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Part I: cross correlation for travel time estimation

Use ofambient noisén order to estimate the travel time between two senspendxo.
e Ambient noise sources emit stationary random signals.

e Record the noisy signalgt, x1) andu(t, x2) atx; andxs.

e Compute the empirical cross correlation:

1 T
Cr(t,x1,%0) = /O U(t, xg)u(t + T, xp)dt

e Ct1(1,X1,X2) is related to the Green'’s function froxa to x5, !
e The singular component of the Green'’s function freqrto x, gives the travel time
from x1 to Xo.
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Estimations of travel times between pairs of sensors
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Background velocity estimation from travel time estimatians
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Wave equation

1 84U
c2(x) ot2
Sources(t,x): Gaussian process, with mean zero, stationary in time, atlariance
function

Axu = n(t,x)

(n(t1,y1)n(t2,y2)) = F*(ta — t1)F (Y1, Y2)
Assume
M(y1,Y2) = 6(y1)0(y1—Y2)

to —t
Fs(tz—tl) = F( 2 . 1)

€ =ratio of the decoherence time of the noise sources over fhedftravel times
between sensors.

Solutionu:
u(t,x)://n(s,y)G(t—s,x,y)dsoy

Green'’s function:
1 0%G
c2(x) ot2
starting fromG(0, x,y) = 0:G(0,x,y) = 0.

— DG =3(1)d(x —y)
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Cross correlation

Empirical cross correlation:.
1 T
Cr(T,X1,X2) = f/ u(t,xz)u(t +1,x2)dt
0
1. The expectation dft (with respect to the distribution of the sources) is indejzem
of the integration timd':
(Cr (1,x1,X2)) = C(T,x1,%2)

whereCW is given by

~

CW (tx1,0) = [ dyB(y) [ deib(enxs,y)G(exe.y)FE(w)e "

2. The empirical cross correlation issalf-averaginguantity:

T—o0

Cr (1,x1,%2) —> CH(1,x1,%2)

in probability. More precisely, the fluctuations®f around its expectatiog?) are of
orderT—1/2,
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Source distribution over all space, in a homogeneous medium
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(=t ) u—Au=n(tx), xeR

(N(ty,y1)Nn(tz,y2)) = FE(ta —t1)8(y2—y1), Y1,Y2 € RY

We have (up to a multiplicative constant):

X1 —X2|
CoTa

EC(” (T,X1,X2) =€ [FE * G(T,X1,X2) — F&x G(—T,X1,X2)

0T
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Sources distributed on a closed surface
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CW (1,x1,xp) = / doo/ ( )dS(y)G(oo,xlyy>é<w,xZ7y>F“€<w>e—“*“
0B(0,L
Helmholtz-Kirchhoff theorem: If the medium is homogene@usocity ce) outside
B(0,D), thenvxy,x, € B(0,D) we have forL >> D:

~ = 2|Q) = A~
G((h), X17X2) T G((L), X17X2) — C— aB<0 L) dqy)G((D, Xl,y)G((JL), X27y)
€ ;

If 1) the medium is homogeneous outsBi, D),
2) the sources are distributed uniformly on the sple&®, L), with L > D.

Then for anyx1,X2 € B(0,D) we have (up to a multiplicative constant):

0
GTC(1> (T,X1,X2) = F® % G(T,X1,X0) — F& % G(—T,X1,X2)
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Summary: if the fields at the sensors are incoherent supgégnssof waves coming
from all directions, then

0T

Keyword: "Directional diversity”

What about situations such as
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Simple geometry in a smoothly varying background

Simple geometry hypothesis{x) is smooth and there is a unique ray between any pair
of points (in the region of interest).

We use the WKB (geometric optics) approximation:

A

G(%) ,xyy) ~ a(x,y)e s 1Y)
valid wheng < 1, where the travel time is

%‘—Cxt)}

T(X,Yy) = mf{T s.t. IXt)epo 1] € ct Xo=x,XT =Y,
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Localized sources: stationary phase analysis

FE(t) = F(!) = F&(w) = ¢F (ew).
COU(T,xq,%2) = 2T[/dyG /dooG (@, X1,Y)G(w, X2, y)e TeF (sw)

G
- L o [ )6 e

WKB approximation forG:

CW(1,%1,%2) /dye /dooF a(xq,y)axp,y)e 7 V)

with the rapid phase

WT (y) = W[T(X2,y) — T(X1,y) — 1|
Use of the stationary phase theorem. The dominant contsibabmes from the
stationary pointgw, y) satisfying:

aw(wr (y)) —0, Oy (wf (y)) —0
— two conditions:

T(X2,y) —T(X1,y) =T, OyT(y,X2) = Oyt(y,x1)
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T(X2,y) —T(x1,y) =T, LyT(y,X2) = Oyt(y,x1)

— X1 andxy are on the same ray issuing frognandt = +1(xq,X2).

Also: y should be in the support &f

May 15, 2008
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Singular component aix1,X>2) No singular component

Conclusion: The cross correlati@?) (t,x1,x») has singular componeni§the ray
joining X1 andx» reaches into the source regi@re. the support 08). Then there are
one or two singular components®at +1(X1,X2).

More exactly:
the raysy — x1 — X2 contribute to the singular componentrat 1(Xx1,X2),
the raysy — xo — X3 contribute to the singular componentrat —1(X1,X>2).
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O piece of signal recorded at X,
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Here, the cross correlation method does not allow for traned estimation, because
there is not enough "directional diversity”.

Idea: exploit thescattering propertiesf the medium.

- The scattered waves have more directional diversity thardirect waves from the
noise sources.

- The contributions of the scattered waves are in the taite@tross correlations.

- By cross correlating the tails of the cross correlationis, possible to exploit scattered
waves and their enhanced directional diversity (first sagggeby M. Campillo).
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Part Il: Fourth-order cross correlations for travel time estimation

cross correlation X, 17X
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Use ofauxiliary sensorg, j, j = 1,...,N. Algorithm:
1) compute the cross correlatio@s (T, Xa j,X1) andCr (T, Xa,j, X2), for eachj:
1 /7 1 /7
Cr(T,Xaj,X1) = ?/o u(t,Xa j)ut+1,x0)dt, Cr(T,Xaj,X2)= ?/o U(t, X j )u(t+T,Xx2)dt
2) consider the tails o1 (T,Xa,j,X1) andCr (T, Xa,j, X2):
CT,COda(T7 Xa,j 3 X| ) — CT (T7 Xa,j s X ) [l<—°°7_Tcoda) (T) + 1<Tcoda7°°) (T)}
3) compute the cross correlations between the tails and senmjo

N /
3
C(l'/?T (T7 X17 XZ) — z / - Cchoda(T/, Xa’j ,Xl)Cchoda(T/ —|_ T, Xa’j ,XZ)dT/
=
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Model for the scattering medium

Medium characterized by a smoothly varying backgroundaisiay(x) and a clutter,
modeled by a collection of localized scatterers aro(@dj>1.

Full Green’s function:
G(w,X,Y) = Go(w, X,y) + G1(w,X,y)

with Gg the Green’s function of the background mediagn

Go+ AGp = —d(x —)

c5(x)
and (Born approximation)

G1(w,X,y) = &’ > Go(,%,2j)0jGo(w, Zj,Y)
]

We look for an estimate afp, or an estimate of

(X, y) = inf {T s.t. IXt)epo 1] € ct Xo=x,XT =Y,
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Simplifications:

1) The distribution of the auxiliary sensoi&, j)j—1.... N is dense
— continuous approximation with the densjy(xa).

Zw(xa,j) =~ /anXa(Xa)qJ(Xa)
]

for any test functionp.

2) The distribution of the scattere(®; )~ is dense
— continuous approximation with the densiy(zs) :

ZLU(Z]) Q/dZsXs(Zs)qJ(Zs)
J

3) Scattering amplitude®;);>1 of the scatterers are independent and identically
distributed withE[o%] = 0.
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Stationary phase analysis of the cross correlatiog(®
Using the Born approximation f& = Gg + G; and the WKB approximation foBo:

cPtxy) = ;’—f[ | dxadysdyzdzsxalxa)B(y2)8(y2)xs(zs) [ deoss'F ()2
xa(Xa,Y1)a(X1, 25)a(Zs, Y1 )A(Xa, Y2)A(X2, Zs)A(2s, Yp)€ ¢ T KV Y2 %)
with the rapid phase
WT (Xa,¥1,¥2,2s) =  O[T(Xa,Y1) —T(X1,2s) — T(Zs, Y1)
—T(Xa,Y2) +T(X2,2s) + T(Zs,y2) — T|
Stationary points:
(00, Oxa» Oys» Oy, Oz ) (W7 (Xa, Y1,Y2,2s)) = (0,0,0,0,0)

— five conditions:

T(Xa>YI) o T(X17 ZS) o T(287 yl) o T(Xa7y2) + T(X27 ZS) + T(287 y2) =T

DxaT(Xa,yl) — DXaT(Xa7y2)
Oy, T(y1,%a) = Oy, T(Y1,2s)
Oy, T(Y2,Xa) = Oy,T(Y2,2s)

Uz, T(Zs, Y1) + Uz, T(Zs, X1) = Uz 1(zZs,Y2) + Uz, T(2Zs,X2)
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There are stationary points:

Conclusion:C® has singular components if;
1) there are scatterezs along the ray joiningk; andx» (but not betweemx, andx»y).

2) there are auxiliary sensaxg along rays joining sources,y»> and scattererss.
These singular components arg at +1(X1,X2).

It is not required that the ray joining; andx, reaches into the source region !
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Here:
It is not possibleto extract the travel time(xq,x») from C(1

It is possibleto extract the travel time(x1,x,) from C(®)
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Part Ill: Passive imaging by cross correlation of noisy sigmls

e Network or array of passive sensogs j = 1,...,N
e Ambient noise sources emitting stationary random signals

e Target (small reflector) &

e Different light configurations

O O O O
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o o ©° ° N z, o o 0 © z s
o ° A ¢ o ° ¢ A
o 5 A o o A
O @] A @] O A
ji co 4 AXy E ©co 4 AXy
O O © O O ©
O O
5 ° © 5 ° ©
Daylight configuration Backlight configuration

e Two types of situations:
e Data in the absenc€{) and in the presenc€ of the reflector
e Data only in the presence of the reflector

e We know the background medium: the travel times betweendhsas and points in
the region around, are known.
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|dentification of the singular components of the cross corriations

Using Born and WKB approximations

~ /0 : 6
GO(gaXLXZ) ~ a(xg,xp)e e xaxe)

~

G(%),xl,xz) ~ a(X17X2)ei%)T(X1’X2)—|—(x)za(X]_,Xr)O'ra(Zr,Xz)ei%[T(Xl’zr)JrT(Z“XZ)]

Differential cross correlation
c (T,Xl,Xz)—Cc()l) T,X1,X2) = /dye /doooo F(w)a(xq,Y)a(Xo,z)a(z, y)e'eT(y)Jr...
with the rapid phase
W7 (y) = 0[T(y,X2) = T(Y,2r) = T(Zr,X1) — T|
The dominant contribution comes from the stationary padiaty) satisfying
aw(m (y)) ~0, O (wf (y)) —0
which gives the conditions

T(y7X2) o T(y7zr) — T(Zr,Xl) =T, DyT(anZ) — Dyr(y7zl’)
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T(Y,X2) =Y, zr) = Uz, X1) =T, OyT(y,x2) = Oy1(y, z)

Ooo o) X
i - :
o 5 ° S o
Daylight Backlight
—T(X2,Zr) — T(Z,X1) =T T(X2,Zr) —T(Zr,X1) =T

Conclusion:

1) In a daylight imaging configuration, the singular compusefC(d) — Cél) are at
1= :t(T(X].?Zr) "’T(XZ,Zr))-

2) In a backlight imaging configuration, the singular comgaiofC(Y) —Cc(,l) IS at
1= T(X27Zr) o T(X].?Zr)'
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Daylight configuration

e Data in the absenc€§(t,X;,X), j,| =1,...,5) and in the presenc€(T, x;,x; ),
j,I =1,...,5) of the reflector

differential cross correlation X, 7%,

r I I

AX ' -150 -100 -50 0 50 100 150
A’ L 24 . . t .
A differential cross correlation X 7%
A 1r | |
AX
1 0.5t
0
40 60 80 100 120 _05

-150 -100 -50 0 50 100 150

Differential cross correlations:

AC(T,Xj, X ) = (C—Co)(T, X, %)
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Daylight configuration - migration

Theory:AC has singular components®t= £[T1(Xj,zr) +T(X|,Zr)].

e Migration of the differential cross correlatiod€ = C — Cy

) 80 85 90 95 100 105 110 115 120
z

Kirchhoff Migration (KM) functional (image) for the seargivint z°:

N
I (ZS) _ /dOO Z e—i(o[l'(zs,Xj)—l-T(zS’X|)]@(w7xj 7X|) 4+ ei(x)[T(ZS’Xj)+T(ZS’X| )]AC/\_ (007)(1_ 7X|)
j’ =1

AC™ (T7Xj 7X|) - (C_C())(Taxj s X| )1(—00,0) (T> ) AC+(T7XI axl) — (C_C0><T7Xj s X )1(0,00) (T>
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Daylight configuration - resolution
KM functional (image):

N
I(ZS) Z/d(x) Z e_iw[T(ZS7Xj)+T(287XI)]A/E(Q),Xj,X|)
J,1=1

Equivalent to KM for array imaging using an arrayasftivesensorgx;j)j—1 .. N emitting
broadband pulses. The data is thenithpulse response matr(P(t,xj,X))j=1,.. N
and the KM functional is

N _ .
]KM (ZS) _ /dw Z e—I(A)[T(ZS,Xj)+T(ZS,X|)]P(w,xj)Xl)
j,I=1

Range resolution- ¢y /B, whereB is the bandwidth.

Cross range resolution (for a linear array)\oL /a, whereAg is the carrier frequency,
IS the distance from the array to the reflectotihhe diameter of the array.

Cross range resolution (for a network)cy /B (triangulation).
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Daylight configuration - bandwidth 50%

e Migration of the differential cross correlatiod€ = C — Cy

20
differential cross correlation X =X

0.5 10
0
5
-0.5 :
-150 —100 —50
x 0
differential cross correlatlon X, X
0.5
-10
0
-0.5 : -15

-150 —100 —50

-20'
80 85 90 95 100 105 110 115 120

KM functional (image):

N
_ /d(x) e_iw[T(ZS’Xj)+T(ZS7X')]A/C\"'((O,Xj ,X|) —I_eiw[T(ZS’Xj)+T<ZS’X')]A/C\_((O,Xj,X|)
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Daylight configuration - bandwidth 10%

e Migration of the differential cross correlatiod€ = C — Cy

20

differential cross correlation X =X
1 I I 15
10
5

_0.5 1 1 1 1 1 1 1
-150 -100 -50 0 50 100 150
t %0 \\

differential cross correlation X, 7

I I I -5

-107
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-05 | | | | -15

-150 -100 -50 0 50 100 150

t |
-20
80 85 90 95 100 105 110 115 120

KM functional (image):

N
I(ZS) :/dm Z e—iw[T(ZS,Xj)+T(ZS,X|)]A/C\_F(O%Xj7XI)_|_ei(O[T(ZS,Xj)+T<ZS,X|)]AC/\_(O),X]_’Xl)
J,1=1
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Daylight configuration

e Dataonly in the presence of the reflect@(t,x;,x), j,| =1,...,5.

coda cross correlation XX,

1r [ I
0.5t
OWMW”WNMVWMWW
_05 1 I I I I L L
AX -150 -100 -50 0 50 100 150
A’ ‘Zr t .
A coda cross correlation X X
A l* I
AX
1 0.5t
OWV\NWW'—M/\W\WMM
40 60 80 100 120 ~0.5 1 1 1

-150 -100 -50 0 50 100 150
t

Ceodd T, Xj,X1) = C(T,Xj,X) |:1<—°°,—T(Xj X)) (1) + Le(x;,x),00) (T)]
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Daylight configuration - migration

Theory:Ceodd T, Xj, X1 ) has singular components®at= £[t(Xj, zr) +T(X|, Zr)].
Triangular inequalityiTt(Xj,zr) +T(X,2r)| > T(Xj,X|) = singular components B¢oda

e Migration of the coda cross correlations

- - -

) 80 85 90 95 100 105 110 115 120

KM functional (image):

/dw —mo[r(szJ)H(zSxl)]CCOda(w xJ,x|)+e'°° (z5xj)+1(z° X')](?C;a(w,xj,m)

Coodd TXj:X1) = C(T X} X)L oo x(x; ) (T CogaT:Xj:X1) = CT X}, X1) L, x),e0) (T)
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Backlight configuration

e Data in the absenc€{) and in the presenc€ of the reflector

differential cross correlation x, —x

1 "1
1k
0.5¢
0
_05 L L L L L L
AX -150 -100 -50 0 50 100 150
‘Z A 5 t
differential cross correlation x, —x
A 15
A 1r
AX
1 0.5¢

0 W
40 60 80 100 120 —05 1 1 1 1 1

-150 -100 -50 0 50 100 150

AC(T,Xj,X ) = (C—Co)(T, X, %)
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Backlight configuration - migration
Theory: AC(1,Xj,X|) has singular components®t= 1(X|,zr) — T(Xj, Z).

e Migration of the differential cross correlatiod€ = C — Cy

) 10 20 30 40 50 60 70 80 90
KM functional (image):
N _
1(25) :/dw Z e"‘*’[T(ZS’X')_T(ZS’Xj)]AC+(w,Xj,x|)1(0700) (T(28,%) —1(Z5.x))
j)I=1

@)X AT (60,1, )1 —e,0) (125 %) = T(Z5, X))

AC™ (1,%j,X) = (C—Co) (T, X}, X1)L(—w ) (), ACT(T,xj,X) = (C—Co)(T,Xj,X|)L(0,00) (T)
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Backlightlight configuration - resolution

KM functional

N
J,1=1

Same form as the Matched Filter (MF) imaging functional usbeénz, is asource
emitting an impulse that is recorded pgissivesensors atx;)j—1,... N and the data is the
vectorP(t,xj). The MF functional is

M%) = o /doo| ge_m(zs’x')'ﬁ(w X|) ’
21 & ’

= i/doo S e 1O @X) =12 XDIB (¢, % ) B(00, X )
27T JZ:]_ y Al 1y /N )

Backlight cross correlation imaging with passive senscaye provides poor range
resolution, as in MF imaging.
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Backlight configuration

e Data only in the presenc€] of the reflector
e Migration of the full cross correlations

full cross correlation X, X,

1
40

201
AX -150 -100 -50 0 50 100 150
‘Z A 5 t
r full cross correlation x, —x
A 175
A 8r I
AXl 6
4+
1 1 1 1 1 2k
40 60 80 100 120 0

-150 -100 -50 0 50 100 150

Singular components at= t(X, zr) — T(Xj, zr).

Triangular inequalityt(x,zr) — T(Xj, zr)| < 1(Xj,X) = singular components buried in
the main (singular and non-sigular) components, the coassa@orrelation technique
cannot be applied.
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Backlight configuration

e Migration of the full cross correlations

KM functional (image):
N _—
I(ZS> _ /dw Z e—l(k)[T(ZS7X|)—T(ZS,Xj)]C—i— (U),Xj X )1(0,00) (T(ZS, XI) . T(ZS,XJ'))
jI=1

| dOlt(@®x)—T(Z5 %)) - (@, Xj,X| )1(_00,0) (T(ZS’ X|) — T(zS,Xj )
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Perspectives:

e Use the sensor network for travel time estimation and backyt velocity estimation
(to be used in migration)

e Exploit the scattering properties of the medium and appligefent Interferometry
(CINT), which amounts to cross correlate the coda crosstairons
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CINT

e Key idea in CINT with arrays of sensors in active imaging: ratg cross correlations
of the impulse response matrix, rather than the impulseorespitself.

e Here: migrate cross correlations of the coda/differemtiass correlation€(t,xj,X; ),
which means that we use fourth-order cross correlations.

e It is important to compute these fourth-order cross coti@talocally in time and
space, and not over the whole time interval and the wholefg®tics of sensors.
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CINT 1

Consider the square of the KM functional:

"M (Z5) Z /wa,,x|5w,xj/,x|,)
I—1

o @ 10[T(X},2%)+T1(x1,2%)] W [T(X}r,Z°)+T(%7,2°)] g o]

Decoherence frequené€yy: frequency gap beyond which the coda are not correlated.
Remark: The reciprocal of the decoherence frequency isdlay dpread (duration of the
coda).

[CINT(ZS’Q — // O\JXJ,X|)C((Q/,XJ'/,XII)
ijfr=1//lo-0|<Qq

o @ 10[T(%},2%)+T(x1,2%)] J 0 [T(X},.2%) +T(X1.2%) ] g (od 0

Compare with the square of the KM functional: The CINT fuontil and the square of
the KM functional differ only in that the frequencigs — /| > Qg are eliminated in
CINT.
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CINT 2

Decoherence lengtiy: distance between sensors beyond which the coda that can be
recorded at them are not correlated.

N —=
JONT(£8 04 Xq) = 3 dwdw C(w, X, % )C(w, Xjr, X))
. |- |<Qq |

X e_iw[r(xj 2%)+1(x,2°)] ei(.d[‘[(xj, Z9)+1(x,25)]

e The range resolution of CINT is of the order@f/Qqy and the cross range resolution of
the order ofA\gL /Xg.

e An adaptive procedure for estimating optimally the unkn@anameter§)y andXy is
based on minimizing a suitable norm of the image to impravetality, both in terms of
resolution and signal-to-noise ratio.
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