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Abstract

This paper analyzes the surface/subsurface flow coupled with transport. The flow is modeled by the
coupling of Stokes and Darcy equations. The transport is modeled by a convection-dominated parabolic
equation. The two-way coupling between flow and transport is nonlinear and it is done via the velocity
field and the viscosity. This problem arises from a variety of natural phenomena such as the contamination
of the groundwater through rivers. The main result is existence and stability bounds of a weak solution.
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1 Introduction

The coupled surface/subsurface flow and transport problems appear in a variety of physical phenomena that
affect the human health and the environment at a large scale. For instance, pollution of groundwater by trans-
port of contaminants through rivers and lakes is one important environmental problem. This paper deals with
the mathematical analysis of the coupled multiphysics problem. In the subsurface the miscible displacement
problem is considered whereas the surface is characterized by the Stokes and transport equations.

The coupling of Stokes and Darcy equations has recently been a popular research topic. Standard
transmissibility conditions at the interface include the Beavers-Joseph-Saffman law (Beavers and Joseph
[1], Saffman [2]), the continuity of normal component of velocity and the balance of forces across the inter-
face. Using these interface conditions, a weak solution has been defined and analyzed in (Layton et al. [3],
Discacciati et al [4]). Various numerical methods have been proposed, see for instance a non-exhaustive list
[3, 4, 5,6, 7, 8,9, 10, 19]. The mathematical analysis of the miscible displacement problem in subsurface
was done in a seminal paper by Alt et al. [11], and by others such as Marpeau and Saad [12], Fabrie and
Gallouét [13].

The contribution of our work is to analyze the more general coupling of miscible displacement in porous
media with surface flow and transport. To our knowledge, it is the first analysis of the fully coupled sur-
face/subsurface problem. Our mathematical analysis also applies to the particular case where the flow prob-
lem is loosely coupled to the transport problem. In this loose one-way coupling, the velocity field obtained
from the Stokes/Darcy problem becomes an input data for the transport equation. Numerical methods for
this particular case have been analyzed by Vassilev and Yotov [14] and Cesmelioglu et al. [15].

The organization of the paper is as follows. Section 2 defines the mathematical model and introduces the
necessary assumptions on the data. In Section 3, we formulate the weak problem. The rest of the paper is
devoted to the main results of existence, regularity and boundedness of a weak solution and their proofs.

2 Model problem

This section defines the model problem for the coupling of a transport equation with a Stokes/Darcy flow.
The coupling is done through the velocity field and the concentration. Let  C R? denote the region of
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concern subdivided into two subregions as ) = ; U Q5 where Q; C R? corresponds to the surface region
and Qy C R? corresponds to the subsurface region. We assume that €2 is an open bounded Lipschitz domain
with Lipschitz boundary. Let u, p and ¢ denote the fluid velocity in €2, the Stokes pressure in ; and the
Darcy pressure in ()5, respectively. Denote the boundaries of 2, and Qs by 99,0, and 9)5. Denote by
n the unit outward normal to 992. Let 712 and mi2 be a unit tangential vector and a unit normal vector
respectively at the interface I'ig = 921 N 9Ny and define T'; = 9Q; \ T'12. We assume that |T'y] > 0. Let
Qr =02 x(0,T) and X7 = 9Q x (0,T). The coupled surface/subsurface flow is characterized by the Stokes
equations in the surface £

-V 2u(e)D(u) —pI) =V, (1)
V-u = 0, inQ x(0,7), (2)
and the Darcy equations in the subsurface 2
K
u:fm(chfpg), Veu=1, in Qs x (0,7). (3)

The interface conditions are given by the continuity of the flux, the Beavers-Joseph-Saffman law [1, 2] and
the balance of forces on I'ig x (0,7).

ulg, M2 = U, M2, (4)
GK?ulg, 112 = —2u(c)D(ulg,)nis - 712, (5)
((—2u(c)D(ulq,) +p)ni2) -1z = ¢. (6)

The Stokes/Darcy flow is fully coupled to the following transport equation which defines the concentration
(fraction of volume) ¢ of a contaminant transported in the domain 2 over the time interval (0, 7).

%(¢C) — V- (F(u)Vec—cu) = A, inQr. (7)

This system of equations is subject to the following boundary and initial conditions.

u = 0onTly x(0,7), (8)
u-n = UonTy x(0,T), (9)
_ (c=C)(u-n), on{zred:U(z)<0}x(0,T)
Fwve:n = { ou " on {z € 00 : U(z) > 0} i (0,7) ° (10)
¢ = c¢p, in Qx {0}. (11)

For the uniqueness of the Darcy pressure, we assume

/Qf_o' (12)

In the following, we define the coefficients of the equations above and set suitable assumptions, which are
necessary for the conclusions of the paper, on these coefficients.

o 1 = yu(c) is the fluid viscosity such that g € CO(RT;R*) and there exists ur, py > 0 satisfying
pr < p(x) < py for any x € R, (13)

e D(u) is the symmetric rate of strain matrix defined as D(u) = 0.5(Vu + (Vu)T). The matrix T is the
identity matrix.

Since D(u) is symmetric, for any u,v € H(Q1)2,

(D(u), D(v))o, = (D(u), Vv)q,. (14)
Furthermore, for any w € H'()?, there exists M; > 0 such that
IVl r2(0,) < Myl D(u)llL2(0,)- (15)



U, IT and A are the source functions such that I > 0, A > 0 and

U e L2(0,T; L*(Q1)%), IT € L*(0,T; L*()), A € L*(0,T; L>=(Q)) N L*(0,T; (H(Q))). (16)

K € L*>(92)%*? is the symmetric positive definite permeability matrix bounded from above and below
by ky > 0 and kg, > 0:
VEER?, kpf- £ <& KE<kyé-&. (17)

p is the fluid density, which is a positive constant.
g € L>(Q)? is the vector of gravitational acceleration.
G that appears in the interface condition (5) is a positive constant determined experimentally [1, 2].

¢ is the porosity, which is the ratio of the void volume to the total volume. There exists ¢ > 0 such
that

o(x)=11in Q1, ¢p < o(x) <1in Qo. (18)

F is the diffusion/dispersion tensor, which is a continuous and bounded function from R? to R?*2 i.e.,
there exists Fo > 0 and Fg > 0 such that

F(w) is measurable for all w € R?, ||F(w)|| < Folwl|, |F(w)| < Fp. (19)

In addition, we assume that F(w) is uniformly positive definite for all w € R? i.e., there is a > 0 such
that
Fw)-£>at ¢ VEeR? (20)

U is the boundary flux which belongs to L?(0,T; L?(T'2)). Because of the Neumann boundary condition
on the subsurface region, the data IT and U are assumed to satisfy the compatibility condition

/qu/gzn. (21)

We assume that there is a subset of I'y of positive measure, corresponding to an outflow boundary, on
which U is positive. We extend U outside of I'y by zero and from (8) and (9) we can write:

u-n=U, on ON. (22)
C is the prescribed concentration function on the inflow boundary.
CeL>®(Xr), C>0ae. in Xp. (23)
For any function z, we define the negative part 2~ and the positive part z* as

I e

‘ 2 2
Note that 2™ = max(0, z) and 2~ = max(0, —z). Using these definitions, we rewrite (10) as
F(u)Ve-n=(C—-c)U” on (0,T) x 99. (24)

cp is the initial concentration such that

co >0, ¢o€ LOO<Q) (25)



We conclude this section with additional notation, two trace inequalities, Poincaré’s inequality and an im-
portant compactness result for Sobolev spaces that we use frequently. For any domain D, the standard
notation for the L¥(D) spaces and Sobolev spaces H*(D) is used. The L? inner-product of two functions
is denoted by (-,-)p. The dual space of H!(D) is denoted by (H'(D))" and the duality pairing is denoted
by () (a1 (D)), m (D). As usual the Bochner spaces are denoted by Lk(0,T; H" (D)), for k > 1. There are
constants Ma, My > 0 such that for any function z € H*(D), we have

2l L2 0p) < Mal|z|| a1 (D), (26)
1zl 1oy < Mall2]| 1 (p)- (27)

In addition, if 2 € H'(D) such that z = 0 on a subset of D or fD zdx = 0, then there exists Mp > 0 satisfying
Izl 220y < Mp[IVzl L2(p).- (28)
The following theorem is a special case of the Rellich-Kondrachov theorem [16, Theorem 6.2].
Theorem 2.1. Let D C R? be an open, bounded Lipschitz domain.
o If0<1<1, then H'(Q) is compactly embedded in H'(D).
o H(Q) is compactly embedded in L*(S2).

The next section introduces the weak solution spaces and the definition of the weak problem.

3 Weak Formulation
Let us define the spaces for the Stokes velocity, the Darcy velocity, the Stokes pressure and the Darcy pressure.

X12{06H1(91)23’U:00n Fl}, XQZ{UGLZ(QQ)2},
Ry ={qe L* ()}, Ry={qec HY(Q): /Q q=0}.

Definition 3.1. The weak formulation of the coupled flow-transport problem is to find ulo, € L*(0,T; X 1),
p € L2(0,T; Ry), ¢ € L?(0,T; Ry) and ¢ € L?>(0,T; H*(Q)) N L>®(Q7) such that

b= elt) € CO0T] (HA9)) (29)
b~ T € 10T (N 9)) (30)
c¢(,0) = c¢o-) ae inQ (31)

and satisfying for all v € L?(0,T; X 1), for all ¢ € L*(0,T; Ry) and for all v € L*(0,T; Ry),
T K
/ (Q(M(C)D(u)a D(v))Q1 + (m(vw - pg)v VQ)Qz - (v : vvp)fh + (v : uaT)Q1 + (90; v - n12)F12
0
T
+G(K71/2u *T12,V - Tl?)Fm - (u "Ma2, Q)F12>dt = / ((\I/ﬂ U)Q1 + (Ha Q)Q2 - (Z’{a q)F’z) dtv (32)
0

and for all ¢ € L*(0,T; H'(2)),

T o
/ <¢5§,¢><H1(9>>',H1(mdt+/ (F(u)VC—CU)-VWﬂ:dH/
0

T ST

T
(Cu+ - CU’)deadt = / <A,’(/)>(H1(Q)/7H1(Q))dt. (33)
0



Remark 3.2. The velocity u|q, € L*(0,T; X2) in the Darcy region S is obtained from the Darcy pressure
© by the equation

u = —%(Vgp —pg) a.e. in Qs x (0,T). (34)

Derivation of the weak formulation :

Let ¢ € L2(0,T; H'(Q)). Multiply (7) by v, integrate over Q7 and use Green’s formula:

9 T
/ — (¢pc)pdadt +/ (F(u)Ve—cu) - Vipdrdt — / (F(u)Ve—cu) - nypdodt = / (A, ) () 11 () At
Q 0

e r Sr
Assuming ¢2¢ € L2(0,T; H'(Q)"), and observing from (24) that
(F(u)Ve—cu) -n=Fu)Ve-n—clu-n)t +clu-n)" =CU™ —clU™,
we obtain:

T $dc
/O <E;¢>H1(Q)’,H1(Q)dt+/ (F(U)VC—CU)-deIdH/

T S

T
(CUJF—CZ/{i)?ﬁdO'dt:/ <A,¢>(H1(Q)/7H1(Q))dt.
0

Hence (33). The weak formulation for the flow part is gathered similarly as in [17].

4 Existence of a weak solution

The following theorem gives the main result of this paper which is the existence of a weak solution.
Theorem 4.1. There exists a weak solution (u,p, p,c) to the problem defined in Definition 3.1. In addition,
there exists a constant My > 0 depending on the data U and II such that (u, @) satisfies

2ur|| D20 122000 + K2 VOlT20 7:02(00)) < MyT, (35)
and c¢ satisfies

+ max(||co||Loo(Q), ||C||Loo(ET)) a.e. (l‘,t) € Qr. (36)

A
0 <ec(x,t) <||—
L1(0,T;L> ()

¢

We will show this existence result by first restricting the problem to the space of divergence-free functions
V.
V1:{’UEX1:V"1):01H91}.
Using this space we define another variational formulation of (32) where the Stokes pressure term p is
eliminated. Find u|g, € L?*(0,T;V1), and ¢ € L?(0,T; Ry) such that for all v € L?(0,7; V) and for all
qc LQ(O,T; RQ),

K

() (Vo —p9), V@)a, + (9, v -m12)r,, + GIK 2w - 119,v - T12)r,,

T
| (20D w). D), +

T
~wmio ey )t = [ (@.0)a, + (o, - Wea)r,) . (37)

We will first prove the following existence theorem for this new problem.

Theorem 4.2. There exist ulg, € L*(0,T;V1), ¢ € L?(0,T;Rs) and ¢ € L*(0,T; H'(2)) N L>(Qr)
satisfying (29), (30), (31), (37), (33) and (34).

The proof follows a similar technique as in [11, 12] and is based on a Galerkin approach and consists
of several steps. We first set some notation for the discrete approximation we use. Then we prove an
intermediate result and derive necessary estimates for the approximations. After proving the Theorem 4.2,
we finally deduce the main result Theorem 4.1 by recovering the Stokes pressure p that we lose by restricting
to the space V.



4.1 Approximate solution

For a fixed positive integer N, let At = % Let t; = iAt,i=0,...,N. Next for any Banach space B and for
any z € L1(0,T; B), define averages at each time step by

1 iAt
zV =0, zf.V:—/ 2(t)dt, i=1,...,N. (38)
At Ji—1yae

We apply this averaging technique to the source terms A, ¥, II, the boundary flux ¢ and the inflow concen-
tration C to obtain

—N =N —N, —N ,—N —N, =N —N —N, —N —N —N, 5N =N —~N
A=Ay, .., Ay), U =(Ty,....,04), I =(11,,...,1Iy), U =Uy,....UN),C =(Cy,...,Cy).

Observe that for any z € L*>(0,T; B),
iAL 1 piat
120 = I 5 / a St < 5 /@-_nm l2(@, Bllpdt < |12l o.1:5)-
Hence

121l < lell~ @), i=0,...N. (39)
Also for any z € LP(0,T; B), 1 < p < oo, Holder’s inequality and Fubini’s theorem imply,

i | it 1 iAt
z < 2(z,t)||pdt < - / z(x,t)||5dt
o< g [ IOl o ([ el

Therefore, 1 < p < o0,
_ 1 .
125 < cllzleo,mm), i=0,...N. (40)

(At)

Now we will introduce an intermediate problem to (37) and (33).

=

Proposition 4.3. Forn=0,...,N — 1, given CY € L?(Q), there exists a unique (U,]L_l, PN ) eVixRy
satisfying

Vv € V17Vq S R27 2(/1’(07]7,\[)D(U7]Lv+1)v D(’U))Ql + ( CN) (vq)n+1 pg)> vq)ﬂz + (q)nNJrh v- n12)F12
(P) +G(I§_1/2Uf¥+1 ‘ 7'1{[2,17 : 7'12)F12 ~ (Un+l N12,)r,,
= (\IjnJrl?'U)Ql + (Hn+17Q)Qz - (un+17 q)Fz

On Qo, define Ug_H € X5 as

U’flv+1 = (CN)(V‘I)nH pg) in s (41)
Then
VUYL, = 77,—‘,—1 in Q, (42)
and v N
U,fpn - n=U, . inTs. (43)

Furthermore, there is a constant M > 0 independent of Un+1 and ®X_ | such that

2ur||D (Uﬁjﬂ)”m(gl) + HK V(I)n+1||L2(Qg) <M. (44)



Proof. The proof of the existence and the uniqueness of (U2 +1, @Y, 1) and the bound (44) can be found in

[3, 18] or in [17] by removing the nonlinearity from the Navier-Stokes equations. To obtain (42), let v = 0
and g € C§°(Qs2) in (P). Then using (41), we have

—N
7(U7]27+17 VQ)QQ = (Hn+17 Q)QQ'
So in the distributional sense, we obtain (42), that is,
To show (43), let v € C§5°(21)? and ¢ = 0 in (P). Then
—N
Q(M(Cg)D(U'r]y—i-l)? D(v))Ql = (\Ijn-‘rla v)le
and thus together with (14) the definition of weak derivatives yields
—N .
=2V - (u(CY)D(U 1)) = Vpyy in O, (45)
in the distributional sense. Multiplying this by v € X, integrating over €2, and using Green’s formula
—N
2uC)DWULL L), D()a, — 2u(CY) DU 1)1, v)o0, = (V1 0)0;- (46)

Next multiply (42) by ¢ € R and use Green’s formula to get

_(U712[+17 Vq)Sb + (Ur]erl "n, Q)BQ2 = (Hn+17 Q)Sb‘

Adding this to (46) and comparing the sum with (P) and using (41) yields,

(QIU(OJLV)D(U'J:-&-I) 'n, ’U)an =+ (q)YIY+17 v- n12)1—\12 =+ G(Kil/zU'{y-&-l " T12,V - T12)F12
N

_(U7]2[+1 ‘M2, q)ry, — (Ur]:]+1 1, q)o0, = —(Up g1, )T,
Letting v = 0 in this equation and choosing ¢ such that ¢ = 0 on I'12, we have
—N
(ijy-i,-l -n, Q)F2 = (un+1a Q)F2 .
Therefore, (43) holds. O

Proposition 4.4. Forn=0,1,...,N, given CY there exists C),; € H*(Q) satisfying

-—N

An+1

N
0<CN,(2) < At + max (|ICN =@ G all = (on) ) @ v €2, (47)

Lo ()

and for all ¢ € HY(Q),
1
A7 /Q o(CN .y —CVypdr  + /Q(F(Uibv-i-l)vcév-i-l —CNLUY, ) Vipda
N N —

+ / (N @ )t =T @Y ) do = / &Y ude.  (48)
o0 Q

where U,];[H is defined in Proposition 4.3.



Proof. For convenience we drop the superscript NV for the proof. Let

A, -
M= At H - + max ([|[Crl 2o (@), [ICnt1ll L (602)) -
¢ (o)
We define a bounded function H on R by
0, if z <0,
H(z) = r, if0<z<M,
M, if ¢ > M.

We will show the existence of C,, 411 € H(Q) such that for all ¢ € H}(Q),
1
Kt/ ¢(Cn+1 — Cn)wdl’ +/ F(Un+1)VC’n+1 . dea: — / H(Cn+1)Un+1 . dex
Q Q Q
+ [ (Cons@ria)* = Cots @) oo = [ Tosria, (49)
o0 Q
Observe that the solution to (49) solves (47) and (48) if 0 < Cp,41 < M a.e. in Q. We will use Schauder’s

fixed point theorem [20, p.154] to show that such a solution exists. Define an operator 6 : L*(Q2) — L?(Q)
by 6(w) = v where v is the unique function of H'(2) such that for any v € H(Q),

1
E/Qaﬁwdx + /QF(UW)W-VWH/GQU( ni1) Tpdo
1 A 57 —
= E/Q(bcnwdl'-i-/QH(w)Un+1v’l/)d$+ GQCnJrl(unJrl)_de'—f—‘/QAnJrlwdx(E)O)

Clearly, any fixed point of (50) is a solution to (49). Well-definition of 6 comes from Lax-Milgram theorem.
Indeed, let us define a bilinear form B by

B(v,v) = 1 qbvwdaH—/F Un+1)Vo- deaH—/ v (Uypyr) T do,

o0

and a linear form £ by

1 o _
L) =5 /Q 6 Cotbdz + /Q H(w)U s - Vibdi + /8 Coial) o + /Q K1,

Then from the Cauchy-Schwarz’s inequality, (18), (19), (27) and (40)

1 _
|B(v,9)] < E||U||L2(Q)||¢||L2(Q) + |[F(Un1) Vol 2@ IV L202) + 0] 300 | Uns1) Tl 2200y 1¢] L300

1 —
< vl @l @ + Fallvlla@ll$llm @) + MEllla @ Unll Lz oo 1] @
1 M?
— (g + Pt St Wlsarazony ) olln ol o
Thus, B is continuous. Coercivity of B also follows from (18) and (20).
1 —
B(v,v) = —/ pvidx +/ F(U,1)Vv-Vvdr + / U v2do
At Jo Q 20

oL ¢L
2 ||U||L2 (@ T allVol[7:(g) > min A [0]l5 -



Finally using the bound on the function H, the Cauchy-Schwarz’s inequality, (18), (26), (39) and (40), we
show that L is continuous

1 _ o
IL(p)] < Az 1Cnll 2@ 10l 2 () + MU ns1 |l L2 IV 22 () + ICns1ll oo (00 U1 | L2000 11| 2 (862

_ 1
+  MAnsillzv @y ¥l H @) < (NHCnHLz(Q) + MU p1llL2 ()

1
Al (M2||Cll oo () IU | L2 0,75 12 (02)) + ||A||L2(0,T;H1(Q)’))) 1V 5 ()
Hence from Lax-Milgram’s theorem there exists a unique v € H1(f2) such that B(v,v) = L(y) for any
e HY(Q).

Schauder’s theorem requires us to show that  is continuous and 6(L?(2)) is relatively compact in L?((2).
The relative compactness property will follow from Rellich-Kondrachov theorem [16, see remark 6.3] once we
show that 0(L?(2)) is bounded in H'(Q).

In (50), take ¢ = v,

1 _
E/(bvgdx + /F U,:1)Vv- Vvd:c+/ Ups1) v?do
Q

= /Cnvdx+/H U,y Vodz + én+1(ﬁn+1)_vd0+/xn+1vd$.
At a0 Q

Therefore, by positiveness of the third term, boundedness of H, (18), (39), (20), (40), (26) and Young’s
inequality, we obtain for any ¢;, ¢ = 1,2, 3, that

oL 1
||UHL2(Q +allVolfzq < E||Cn||L2(Q)||UHL2(Q)+M\|Un+1||L2(Q)||VU||L2(Q)
+H€n+1||L°° [9)) ||(Hn+1) _||L2(6Q)HU”L2(BQ) + ||Kn+1||L2(Q)HU||L2(Q)
oL 1 a Pr
< 4AtHU”L2(Q)+ ||V’UHL2(Q E] min 10 AAL ||U||§11(Q)+A~
where
M2
A= 7”0 172 @ty M 1Uns1ll7200)+ 72(HC”%OO(ET)||u||%2(O,T;L2(BQ))+”AH%NO,T;H](Q)’))'
o (2 8)

Hence, we have

oL

«
2At”vHL2(Q §||VU||%2(Q) <M, (51)

3
for a constant M that does not depend on w. Therefore |[v||g1(q) < <M> meaning 6(L%()) is

min(%,%)
bounded in H!(Q).
Now let us show continuity of §. Let {wy}r be a sequence in L?(Q2) such that wp — w in L?(Q). Let
v = O(wg). We will show that v, — 6(w) in L?(Q) by using the estimate (51). First from [21, p.68]
convergence of {wy}r to w in LQ(Q) implies that there exists a subsequence wy,, wy; — w a.e. in Q as
j — oo. As H(w) is bounded and continuous in w, H(wy,) — H(w) a.e in Q as j — oo. Then by the
Lebesgue dominated convergence theorem,

H(wy,) — H(w) strongly in L*(9Q). (52)
By (51), {vg,}; is bounded in H*(£2) so there exists a subsequence still denoted by {v, }; such that

vg, — v weakly in H' () (53)



for some v € H*(Q2). As H!(Q) is compactly embedded in L?(f2), again, up to a subsequence,

vk, — v strongly in L*(Q). (54)
Since the trace function is continuous from L?(2) to L%(92),

v, — v strongly in L*(9€2). (55)

We consider (50) with vy, and wy; in place of v and w. With the above convergence results (52), (53), (54),
(55), we pass to the limit in (50) to get v = 6(w). Hence vy, — v = 0(w) strongly in L*(€2). Similarly, every
subsequence of {v }1 converging in L?(Q) has limit #(w). Therefore {vs}, has a unique accumulation point.
As 0(L?(Q)) is relatively compact in L?(2), 6(wy) = vy, — 0(w) in L?(2). Hence 6 is continuous and we can
conclude that there exists a fixed point C,, 11 € H'(Q2) satisfying (49).

Next, we will show that 0 < Cp, 11 < M a.e. in Q which proves (47) and also implies that H(Cp41) = Cpt1.
This will give (48).

Let us first show Cpy1 > 0 a.e. in Q. From Stampacchia [22, p.50], C,,; € H'(Q). In (49), let ¢ = —C, 4

57 [ G =G+ [ H(Cr)u- VO do = [ PV - VO o

_ / (Cosdll.F 1 — Cosallsy)Corydo + / KosiCoryydae = 0.
a0 Q
Observe that for any function z,

- _{ —(z7)?, ifz<0, }_(2)2.

0, otherwise

Similarly, F(U41)VCpny1-VC, | = —F(U,1)VC,  ,-VC,

ni1- The second term in the equation vanishes
since for Cp, 41 <0, H(Cyq1) =0 and for Cpyq >0, C 1 = 0. Therefore,

1 _
E/QMC;H d;z:—i——/ ¢ Cn Cn+1dw+/ F(Un+1)vcrj+1'VC;de"‘/aQ(C;H)Qu:HdU
+ / Cosill, 1 Coryydo + / Kopr Oy yda = 0.
o0 Q

Observe that Cy > 0 and ﬁ,;rl,ﬁntrl,énﬂ,xnﬂ > 0, for all n > 0. This together with (20) shows that

At/(bol dx—i——/(;SCoCl d:v—i—a/ \VC’ﬂdx—i—/ (Cf)2ﬁl+do
o9

+ [ e crdo+ / K Crdz =0,
oQ Q
in which all the terms except the first one are nonnegative. Hence ﬁ fQ #(Cy )%dz < 0. This implies C; =0
a.e. in Q as ¢ > 0. In other words, C7; > 0 a.e. in Q. Then an induction argument shows that C,, > 0 a.e.
in Q for all n > 0.
Now we will show Cp,11 < M a.e. in Q by proving that (Cpy1 — M)T = 0 a.e. in Q. As before,
(On—H — M)Jr S Hl( ) So let ¢ = ( nt+l — M)+ in (49)

1
E/ ¢(CTL+1 - Cn)(0n+1 - M)erl‘ - / H(C7L+1)Un+1 : v(cvz+1 - M)+dl‘
Q Q

+/ F(Un+1)VOn+1 . V(On+1 — M)+dl' +/ (Cn+1 un+1 6n+1277)(cn+1 — M)er()'
Q o

— [ Aps1(Cryr — M)Tdz =0. (56)
Q

10



Note that

F(Un+1)vcn+1 : V(Cn+1 - M)+ = F(Un+1)v(cn+1 - M) : V(CnJrl - M)+
= F(U,1)V(Cpi1 — M) -V (Cpiy — M)T.

So the third term in (56) is positive by (20). Now let

I = —/ H(Cn+1)Un+1 . V(Cn+1 - M)+d.'II +/ (C»,H_l H;:‘,l —€n+1a7:+1)(0n+1 - M)+d0'.
Q o

From the definition of H, we have
H(Cpi1)Upi1-V(Crp1 — M)T = MU 41 - V(Crp1 — M) ace. in Q.

This, the Stokes’ formula, (42) and (43) gives

I = / M V- Un+1(cn+1 - M)+d$ - szn+1(0n+1 - M)+d0’
Q o0

+/ (Crn+1 H:ﬂ - E’ﬂ+1177:+1)(0n+1 - M)*do
o0

= Mﬁn+1(C’n+1 - M)er.’E - / MH:+1(Cn+1 - M)+dU + Mar;»](cn-‘rl - M)+d0'
Qg o0 o0

b [ Con B (o = MY o~ [ Coilly o (Coia = M) o
o0 o0

= Mﬁn+1(0n+1—/\/l)+dx+/ (Cn.t,_]_—M)H:+1(Cn+1—./\/l)+d0'+/ (M_én-ﬁ-l)ﬁnifl(cn-‘rl_-/\/l)—i_da-
o0 o

Qg Q

Note that M, IL,;1, (Cry1 — M)T and H:H are nonnegative and C,,1 < M. These together with the fact
that (Cpy1 — M)(Cry1 — M)T = ((Cpy1 — M)T)? yields I > 0. Then from (56) we conclude that

/Q(¢(cn+1 — O — ARy ) (Cot — M) da < 0.

As Cpt AL < Moae, in Q, Gy —Cr— A2 > Oy~ Mae. in Q. Hence [y, ¢((Cpya—M)¥)2dz <0
yielding
(Cpy1 — M)T =0 ae. in Q.

Let O = cp, ®) =0, Uév = 0 and define from Prop. 4.3 and Prop. 4.4:
cN=l,....cy),oN = (@),..., oY), uN = wWwl,....,UuY).

. . . . .. —N =N —N 5N
Now we will define constant and linear interpolation operators for the approximations of A 1T, ¥ | C
and CN, UV, N,

Definition 4.5. Let B be a Banach space. For &€ = (&, ...,6n) € BNt define 10€, 1€ : [0,T] — B by

_ 507 t=20
Iof(t)—{fn_i_h ifnAt<t<(n+1)At, n=0,...,N—1

and
t t
— - — — ) <t < = — 1.
LE(t) <1+n At>£"+<At n)fnﬂ,zant_t_(n—Fl)At, n=0,...,N—1

11



Also define I~0 an extension of the constant interpolation operator such that

~ 13 t € [—At,0]
Io&(t) = { fn—(i)-l t € (nAt,(n+ 1)At],n=0,...N — 1.

Observe that I;£ is continuous and,
0 1
&Ilé(t) = E(§n+1 — &), ifnAt<t< (n+1)At, n=0,...,N—1. (57)

Also for 1 < p < o0,

||IO£||LP(O,T;B)

(/ |t (t)[dt) b = Z/ ol = AtZann”% (58)

o€l (o,;3) = ess S(UPT) ||IO€()HB— max |\§n||B—\|11§||Loo(0TB) (59)
te0,7)  m=l..,

The following result can be found in [12]. For completeness, we sketch the proof.
Lemma 4.6. Forz € LP(0,T; B), letzN = (2IY,...,ZN) where Z¥ is defined as in (38). Then for1 < p < oo,
1102 || o 0.7:8) < |Izllzo(0.7:8)- (60)
Furthermore, For 1 < p < oo,
IyzY — 2 strongly in L(0,T; B) as N — oco. (61)

Proof. For p < oo, Holder’s inequality and (58) implies

1102 | Lo 0,75) = (AtZHAt /( s t)dtH%) (Z/n D [|2(t) |Pdt> = </0 ||z(t)|§;dt> :

Also by (59) and (39),

_ _ 1 nAt
110z L (0,78) = | max ||27]¥HB S A7 n_ﬂllaXN/( ad 12t dt = ||zl L= (0,T;5)-
.

Therefore the result holds for 1 < p < co. We will first show the last result for z € C([0,T]; B). Then we will
conclude by a density argument as C(0,T’; B) is dense in L?(0,T; B).
Let €9 > 0. Let x,, denote the characteristic function on the interval (nAt, (n + 1)At). Then

T T
102 — 211200 ) = / 1167 (8) — ()| dt = / X ()| zm 1 — 2(8) |yt

T 1 (n+1)At p T 1 (n+1)At
:/O n(t) E/n +(s)ds — 2(1) Bdt:/o n(t) 7/”“ (2(5) — 2(t))ds

At At
T 1 DA p
<[ a5 [ leds - s0la ) d
0 nAt

As any continuous function on a compact set is uniformly continuous, z is uniformly continuous on [0, 1]. So
for any €; > 0, we can find 6 > 0 such that for any ¢,s € [0,1], [t —s| < § implies l2(t) — 2(s)||B < €1. Let

Ny be such that - = < 0. Then for all N > Ny, At <d. Thus for 0 < e; < T~ Peo,

p

dt
B

T
| IozN — oo < /O Xn(t)ebdt = €PAL < Tk < b (62)

yielding Iyz¥ — z in L?(0,T; B) for any z € C([0,T]; B). The result then follows by the density. O

12



Integrating (48) and (P) from nAt to (n + 1)At, summing from n = 0 to n = N — 1 and using (41), we
have the following definition of the approximate solution to the Stokes-Darcy-transport problem.

Definition 4.7. (Definition of the approzimate solution) For allv € L*(0,T; V1) and for all ¢ € L*(0,T; Ry),

T —
| (ORI D), Dw)a, + (— o (VI2™ = pg), Vo), + (02", 0 - mia)r,, (63)
0 (IOcAt)

—1/2 N N T —N —N N
+ GEPIUN T T, — (U mi, gy )dt = | (68 v)a, + (LI, @), — (L, q)r, ) dt
0

where K
I(]UN = 7(VI() — pg) mn Qg X (0, T) (64)
n(IoCy)
and the concentration equation is defined as
ro,
/ (2N ) (a1 b )t — / LON I UYN - Vpdadt + | F(I,UN)VICYN - Vipdadt
0 at Qr Qr

T
—N =N —N. _ —-—N
4 / (O (1™ — 18" (16T ) Ydodt - / LK™ ) syt = 0, (65)
S 0

——N ——N ——N
for all ¢ € L*(0,T; HY(Q)). The function IoC o, denotes the translated function: IoC a,(x,t) = [,C (x,t —
At). Furthermore, multiplying by At and summing from n = 0 to N — 1 both sides of the bound (44), we
obtain
1
20| DU 720 12601y + K ZVTo®™M) 720, 7:12(000)) < My T (66)

We will pass to the limit in this definition. First we need some bounds for the approximate solution,
which are derived in the next section.

5 Stability bounds

The first proposition of this section gives a uniform L*-bound for IoC" which will be used when passing to
the limit. A slightly more general version of this result can be found in [12].

Proposition 5.1. Forn=0,...,N
0<CN@x) <N, ae z€Q, (67)
where N is the right-hand side of (36), i.e.,

+ max({|col| o= (), [ICll Lo (1))
L1(0,T;L>°())

-|3
Proof. For readibility again, we drop the superscript N. Using (47) and (39) recursively, for alln =1,..., N
we obtain

)

A,
OSCn(l') S At j —I—max(||C’n 1HLoc(Q HC ||Loo(aQ))
()
Kn K’rL 1
< At||— + max At —|—maX(||Cn_2HLoo(Q),HCHLoc(ET)) ’HCHLOO(ZT)
¢ |l (o) 6 Lo (Q)
A,
< a2 ear B b (1l o) <
¢ o0 () ¢ |l Lo ()
< + max(|[Coll (o), [ICll L (21r))
()
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for a.e. x € Q. Observe from the proof of (39) that we have

A, DA A T A
i < Z/ Q dt S/ Q - H )
¢ L>(Q) i—1 Y (i—1)At ¢ L>(Q) 0 L= (Q) ¢ L1(0,T;L>(Q))
Then the result follows from this and the assumption that Cy = ¢g. O

Remark 5.2. It is trivial to deduce a uniform bound for IoCN and I,CN. Indeed, fir t € (0,T) and
let m = [&;] where for a real number s, [s] = min{n € N : s < n}. Then IoCN(z,t) = Cx(z), and
IlCN( t) m—1- )N (2)+ (1 + & —n)CY(z). Thus, we have

0<IoCN(x,t) <N, 0<LCN(x,t) <N, ae x€QVte(0,T). (68)
The next proposition gives uniform bounds for the terms related to the Stokes-Darcy flow.

Proposition 5.3. There exists a constant M independent of N such that

110U || 20,72 () < M. (69)
Furthermore,
6K I1r < 1Al @) (70)
Hfo HL2(OT(H1(Q))) < ||AHL2(0,T;H1(Q)’)7 (71)
1ot ey < Ui, (72)
1ol 2se) < IUllz2csn. (73)

Proof. The estimates (70), (71), (72) and (73) are easy consequences of (60). Let us prove (69). Take
v=UY_ and ¢ = ®Y,, in (P). Then

K _
2(/1’(0711\[)D(U71¥+1)7 D(UTIY+1>)QI + ( (CN) (vq)n+1 pg), V‘I)SZH)Q + G(K 1/2Ur]y+1 T T12, U,]:[+1 : 7-12)F12

—N —N —N
= (‘IIn-Ha Un+1)91 + (Hn+17 (I)rjy+1)9fz - (un+17 ‘I)nN+1)F2

Positivity of the third term and the properties (13) and (17) imply

K —N
20| DU )72, + ||V(I>n+1||L2(QQ) < (CN(PQLV‘PTJ:IH) + (¥, UN ey
1 n) Qs
—N —N
+(I, 41, (I)izv-f—l)ﬂz - U1, ‘I’ﬁfﬂ)l“z
—N
< 7||Kg||L2(Qz)”v(DnJrl”Lz(Qz) 19, 2@ 10N 2

N
+||Hn+1HL2(Q2 ||‘1)n+1HL2(Qz) =+ ||un+1HL2(F2)||(I)nN+1||L2(F2)'

In the following, M stands for a generic constant. From Cauchy-Schwarz’s inequality, Poincaré’s inequality
(28), the trace inequality (26) and (15),

2pr p —N N
VU o + R (M|Kg||L2<QZ>+MP||HnHmmg)+M2||un+1||m<r2>) 198, 2

N
+Mp[|¥,, L2 )) VU, ll2(01)-
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By the assumption K € L®°(3)?*? and using Young’s inequality, there exists a constant M > 0 satisfying

Q“LHVU,LHHLZ(Ql) Vel < MO+ I, + ||Hi7+1||%z<p2) + T3 00)
HVUn+1HL2(Ql) JF Hv(bn-&-lHLQ(Qz)'
Therefore,
HVUn+1HL2(Ql) HV(I)nJrlHL2(QQ) <M1+ ”ﬁfvarleL?(QQ) + ||Uitv+1”2L2(I‘2) + H@gﬂniz(nl))'

Multiply this by At and sum from n =0 to n = N — 1 to obtain

HVIOUN||L2(OTL2(Q DI ||VIO‘I>NHL2(0TL2(92))

< C(T + || ToIT ||L2(0 T;L2(Q)) T ||IOU ||L2 0,T;L2(T5)) T [1o¥ HLZ(O T52()))
S C(T + 1TWZ20 122 (0)) + 1UNT2 070200y + 11 E20.7:22(0)2))»
where we have used (60) in the last step.
Therefore, we have a uniform L2(0,T; L?(£2;)?)-estimate for VIy®" with respect to N. This will give a
bound for I,UY on Q, as a result of (64) and (13). Similarly we have a uniform L?(0,T; L?(Q2)2*?) bound
for VIoU™ in Q;. This implies a uniform L2(0, T; L?(Q)?) bound for IoU” in Q; from Poincaré’s inequality
(28). Therefore (69) holds. O

The following result gives bounds for the concentration terms.

Proposition 5.4. There ezists a constant M independent of N such that

I1LCN 220 () < M, (74)

vi' >0, IOy — LON a0 r—iy12) < M, (75)
||*I1 Mm@y < M, (76)

ILCN = IoCN (1 F2 0 mmyyy < AL, (77)

e s~y < NCllzw(zry, (78)

116C" w0y < €l (s, (79)

where Cy (t,x) = C(t — t', x) is the translation of C to (0,T —t').

Proof. (78) follows from (39) and the last estimate (79) is a direct consequence of (60). We will prove the
first four bounds. In (48), omitting the superscript N and letting ¢ = C), 41, we have

At/(b n+1 — n) n+1dx+/F n+1)vcn+1 VCnJrldm_/CnJrlUrHJ VCnJrldx

+/ (Cn+1(an+1)+ _En+1(an+1)_)cn+1do—: / K'r1+1(jn+1d$-
o Q

By Stokes’ theorem and (43) we have

/Cn+1Un+1 . VC’anx = —/ V(Cn+1Un+1)Cn+1d$+/ Zjn+1cr21+1d0
Q Q o0
= - / (Cn+1v . Un+1 + Vcn+1 . Un+1)Cn+1d£C + Zjn+1c +1d0’.
Q o0
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Since we have (42), this implies

2/ Cn+1Un+1-VCn+1d{E: —/ V'Un+1072z+1dx+/ an+1c +1d0’— —/
Q Q o

Qo o

Then
1 1 _
7\/ gf)(Cn_H — Cn)C’anx +/ F(Un+1)VC’n+1 . VCn+1dx + = </ Hn+10721+1d$ 7/ n+1C +1d0’>
At Jq Q 2 \Ja, o9
+/ (Cvn+1(an+l)Jr *€n+1(an+1)7)cn+ld0 = / K7L+1C’n-‘,-1d517~
o Q

Note that (Un41)" — 2Up+1 = 2[Unt1]. So,

1 1
7/ ¢(Cn+1 — Cn)0n+1dl' +/ F(Un+1)VCn+1 . VCn+1dCE + */
At Jo Q 2 Ja,

= @nﬂ(anﬂ)_Cana—i—/XnHCnJrldx.
o Q

_ 1 _
L, 1Cp dx + 3 / U i1|CF 41 do
oQ

Using the assumption IT > 0 and (20),
At/ d(Cpy1 — Cp)Cryrdr + a/ \VC’n+1| dx < / Cns1(Upy1) Cpyrdo +/ Ap 10y de.
Finally noting that £(C2,, — C?) < (Cpt1 — Cp)Chy1, we further obtain
2At/¢ — C2)dz + al|[VCrya[72q) < /QK,LHCanx+/{99(Zjn+1)*@n+1cn+1da‘
This, (67) and (39) implies
2At/¢ — C2)dz + al|[VChial72(q) < NlAnsillzr@) + NICH Lo (o) | Ung1) ™ |21 o0)-

Multiplying by 2At¢, summing from 0 to m — 1, for any 1 < m < N, and using (58), (60) and (72) we get

m—1 m—1 m—1

/ ¢02 dx + 2« Z At||vcn+1||L2(Q < / ¢COdI+2NZ AtHAn+1||L1(Q + 2N2 Z Atllun+1|‘L1(39)
n=0 n=0 n=0
_ /Q $C2d + 2N IoA | 11 (0 + 2N | Tl 1t (50
<

/Q¢C’02d:1:+2./\/||A||L1(QT) LN U .

Therefore from (18), for all 1 <m < N,

m—1

OLl|Cml 720 + 20 Z At|VChialliz () < A (80)
n=0

where A = [, ¢C3dx + 2N||A|| 12 (Qr) + 2N2|U|| L2 (554)- This implies (74) as

N-1 2 N-1 2
110C| L2 (0,7; 17 (2)) = <Z At||0n+1||§{1(9)> = (Z At(”CTH-l”QL?(Q) + ||Vcn+1||2L2(Q))>

n=0 n=0
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To prove (75) fix t > 0. As before define [t] = min{n € Z : n > t}. Then

2
2 _ _ = /7 — t t4t! ] T _t
J, #tiC- = 1o0yPds = /ﬂ (e = 1) to= [ 0Py ~ren) (e = )
nl(t) 1
/ ¢ C1n—i—1 - Cn) <C|>t t'"| - AL > dr = / ¢ Cn—i—l - Cn)(cnl(t) - Cno(t))dxa

n=ng(t)

where ng(t) = {&] and nq(t) = PB/—‘. Multiplying (48) by At, summing from ng(t) to ni(t) — 1 and
choosing ¢ = C,, (1) — Cpy(+) We have

ni(t)—1 ni(t)—1
|3 #(Chia = C)Cury = Cosioe = =5t Y. [ FU10)VCoia - (Co = o)
n=ng(t) n=nq(t)
ny(t)—1 ny(t)—1

+ At Z /Cn+1Un+1 V(Cnl(t) Cno(t))d:c At

n=ng(t) n=no(t)

7+ — —_—
/(99(Cn+lun+1 —Cnil 1 1)(Cry 1) — Crgr))do

ny(t)—1

+ At Z / nt1( nl(t) Cno(t))d

n=no(t)
Then from (19) and (67), we obtain

nl(t ni t) 1
/ Z A(Cry1 = Cn)(Cruy(t) = Crg(n)da < A / Fp|VCra|[(IVCh )| + [VCrpry| ) d
n=ng(t) n=nq(t)
ni t) 1
+AE Y [ NIT L l(VCo o+ 9 Coy o)
n=ng(t)
nl(t ny t) 1

ar Y / INW + [Cooss ) Tnsaldo + A S /2N\An+1\dx

n=no(t) n=no(t)
(-1 ni(t)—1 2 2
Ve, Vit ve, Vo,
<At ), /FBWOMF | 1“' + 5 08 g0 > /N2|Un+1| 24 2““‘ n 2°<t>' )da
n=nq(t) n=no(t)

nl(t ni t) 1

+ AL Z / INN + [Crsa|) T ia|do + At Z /2N\An+1\dx

ni (t)*l

<at Y ([FBIVCP + AP 4 2N Rado b [ 2N+ [Coia) il
Q o

n=ng(t)

ni t) 1 ’I’Ll(t

+AE Y /|v0n1 pl? + At Z /|vcn0(t

n=ng(t)

Define
Pn ::/(Fé\VC’nF+N2\Un|2+2N\Kn\)dm+/ 2N'(N + |C.)|Uy|do, and g, ;:/ IVC, |2
Q o Q
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Therefore, we can rewrite

ny (t) 1 ’I’Ll(t) ni (t) 1

[ oiCy —1CPde < AL YD pria+ A S a5 Y g

n=ng(t) n=ng(t) n=ng(t)
Now let [ N
n_ |1, ifnAteltt+t
Xn(t,t+1) = { 0, otherwise.
Then

77—t m(t)—-1 T—t' N—-1 T—t
/ Z pn-l—ldt / Z pn+an t t+ t dt Z Pn+1 / Xn (t7 L+ t/)dt
0

n=ng(t)

nAt N-1
<an+1/xntt+t dt = me/ dt=1"3" pos1.
n=0

nAt—t’

Observe that ng(t) = m for some m € N if and only if ¢ € ((m — 1)At, mAt]. Then

T—¢ ni(t)—1 T—¢ N—1 T—t' N-1
[ st = [ S aweuttetii= [ a0 2 xnltst+ 1
0 0 0 e

n=ng(t) n=0
N mAt mAt
< Z/ quxnth dt<2qm2/ Xt t 4+ 1')dt
m—1+ (m—1)At —1)At

N-1 (2m n)At
wy [ X5+ (1= m)At,5 + (0 — m) AL+ €)ds
1 n—o Y (2m—-n—1)At

N—-1 ,(2m—n)At
Im Z / Xm (s, s+ t')ds
1 n—o 7 (2m—n—1)At

I
M= i

m

I
NE

N mAt N
< ZQm/Xm(SS+t qu/ ds =t qm.
m=1 R mAt—t/ el
Similarly,
T—¢ ’I’Ll(t +1
/ Z in(tdt_t ZQm
n=ng(t)
Therefore, from (18),
) T—t , At
HIOC—t’ — IOC||L2((07T7t’);L2(Q)) = /O /Q(Ioc_t/ — IQC) dx S t/gbi Z(pn + 2qn)
n=1

Let us see that At 22;1 pn and At 22;1 ¢n are bounded uniformly in N. From Cauchy-Schwarz’s inequality,

N N N N
At an < FRAt Z IVCnll72() + At ZN2”UHH%2(Q) +2NAt Z [An

n=1 n=1 n=1 n=1

N N
+2NZALD " (Unllzr o) + 2N AL [[ChllL200) [Un ]l L2(00) -

n=1 n=1
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Then, (58), (69), (70), (72), (73) and (79) implies

N
A
ALY pn < Fpo— + NPM? + 2N Al r) + 2N Ul (57 + 2N ClL 2o U 22 -

n=1

Also from (80),
N N , A
Atnz::lqn = At; IVCalliz@ < %
Therefore, At 25:1 pn, and At 25:1 ¢» are bounded uniformly in N implying
[10C—t = LoCl 22 (0. 7—1y;L2(y) < M T,

where 9 is a constant independent of N. Let us prove (76). From (57)

Hfl -/ 2RO gyt = / N NZ Ol W ar
Loy Jo Ot iy At Cn1 = Ina,(nt 1) A ()| g1 gy
N-l r(m+1)At 4 LN 2
- m=0 /mAt (At)? 1ot = ol gyt = At mzz:o 1Crmt1 = Ol -

To bound this let ¢ € H(2). Cauchy-Schwarz’s inequality, (19), (48), (78) and (39) give

1

2 [(O(Crtr = Cn) ) oy oy < (FBlIVChill2) + ICnt1llzoe @) [Uns1llz2 @) VYl L2(0)

+ (||Cn+1||L4(BQ)||¢||L4(8Q) + ||En+1HLOC(@Q)||1P||L2(89)) ||Hn+1HL2(8Q)

HAnsllm @y 1Y @)
Then by (27), (67) and (39) we have

1
< A(Cria = Cn), ) (@ @) < (FBlIChs1lla @) + MU ntallr2 (o)

At
H(MZ(|Criall @) + M2lICll Lo (20)) [Unt1 [l 200) + Ans1ll 2 @y) €] )

Taking supremum over all ¢ € H'(2) such that [|[¢)[/g1) = 1 and using (18), we see that there exists a
constant M independent of N such that

1 _ _
@HCnH - Cn”%{l(ﬂ)’ < M(ch—&-lH%Il(Q) + ||Un+1\|%2(9) + ||un+1||2L2(8Q) + ||An+1||§{1(9)/)-

Multiplying by At, summing from 0 to N — 1 and using (74), (58) and (60) we obtain (76). (77) follows
from (76) as

T N-—1

t
|1 .C — IOCHLQ(O T;H(Q)") / I Z ( 1+n— Kt)(cn - Cn+1)> X]nAt,(n+l)At]”%Hl(g))/dt

N-1 (m+1)At N-1 (m+1)At t
1+m—f><c —Coni )0y dt = D 1Cm = Cont1Fa1 0y / (1+m——)%dt
m=0 Y MAt m=0 At

N—1
At
- ? E ”Cm - CWL+1||§{1(Q)"
m=0
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6 Passing to the limit

6.1 Passing to the limit

Passing to the limit in (63)-(65) requires certain convergence properties that we now state and prove.

Proposition 6.1. There exists a subsequence of {CN}n>1 still denoted by {CN}n>1 and a function ¢ €
L>®(Qr) N L2(0,T; HY(2)) such that t — c(t,-) € C([0,T); (H*(Q))) satisfying

I,CN = ¢ weakly -x in L®(Qr), (81)
I,CN  — ¢ weakly in L*(0,T; H(Q)), (82)
I,CN  — ¢ strongly in L*(Qr) and a.e. in Qr, (83)
I,CN  — ¢ strongly in L*(S7), (84)
%IlCN — %c weakly in L?(0,T; H(Q)"), (85)
ncYN  — ¢ strongly in C°([0,T]; H'(Q)'), (86)
IOKN — A strongly in L*(0,T; H*(Q)'), (87)
IOEN —  C strongly in L*(37), (88)

as N — oo.

Proof. The last two convergence results follows trivially from (61). To prove the rest we will use the estimates
from the previous section. From remark (68) and (74), we know that {I[(C"}x is bounded in L>(Q7) and
in L?(0,T; H*(2)). Because L>=(Qr) = (L*(Qr))’, by a corollary to Banach-Alaoglu Theorem [23, p.230],
we can extract a subsequence still denoted by {CV}y (from now on we will denote each extracted subse-
quence by {CV}y) and find a function ¢ € L>(Q7) such that (81) holds. Next the reflexivity of the space
L?(0,T; H*(Q)) implies that there exists a subsequence {C" } 5 and a function ¢; € L?(0,T; H!(Q2)) such that
IoCN — ¢y weakly in L?(0,T; H*(Q)). This also implies that [oC" — ¢; weakly-x in L>(Qr). Therefore,
c1 = c by uniqueness of the weak-x limits. Hence (82) holds. From (75), ||[IoCY,, _IOCN||L2((0’T7tl);L2(Q)) — 0
as t' — 0 uniformly for all N. Theorem 2.1 states that H*({2) is compactly embedded in L?(Q). So applying
[24, Theorem 5 p.84] we can find a subsequence {CV}x and a function ¢y € L?(Qr) such that IoCY — ¢,
strongly in L?(Qr). This further implies the weak convergence in L?(Qr). But (82) gives weak convergence
in L?(Qr) as well. Therefore, co = ¢ by the uniqueness of weak limits and hence (83) holds. Similarly, as
H'(Q) is compactly embedded in H2(£2) (see Theorem 2.1), we can find a subsequence {CN}y such that
IoCN — ¢ strongly in L2(0,T; H%(Q)) Then the continuity of the trace operator gives (84).

Recall from (68) that I; C¥ is uniformly bounded. So again by Banach-Alaoglu theorem, up to a subse-
quence, there exists c3 € L>°(Qr) such that

LCYN — c3 weakly- x in L=(Qr).

The bound (76) and the reflexivity of L?(0,T; H'(2)') gives a subsequence for which we have (again by
uniqueness of weak-x limits ¢ = ¢)

%IlcN — %c weakly in L2(0,T; H'(Q)).

We know that {I;C} y is bounded in L>®(Q7) by (68), {ZI;CN}y is bounded in L?(0,T; H(Q2)') by
(76). Also from Theorem 2.1 and Schauder’s theorem [25], L>°(Q) is compactly embedded in H'(Q)’. Then
(86) is a consequence of [24, Corollary 4, p.85] which implies that there exists a subsequence {CV}x and a
function é € C°([0,T]; H'(2)") such that

I,CN — ¢ strongly in C°([0, T]; H(Q)).
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The bound (77) implies
LON — I,CN — 0 strongly in L2(0,T; H'(Q)").

This together with (83) yields
LCN — ¢ strongly in L2(0,T; H (Q))

and thus ¢ = c. O

Proposition 6.2. The following convergence results hold.

IOﬁN — 1 strongly in L*(0,T; L*(Q2)), (89)
LU — U strongly in L2(0,T; L*(91)?), (90)
IOHN — U strongly in L*(Sr), (91)

and there ezists uw € L*(Qr)? such that

I,UYN — w strongly in L*(Qr)?. (92)

Proof. The results (89), (90) and (91) are direct consequences of (61). For (92), we will use the equation (P).
Consider the following problem where c is the limit found in Proposition 6.1. Find (ulq,, ) € L*(0,T; V1) x
L>(0,T; Ry) satisfying

T
/0 (Z(M(C)D(’U/)v D(v))a, + (%(Vﬁp =09),V@)a, + (p,v - ni2)r,, + G(K_l/QU “T12,V - T12)T),

T
—(uw- le,Q)Fm)dt = /0 (¥, v)q, +(II,q)a, — (U, q)r,) dt, (93)

for all v € L?(0,T; V1) and for all ¢ € L2(0,T; Ry). It is known that there exists a unique solution (u, ) to
this problem [18, 17]. Next define ul|q, € L%(0,T; L?(22)?)) as

K
u=———(Vy—pg) a.e. in Qy x (0,T).
The difference of (63) and (93) yields

T ——N K K
/ (Q(N(IOCM)D(IOUN) — p(c)D(u), D(v))a, + (TN(VIOq’N —pg) — ﬁ(Vw —r9), V),

0 M(IOGAt) pie

+(Io®N — o, v -n12)r,, + GIKYV2(LUYN — ) - 712,v - T12)r,, — (LU — ) 'n127Q)F12>dt
T
—N —N —N
= / ((IO\IJ — \I/,’U)Ql + (I()H — H7q)Q2 — (Iou — u,q)r‘2) dt. (94)
0
Observe that the first and the second terms can be written as

/0 2u(ToCng) D(IoU™) — () D (), D(v))q, d

T - T
- / 2 (uIoCa)(DIUY) = D)), D(v))  dt + / 2 ((1(1oC's) = p(e))D(w). D(v)) - d.
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and

r K K
/ (——— (VIo®" — pg) — — (V¢ — pg),Vq)a,dt
0 HAC

IiCx,) (©)
T K T 1 1
= _— VI @N—V ,V 2dt+ —_ - Kv 7V 2dt
I ey Y J iy~ @
T K K

Then letting v = LU —u, ¢ = [4®N — ¢ in (94), we have

T —_—
| (eI DU — w), DTN -~ w)a, + (—= V(12" ~ ). V1o2™ ~ ),
0 (IoC at)

+G(E (LU —w) - 11a, (LU — ) - le)rm)dt

2

T
—N —N —N
:/ ((10\1/ — U, LUN —w)g, + (IIT — 1L Ip®Y — @), — (I —U, I, — ¢)r
0

___N 1 1

~2((u(IoC'a,) = p(e) D(w), DU = u))a, = (———x— = =) KV, V(Li®" = @),
p(IeCay) M)
1 1 N
ol g KoV #))a, )dt.

Then (17) and (13) and the positivity of the third term gives
kr
2uL||D(I,UN — U)H%%Ql) + ;TUHV(IO(I)N - @)\\%2(92)

T
—N —N —N
< / ((onp — U, I UYN —w)q, + (LT —IL1,®N — @), — (Ioh  —U, [,®Y — ),
0

({150 a) — () D(w), DU —w)a, — (—g— — KV, V(1@ — ), )dt
(LoC at) uie)

+/T(p( NlN - 1)K9,V(Io‘1>N*so)az)dt-
0 u(IoCay) p(c)

Using Cauchy-Schwarz’s, Poincaré’s (28) and Young’s inequalities together with (15) and (26)
ML N 2 kL N 2
WHV(IOU —w)||T200,m522(00)) T %HV(IO‘I) = oM z20,1502(0.))
—N 9 —N 9 —N 9
< M(HIO‘I’ = U220, 0200 + HoIl = II72¢0. 7, 12(00)) + HoU = Ul 72007, 12(rs))

_ N 1 1
I ((ToC ap) = () D)2 (0 1.12(60,)) + I(——5— — M(C))KWPH%Z(O,T;B(QQ))

w(IoC at)

Hlp(—— !
T — v
p(IoCa,) e

where M is a generic constant independent of N. Then by uniform boundedness (13) and continuity of pu,
(76), (89), (90) and (91) together with the Lebesgue dominated convergence theorem imply

))Kg||%2(o,T;L2(QQ)))’

ML kr
ﬁHV(IOUN - U)H%2(O,T;L2(Ql)) + 5 [IV(Io@Y - 90)||2L2(0,T;L2(92)) — 0, as N — oo.
Ml 2/LU
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Thus as N — oo,

VI,UYN —  Vustrongly in L2(0,T; L?(Q)%*?), (95)
VIp®N — Ve strongly in L*(0,T; L*(92)?). (96)
Then (92) follows from (64), the continuity of y, (28), proposition 6.1, (95) and (96). O

6.2 Proof of Theorem 4.2

We are now ready to prove the existence result for the weak solution of the restricted problem. Recall that in
order to obtain a weak solution we need to pass to the limit in the approximate solution equations (63)-(66).
Passing to the limit in the flow equations (63) and (64) and the bound (66) is easy due to the continuity and
the bound (13) of p, (95) and (96). The convergence result (85) implies that

%IlCN — %c weakly- x in L2(0,T; H'(Q)").
Thus,
) T 9 N o 2 1
Jim i (o, HCY, )t :/O (5;¢:0)dt, v € L*(0,T; H'(9)). (97)
Note that

(ICN ILUY Vi) or — (cu, Vi) op = (I0CN — ) IoUN , Vh)gp + (c(IUYN —u), Vip)g, = I) + .

I converges to zero by (81) and (69) and I converges to zero by (92) and the result from Proposition 6.1
that ¢ € L*°(Qr). Thus
(ICN I, UYN Vi) g, = (cu, Vib)o,.- (98)

lim
N—oo

To pass to the limit in the third term in (65), we write:

F(LLUMVI,CN - Vipdedt — [ F(u)Ve - Vipdzdt
QT Qr

= / (F(IbUN) = F(uw)VI,CN - Vydedt + | F(ILbUN)(VI,CN — Ve) - Vipdadt := J; + Jo.
T Qr

The strong convergence IyUY —u — 0 in L?*(Qr)? implies [,UY —u — 0 a.e. in Q7 up to a subsequence.
So as F' is continuous,
F(I,UY) — F(u) — 0 ae. in Qr.

Therefore .J; converges to zero. By (82) and the bound (19) on F, J; converges to zero as well. Hence
lim F(L,UMVI,CN - Vipdadt = F(u)Ve - Vipdzdt. (99)
N=o JQr Qr
The boundary terms in (65) are handled as follows

/ (TN (1™ ) — 1,8 (1™ ) Ypdordt — /
Xr

T

(U™ — CU Ypdodt = / (I,CN — o) (Il )y rpdodt

T

+ / (L™ )F — Uy H)pdodt — / (I,C" —C) (L™ )~ pdodt — | C((IH" )™ — U™ )pdodt.(100)
X7 P

T S

By (84), (88) and (91) the terms on the right hand side of (100) converge to zero. Hence,

lim [ IOVl ) dodt — / 18" (Tt ) Wdodt = | cUTypdodt — | CUydodt.  (101)
N—oo S Sr S 7
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Finally from (87),
T N T
lim <I()A 7¢>(H1(Q)’,H1(Q))dt = / <A, ¢>(H1(Q)’,H1(Q))dt- (102)
0

N —o00 0

Combining (97), (98), (99), (101) and (102), we obtain (65). We also need to prove the following to complete
the proof of Theorem 4.1:

c(z,0) = co(x), (103)
0 <c(z,t) <N ae. (z,t) € Qr, (104)

where N is defined in Proposition 5.1. To prove (103), we observe from (86) that I;C™ (0, -) — ¢(0, -) strongly
in H1(Q)". But I;CN(0) = ¢ for all N. So ¢(+,0) = ¢o(+) a.e. in Q. For (104), recall that we have a uniform
bound (68) on IoCY. Then letting N — oo and using the Lebesgue dominated convergence theorem, we
finally get

0 <c(z,t) <N aein Qr.

7 Proof of Theorem 4.1

This section completes the proof of the main result of this paper. The previous section proves existence of a
weak solution (u, ) € L2((0,T); V1) x L?((0,T); R2). Hence as the final step, we recover the Stokes pressure
p using an inf-sup condition.

Lemma 7.1. For any q € L*(0,T; Ry), there exists v € L?(0,T; X1) such that V-v = q in (0,T) x Q; and
lvllz20.1:x,) < Mllallz2(0,7;Rr1)
for some positive constant M independent of v, q.

Proof. Let ¢ € L*(0,T; Ry). For any t € [0,T], define ¢'(x) = q(x,t), for all x € Q;. Then ¢' € R;. From
the inf-sup condition [17, Lemma 1.2], there exists v* € X7 and 8 > 0 independent of g;, such that

Vool =¢ inQ, [[Vo'|za,) < Blld' |5

Now, set v(x,t) = v'(x), for any (z,t) € (0,7) x X. Then V-v = g and as ¢ € L?*(0,T;R;), V-v €
L?(0,T; X1). Integrating the above inequality from 0 to 7' in time, we also have

lvllz20,7:x:) < BllallL20,7;r,)-

O
Equivalently, we have the following inf-sup condition: there exists a constant 3 > 0 such that
T
. fo (qa V- 'U)Ql
inf sup >
q€L?(0,T5R1) ye12(0,T;X 1) ||Q||L2(O,T;R1)||'UHL2(O,T;X1)
This trivially implies that
T
; Vv 1
inf sup Jo (4 ) > [
q€L?(0,T;R1) (v,r)eL2(0,T:X 1 X Ra) ||Q||L2(0,T;R1)H(v,r)HLz(O,T;XlxRQ)
From (32), we have for any v € L*(0,T; X1) and q € L*(0,T; Ry):
T
/ (V- v,p)a,dt = L(v,q), (105)
0
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where L is a continuous linear functional on L?(0,7; X1) x L?(0,T; Rz):

Lw.a) = [ (200 D). D))oy + (5 (Vo= pg). Vaa + (6 v-mia)r + GUK ™ Puemio v,

p(c)
- (’U, . nl?aQ)Flz - (\1171))91 - (Ha Q)Qz + (Z’laq)r2)dt (106)

As (u, ) solves (37), L vanishes on the space L?(0,T; V1) x L%(0,T; Ry). Thus again from [26, Lemma 4.1],
there exists a unique p € L?(0,T; Ry) such that for all (v,q) € L?(0,T; X1) x L?*(0,T; R) such that (105)
holds, which completes the proof of Theorem 4.1.

Remark 7.2. This inf-sup condition also shows that the weak problems (32) and (37) are equivalent.
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