherwise the de ning
system forP {G) would be missing the 2-claw facet from Theorem 6.
We have shown that wherA is the 2-plex clutter matrix of a graphG, the polytope

PYG)isintegral if and only if G 2 H. When G Z H , then either G contains an induced
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2-claw or G has an odd-mod 3-hole component. Whenevé& contains an induced 2-
claw of any size, it must contain an induced 2-claw = (u[ S, E9 such that jSj = 3.
In this case, A contains the submatrix shown in Figure 4.3. If{G has an odd-mod
3-hole component, we mention tha#A contains the circulant clutter matrix C3. The
matrix G has vertex setf 1,...,ng and edgesfi,i+1,i+2gfor1 i n (written

mod n).

Corollary 4. Given a 2-plex clutter matrixA, there exists a polynomial-time algo-

rithm to determine if the polytopefx 2 RT j Ax 2,x 1gis integral.

Proof. A is a 2-plex clutter matrix for some graphG = (V,E). By Theorem 10, it
suces to testif G2 H.We rsttest A for the submatrix in Figure 4.3. This can
be done in polynomial time since we check every triplet of r@awv If A contains no
M, caw Submatrix, then G 2 H unless there exists a component @& which is an
odd-mod 3-hole. However, ic has an odd-mod 3-hole component, then the optimal
solution to the linear program maxf i voc XvJ AX 2,0 x 1g will be fractional

by Corollary 1 for some componenC. O
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4.6 k-plex Perfection

Chwatal (21) showed that the maximal clique inequalities 8 ce to describe the
stable set polytope of any perfect graph. Section 4.4 chatadzes the graphs for which
the 2-plex inequalities su ce to describe the co-2-plex pgtope. This characterization
can be seen as a generalization of Chwatal's theorem on peet matrices. In other
words, Theorem 10 can be interpreted as a polyhedral charadtation of 2-plex
perfection. Itis natural to ask for a combinatorial characgrization ofk-plex perfection
in general. The purpose of this section is to develop a chatexzation in analogy
with graph perfection.

The rst step is to nd an upper bound on w,(G). The bound will generalize the
concept of graph coloring. A coloring of5 is a functionc,, : V 7! f1,...,mg such
that c,(u) 6 cn(v) wheneveruv 2 E. The chromatic number x(G), of G is the
smallestm for which there exists a valid coloringc,. Notice that ¢, (u) 6 cy,(v) for
all u,v 2 K wheneverK induces a clique inG. It follows that the chromatic number

is an upper bound forw(G). Hence,

w(G) X(G). (4.5)

A graph G is perfect if every vertex induced subgraph o6 satis es (4.5) at
equality. We are interested in generalizing (4.5) to boundy(G). To that end,

suppose the vertex se¥ partitions into co-k-plexesCy, ..., Cr. Let K be a maximum
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k-plex in G. We have

. . . . Xn . . Xn
w(G) = JKj =KV Vj= JK\ Cj we (G[Ci]), (4.6)

i=1 i=1

where the inequality follows from the fact thatk-plexes are closed under set inclu-
sion (62). Now let be the set of all partitions of V into co-k-plexes and de ne the
graph invariant

X

Xk(G) := minf w(GIC]) : C2 g 4.7)
caCc
The elements of are co-k-plex colorings and xx(G) is the co-k-plex chromatic

numberof G. Section 5.2 discusses heuristics for computing(G). Notice that (4.6)

reduces to (4.5) wherk = 1 and Cy, ..., C,, are the color classes of an optimal coloring.

It follows that x1(G) = X(G). Moreover, (4.6) and (4.7) together imply the bound

w(G)  X«(G). (4.8)

Definition. A k-plex perfect graphG satis es w,(G% = X«(GY for all vertex induced

subgraphsG°® G.

Graphs which satisfy this de nition have some nice algoritimic properties. Mainly,
Xk(G) can provide tight bounds onwg(G) in a branch and bound scheme. However,
many properties of perfect graphs do not generalize to-plex perfect graphs. The

next section provides some examples kfplex perfect graphs.

Lemma 10. If G has at leask vertices, then there exists an optimal ck-plex coloring
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Si1,...,Sm of G such thatjS;j k for somej.

Proof. Suppose the lemma is false. Choose an optimal colorifg, ..., Sy, with jS,j
maximum. Notice thatm 2 sincejVj k andjS;j <k for all i. Moreover,jS;j <k
implies that wx(G[S;i]) = jSij. Choosev 2 S,. De ne S?:= S;[f vgandS? := S,nfvg.

Notice that

XI1 Xr‘ . . . O. . O. Xn . .
Xk(G) = W (G[Si]) = ISi] = JS1) + S5 + ISi],

i=1 i=1 i=3
s0S?,S9,...S, is an optimal cok-plex coloring such thatjS9 > jS,j. This contradicts
the maximality of S;. O
4.6.1 Examples

This subsection contains examples d&-plex perfect graphs. It is clear that any
cok-plex S is k-plex perfect sincexx(S) = wx(S) by de nition. Therefore, k-plex
perfection follows from the fact that every vertex-inducedubgraph of a cdk-plex is
also a cok-plex (62). Recall that a nite set X and a family | of subsets ofX de ne

a matroid if the following axioms hold:

1.7 21
2.19 121 implies1°2]

3. Every maximal set inl has the same cardinality
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Given a graphG =(V,E), de ne
K=fK V :3G[K] j Kj kg

K is the set ofk-plexes inG, and (V, K) satis es the rst two matroid axioms for any

graph.
Theorem 11. If M :=(V,K) de nes a matroid, thenG is k-plex perfect.

Proof. Given any vertex-induced subgraphG® = (V2 EY, dene D := V nV?%and

KO=fK VO%: §(G[K]) j Kj kg. Observe that
(VeK9Y=(VnD,KY= MnD

is again a matroid known as a deletion matroid, so it su ces tshowxx(G) = wk(G).
P
Dene x(A)= A%, S=fS V : (G[S]) k 1g,andS, =fS2S

v 2 Sg. Consider the following dual pair of linear programs:
maxfx(V) : x 0, x(S) wx(G[S]) forall S 2 Sg (4.9)

X
minf o (G[S])ys : y O, y(S,) 1lforallv2Vag. (4.10)
S2S

SinceM is a matroid, a theorem of Edmonds (27) implies that optimal @utions
for (4.9) and (4.10) are integral. Observe thatw(G) and xx(G) are the optimal
objective values for (4.9) and (4.10), respectively. Moreger, w(G) = Xk(G) by
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strong duality. O
Corollary 5. If G is a k-plex, thenG is k-plex perfect.

Proof. Given any K® V andv 2 V nK% K°[f vg de nes a k-plex. It follows
that all maximal k-plexes have cardinalityw,(G) = jVj, so G is k-plex perfect by

Theorem 11. O

Recall that an r-partite graph is r-colorable. The completer-partite graphs have

all possible edges between distinct color classes.

Theorem 12. If G is the completer-partite graph K, ..., then G is k-plex perfect.

Proof. Let K be a maximal k-plex in G and S; the i partition class. Clearly,
JK\ ' Sjj j Sij = n;. In addition, jK\ S;j k. Forif not, let v2 K\ §;, and notice

that Ng(v)\ Sj = ? implies
degeici(v) = JKj | K\ Sij <]JKj Kk,

which contradicts that K is a k-plex. Therefore,]K\ S;j minfk, n;g for eachsS;.
Suppose for contradiction thatjKj = P LK\ Sij < P i_, minfk,nig. Then

there exists aj such thatjK\ S;j < minfk, n;g, andjK\ §;j < n; implies that there

exists a vertexv 2 S; nK. Consider the setk®:= K[f vg and a vertexu 2 K°n§;.

Sinceuv 2 E,

degok p(u) = dege(u)+1  (jKj k) +1= jK§ k.
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Now supposeu 2 K\ §;. Observe thatdeggk g(u) = degg j(u) = jKj j K\ §;j >

jKj ksinceuv 62E and jK\ §;j <Kk. It follows that
degex (u) j Kj k+1=jK§ k.

Thus, sincedeggx 7(U) = degsk 7(v), K°is ak-plex in G, which contradicts the maxi-

r

P
mality of K. It follows that all maximal k-plexes inG have cardinality ;_, minfk, n;g,

so G is k-plex perfect by Theorem 11. O
The nal two examples are classes of 2-plex perfect graphs.
Theorem 13. The complement of a pattP" is 2-plex perfect.

Proof. This theorem follows from Theorem 7 and the fact that,(P") = ax(P").

More precisely, since the clutter matrixMpn is totally unimodular, we know that

X
Wo(P") = ay(P") = maxf Xy j Mpnx 2,0 x 1g.
v2V (PN)

Let K; = fj,j +1,j +2g. Notice that the dual linear program

X 2 X0
minf 2y, + A jyMi.+A 1, y,A Og

also has an integral optimal solution. LettingS denote the set of all cdk-plexes inP"
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and performing a change of variables allows us to rewrite th@evious LP as follows:

X X
minf  w,(C)zc j zc 1forallv, z 0g= x(P").
Cc2s C:v2C

Now X2(P") = w,(P") follows from LP duality. Moreover, this same proof holds fo
any vertex induced subgraph oP" because all submatrices dMpn are also totally

unimodular. O

Recall that for integersn 2 andp, 1 p 3, W(n,p) denotes the graph on

verticesV = f1,...,ng and edges

E=f(i,jJ)jj=1+p,...,i+n p; 8i2Vag.

Theorem 14. Let m 2. The webW (3m, 2) is 2-plex perfect.

Proof. Notice that W (3m, 2) is the complement of the cycl€ ™. Any proper induced
subgraph ofW (3m, 2) is also an induced subgraph d#3™ and hence 2-plex perfect by
Theorem 13. Therefore, it su ces to showx,(W (3m, 2)) = w,(W(3m, 2)). Observe
that fvy, vy, V30, ...,fVam 2,Vam 1,VamQ iS a co-2-plex coloring otV (3m, 2), so we can

deduce

X2(W(@Bm, 2))  wa(fvy,va,va@) + ...+ wa(fVam 2,Vam 1,Vam@) =2+ ... +2=2m.

Consider the setkK = fv; 2 V : 16 0mod (3)g. First observe thatjKj = jVj m=
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2m. We claim that K is a 2-plex. This is because every vertex has exactly two
non-neighborsy; 1,vi:1 2 V. However, the de nition of K implies that for eachv;

exactly one of the non-neighbors is also iK. In other words,

degw(gm;z)[K](V) J KJ 2 forallv2yV,

and K is ak-plex. Finally,

X2(W(@Bm,2)) 2m = jKj wx(W(EBm,2)) X2(W(3m,?2)),

and equality holds throughout. O

4.6.2 Graph Perfection and k-plex Perfection

It turns out that many properties of perfect graphs do not hae k-plex analogues.
Consider the complement<,, of a complete bipartite graph. Both componentsH;

and H, of K., are complete subgraphs.
Lemma 11. Letk 1. If r=2k 1, thenoyw(K,;)=2k and o (K ) =2k 1.

Proof. In the proof of Theorem 12, it was shown that

X2
Wk (Krp) = minfk, rg = 2k.

i=1

ThUS, ak(Kr;r) = (A)k(Kr;r) = 2k.
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Now wx(K,;) 2k 1 because each componeht; is complete and hence &-plex
of cardinality 2k 1. Suppose for contradiction thatw,(K,,) > 2k 1. Then there

exists ak-plex KV such that jKj = 2k. If jK\ H;j k, then
deg, . k(V)  k 1<k=jKj k foral v2 K\ H;.

This contradicts the de nition of k-plex. Therefore,jK\ H;j >k and K\ H;j >k,

which contradicts jKj = 2k. O
Theorem 15. Let k> 1. If r=2k 1, then K, is not k-plex perfect.

Proof. By Lemma 11, it su ces to show that xx(K;;) 2k. Clearly, Xx(K:)

w(Kyr) = 2k 1. Suppose for contradiction thatx(K,;) = 2k 1. Lemma 10
implies the existence of an optimal cé-plex coloring Sy, ..., S, of K., such that
jS1j k. Therefore, w (K, [S1]) k. Furthermore, Xx(K,;) < 2k implies that all

other setsS; satisfy jSij < k. Notice that

B X x o
2k 1= XKy )= W (Ker [Si])  k+ Wk (K [Si]) = k+ ISi].
i=1 i=2 i=2

P
Consequently,k 1 ", Sij. Now since the setsS; partition V andjVj =
4 2,

JSaj = V] ISij 3k L
Therefore,k > 1 implies thatjS;j 3k 1> 2k. This contradicts Lemma 11 because
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S is a cok-plex and oy (K. ) = 2k. O

Lowasz's (46) replication lemma is a well-known result from the theory of per-
fect graphs. Replication of a vertexw 2 V corresponds to the following operation:
create a new vertexv® and join it to v and all the neighbors ofv. The replication
lemma states that replication of a vertex in a perfect graphnoeduces another perfect
graph. However, fork 2, replication of a vertex in ak-plex perfect graph does not
necessarily produce anothek-plex perfect graph.

Fix k > 1. Consider the edgeless grapB on two verticesv; and v,. G is a cok-
plex since ( G) = 0. It follows that G is k-plex perfect. ConstructG° by performing
2k 2 replication operations on each of; and v,. This construction implies that
G°%= K,,, which is not k-plex perfect by Theorem 15. Therefore, vertex replication
does not preservek-plex perfection.

Theorem 15 also illustrates the following interesting progrty: G might not be
k-plex perfect even if all components o6 are k-plex perfect. This statement follows
from Corollary 5 and Theorem 15.

The nal topic of this section is a k-plex version of the Weak Perfect Graph
Theorem (46). The Weak Perfect Graph Theorem states tha® is perfect if and
only if G is perfect. Theorems 12 and 15 together provide counterexplas fork-plex
analogues of the Weak Perfect Graph Theorem for arky 2.

We now show thatk-plex perfection does not imply that the cok-plex polytope is

described by thek-plex inequalities. To see this, xintegerk 2andn minf3,kg.
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Consider the complete bipartite graphK.,. Theorem 12 implies thatKj., is k-
plex perfect. Observe thatK;.,, is also ak-claw. Theorem 6 states that thek-
claw inequality is a facet and hence necessary for any linedgscription of the cok-
plex polytope Py (K1.,). However, thek-claw inequality is not implied by the k-plex
inequalities. Therefore, thek-plex inequalities do not su ce to describe the cdk-plex
polytope of the k-plex perfect graphK;.,. Thus, the polyhedral characterization of

k-plex perfection di ers from the combinatorial characterzation wheneverk 2.

4.7 Conclusions

This chapter derives four classes of facets for the co-2pleolytope and a class of
facets for the cok-plex polytope. The facets are related to 2-plexes, cyclesheels,
webs, and the claw. Two sections of this chapter are devoted & characterization
of 2-plex clutter matrices A for which the polytopefx 2 R} j Ax 2,x 1gis
integral. We show that 2-plex clutter matrices can be testedor this property in
polynomial time. The nal section of this chapter is devotedo the development of a
combinatorial concept ofk-plex perfection. We give examples d&-plex perfect graphs

and discussed some di culties in generalizing certain pragties of graph perfection.
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Chapter 5

Detecting Cohesive Subgraphs

The Maximum Clique Problem provides a classic framework faletecting cohesive
subgraphs. However, this approach can fail to detect much thfe cohesive structure in
a graph. To address this issue, Seidman and Foster introduck-plexes by relaxing
the de nition of graph completeness. This chapter descrilsemethods for nding

maximum Kk-plexes.

5.1 Introduction

The problem of nding maximum cardinality cliques is a classe NP-complete
problem and is of fundamental importance in combinatorial @imization. The Max-
imum Cliqgue Problem (MCP) has applications in ad hoc wireles networks (19),
data mining (69), social network analysis (70), and biochestry and genomics (16).
MCP is also related to the derivation of a class of inequaldgs for general integer
programs (3).

Cliques provide a useful framework for detectingohesion or mutual adjacency

among a set of vertices, but they can be overly restrictive.df example, consider the
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Figure 5.1: A graph G such that ! (G)=3.

graph G in Figure 5.1. A maximum cardinality cliqgue inG has three vertices, denoted
by w(G) = 3. However, G has multiple subgraphs which are one edge short of de n-
ing a larger clique. Furthermore,G itself consists of two fairly cohesive subgraphs.
The maximum cliqgue approach fails to detect this cohesiversicture because MCP

can only detect subgraphs with the highest possible level obhesion. Seidman and

Foster (62) introducedk-plexes to address this issue. Recall the following de ndns.

Definition (Seidman and Foster (62)) KV induces ak-plex if 3(G[K]) j Kj k.

The term k-plex refers to both the setK and the subgraphG[K]. The de nition
of k-plex formalizes a general notion of cohesion. Lek(G) denote the cardinality of
a largestk-plex in G. Consider the graphG in Figure 5.1. The setf1,2,3,4,59 is a
maximum 2-plex. The setf 8,9, 10, 11,12 13g is a maximum 3-plex. In this example,

w2(G) =5 and w3(G) = 6.

Definition (Seidman and Foster (62)) C  V induces a cok-plexif ( G[C]) k 1.

Seidman and Foster (62) introducedck-plexes and analyzed them from a graph-
theoretic perspective. More recently, Balasundaram et a(6) provided an integer

programming formulation for the Maximum k-plex Problem, derived inequalities for
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the k-plex polytope, and established the NP-completeness of tkeplex decision prob-
lem.

The purpose of this chapter is to develop algorithms for ndig maximumk-plexes.
Sections 5.2 and 5.3 describe heuristics for bounding theesiofk-plexes in a graph.
Section 5.2 contains upper bounds. Section 5.3 contains avéw bound. Section 5.4
develops the exactk-plex algorithms. The exact algorithms are based either on a
standard clique algorithm (1; 18) or an algorithm ofOstergrd (54). Section 5.5
summarizes the results. The algorithms in Sections 5.2, 5.8nd 5.4 were tested
on the DIMACS benchmark graphs. All implementations were nmi on a 2.2 GHz

Dual-Core AMD Opteron processor with 3 GB of memory.

5.2 Co-k-plex Coloring

This section contains heuristics for nding an upper bound i w(G). The heuris-
tics are based on the concept of doplex coloring developed in Section 4.6. Let
be the set of all cok-plex colorings ofV, and recall the de nition of the cok-plex

coloring number

X
Xk(G) = minf wk(GIC]) : C2 g (5.1)
czaC
In Section 4.6, it was shown that
wk(G)  X«(G). (5.2)

65



In practice, determining the exact value ofxx(G) can be computationally pro-
hibitive, so we must approximatexyx(G). Our cok-plex coloring heuristics fall into
two categories: integral and fractional. To see the distition, let S be the set of
all cok-plexes inG, and let S, denote the set of cd¢-plexes containingv. De ne

P
X(A) ;= ,,A Xa. Consider the following dual pair of integer programs:

maxfx(V) : x2f0,1g, X(S) wx(G[S]) forall S 2 Sg (5.3)

X
minf  w(G[S])ys : y210,1g, y(Sy) 1lforallv2Vag. (5.4)

S2S

Notice that the optimal objective value for (5.3) iswx(G) and the optimal objective
value for (5.4) isxx(G). Moreover, by strong duality, the optimal objective valus for
the respective linear relaxations are equal. We can dedud®at any feasible solution
to the linear relaxation of (5.4) produces an upper bound orhe optimal objective
value for (5.3).

Integer Cok-plex Coloring Heuristics (ICCH) nd feasible solutions to(5.4). Frac-
tional Co-k-plex Coloring Heuristics (FCCH) nd feasible solutions tothe linear re-
laxation of (5.4). In either case, the result is an upper bouhon w,(G). Before
presenting these heuristics, we begin with three results bioding the k-plex number

of a graph.
Lemma 12. Every graphG satises wx(G) ( G)+ k.

Proof. Suppose that there exists &-plex K in G such that jKj > ( G)+ k. Choose
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a vertex v 2 K. Observe thatdeggk(v) | Kj Kk by the de nition of k-plex.

Therefore,degeikj(v) j Kj k> ( G), a contradiction sinceG[K] G. O

Lemma 13. Given a graphG and an integerm 0O, let a, denote the number of

verticesv 2 V such thatdegg(v) m.If J:= maxfm : a, k+ mg, then

w(G) k+j.

Proof. Suppose for contradiction thatG contains ak-plex K such thatjKj k+ j+1.

By de nition of k-plex,

degeiki(v) j Kj k j+1 forall v2 K.

In other words, K contains at leastk + j + 1 vertices v such thatdegg(v) j+1.It

follows that &,;  k+ j +1, contradicting the de nition of j. O

Lemma 14 (Balasundaram et al. (6)) Every cok-plexC satis es

wk(G[C]) 2k 2+ k mod 2,

and this bound is tight for allk 1.

The cok-plex coloring heuristics in this section apply Lemmas 1231 and 14 to
bound the k-plex number of a cok-plex. Notice thata; = 0 for all i  k whenever
Lemma 13 is applied to a cdeplex. Therefore,j k 1 and Lemma 13 gives the
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Figure 5.2: Lemmas 12-14 are not exact.

bound w(G[C]) 2k 1 for any cok-plex C. Thus, Lemma 13 implies Lemma 14
whenk is odd. Fork even, Lemma 14 can give a better for doplexes. However, in
practice, one would expect Lemma 13 to outperform Lemma 14 dsise the latter is
valid for all co-k-plexes while the former is derived for a given doplex.

The co-3-plexC shown in Figure 5.2 shows that these bounds are not exact.

Notice that w3(C) = 4. However, each bound impliesv3(C) 5.

5.2.1 Integer Co-k-plex Coloring Heuristics

This subsection contains two Integer Cd-plex Coloring Heuristics for approx-
imating Xx(G). Figure 5.3 shows the rst: ICCH1. Lines 1-5 produce a valid
cok-plex coloring C of G. Line 7 uses Lemmas 12, 13, and 14 to boung (G[C]).
The result is an upper bound onw,(G). Each execution of Line 4 can be used to
store the degree of every vertex i€,. Lines 3, 4, 6, and 7 can each be accomplished
in linear time using an adjacency matrix. It follows thatlICCH1 is an O(jV j?) algo-
rithm. Table 5.1 contains computational results obtained ¥ running ICCH1 on the
DIMACS benchmark graphs with an arbitrary initial vertex ordering.

We can alter ICCHL1 by adding a feature modeled after the DSATUR graph

coloring heuristic (11). De ne the saturation degreeof a vertexv to be the number
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Table 5.1: ICCH1 Results

G 2(G) seconds 3(G) seconds 4(G) seconds
brock200-1 93 0.0 151 0.0 169 0.0
brock200-2 55 0.0 95 0.0 118 0.0
brock200-4 78 0.0 131 0.0 151 0.0
brock400-2 172 0.1 285 0.1 332 0.1
brock400-4 168 0.1 286 0.1 330 0.1
brock800-2 248 0.3 442 0.3 570 0.3
brock800-4 247 0.3 440 0.3 557 0.3
c-fat200-1 18 0.0 20 0.0 21 0.0
c-fat200-2 34 0.0 37 0.0 38 0.0
c-fat200-5 82 0.0 89 0.0 90 0.0
c-fat500-1 19 0.0 23 0.0 24 0.0
c-fat500-2 36 0.0 41 0.0 42 0.0
c-fat500-5 85 0.1 98 0.0 99 0.0
c-fat500-10 172 0.1 191 0.1 192 0.1
C125.9 95 0.0 122 0.0 123 0.0
C250.9 176 0.0 230 0.0 240 0.0
C1000.9 525 0.7 897 0.7 929 0.7

gen400-p0.9-55 242 0.1 365 0.1 379 0.1
gen400-p0.9-65 243 0.1 369 0.1 382 0.1
gen400-p0.9-75 235 0.1 368 0.1 384 0.1

hamming6-2 32 0.0 48 0.0 56 0.0
hamming6-4 8 0.0 12 0.0 16 0.0
hamming8-2 128 0.0 192 0.0 224 0.0
hamming8-4 32 0.0 48 0.0 64 0.0
hamming10-2 512 0.7 768 0.7 896 0.7
hamming10-4 128 0.5 192 0.5 256 0.5
johnson8-2-4 12 0.0 16 0.0 19 0.0
johnson8-4-4 28 0.0 42 0.0 48 0.0
johnson16-2-4 30 0.0 63 0.0 73 0.0
johnson32-2-4 72 0.1 122 0.1 171 0.1
keller4 54 0.0 100 0.0 128 0.0
keller5 235 0.3 450 0.3 554 0.3
MANN-a9 38 0.0 44 0.0 45 0.0
MANN-a27 324 0.1 369 0.1 378 0.1
MANN-a45 833 1.0 1032 0.8 1035 0.8
p-hat300-1 39 0.0 69 0.0 90 0.0
p-hat300-2 76 0.0 135 0.0 173 0.0
p-hat300-3 129 0.0 210 0.0 245 0.0
p-hat700-1 76 0.1 135 0.1 184 0.1
p-hat700-2 165 0.2 289 0.1 375 0.2
p-hat700-3 267 0.3 451 0.2 556 0.2
p-hat1500-1 136 0.5 251 0.6 349 0.6
p-hat1500-2 302 0.9 553 1.0 758 1.0
p-hat1500-3 508 1.5 908 1.5 1100 1.6
san200-0.7-2 105 0.0 147 0.0 159 0.0
san200-0.9-1 133 0.0 184 0.0 193 0.0
san200-0.9-2 136 0.0 189 0.0 192 0.0
san200-0.9-3 140 0.0 189 0.0 191 0.0
san400-0.9-1 249 0.1 374 0.1 378 0.1
sanr200-0.9 130 0.0 192 0.0 193 0.0
optimal
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function ICCH1(V)

1. CG=2for 1 i V]

2. forallu2V

3. m = minfi: C;[f ugis a cok-plex in Gg

4, Cnhn=Cnl[f ug

5. end

6. Computed; := maxfm : a, k+ mg for eachC;

7. bound = Y minf 2k 2+ kmod2 k+ ji, ( G[C])+ k, jCijg
8. return bound

Figure 5.3: Co-k-plex Coloring Heuristic ICCH1

of distinct partition sets C such that C [f vg is not a cok-plex. At each step in
the algorithm, color the vertex with the largest saturationdegree. The resulting
algorithm is shown in Figure 5.4. Lines 4-8 can all be acconmgiied in linear time,
so ICCH2 is another O(jV j?) algorithm. Table 5.2 contains computational results
obtained by running ICCH2 on the DIMACS benchmark graphs with an arbitrary
initial vertex ordering.
The results show thatlICCH1 and ICCH2 give similar estimations ofxy(G) on

the DIMACS graphs and that no signi cant gain is realized by onsidering saturation

degrees. Both heuristics tend to run in under a second.

5.2.2 Fractional Co-k-plex Coloring Heuristics

This subsection adapts the fractional coloring proceduref 8alas and Xue (5) in
order to obtain a bound onw(G). The resulting FCCH de nes a set of cdk-plexes
Cy,...Ch V with the property that after p iterations, each vertexv 2 V belongs to

exactly p distinct co-k-plex sets. We can then construct a feasible solutionto the
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Table 5.2: ICCH2 Results

G 2(G) seconds 3(G) seconds 4(G) seconds
brock200-1 94 0.0 148 0.0 169 0.0
brock200-2 55 0.0 96 0.0 118 0.0
brock200-4 80 0.0 129 0.0 151 0.0
brock400-2 172 0.1 284 0.1 332 0.1
brock400-4 169 0.1 288 0.1 330 0.1
brock800-2 250 0.5 436 0.3 563 0.3
brock800-4 249 0.8 440 0.3 569 0.4
c-fat200-1 18 0.0 20 0.0 21 0.0
c-fat200-2 33 0.0 37 0.0 38 0.0
c-fat200-5 82 0.0 89 0.0 90 0.0
c-fat500-1 22 0.1 23 0.0 24 0.0
c-fat500-2 37 0.1 41 0.0 42 0.0
c-fat500-5 90 0.1 98 0.0 99 0.1
c-fat500-10 173 0.2 191 0.1 192 0.1
C125.9 96 0.0 119 0.0 123 0.0
C250.9 168 0.1 237 0.0 240 0.0
C1000.9 527 1.1 872 0.9 929 0.9

gen400-p0.9-55 238 0.1 371 0.1 379 0.1
gen400-p0.9-65 238 0.1 364 0.1 382 0.1
gen400-p0.9-75 230 0.1 372 0.1 384 0.1

hamming6-2 32 0.0 59 0.0 61 0.0
hamming6-4 10 0.0 25 0.0 26 0.0
hamming8-2 128 0.0 235 0.0 251 0.0
hamming8-4 49 0.0 116 0.0 154 0.0
hamming10-2 512 1.0 939 0.9 1017 0.9
hamming10-4 260 0.7 556 0.8 755 0.8
johnson8-2-4 12 0.0 18 0.0 19 0.0
johnson8-4-4 38 0.0 55 0.0 57 0.0
johnson16-2-4 48 0.0 81 0.0 95 0.0
johnson32-2-4 133 0.1 236 0.1 332 0.1
keller4 57 0.0 101 0.0 115 0.0
keller5 220 0.4 430 0.3 576 0.3
MANN-a9 37 0.0 42 0.0 45 0.0
MANN-a27 306 0.1 351 0.1 378 0.1
MANN-a45 814 1.1 990 0.9 1035 0.9
p-hat300-1 38 0.0 69 0.0 89 0.0
p-hat300-2 76 0.0 138 0.0 169 0.0
p-hat300-3 125 0.1 203 0.0 237 0.0
p-hat700-1 77 0.1 136 0.1 178 0.1
p-hat700-2 158 0.2 290 0.2 373 0.2
p-hat700-3 263 0.3 449 0.3 554 0.3
p-hat1500-1 140 0.9 251 0.9 352 0.9
p-hat1500-2 302 1.6 555 1.7 764 1.7
p-hat1500-3 503 2.3 905 2.4 1113 2.4
san200-0.7-2 66 0.0 113 0.0 155 0.0
san200-0.9-1 131 0.0 183 0.0 194 0.0
san200-0.9-2 134 0.0 185 0.0 192 0.0
san200-0.9-3 135 0.0 190 0.0 191 0.0
san400-0.9-1 229 0.1 346 0.1 378 0.1
sanr200-0.9 131 0.0 188 0.0 193 0.0
optimal
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function ICCH2(V)

1. CG=72forl i jVj

2. sat(v)=0Oforall v2V

3. whileV 6 ?

4. Letu2fv2V : sat(v) sat(w)forallw2Vg
5. V =V nfug

6. m = minfi: C; [f ugis a cok-plex in Gg

7. Ch=Cnl[f ug

8. Update sat(v) for all uncoloredv 2 N(u)

9. end

10. Computej; := maxfm : a, k+ mg for eachC;

11. bound= Y minf 2k 2+ kmod 2, k+ i, ( G[C])+ k, jCijg
12. return bound

Figure 5.4: Co-k-plex Coloring Heuristic ICCH2

linear relaxation of (5.4) as follows:

From this solution, we deduce

w(G) % wk(G[Ci])yc;-

i=1

Figure 5.5 contains the FCCH. The seC consists of the cdk-plexesC,[ ...[ Cy.
At each iteration, a vertex is either added to an existingC; 2 C in Line 7 or to a new
partition set in Line 10. When the algorithm reaches Line 12every vertex belongs
to exactly p partition sets, sot,, is a valid upper bound onw (G).

The FCCH can be run using eitherl CCH1 or ICCH2. Tables 5.3 and 5.4

contain computational results obtained by runningFCCH1 and FCCH2, which use
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function FCCH(V)
tog=1;p=1
thew = ICCH(V); store the partition sets inC
while thew < toyg
U=V, tog = thew; P=p+1
forallv2 U
if 9 C; 2 C such thatv 62C; and C; [f vg is a cok-plex
Ci=Ci[f vg U=Unfvg
end
end
ICCH(U); append new patrtition sets inC
Computejj, = maxfm : a, k+ mgforeachC;2C
thew = % cioc Minf 2k 2+ kmod 2, k+ ji, ( G[Ci])+ k, [Cijg
13. end
14. return tyyq

CoNOORAWNE

=
N = O

Figure 5.5: Fractional Co-k-plex Coloring Heuristic FCCH

ICCHZ1 and ICCH2, respectively. The FCCH shown in Figure 5.5 has an ill-de ree
termination condition. To bound the runtime, we bound the nunber iterations and
the number of partition sets inCto be O(jVj). For these runs, the bound was set at

5 jVij.

Theorem 16. If the number of iterations and the number of partition setsra O(jV j),

then FCCH can be executed i©(jV j*) time.

Proof. At every iteration, for each vertexv 2 V, we must test if C; [ f vg is a co-
k-plex. This can be done by counting the number af 2 N(v) \ C;, which requires
O(minfdegg(v), ak(G)g) = O(jV)) time. Since there areO(jV j) partition sets, there
can be O(jVj?) possible pairs Ci,v). Thus, after O(jVj) iterations, this step has
complexity O(jVj%. Lines 2 and 10 execute @(jVj?) ICCH algorithm. Since

there are at mostO(jVj) iterations, these steps have complexityD(jVj%). All other
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operations contribute O(jV j?) to the complexity. Therefore, the overall complexity

of FCCH is O(jVj%). 0

Clearly, the FCCH algorithms o er a better approximation of xx(G) than the
ICCH algorithms. FCCH2 appears to be slightly sloweFCCH1, but both heuristics

tend to run in under ve seconds.

5.3 A k-plex Heuristic

For a lower bound onwk(G), we search for feasibl&k-plexes. Recall from Sec-
tion 5.1 that the Maximum k-plex Problem is NP-complete. Consequently, the worst-
case runtime of any algorithm which nds an optimal solutionis most likely expo-
nential with respect to the size of the input parameters. Thguarantee of an optimal
solution comes at the price of a potentially enormous runtien Heuristics, on the other
hand, sacri ce all guarantees on solution quality in orderd obtain e cient runtimes.
We will now describe a heuristic for ndingk-plexes. The heuristic indirectly searches
for cohesive subgraphs it and extends them to maximalk-plexes.

There has been extensive research on heuristics for ndingrye complete sub-
graph (15; 30; 32; 48). We are interested in designing a com&iorial heuristic for
nding k-plexes. A typical combinatorial heuristic systematicall searches a set of
neighborhoods in the feasible solution space for local ap& (36). When a local
optimum is obtained, we compare it to the incumbent solution store its value if

necessary, and continue searching in other neighborhood®bviously, the solution
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Table 5.3: FCCH1 Results

G 2(G) seconds 3(G) seconds 4(G) seconds
brock200-1 82 0.0 139 0.1 164 0.0
brock200-2 48 0.0 89 0.0 118 0.0
brock200-4 68 0.0 122 0.0 151 0.0
brock400-2 151 0.2 267 0.2 320 0.2
brock400-4 151 0.2 265 0.3 320 0.1
brock800-2 221 1.4 401 1.7 535 1.3
brock800-4 223 2.4 410 0.8 537 1.2
c-fat200-1 16 0.0 20 0.0 21 0.0
c-fat200-2 30 0.0 37 0.0 38 0.0
c-fat200-5 76 0.0 89 0.0 90 0.0
c-fat500-1 18 0.1 23 0.0 24 0.0
c-fat500-2 33 0.1 41 0.0 42 0.0
c-fat500-5 82 0.2 98 0.1 99 0.1
c-fat500-10 166 0.4 191 0.1 192 0.2
C125.9 83 0.0 120 0.0 123 0.0
C250.9 146 0.1 230 0.0 240 0.1
C1000.9 491 3.3 826 5.8 929 3.0

gen400-p0.9-55 216 0.3 357 0.2 379 0.2
gen400-p0.9-65 210 0.6 362 0.1 382 0.1
gen400-p0.9-75 213 0.4 353 0.3 384 0.3

hamming6-2 32 0.0 48 0.0 56 0.0
hamming6-4 8 0.0 12 0.0 16 0.0
hamming8-2 128 0.0 192 0.0 224 0.1
hamming8-4 32 0.0 48 0.0 64 0.0
hamming10-2 512 1.3 768 1.3 896 2.0
hamming10-4 128 0.7 192 0.6 256 0.6
johnson8-2-4 10 0.0 16 0.0 18 0.0
johnson8-4-4 28 0.0 42 0.0 46 0.0
johnson16-2-4 27 0.0 63 0.0 73 0.0
johnson32-2-4 68 0.1 118 0.2 152 0.2
keller4 45 0.0 88 0.0 113 0.0
keller5 172 0.9 376 1.0 517 1.7
MANN-a9 36 0.0 44 0.0 45 0.0
MANN-a27 321 0.2 366 0.1 378 0.1
MANN-a45 803 5.9 1028 1.8 1035 1.1
p-hat300-1 34 0.0 62 0.0 85 0.0
p-hat300-2 71 0.1 129 0.0 161 0.1
p-hat300-3 115 0.2 201 0.1 240 0.1
p-hat700-1 68 0.3 123 0.3 168 0.3
p-hat700-2 146 0.7 272 0.3 349 0.5
p-hat700-3 243 1.4 428 0.8 532 0.6
p-hat1500-1 126 2.6 233 1.9 323 4.3
p-hat1500-2 282 4.8 518 3.9 705 35
p-hat1500-3 472 10.4 849 19.0 1071 7.4
san200-0.7-2 79 0.0 140 0.0 159 0.0
san200-0.9-1 127 0.0 177 0.1 191 0.1
san200-0.9-2 123 0.1 183 0.0 192 0.0
san200-0.9-3 121 0.0 186 0.0 191 0.1
san400-0.9-1 231 0.2 360 0.2 378 0.2
sanr200-0.9 119 0.0 187 0.0 193 0.0
optimal

75



Table 5.4: FCCH2 Results

G 2(G) seconds 3(G) seconds 4(G) seconds
brock200-1 83 0.1 139 0.1 167 0.0
brock200-2 48 0.1 87 0.0 115 0.0
brock200-4 68 0.1 121 0.0 151 0.0
brock400-2 152 0.7 272 0.1 320 0.2
brock400-4 150 0.7 269 0.3 319 0.3
brock800-2 224 1.7 400 2.6 535 1.6
brock800-4 220 3.1 402 1.0 544 1.2
c-fat200-1 15 0.0 20 0.0 21 0.0
c-fat200-2 30 0.0 37 0.0 38 0.0
c-fat200-5 75 0.1 89 0.0 90 0.0
c-fat500-1 22 0.1 23 0.0 24 0.0
c-fat500-2 34 0.1 41 0.1 42 0.1
c-fat500-5 81 0.1 98 0.1 99 0.1
c-fat500-10 164 0.3 191 0.2 192 0.3
C125.9 84 0.0 116 0.0 122 0.0
C250.9 143 0.1 230 0.1 240 0.1
C1000.9 489 4.6 828 4.3 929 2.8

gen400-p0.9-55 209 0.6 350 0.3 379 0.2
gen400-p0.9-65 207 0.4 352 0.2 382 0.4
gen400-p0.9-75 208 0.6 353 0.4 384 0.2

hamming6-2 32 0.0 59 0.0 61 0.0
hamming6-4 8 0.0 20 0.0 26 0.0
hamming8-2 128 0.1 231 0.1 251 0.1
hamming8-4 47 0.0 105 0.0 145 0.0
hamming10-2 512 2.1 939 234 1017 24
hamming10-4 212 2.0 449 3.3 673 8.8
johnson8-2-4 10 0.0 18 0.0 19 0.0
johnson8-4-4 28 0.0 51 0.0 57 0.0
johnson16-2-4 34 0.0 76 0.0 95 0.0
johnson32-2-4 75 1.0 224 0.5 299 0.3
keller4 44 0.1 90 0.0 111 0.0
keller5 174 2.3 378 2.1 536 1.5
MANN-a9 37 0.0 42 0.0 45 0.0
MANN-a27 301 0.4 351 0.2 378 0.1
MANN-a45 755 7.2 990 2.6 1035 1.3
p-hat300-1 35 0.0 63 0.0 89 0.0
p-hat300-2 72 0.1 126 0.1 162 0.1
p-hat300-3 118 0.1 200 0.1 237 0.1
p-hat700-1 68 0.4 124 0.3 169 0.5
p-hat700-2 149 0.5 267 0.6 348 0.6
p-hat700-3 243 1.2 422 2.0 528 1.5
p-hat1500-1 125 4.0 230 6.3 326 4.4
p-hat1500-2 277 9.3 515 7.6 700 7.5
p-hat1500-3 470 14.5 854 12.0 1074 12.1
san200-0.7-2 57 0.0 113 0.0 144 0.1
san200-0.9-1 125 0.1 170 0.1 190 0.1
san200-0.9-2 113 0.1 173 0.1 192 0.1
san200-0.9-3 119 0.1 181 0.1 191 0.0
san400-0.9-1 208 0.4 315 0.5 378 0.2
sanr200-0.9 115 0.1 183 0.1 193 0.0
optimal
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qguality heavily depends on both the choice of neighborhoodsd the local search
method.

Recall that if | ¢ denotes the set of all complete subgraphs 8, then | ¢ also
denotes the set of all stable sets . The remainder of this section focuses on
nding stable sets in G which we extend to maximalk-plexes inG. This approach
is valid because every element ihg is extendible to a maximalk-plex in G. To nd
stable sets inG, we will construct setsK 62 k and alter them to obtain elements
K®2 | ¢. Without loss of generality, assumeG is connected. For if not, simply run
the heuristic on each component.

For u,v 2 V, let d(u,Vv) be the length of a shortest path fromu to v in G. Our
concept of neighborhood is based on the parity of shortest thalengths from some

root nodes. Given a roots 2 V, de ne the following sets:

Ko:=fv2V jd(s,v)everg and K;:=1fv2V jd(s,v) oddg.

For example, suppose that we are searching fe&rplexes in some graptH and
that H is shown in Figure 5.6. The vertex seV (H) partitions into the sets K, =
fs,56,7,8,12 13gandK; = f1,2,3,4,9,10,11g. Fori 2 f 0, 1g, notice that u,v 2 K;
and uv 2 E(H) together imply d(u, s) = d(v,s). Otherwise, d(u, s) and d(v, s) would

have di erent parities. Therefore, for everyv 2 K,

Ny (V)\f u2 Kinfvg:d(u,s) 6 d(v,s)g= ?.
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Figure 5.6: H with root s.

We hope this property caused<; to contain large stable sets.

Now K; Z | y in general, but there will typically exist many subsetK? K; such
that K°2 I . In order to examine a variety of these subsets, we construetements
in Iy from K; by removing one end of every edge iH[K;]. To summarize, we have
two setsK; and K, such that H[K,] and H[K;] can have edges. For=1, 2, we will
scan E(H[Kj]) and remove one end of each edge. We construct four sets frén

Each set is de ned by applying only one of the following ruleto every edge:

Rule 1. Ifdegy (V) degy, (u), removeu. Otherwise, removev.
Rule 2. Ifdegy(v) degy(u), removeu. Otherwise, removev.
Rule 3. Always removev.

Rule 4. Always removeu.

Let Kij be the subset obtained fromK; be applying only Rulej to every edge in
E(H[Kj]). Rules 1 and 2 are greedy metrics. Rules 3 and 4 are includeddiversify
the search space.

We can now extend each seKij to a maximal k-plex in H. All k-plexes that

can be constructed from a seK; in this way constitute a neighborhood. Therefore,
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function Ibound(R)

1. foralls2R

2 de ne Ky and K; with respect to root s
3 construct setsK!  K;
4. extend setsK! to maximal k-plexes inH
5. for all j andi
6 kick(K!)

7 end

8 update incumbent| if necessary
9. end

Figure 5.7: k-plex Heuristic Ibound.

function kick(K)

1. constructsetS:=fv2V nK : JNy(V)\ Kj 19
2. letK=K|[ S

3. construct setskKl K

4. extend setsK! to maximal k-plexes inH

Figure 5.8: The kick function.
the search space is essentially a function of the root nodes)d specifying a set of
neighborhoods is equivalent to specifying a set of root nalR . The k-plex heuristic
Ibound is shown in Figure 5.7. The incumbent solutionl is initially empty and
stored as a global variable.

To nd a k-plex in H, we arbitrarily choose a set of vertices to de ndR. Line 2
builds a breadth- rst-search tree inH rooted at s to determined(v,s) forall v2 V.
The breadth- rst-search tree is also used to de neélegy «,;(v) for all v. Line 3 applies
Rules 1-4, and Line 4 uses a greedy heuristic. Line 6 passes asleztsKij to the new
function kick. The function kick is shown in Figure 5.8. Its purpose is to help the
heuristic escape local optima. Figure 5.7 is our baskeplex heuristic.

Line 3 in the function kick scans the edges 0&[K;], so the function requires
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O(jEj) time. The function Ibound makes O(jRj) calls to kick. It follows that
Ibound is an O(JE] |Rj) algorithm. Table 5.5 contains computational results ob-
tained by running Ibound on the DIMACS benchmark graphs. LB1 corresponds

Vi

1o Vertices to de ne R. LB2 corresponds to setting

to choosing an arbitrary set of
R =V.
This section described a heuristic for ndingk-plexes in a graphG. The results

of this section will serve as a lower bound in an exaé&tplex algorithm described in

Section 5.4.

5.4 Exact k-plex Algorithms

This section describes exact algorithms for nding maximunk-plexes in a graph
G = (V,E). The rst type is based on a standard clique algorithm (1; 18 The

second type adapts an algorithm oOstergrd (54).

5.4.1 Algorithm Type 1

Our rst type of k-plex algorithms are an adaptation of the basic clique algibnm
shown in Figure 5.9. At any point in the basic clique algoritm, we are constructing
a complete graphK. The candidate setU V nK, contains all verticesv such that
K [f vgis complete. In other words,U := Tsz N(v). The global variable max
stores the cardinality of the largest clique found. To nd a mximum clique inG, we

initialize max = 0 and make the function callbasicClique(V, ?).
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Table 5.5: Ibound Results

LB1 LB2 LB1 LB2 LB1 LB2

G 12(G) sec. !2(G) sec. !3(G) sec. !3(G) sec. !4(G) sec. !4(G) sec.
brock200-1 25 1 25 3 27 1 28 3 31 1 32 3
brock200-2 12 1 13- 5 15 1 15 6 17 1 17 5
brock200-4 18 1 19 4 22 1 23 4 24 1 25 4
brock400-2 27 2 28 23 31 2 32 23 35 2 36 23
brock400-4 33 2 33 23 33 2 33 23 36 2 37 23
brock800-2 22 15 23 299 26 15 26 298 29 15 30 299
brock800-4 22 15 23 301 25 15 26 301 29 15 30 301
c-fat200-1 1200 2 12 10 28 2 120 10 28 2 12 10
c-fat200-2 24— 2 24 9 244 2 24 9 244 2 249 10
c-fat200-5 581 2 5801 7 581 2 5801 7 581 2 581 7
c-fat500-1 14— 20 14— 225 14— 19 14— 226 14— 19 14— 226
c-fat500-2 26 19 26 210 26— 18 26— 210 26— 19 26— 212
c-fat500-5 64— 16 64— 191 64— 16 64— 185 64— 16 64— 194
c-fat500-10 1264 13 126 146 126 13 126 150 126 13 126 152
C125.9 42 0 42 0 47 0 48 0 54 0 54 0
C250.9 50 0 50 3 58 0 59 3 66 1 67 3
C1000.9 69 7 74 165 80 7 83 168 91 7 92 173
gen400-p0.9-55 59 2 61 12 71 1 72 11 80 1 81 12
gen400-p0.9-65 66 1 67 11 78 1 87 11 86 1 86 12
gen400-p0.9-75 75 1 75 11 84 1 91 11 91 1 98 12
hamming6-2 328 o 32 0 324 o 32 0 32 0 32 0
hamming6-4 4 0 4 0 g 0 gt 0 8 0 8 0
hamming8-2 128 0 128~ 2 128 0 128 2 128 0 128 2
hamming8-4 6= 1 16— 8 16 1 16 8 16 1 16 8
hamming10-2 512 3 5121 65 512 3 512 67 512 3 512 74
hamming10-4 43 12 43 281 64 12 64 288 63 12 64 297
johnson8-2-4 4 0 4 0 g 0 g 0 g 0 g 0
johnsong-4-4 14 0 14 0 14 0 14 0 14 0 14 0
johnson16-2-4 8 0 8 1 16 0 16 1 18 0 18 1
johnson32-2-4 16 2 16 21 32 2 32 25 36 2 36 26
keller4 15 1 1541 3 18 1 18 2 20 1 20 2
kellers 31 10 31 176 37 9 39 176 42 10 42 180
MANN-a9 22 0 22 0 30 0 30 0 36~ 0 36 0
MANN-a27 218 2 218 14 258 3 260 29 250 2 257 17
MANN-a45 646 35 646 859 762 76 762 1748 756 21 756 540
p-hat300-1 9 4 9 28 11 4 11 28 12 4 13 28
p-hat300-2 30 3 30 20 34 3 34 19 39 3 39 20
p-hat300-3 42 1 43 10 49 1 49 10 53 2 55 11
p-hat700-1 10 33 12 537 13 33 14 555 16 32 16 529
p-hat700-2 50 19 51 316 58 19 58 320 65 19 66 321
p-hat700-3 70 8 71 140 82 9 84 140 92 9 95 141
p-hat1500-1 13 202 13 7318 14 204 16 7320 16 204 18 7414
p-hat1500-2 73 124 75 4516 86 120 89 4504 98 121 99 4433
p-hat1500-3 107 48 108 1716 122 48 124 1719 137 48 139 1723
san200-0.7-2 26 1 26 3 36 1 36 4 48 1 48 4
san200-0.9-1 90 0 90 2 12—~ 0 1252 2 125 0 125 2
san200-0.9-2 71 0 71 2 105 0 105 2 105 0 105 2
san200-0.9-3 50 0 52 1 62 0 67 2 65 0 65 2
san400-0.9-1 102 2 102 15 150 2 150 18 200 2 200 16
sanr200-0.9 48 0 48 1 56 0 56 2 63 0 64 2
Céptimal
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function basicClique(U, K)
1. whileU 6 ?

2 if jKj+jUj  max

3 return

4. end

5 U = U nfvg for somev 2 U

6 basicClique(U\ N(v), K[f vg)
7

8

end

if jKj > max
9. max = K]
10. end
11. return

Figure 5.9: Basic Clique Algorithm

The basic clique algorithm can be generalized to nd maximunk-plexes. The
main di erence is that given ak-plex K, the candidate setU can no longer be de ned

T
as ,x N(v). The candidate set is now de ned as
U=fv2V nK : K[f vgis a-plexg.

The basick-plex algorithm is shown in Figure 5.10. To nd a maximumk-plex in G,
we initialize max = 0 and make the function callbasicPlex(V, ?). Table 5.6 contains
computational results obtained by runningbasicPlex on the DIMACS benchmark
graphs.

Without Lines 2-4, the function basicClique examines every clique ifc. Recall
that G can contain an exponential, with respect tgV j, number of cliques (Moon and
Moser 1965). Lines 2-4 are an attempt to avoid total enumerain of an exponential

number of subgraphs. This is known as pruning the search treenfortunately, there
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Table 5.6: basicPlex Results

G 1 2(G) seconds BBN 13(G) seconds BBN 14(G) seconds BBN
brock200-1 25 3600 172822699 28 3600 182056437 31 3600 180633250
brock200-2 131 166 9759381 15 3600 199178608 17 3600 192281927
brock200-4 20 3600 193074734 22 3600 199289654 25 3600 193677120
brock400-2 27 3600 169761253 31 3600 162264447 34 3600 155153487
brock400-4 27 3600 160979618 32 3600 146807899 36 3600 145283598
brock800-2 23 3600 134201916 25 3600 139748190 28 3600 124918468
brock800-4 23 3600 133857528 24 3600 144247348 27 3600 127834010
c-fat200-1 12 0 975 12 4 58324 12 170 2025883
c-fat200-2 2401 0 7308 241 5 115832 24— 226 3827925
c-fat200-5 58 3112 86024721 58 3600 104935293 58 3600 108945815
c-fat500-1 14 1 2712 14 115 364617 14 3600 6098258
c-fat500-2 26 1 31068 26— 126 818322 26 3600 14272751
c-fat500-5 64 3600 84968699 64 3600 94102915 64 3600 92359122
c-fat500-10 126 3600 39813170 126 3600 45937780 126 3600 45046647
C125.9 40 3600 165580704 49 3600 159562046 56 3600 172499878
C250.9 49 3600 131071734 59 3600 121221452 67 3600 118891127
C1000.9 63 3600 86340711 73 3600 95156344 81 3600 89623119
gen400-p0.9-55 57 3600 107671535 66 3600 104998011 77 3600 104332374
gen400-p0.9-65 57 3600 123654827 65 3600 105148691 75 3600 100728355
gen400-p0.9-75 56 3600 115238978 69 3600 92913241 79 3600 109864417
hamming6-2 320 506 26461612 32 3600 244753572 37 3600 261840105
hamming6-4 6 0 4709 g 1 71069 10~ 9 849851
hamming8-2 128 3600 39716014 128 3600 43138327 128 3600 50079738
hamming8-4 16 3600 237558610 18 3600 222683938 22 3600 230542048
hamming10-2 512 3600 3595516 512 3600 3790553 512 3600 3877853
hamming10-4 32 3600 146893539 43 3600 132802297 64 3600 54961531
johnsons-2-4 501 0 1666 g 0 12837 9 0 104984
johnsong-4-4 144 110 11542436 18 3600 350491163 22 3600 342248079
johnson16-2-4 10 3600 625712305 15 3600 480893056 17 3600 497459524
johnson32-2-4 21 3600 318645985 27 3600 270404308 32 3600 267621112
keller4 15 3600 247583422 20 3600 207711375 22 3600 258859895
keller5 29 3600 122027776 39 3600 95885696 46 3600 89880382
MANN-a9 26 66 5585820 36 2 106834 36— 278 25470013
MANN-a27 234 3600 79044110 351 3600 7146812 351 3600 10158168
MANN-a45 660 3600 19339018 990 3600 1022834 990 3600 1283088
p-hat300-1 10 14 665249 1244 1111 40704167 14 3600 128042727
p-hat300-2 29 3600 167764775 35 3600 162883168 41 3600 154569677
p-hat300-3 42 3600 145501695 51 3600 145528614 57 3600 139965092
p-hat700-1 131 1887 55769755 14 3600 110462323 16 3600 98797915
p-hat700-2 49 3600 116066244 58 3600 116785628 65 3600 117405227
p-hat700-3 69 3600 105454118 81 3600 105553105 93 3600 97553599
p-hat1500-1 14 3600 83137273 16 3600 77843491 17 3600 71616718
p-hat1500-2 74 3600 82521849 86 3600 83606200 96 3600 80774894
p-hat1500-3 98 3600 81882477 119 3600 77654872 133 3600 72234293
san200-0.7-2 24 3600 441219398 36 3600 395072520 48 3600 330336652
san200-0.9-1 90 3600 107493877 125 3600 35590748 125 3600 39843163
san200-0.9-2 62 3600 101186509 73 3600 95434310 70 3600 118663294
san200-0.9-3 49 3600 151525669 54 3600 135610532 63 3600 136277860
san400-0.9-1 59 3600 82032873 62 3600 98221391 71 3600 106470241
sanr200-0.9 47 3600 138079311 54 3600 145898461 60 3600 132831001
“dptimal
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function basicPlex(U, K)
1. whileUu 6 ?

2 if j[Kj+jUj  max

3 return

4. end

5 K= KI[f vg; U= Unfvgfor somev 2 U
6 U%=fu2U : KI[f ugis ak-plexg

7 basicPlex(U° K)

8. end

9. if jJKj > max

10. max = JKj

11. end

12. return

Figure 5.10: Basic k-plex Algorithm
may exist graphs which require the algorithm to examine an ewnential number of
cliques. In practice, though, pruning can dramatically redce the runtime.

The basic clique algorithm has many variants (60; 63; 65; 7.2Many researchers
have focused on improving the pruning strategy using the aying bound. In particu-
lar, a coloring heuristic provides an upper bound on(G[U]). The coloring bound has
the potential to prune a larger portion of the search tree barisex(G[U]) | Uj. This
approach generalizes to improvbasicPlex by using the heuristics in Sections 5.2 to
bound wy(G[U]). Figure 5.11 shows a function which uses éoplex coloring to prune
the search tree.

In Section 5.2.1 we described two Integer Coplex Coloring Heuristics,ICCH1
and ICCH2, for approximating Xx(G[U]). Let k-plexla denote the function ob-
tained by using ICCHL1 to execute Line 2 ofk-plex1. The function ICCHL1 is
shown in Figure 5.3. Letk-plex1b denote the function obtained by usingf CCH2

to execute Line 2 ofk-plex1. The function ICCH2 is shown in Figure 5.4.
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function k-plex1(U, K)

while U 6 ?
Compute xx(G[U])  X«(G[U])
iIf JKj+ Xk(G[U])  max
return
end

K= KI[f vg; U= Unfvgfor somev 2 U
U%:=fu2U : K[f ugis ak-plexg
k-plex1(U° K)

end

10. if jJKj > max

11. max = JKj

12. end

13. return

CoNOORAWNE

Figure 5.11: k-plex Algorithm

In Section 5.2.2 we described two Fractional Ck-plex Coloring Heuristics, FCCH1
and FCCHZ2, for approximating Xx(G[U]). Let k-plexlc denote the function ob-
tained by using FCCH1 to execute Line 2 ofk-plex1. Let k-plexld denote the
function obtained by usingFCCH2 to execute Line 2 ofk-plex1.

To nd a maximum k-plex in G, we run the LB1 heuristic onG to obtain an initial
value for the global variablemax. Next we make the function call tok-plexla(V, ?),
k-plex1b(V,?), k-plexic(V, ?), or k-plex1d(V, ?). Tables 5.7 - 5.10 contain com-
putational results obtained by running these algorithms orthe DIMACS benchmark

graphs. Each algorithm was run for one hour.

5.4.2 Algorithm Type 2

This subsection describes a second type of exact algorithor fnding maximum

k-plexes. The algorithm is based on the following idea @stergrd (54). Let V =
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Table 5.7: k-plexla Results

G 1 2(G) seconds BBN 13(G) seconds BBN 1 4(G) seconds BBN
brock200-1 25 3600 86030174 28 3600 95147581 31 3600 97664910
brock200-2 131 289 8663613 15 3600 100542983 17 3600 90143057
brock200-4 19 3600 102282008 22 3600 106907189 25 3600 98966956
brock400-2 27 3600 95110220 31 3600 88619566 35 3600 81344425
brock400-4 33 3600 51472394 33 3600 74724985 36 3600 80938337
brock800-2 23 3600 94857693 26 3600 81559009 29 3600 71154628
brock800-4 23 3600 96369941 25 3600 90097273 29 3600 72735746
c-fat200-1 121 2 873 12t 27 57730 12+ 922 1960167
c-fat200-2 241 3 5269 2441 28 109070 24— 909 3385277
c-fat200-5 58 3600 19298000 58 3600 24247513 58 3600 28799458
c-fat500-1 141 32 2293 14— 1580 357420 14 3600 545917
c-fat500-2 26 33 20601 26 1617 787649 26 3600 1224327
c-fat500-5 64 3600 14631858 64 3600 21078075 64 3600 24930408
c-fat500-10 126 3600 5104395 126 3600 7643111 126 3600 9068983
C125.9 42 3600 63076397 49 3600 79939042 56 3600 86375809
C250.9 50 3600 55392820 59 3600 60836513 67 3600 62347611
C1000.9 69 3600 31155586 80 3600 30906202 91 3600 25238173
gen400-p0.9-55 59 3600 49418395 71 3600 36435391 80 3600 46290499
gen400-p0.9-65 66 3600 26145966 78 3600 25302636 86 3600 28527938
gen400-p0.9-75 75 3600 16646961 84 3600 24505892 91 3600 27923471
hamming6-2 32 0 0 32 3600 92535097 37 3600 119263227
hamming6-4 6™ 0 3668 g 1 59533 10~ 15 701425
hamming8-2 128 0 0 128 3600 14422543 128 3600 20007766
hamming8-4 16 3600 158903409 18 3600 149846604 22 3600 157055208
hamming10-2 5120 1 0 512 3600 434296 512 3600 456014
hamming10-4 43 3600 44661342 64 3600 21254123 64 3600 33084666
johnsong-2-4 501 0 1585 8! 0 12378 9 1 104804
johnsons-4-4 14 138 7755953 18 3600 191111049 22 3600 172931195
johnson16-2-4 10 3600 418302911 16 3600 275029061 18 3600 280703595
johnson32-2-4 21 3600 323578720 32 3600 127870041 36 3600 139455728
keller4 15 3600 147002319 20 3600 128108327 22 3600 169102280
keller5 31 3600 86174831 39 3600 98084379 46 3600 93468119
MANN-a9 26 123 4111457 36 6 102896 36 739 25470013
MANN-a27 234 3600 78820556 351 3600 383569 351 3600 781334
MANN-a45 660 3600 18866263 990 3600 18029 990 3600 53068
p-hat300-1 10 33 562727 12— 2827 39631513 14 3600 54618899
p-hat300-2 30 3600 77146967 35 3600 84162645 41 3600 84779804
p-hat300-3 42 3600 73906134 50 3600 70787196 57 3600 70408792
p-hat700-1 135 3186 46290951 14 3600 56967864 16 3600 43437614
p-hat700-2 50 3600 51487369 58 3600 56760785 65 3600 61159187
p-hat700-3 70 3600 42921661 82 3600 46670755 92 3600 48056462
p-hat1500-1 14 3600 64200197 16 3600 54760864 17 3600 46539732
p-hat1500-2 74 3600 40645458 86 3600 47106186 98 3600 37702129
p-hat1500-3 107 3600 16720124 122 3600 30607204 137 3600 25319618
san200-0.7-2 26 3600 247380139 36 3600 368232192 48 3600 301494773
san200-0.9-1 90 3600 64534714 125 3600 5514998 125 3600 6899702
san200-0.9-2 71 3600 28455841 105 3600 7916622 105 3600 9512515
san200-0.9-3 50 3600 60230554 62 3600 36447308 65 3600 52422167
san400-0.9-1 102 3600 5427342 150 3600 2818053 200 3600 1606559
sanr200-0.9 48 3600 57674935 56 3600 62350486 63 3600 48460533
Céptimal
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Table 5.8: k-plex1lb Results

G 1 2(G) seconds BBN 13(G) seconds BBN 1 4(G) seconds BBN
brock200-1 25 3600 69161245 28 3600 74047699 31 3600 76443907
brock200-2 131 347 8655872 15 3600 78758942 17 3600 77611816
brock200-4 19 3600 83379665 22 3600 84435853 25 3600 81410084
brock400-2 27 3600 79503226 31 3600 72526576 35 3600 67993634
brock400-4 33 3600 41435291 33 3600 63082448 36 3600 68610667
brock800-2 23 3600 76380258 26 3600 62187146 29 3600 59527523
brock800-4 23 3600 77313428 25 3600 70818151 29 3600 60106034
c-fat200-1 121 3 865 12t 30 57730 12+ 1020 1960167
c-fat200-2 241 3 5029 2441 32 109143 24— 1050 3385287
c-fat200-5 58 3600 14304248 58 3600 17982184 58 3600 21121009
c-fat500-1 141 33 2308 14— 1701 357500 14 3600 522142
c-fat500-2 26 34 20682 26— 1781 783956 26 3600 1162013
c-fat500-5 64 3600 10796547 64 3600 15457652 64 3600 18009810
c-fat500-10 126 3600 3977561 126 3600 5712426 126 3600 6343703
C125.9 42 3600 48114789 49 3600 62425904 56 3600 67231585
C250.9 50 3600 44235096 59 3600 47320128 67 3600 47691224
C1000.9 69 3600 26979405 80 3600 24032891 91 3600 19359650
gen400-p0.9-55 59 3600 41787235 71 3600 29644490 80 3600 40201337
gen400-p0.9-65 66 3600 21715889 78 3600 20199799 86 3600 23625879
gen400-p0.9-75 75 3600 13498174 84 3600 19004764 91 3600 22944583
hamming6-2 32 0 0 32 3600 73053164 36 3600 96335439
hamming6-4 6™ 0 3650 g 2 59787 10~ 17 699306
hamming8-2 128 0 0 128 3600 6833516 128 3600 13907811
hamming8-4 16 3600 124321999 18 3600 119121603 22 3600 129103474
hamming10-2 512 1 0 512 3600 145167 512 3600 348239
hamming10-4 43 3600 35220491 64 3600 15056227 64 3600 27378559
johnsong-2-4 501 0 1584 8 0 12385 9! 1 104810
johnson8-4-4 14 176 8018473 18 3600 150199235 22 3600 151926832
johnson16-2-4 10 3600 382064672 16 3600 231091629 18 3600 239417405
johnson32-2-4 21 3600 293812276 32 3600 104729724 36 3600 113914581
keller4 15 3600 119019307 20 3600 100734057 22 3600 138097548
kellers 31 3600 69020984 39 3600 84262597 46 3600 84210063
MANN-a9 26 156 3935491 36 4 46660 36 915 25470013
MANN-a27 234 3600 70015613 351 3600 219473 351 3600 524874
MANN-a45 660 3600 21797551 990 3600 12475 990 3600 35814
p-hat300-1 10 41 562708 12— 3238 39638895 14 3600 46803014
p-hat300-2 30 3600 61132951 35 3600 68747655 41 3600 68314947
p-hat300-3 42 3600 58400176 50 3600 55985983 57 3600 54496873
p-hat700-1 13 3600 44795502 14 3600 48920440 16 3600 37009440
p-hat700-2 50 3600 43620842 58 3600 48534119 65 3600 52567570
p-hat700-3 70 3600 37660188 82 3600 41443956 92 3600 41606985
p-hat1500-1 14 3600 46650067 16 3600 43939635 17 3600 36602990
p-hat1500-2 74 3600 39134197 86 3600 35705377 98 3600 29410335
p-hat1500-3 107 3600 11583397 122 3600 22363784 137 3600 17768382
san200-0.7-2 26 3600 212477345 36 3600 309410312 48 3600 288909214
san200-0.9-1 90 3600 54941877 125 3600 3496383 125 3600 4838807
san200-0.9-2 71 3600 22006508 105 3600 5041182 105 3600 6842531
san200-0.9-3 50 3600 46924868 62 3600 26131072 65 3600 43126175
san400-0.9-1 102 3600 3922872 150 3600 1909788 200 3600 1085227
sanr200-0.9 48 3600 46925391 56 3600 48282533 63 3600 39527458
Céptimal
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Table 5.9: k-plexlc Results

G 1 2(G) seconds BBN 13(G) seconds BBN 1 4(G) seconds BBN
brock200-1 25 3600 10054924 28 3600 9610060 31 3600 11595841
brock200-2 13- 1778 7722362 15 3600 15728716 17 3600 15883075
brock200-4 19 3600 12056663 22 3600 11842251 24 3600 13308843
brock400-2 27 3600 3298972 31 3600 2506819 35 3600 3084792
brock400-4 33 3600 2879018 33 3600 2769768 36 3600 3339363
brock800-2 22 3600 847946 26 3600 687075 29 3600 719475
brock800-4 22 3600 846155 25 3600 708185 29 3600 771036
c-fat200-1 121 3 802 124 41 57612 12 1397 1958425
c-fat200-2 241 3 2050 24— 60 96754 24 3600 1586893
c-fat200-5 58 836 444241 58 3600 3960477 58 3600 5319030
c-fat500-1 14 34 2060 14— 1796 356744 14 3600 427000
c-fat500-2 26 39 10177 26 2368 754350 26 3600 797974
c-fat500-5 64 1579 557081 64 3600 2800459 64 3600 3453142
c-fat500-10 126 3600 327032 126 3600 974543 126 3600 1193712
C125.9 42 3600 10708047 49 3600 17227347 56 3600 18474262
C250.9 50 3600 4488455 59 3600 6659440 67 3600 6746445
C1000.9 69 3600 298746 80 3600 159248 91 3600 378692
gen400-p0.9-55 59 3600 2474705 71 3600 1657601 80 3600 2755943
gen400-p0.9-65 66 3600 1909277 78 3600 2027657 86 3600 2433789
gen400-p0.9-75 75 3600 1438210 84 3600 1214538 91 3600 2274896
hamming6-2 32 0 0 32 3600 6160422 36 3600 44987310
hamming6-4 6™ 0 3380 g 3 58663 10~ 33 693982
hamming8-2 128 - 0 0 128 3600 636791 128 3600 2835717
hamming8-4 16 3600 9945892 18 3600 9748498 18 3600 10199713
hamming10-2 512 1 0 512 3600 7508 512 3600 29602
hamming10-4 43 3600 323816 64 3600 370717 64 3600 236250
johnsong-2-4 501 0 1585 g 0 12337 9 2 104679
johnsons-4-4 14 475 6389736 18 3600 48544486 22 3600 52307238
johnson16-2-4 10 3600 37768568 16 3600 34069665 18 3600 34721894
johnson32-2-4 21 3600 1976217 32 3600 1911159 36 3600 1913056
keller4 15 3600 18263136 20 3600 17714412 22 3600 20281149
keller5 31 3600 766363 37 3600 741184 45 3600 818500
MANN-a9 26 395 3240597 36— 15 100969 36 1733 25470013
MANN-a27 234 3600 3053292 351 3600 78758 351 3600 253074
MANN-a45 660 3600 28446 990 3600 7035 990 3600 20406
p-hat300-1 10 139 500766 12 3600 12816637 14 3600 12577276
p-hat300-2 30 3600 7335988 35 3600 6439794 40 3600 8083792
p-hat300-3 42 3600 5279160 50 3600 5693325 57 3600 5957872
p-hat700-1 12 3600 2617164 13 3600 2557821 16 3600 2516929
p-hat700-2 50 3600 1176955 58 3600 1407568 65 3600 1459008
p-hat700-3 70 3600 750652 82 3600 1007772 92 3600 1001573
p-hat1500-1 13 3600 418932 14 3600 407346 16 3600 418855
p-hat1500-2 73 3600 198544 86 3600 246326 98 3600 245532
p-hat1500-3 107 3600 127330 122 3600 169405 137 3600 167369
san200-0.7-2 26 3600 12473403 36 3600 16047112 48 3600 16009322
san200-0.9-1 90 3600 9748246 125 3600 970390 125 3600 1705032
san200-0.9-2 71 3600 4524615 105 3600 1196715 105 3600 2153725
san200-0.9-3 50 3600 7414271 62 3600 5709518 65 3600 8130115
san400-0.9-1 102 3600 440889 150 3600 398976 200 3600 231849
sanr200-0.9 48 3600 6400789 56 3600 7604646 63 3600 8343819
Téptimal
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Table 5.10: k-plex1d Results

G 1 2(G) seconds BBN 13(G) seconds BBN 1 4(G) seconds BBN
brock200-1 25 3600 22042601 28 3600 29648861 31 3600 34480695
brock200-2 131 724 7713075 15 3600 37753625 17 3600 37853872
brock200-4 19 3600 31441620 22 3600 32118801 25 3600 37191920
brock400-2 27 3600 26906867 31 3600 11381556 35 3600 18660437
brock400-4 33 3600 10569863 33 3600 15191176 36 3600 22886705
brock800-2 23 3600 27085224 26 3600 13448585 29 3600 20637652
brock800-4 22 3600 26435168 25 3600 18628602 29 3600 20654583
c-fat200-1 121 3 795 12t 42 57612 12 1526 1958425
c-fat200-2 241 3 1950 2441 66 96819 24 3600 1625686
c-fat200-5 58 952 451391 58 3600 3673990 58 3600 5526134
c-fat500-1 141 36 2055 14— 2032 356784 14 3600 386900
c-fat500-2 26 41 10065 26 2673 750513 26 3600 763007
c-fat500-5 641 1390 541520 64 3600 3591629 64 3600 4671016
c-fat500-10 126 3600 299492 126 3600 1170531 126 3600 1526963
C125.9 42 3600 12766210 49 3600 28041660 56 3600 33598258
C250.9 50 3600 13726640 59 3600 20668136 67 3600 25607644
C1000.9 69 3600 5633304 80 3600 8642487 91 3600 7890577
gen400-p0.9-55 59 3600 12130553 71 3600 10851682 80 3600 19362117
gen400-p0.9-65 66 3600 4687226 78 3600 6320575 86 3600 10058105
gen400-p0.9-75 75 3600 2190827 84 3600 5679756 91 3600 9510820
hamming6-2 32 0 0 32 3600 19260671 36 3600 51079990
hamming6-4 6™ 0 3318 g 3 58844 10~ 31 691944
hamming8-2 128 0 0 128 3600 1406306 128 3600 3980741
hamming8-4 16 3600 58435201 18 3600 56389907 18 3600 66294428
hamming10-2 5120 2 0 512 3600 17456 512 3600 42844
hamming10-4 43 3600 10111165 64 3600 3458007 64 3600 1400994
johnsong-2-4 501 0 1584 g 0 12327 9! 2 104809
johnsons-4-4 14 358 6615020 18 3600 66381658 22 3600 68509972
johnson16-2-4 10 3600 206213634 16 3600 118169547 18 3600 132917128
johnson32-2-4 21 3600 160322819 32 3600 41091745 36 3600 58056738
keller4 15 3600 53809489 20 3600 42595921 22 3600 69265197
kellers 31 3600 21190863 38 3600 28178139 46 3600 43147077
MANN-a9 26 395 3069378 36 8 32661 36 1795 25470013
MANN-a27 234 3600 38989932 351 1122 13811 351 3600 207346
MANN-a45 660 3600 6919084 990 3600 3340 990 3600 16406
p-hat300-1 10 61 500713 12 3600 27407867 14 3600 27853654
p-hat300-2 30 3600 20482503 35 3600 19834902 40 3600 28555545
p-hat300-3 42 3600 21195393 50 3600 23081981 57 3600 26938876
p-hat700-1 13 3600 25801496 14 3600 27416647 16 3600 22091696
p-hat700-2 50 3600 12855694 58 3600 19662734 65 3600 27101622
p-hat700-3 70 3600 10431068 82 3600 19707826 92 3600 20137759
p-hat1500-1 14 3600 24034286 15 3600 22434996 17 3600 18534805
p-hat1500-2 74 3600 9391184 86 3600 12608953 98 3600 13499197
p-hat1500-3 107 3600 2577031 122 3600 9936541 137 3600 9480218
san200-0.7-2 26 3600 103258863 36 3600 187794647 48 3600 180647265
san200-0.9-1 90 3600 31677870 125 3600 745219 125 3600 1320173
san200-0.9-2 71 3600 6274707 105 3600 929194 105 3600 1840564
san200-0.9-3 50 3600 13959883 62 3600 8019546 65 3600 17277391
san400-0.9-1 102 3600 396823 150 3600 302872 200 3600 187270
sanr200-0.9 48 3600 15017490 56 3600 17695417 63 3600 16797344
Céptimal
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fvy,..,vhgandS; = fvi,...,,vhg. The basic clique algorithm in Figure 5.9 rst searches
for the largest clique inS; which containsv;. It then nds the largest clique in S;
containing v,, and so on. Ostergrd suggests reversing this order. In other words,
rst search S, for the largest clique containingv,. Then search for the largest clique
in S, ; containing v, 1, and so on. Letc(i) be the size of the largest clique irg;.
Clearly, c(n) = 1 and ¢(1) = w(G). Moreover, c(i) 2 fc(i +1),c(i+1)+1g for
i=1,.,n 1

Figure 5.12 show®stergrd's maximum clique algorithm. The search order dbws
for the following new pruning strategy. LetU be the candidate set for an arbitrary
iteration, and dene i = minfj : v; 2 Ug. We can deduce thatU S; and hence
Wk (G[U])  c(i). This new bound is used in Line 10 in Figure 5.12.

Ostergrd's algorithm adapts to nd maximum k-plexes with two modi cations.
First, let c(i) denote the cardinality of a largestk-plex in S;. Second, de ne the

candidate set associated with thé-plex K to be

U=fv2V nK : K[f vgis a-plexg.

Figure 5.13 shows the resultindk-plex algorithm k-plex2. Table 5.11 contains com-

putational results obtained by runningk-plex2 on the DIMACS benchmark graphs.
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function OsterClique(U, K)

CoNOOA®NE

15.
16.
17.
18.
19.
20.
21.
22.

if jUj=0
if jKj > max
max = JKj
found=true
end
return
end
while U 6 ?
if jKj+ jUj
return
end
i = minf]j
if jKj+ c(i)
return
end
U=Unfvg

max

. v; 2 Ug

max

OsterClique(U\ N(vi), K[f vig)

if found=true
return
end
end
return

function findClique

23.
24.
25.
26.
27.
28.
29.

max =0
for 1 = n down

tol

found = false
OsterClique(S;\ N(vj),fvig)

end
c(i) = max
return

Figure 5.12: bsterg‘érd’s Clique Algorithm
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function OsterPlex(U, K)

1. ifjuj=0

2. if jKj > max

3. max = jK]j

4. found=true

5. end

6. return

7. end

8. whileU 6 ?

9. if jKj+jUj max
10. return

11. end

12. I=minfj : v; 2 Ug
13. iIf jKj+ cc(i) max
14. return

15. end

16. K= KI[f vig; U= Unfvig

17. U%=fu2U : K[f ugis ak-plexg
18. OsterPlex(U° K)

19. if found=true

20. return
21. end

22. end

23. return

function k-plex2

24. max=0

25. forl=ndowntol
26. found = false

27. OsterPlex(S;, fviQ)

28. end
29. (i) = max
30. return

Figure 5.13: Osterg3rd’s Algorithm Adapted for k-plexes
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Table 5.11: k-plex2 Results

G 1 2(G) seconds BBN 13(G) seconds BBN 1 4(G) seconds BBN
brock200-1 23 3600 791928771 24 3600 806817406 26 3600 833090023
brock200-2 131 64 19636411 15 3600 1075870150 16 3600 1065615731
brock200-4 19 3600 881361988 20 3600 931846630 21 3600 943179921
brock400-2 22 3600 759862798 23 3600 804857686 23 3600 781885801
brock400-4 22 3600 758652153 22 3600 794063906 24 3600 771681337
brock800-2 18 3600 702311556 20 3600 721916977 21 3600 714624762
brock800-4 19 3600 719342183 20 3600 709513722 21 3600 715586808
c-fat200-1 12 0 3758 12 0 124483 12 18 4463378
c-fat200-2 241 0 2222 24 0 32128 24 3 792394
c-fat200-5 58 0 2566 58 0 11320 58 1 137141
c-fat500-1 141 0 19845 14— 8 1185321 14 1234 134916615
c-fat500-2 26 0 10463 264 2 270561 26 92 12897124
c-fat500-5 641 0 6382 64 1 59959 64 8 1050683
c-fat500-10 126 0 10373 126 0 34033 126 4 344858
C125.9 34 3600 601019873 37 3600 607049688 39 3600 647773425
C250.9 36 3600 571490135 37 3600 643968505 38 3600 662112226
C1000.9 33 3600 491059839 37 3600 495615493 41 3600 495436467
gen400-p0.9-55 34 3600 565601499 36 3600 599925462 39 3600 617236444
gen400-p0.9-65 36 3600 557748615 38 3600 587965932 40 3600 614450751
gen400-p0.9-75 34 3600 578953836 37 3600 599770569 42 3600 562373641
hamming6-2 32 0 1161 32 1 203776 40 951 226269962
hamming6-4 6 0 4533 g 0 37119 10~ 1 395739
hamming8-2 128 1 23244 102 3600 203665707 44 3600 556953372
hamming8-4 16~ 58 7996453 16 3600 1129944679 18 3600 1014983524
hamming10-2 51201 95 461740 100 3600 193939903 44 3600 471073063
hamming10-4 22 3600 527683421 16 3600 778357773 18 3600 746764413
johnsong-2-4 501 0 2628 g 0 10489 9 0 151051
johnsons-4-4 14 0 40913 18— 35 14015342 21 3600 1246612573
johnson16-2-4 10 3600 1892276637 15 3600 1256161458 18 3600 1379453092
johnson32-2-4 21 3600 843926109 24 3600 766290563 25 3600 875412190
keller4 15 913 284120627 21 3600 886421569 16 3600 1088296129
keller5 15 3600 835222972 22 3600 662317050 16 3600 809663179
MANN-a9 26 0 53402 36 2 376168 36 141 36511981
MANN-a27 235 3600 27043381 351 3600 24808187 351 3600 55749297
MANN-a45 661 3600 4140618 990 3600 3661523 990 3600 18719092
p-hat300-1 10 5 1561134 12 416 128854671 13 3600 1152133728
p-hat300-2 29 3600 673936016 27 3600 696210402 27 3600 752178202
p-hat300-3 31 3600 621034466 32 3600 663097551 31 3600 720400620
p-hat700-1 13- 383 90762293 13 3600 890061519 13 3600 931592519
p-hat700-2 31 3600 537122370 30 3600 618173686 29 3600 666390060
p-hat700-3 31 3600 532975341 29 3600 601725177 29 3600 636046239
p-hat1500-1 12 3600 639194212 14 3600 637343144 13 3600 666758477
p-hat1500-2 27 3600 460519275 29 3600 477421254 31 3600 474585487
p-hat1500-3 33 3600 431618259 33 3600 459920187 33 3600 473209365
san200-0.7-2 24 3600 874307781 34 3600 722461564 46 3600 607532865
san200-0.9-1 67 3600 335935223 128 964 121912591 39 3600 621612154
san200-0.9-2 42 3600 433667092 47 3600 468417446 43 3600 566888709
san200-0.9-3 42 3600 490907696 36 3600 655264592 38 3600 645037070
san400-0.9-1 64 3600 285116552 48 3600 439741324 36 3600 614651437
sanr200-0.9 33 3600 599788142 37 3600 617210758 40 3600 629276404
Céptimal
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Table 5.12: Results Summary
Algorithm k=2 k=3 k=4 Total
basicPlex 13 8 5 26

k-plexla 14 8 5 27
k-plex1lb 13 8 5 26
k-plexic 15 7 4 26
k-plexid 15 8 4 27
k-plex2 19 14 11 44

5.5 Conclusions

This chapter describes combinatorial algorithms for ndig maximum k-plexes
in a graph. Section 5.2 focuses on doeplex coloring heuristics which are used as
an upper bound on thek-plex number. Section 5.2 contains four ck-plex coloring
heuristics, two integral and two fractional. Section 5.3 dicusses a heuristic for nding
maximum Kk-plexes. This heuristic provides a lower bound on thke-plex number.

Section 5.4 describes exact algorithms for nding maximurk-plexes. Table 5.12
summarizes the number of instances solved to optimality byaeh exact algorithm.
The rst ve are based on a basic clique algorithm. These algithms perform sim-
ilarly within the hour time limit, though this type of algori thm appears to bene t
from the upper and lower bound heuristics.

The nal exact algorithm adapts Ostergrd's clique algorithm. Clearly, k-plex2
dominates all other algorithms with respect to number of opmnal solutions found.
Moreover,k-plex2 appears to converge quickly, when it converges at all. On tio¢her
hand, whenk-plex2 does not converge, the nal solution can be far from optimal.

k-plex2's superior performance might be a consequence of the di di#s asso-

ciated with approximating xx(G). While Type 1 algorithms are improved by using
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heuristics, the algorithms spend time at each branch and bod node to approximate
Xk (G[U]) for the candidate setU. Unfortunately, xx(G) could be an inaccurate bound
on w(G) in general. Thek-plex2 algorithm spends no time estimatingxx(G) but

bene ts from the bound obtained using thecy array.
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Chapter 6

Co-k-plex Polynomials

This chapter generalizes the independence polynomial. Thesulting family of
polynomials carries combinatorial information on a classfandependence systems

de ned over the vertex set of a nite graph.

6.1 Introduction

The graphs discussed in this chapter are nite and simple. Rer to Diestel (25)
for standard graph terminology. For a graphG = (V,E) and S V, let G[S] be
the subgraph induced byS. Givenv 2 V, dene Ng(v) = fu2 V :vu 2 Eg
and Ng[v] = Ng(v) [f vg. Let ( G) = maxfj Ng(v)] : v 2 Vg. A set of pairwise
nonadjacent vertices inG de nes an independent set Let | © denote the set of all
independent sets inG. Gutman and Harary (33) associated the following polynomia
with G:

X
1(G;x) = xI
121 G

This independence polynomiadarries information about the enumerative structure

of independent sets irG. More precisely, the coe cient ofx' in 1(G; X) is exactly the
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number of independent sets of cardinality in G. The independence polynomial has
been studied in a number of papers (2; 12; 13; 14; 20; 34; 35; &0, 41; 42). Levit
and Mandrescu o er a survey (43).

Recall that an independence systende ned over V is a nonempty collection of
subsets ofV which is closed under set inclusion. Fix an integék 1 and letS V
satisfy

JNg[V]\ S) k forallv2S.

The set S is known as acok-plexin G. Let | ¢ denote the set of cd-plexes in
G. Notice that | & = 1 ¢ and that | ¢ de nes an independence system ovi for all
integersk 1. The graphG is associated with the family ofco-k-plex polynomials
de ned as follows:
X
1 (G;X) = X k=1,23,..
121 S
Let sk be the coe cient of x' in 1,(G; x); that is, s denotes the number of co-
k-plexes of cardinalityi in G. Clearly, sk = 0 for all i > oy(G), where oy (G)
denotes the size of a largest doplex in G. Notice also thatS 21 ) S218,.
Consequently,s¢ sk for any k and 1,(G;x) = l+1 (G;x) wheneverk > (' G). In
fact, 1, (G;x) = (1 + x)!V(®)i for all k > ( G) because every subset of vertices is a
cok-plex in this situation.
This chapter is organized as follows. Section 6.2 explordgete ect certain graph
operations have on the corresponding polynomials and degs/recursive relationships

for the co-2-plex polynomial. Section 6.3 computes the cepkex polynomials for
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various structured graphs. Section 6.4 summarizes the rétsuand suggests some

future research directions.

6.2 Graph Operations and Recursive Relationships

This section investigates the e ect certain graph operatiess have on the corre-
sponding polynomials and derives recursive relationshiger the co-2-plex polyno-
mial. The rst operation we study is graph union. The graphG; [ G, has vertex
setV(Gy) [ V(G;) and edge setE(Gy) [ E(G). The graph G = Sirzl G; is de ned
inductively.

S
Lemma 15. Fix an integerk 1. If G= ~_, G;, then I,(G;Xx) = Q{zl Ik (Gi; X).

Proof. The result is trivial for r = 1, so we rst analyze the case where = 2. Notice
that, given cok-plexesS; G; andS, G, the setS = S;[ S, is a cok-plex in
G1[ G,. Moreover, every cok-plex in G;[ G, can be constructed this way. It follows
that the coe cient of X' in the polynomial I,,(G1[ G»; X) equals the sum of the product
of all coe cients of pairs y' in 1,(Gy;y) and z™ in 1,(G,;z) such that | + m = i. In
other words, I (G, [ Gy; X) is the product of I, (Gy; x) and 1, (Gz; X). Now if r > 2,

S.
repeat this argument using graphs ‘izll Gi and G; for eachj =3, ..., O

The join of graphsG3, G, is the graphG = G;+ G,, whereV (G) = V (G1)[ V (Gy)
and E(G) = E(Gy) [ E(Gy) [T vivy 1 vy 2 V(Gy),v2 2 V(Gy)g. It is well-known
(2; 33; 37) that 1,(G; x) = 11(Gy;x) + 1:(Gz;x) 1. The following result generalizes
this formula to the case wherek = 2.
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Theorem 17. Let G; and G, be graphs withn; and n, vertices, respectively. If

G=G;+ Gy, then

X np+n Ny N2

1,(G:; X) = 1x,(Gq: X))+ 15,(Gy: X) + . .
2()2(1)2(2)j=0 j j j

Proof. The sum I,(Gy; X) + 1,(G3; X) accounts for all co-2-plexes entirely contained
in either G; or G,. However, this sum fails to count any co-2-ple$ which intersects
both G; and G,. Observe thatjS; 2 for any such co-2-plex. For if not, then without
loss of generality, choose,w 2 S\ G; andz 2 S\ G,. We deduce thatv,w 2 Ng(2)
from the de nition of graph join. Therefore, jNg[z]\ Sj > 2, which contradicts that
S is a co-2-plex.

Now observe that every set of two or less vertices de nes a 2eplex. G contains
i mrnz gych sets,P jzzo[ r}l + ”jz ] of which are entirely contained in eithelG, or

i=0 j
h [

P 2 ni+n n n i
Go. Itfollows that 15(G;x) = 12(G1; )+ 12(Ga;X)+ [y ™ ;! 2o

We mention that the nal term in the formula for 1,(G; x) adjusts for double counting

the empty set as a co-2-plex. O

Given graphsG,, G, with vertices v 2 Gi, 1 = 1,2, the edge joingraph G =

(G1,v1) (G, Vvy) is formed by adding an edge joining; and v,.

Theorem 18. If G =(Gy,v1) (Gy,V3), thenl,(G; x) satis es the following recursive

formula
1,(G;X) = X2 15(Gy N[Vi;X) 1(Go  N[Vo;X) + (G X) 1:(Gy vy X)+
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12(G2;X) 12(G1 vi;X)  12(G1 vi;X) 12(Gz vy X).

Proof. We consider three classes of co-2-plexesGnand determine the cardinality of
each class seperately. Le® be a co-2-plex inG, and supposevy, Vv, 2 S. SincevyVv,

is an edge inG, we know that Ng,(vi)\ S = ? fori=1,2. Therefore, this class
contributes

X2 1(G f N[vi][ N[v2]g;X)

to the total. Notice that G f NJ[vi][ N[vo]Jg= fG; NJ[vi]Jg[f G, N][v;]g so that
Lemma 15 impliesx? 1,(G f N[vi][ N[V2]g;x) = X2 1x(Gy  N[vi];x) 1x(G>
N [Vv2]; x).

The class wherev, 62S contributes 1,(G  v,;X) to the total, and Lemma 15
implies that 1,(G  vz;X) = 15(Gy;X) 12(G2  vo; X). Similarly, the class wherev; 62S
contributes 1,(G  vy;X) to the total, and Lemma 15 implies that1,(G vi;X) =
1,(G2; X) 12(Gy  vsp; X). Observe that the last two classes both include the case where

V1, Vo 62S. We adjust by subtracting 1,(G;  vi;X) 12(G,  va;X) from the total. [

In Section 6.3, we use recursive relationships to computeetico-2-plex polyno-
mials of certain families of graphs. The following result ian example of one such

relationship.

Theorem 19. If K G is complete, i.e. consists of pairwise adjacent verticed)dn
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I,(G; x) satis es the following recursion:

X X | X
12(G; x) = X' 15(G K[ N[S]; x)+ X 12(G K[ N[V][ N[w];x).

i=0 S K;jSj=i v2K;w 2N (v)nK

Proof. We consider four classes of co-2-plexes @ and determine the cardinality
of each class seperately. The rst class consists of thoseZplexesS such that

S\ K = ?. This class contributes

1,(G K;Xx)

to the total. The second class satis e$S\ Kj = 2. In this case, there exists a pair
u,v2 S\ K. Sinceuv 2 E(G), we deduce thatN(u)\ S =fvgandN(v)\ S = fug.

It follows that this class contributes

X
x? 12(G f N[u][ N[vlg;x)
u;v2K
to the total.

SincejS\ Kj 2, it remains to consider those co-2-plexes satisfyin§\ Kj = 1.
Let fvg = S\ K. Notice that either S\ N(v) = ? or S\ N(v) = fwg for some
w 2 V(G) nK. There are

X
X (G N[v];x)

v2K
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of the former and

X
x? 12(G f N[V]I[ Nlwlg;x)

v2K;w 2N (v)nK
of the latter. We obtain the given formula by collecting and earranging terms. [

Corollary 6. Givenv 2 V (G), 1,(G; x) satis es the following recursion

X
1,(G;X) = 1x(G Vv;X)+ X 1x(G N[V];x)+ X2 1,(G  NJ[v][ N[w];Xx).

w2 N (v)

Proof. Let K = fvg and apply the previous result. O

6.3 Examples

This section computes the cd-plex polynomials for various structured graphs.
Most of the results deal with co-2-plex polynomials. First atice that an edgeless
graph G on n vertices satis esl(G;x) = (1 + x)" for all k 1. A complete graph
K on n vertices satis esly(G; x) = i <, " x forallk 1.

Given an integerk 1, the graph H is ak-claw if there exists a vertexu 2 V (H)

such thatV (H) nu = N(u), N(u) is a cok-plex, andjN(u)] maxf 3, kg.

Example 1. If H be ak-claw onn vertices, then
X
L(H; )=+ x)" 1+ . TOX
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Proof. The term (1+ x)" ! counts all cok-plexes which exclude the center verten.
P k 1 n 1 Ji+1 . .
The term  _,;° 7.~ X'"* counts all those cok-plexes which includeu. O

An r-partite graph can be partitioned into r independent sets. The complete-

partite graph K, ....,, has all possible edges between distinct partition classeghere

ny, ..., N, are the cardinalities of the partition classes.

Example 2.

n P P #

X X 1X2 i . .
p=1 nP + Ning p=1 Np Ni+1 i

2(Khnyn,s X) = (1+x)"+ ] .
i=1 i=1 j=0 J ] J

Proof. The proof is by induction on the number of partition classes. Whenr =1,
the formula reduces to the correct value of (1 )"*. Now let r > 1 and assume that

the formula holds for all r 1)-partite graphs. We will show that it holds for the

r-partite graph K, ....n,. The induction hypothesis implies that

n P - P - #

X1 N K 2 X2 I—1np+ni+1 i _

L(Knyoon e X) = (A+x)"+ p=1 "F : "
i=1 =1 j=0 ] J i

Notice that K,,...,, can be constructed by performing a graph join between

Khn,::n,—, and an independent set of cardinalityn,. Theorem 17 implies that

X x2)e P | P #
. _ ni -1 Np * Nivg
2(Knyn e X) = (1+x)"+ P . .

i=1 i=1 j=0 J J J
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1
1 Np Ny

j=0
Upon simplifying, we obtain the desired formula. O
Notice that if n; = n for all i, then we obtain
XX jn+n in n
IZ(Kn;:::;n ;X) = r(l + X)n + - - - XJ N
i=1 j=0 ] J

Our next example is the path. The pathP" has vertex setfvy,...,v,g and edge

setfvivi;s j1 1 n 1g. Itis easy to see that
L(P%x)=1, 1(Phx)=1+ x, and 1x(P?%x)=(1L+ x)°

By convention, I,(P";x) =0 for all n<O.

Example 3. For n 3, I,(P";x) satis es the following recursion

x3 .
L(PYX)= X p(P" 'x).
i=1

Proof. Notice that P" v, = P" 1, P" N[v,] = P" f v,,v, 1.g= P" 2, and
P" f N[Va][ N[vy 1]Jg9=P" f v,,Vh 1,Vn 20= P" 3. Applying Corollary 1 using

Vv, gives the following
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L(P™X) = L(P" 5x)+ x 1(P" %x)+ x2 1,(P" 3x).

O

The coe cients of I,(P";x) have some additional interpretations. For example,
given an integerj 1,dene K; = fj,j+1,j+2g, written mod n. The polytope
P=fx2R": P j”:lz X(K;) 2,0 x 1gis the convex hull of incidence vectors for
co-2-plexes irP". Therefore, the coe cient of X' in 1,(P"; x) is the number of vertices
of the polytope P indexed by vectors withi nonzero components. The coe cients of
I,(P"; x) have also been studied in the context of binary strings witho triplet of 1's.

Our next example is the chordless cycle. The cyd®', wheren 3, has vertex set
fvi,...,vhgand edge setvivhg[f viviz1 j1 1 n 1g. By convention, I,(C";x) =0

for all n < O.

Example 4. For n 3, 1,(C"; x) satis es the following recursion
1,(C";x) = 1(P" 1 %)+ xI(P™ 3x) +2X%1,(P" 4 X).

Proof. Notice thatC" v, = P" 1,C" N[v,]=P" 3,andC" f N[v,][ N[va 1]g=

C" f N[vo][ N[vi]g= P" 4. Applying Corollary 1 using v, gives the following

L(CMx) = 1(P" LX)+ x I(P" 3x)+ X2 I,(P" % x)+ x* 1I,(P" %x).
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It has also been shown that the polytope®= fx 2 R" : P j”=1 xX(Kj) 20
x  1gis the convex hull of incidence vectors of co-2-plexes @I'. Therefore, the
coe cient of x' in 1,(C";x) is the number of vertices ofP °indexed by vectors withi
nonzero components.

A connected and acyclic graph de nes a tree. A spide§,, is a tree with exactly

one vertexv of degree greater than or equal to three.

Example 5. Let S, be a spider such thav has degreaed. The graphS v consists

of disjoint pathsP"t,...,P"r and I,(Sy; X) satis es the following recursion

#
X eni 2x) Y

Y
1,(Sy; X) = L(P":xX)+ x 1+X b W 4
2( \" ) 2( ) - |2(Pnj l,x)

i=1

IL,(P" L:x).
i=1

Proof. The rst part of the claim follows from the factthat [ S v] 2. To obtain

the recursive formula, we apply Corollary 1. By Lemma 15,

Y
1,(Sy, Vv;x)= 1L,(P";x).

i=1
Lemma 15 also implies that

Y
1,(Sy  N[V];x) = IL,(P" 1:x).

i=1
. P .
It remains to calculate |,y 12(Sv f N[v][ N[w]g). Each neighbor ofv belongs

106



@& @ @ @
@@ 6)—®

Figure 6.1: The centipede Wp:
to exactly one of the pathsP ", ...,P"r. Therefore, Lemma 15 implies that

! #
X 1,(Sy f N[V][ N[w]g) = X MY L(P™ 1:x)
\Y |2(Pnj l;X) - )

w2 N (v) j=1

The desired formula is now obtained by plugging these valu@so the formula from

Corollary 1. O

A centipede, W,, is a tree with vertex setA[ B = fai,...,a,g[f by,...,bhg and
edge sefajbj:1 1 ng[f bibs+ 11 1 n 1g. See Figure 6.1. It is easy to see

that
L(Wo;x) =1, (Wi x) =1+ x)?, and I(WyX)=1+4 x+6x°+2x°,

By convention, 1,(W,;x) =0 for all n <O.

Example 6. For n 3, 1,(W,;X) satis es the following recursion
12(WniX) = (1+ X) P 1(Wn 35 X)+(1+ )% 1(Wh 2;)+ 1(Wo 15X) (1+X) 12(Wh 2;X)].
Proof. Consider the centipede shown in Figure 6.1. LaW/,[a,,b,] denote the sub-
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graph induced byf a,, b,g. Notice that W,, = (W,[a,,bn],0n) (W, 1,b, 1). There-
fore, applying Theorem 18, rst computely(Wn[an, bn]  Nw,janbn[nli X) 12(Wh 1
NWn_1 [bn 1];X). Observe that |2(Wn [an, bn] NWn[an;bn][bn];X) = |2(7 ,X) = 1. Now

sinceW, 1 Nw,_,[bn 1] = Wy 2[an 2][ W, 3, Lemma 15 implies

L(Wh 1 Nw,_i[bn 1[iX) = L(Wh 2fan 2iX) (W, 3:X) = (1+ X) 12(Wh 35 X).

Now computel,(Wh[an, bn] bn;X)and 1,(W, 1 b, 1;X). Clearly, 1,(Wy[an, bn]
bn;X) = l2(Whlan];X) = (L + Xx). SinceW, 1 by 1 = Wy g[an 1] [ Wh 2, apply
Lemma 15 to obtainl,(W, 1 by 1;X)=(1+ X) 12(W, 2;X). In addition, we know

that 1,(W,[an, bn];X) = (1 + X)?, so the formula from Theorem 18 gives

(WniX) = X2 (1+X) 1(Wh 3;X)+(1+ X)? (1+X) 1(Wq 2;X)+

IZ(Wn 1;X) (1+ X) (1+ X)2 IZ(Wn Z;X)-

Upon simplifying, we obtain the desired formula. O

6.4 Conclusions

This chapter introduces a generalization of the independea polynomial. The
resulting family of polynomials carries combinatorial irdrmation on cok-plexes in a
nite graph. The results in this chapter include theorems rkating graph operations
and cok-plex polynomials and examples computing the co-2-plex golomials for

various structured graphs.
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Chapter 7

Conclusions and Future Work

This thesis analyzes the polyhedral, algorithmic, and enuenative properties of co-
k-plexes. Cok-plexes are degree-bounded, vertex-induced subgraphs afite graph
G = (V,E), and they form a family of independence systems ov&r. Co-k-plexes
arise naturally as stable set relaxations. Many results inhis thesis are generalized
theorems and algorithms from the stable set literature.

Chapter 3 focuses on composition of stable set polyhedra,am-1-plex polyhedra,
by generalizing a theorem of Barahona and Mahjoub concergirthe composition of
stable set polyhedra. Barahona and Mahjoub's theorem extds to the case where
the separating set consists of a complete graph minus an edge further extension
of Theorem 1 to more general cut-sets would be bene cial seacomposition can be
applied recursively.

In other words, G can be decomposed into subgraplS,, ..., G, such that the
de ning system for eachP (G;) is known. For example, decompos& into a set
of perfect graphs. The de ning systems for eacR (G;) can then be composed to

de ne P(G). Another idea is to constructP (G) starting from the leaves of a tree or
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branch decomposition. These approaches have the potentialcharacterize the stable
set polytope for graphs which admit a structured decomposiin, but they require a
more general form of Theorem 1.

Generalizing Theorem 1 might require techniques di erentém the lift and project
method of Barahona and Mahjoub. Finding aGx and F¢ with the correct structure
appears to be dicult. A subtle requirement is that G¢[C] has to have exactlyjCj
a nely independent maximum stable sets. Otherwise, the maix A is not invertible
and Lemma 4 fails. Without this restriction, Theorem 1 wouldhave held for any
cut-set which partitions into two cliques. While there exis many graphs Gy [C] with
exactly jCj a nely independent maximum stable sets, the inequalities \wich de ne
F« must also involve thew; vertices in a structured way. This structure would most
likely involve extending the results of Section 3.2 to prewe the projection step from
becoming too complicated.

Chapter 4 contains a polyhedral study of the cé-plex polytope, including the
derivation of ve facet classes. The facets are related to@exes, cycles, wheels, webs,
and the claw. In addition, Chapter 4 presents a characteritian of 2-plex clutter ma-
trices A for which the polytopefx 2 R} j Ax 2,x 1gis integral. It turns out
that 2-plex clutter matrices can be tested for this propertyin polynomial time. The
nal section of the chapter introduces cdk-plex coloring and attempts a combinato-
rial concept of k-plex perfection. It contains examples ok-plex perfect graphs and

discusses some di culties in generalizing certain propads of graph perfection.
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Future work includes nding additional cok-plex analogues for results on stable
set polyhedra. For example, it seems likely that webs indudacets for general cd-
plex polyhedra. However, proving the validity of any such iaquality can be di cult.
In particular, generalizing Lemma 8 appears to be an intertisg and challenging
combinatorial problem. If the form and validity of general veb inequalities can be
shown, the matrix constructed in Theorem 5 would most likelyerify the dimension
of the corresponding faces.

Another avenue of research is a computational study on thersngth and e ciency
of the facets introduced in Section 4.3. It would especiallge interesting to study
the k-claw facets because the structure df-claws is quite simple. Given a vertex,
nding a k-claw amounts to searching\N (v) for any cok-plex on at leastminf 3, kg
vertices. This structure might lead to straightforward sepration algorithms.

A third possibility for future research is to explore altermtive notions of k-plex
perfection. Chapter 4 introduces two types ok-plex perfection: polyhedral and
combinatorial. These de nitions do not always coincide, ahboth characterizations
fail to generalize many properties of graph perfection. It @uld be interesting to see
if any k-plex perfection characterization has both nice polyhedrand combinatorial
properties.

Chapter 5 describes combinatorial algorithms for nding maimum k-plexes in a
graph. This problem is computationally equivalent to nding maximum cok-plexes

in the complement graph. Section 5.2 focuses on keplex coloring heuristics. Cok-

111



plex colorings provide an upper bound on th&-plex number. Section 5.3 discusses a
heuristic for nding maximum k-plexes. This heuristic provides a lower bound on the
k-plex number. Section 5.4 develops exact algorithms for mag maximum k-plexes.

The material in Chapter 5 suggests many avenues for futuresearch. For exam-
ple, the exact value for the cds¢-plex chromatic number remains unknown for many
of the DIMACS graphs, so future work includes designing an agt cok-plex coloring
algorithm. It would also be interesting to see how much the ek-plex coloring heuris-
tics could be improved. Another possibility is to design otér heuristics for nding
k-plexes in a graph.

Chapter 6 introduces a generalization of the independencelpnomial. The result-
ing family of polynomials carries combinatorial informain on cok-plexes in a nite
graph. The results in this chapter include theorems relatop graph operations and
cok-plex polynomials and examples computing the co-2-plex yolomials for various
structured graphs. Future research can involve further tr@ems and computations
on the cok-plex polynomial of structured graphs.

In addition, researchers (44; 61) study the rst derivativeof graph polynomials,
e.g. the matching polynomial, independence polynomial, drcharacteristic polyno-
mial. For example, it is well-known thatdixll(G;x) = P v2ve) 11(G N[V[;x). An
example of a result dealing with rst derivatives of cok-plex polynomials is the follow-

P
ing. Given integersk,n 1, recall from Section 6.3 thatl.1 (Kn;X) = = 25
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Therefore,

K1 | & |
(K= "xien " Lz n (K, £%).

and this simpli es to

d
d—X|k+1(Kn;X): n LK, 1;X).

It would be interesting to obtain additional results relatng the rst derivatives of
cok-plex polynomials.

Overall, attempting to generalize stable set properties aaboth succeed and fail.
For instance, the cok-plex facets o er nice examples of successful analoguesdiable
set facets, and small changes tOstergrd's algorithm produce a fast exact cok-plex
algorithm. On the other hand, the di culties encountered caicerning combinato-
rial perfection and the validity of the web inequalities forgeneralk show that this
approach can also fail.

On a higher level, this thesis demonstrates the bene t of ufyiing constructs such
as independence systems. In the end, many results in the dtalset literature follow
from the axioms of an independence system. With this in mindis worth the e ort to
determine if any new results hold for a larger class of set $gs1s. This approach can
reduce the fragmentation of knowledge in the combinatoriaptimization community,
and researchers might then avoid the time-consuming demanaf rediscovery each

time a new constraint is added to a well-studied problem.
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This view suggests the possibility of studying relaxationsf other independence
systems. In general, one could study the family of subsetsntaining a bounded
number of circuits with bounded intersection. As in this theis, these families of
independence systems can be analyzed from polyhedral, aigponic, and enumerative

perspectives.
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