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Abstract

We introduce an inversion algorithm for tomographic images of layered media. The algorithm
is based on a multiscattering series expansion of the Green’s function that, unlike the Born
series, converges unconditionally. Our inversion algorithm obtains images of the medium that
improve iteratively, as we use more and more terms in the multiscattering series. We present
the derivation of the multiscattering series, formulate the inversion algorithm and demonstrate
its performance through numerical experiments.

Key words: multiscattering, imaging, electrical conductivity.

Contents
1 Introduction 1
2 Derivation of the multiscattering series 3
2.1 Path-integral representation of the Green’s function . .. ... ... ... ... ... 3
2.2 lIsotropic, homogeneous media . . . . . . .. .. .. L L oo 5
2.3 Medium with one plane interface of discontinuity of the conductivity . . . . .. ... 5
2.4 Multiscattering series expansion of the Green’s function in a layered medium occu-
pying the half space Q . . . . . . . . L 6
2.5 DISCUSSION . . . . . . o e e e e e e e e e e e 9
3 Inversion algorithm 10
3.1 Formulation of the nonlinear output least-squares problem . . . . . . ... ... ... 10
3.2 Comparison with the Bornseries . . . . . . .. ... ... .. .. 000, 12
3.3 Discretization, penetration and resolution . . . . ... ... ... o 00000 14
4 Numerical results 16
5 Imaging of almost layered media 20
6 Summary 22

*Accepted for Publication by Inverse Problems, on 11/20/1998

tComputational and Applied Mathematics, MS 134, Rice University, 6100 Main Street, Houston, TX 77005-1892.
(borcea@caam.rice.edu)

{Qraduate Aeronautical Laboratories 105-50, California Institute of Technology, Pasadena, CA 91125.
(ortiz@madrid.caltech.edu)



A Calculation of the probability of the reflected paths in a medium with one in-
terface 23

1 Introduction

We consider the inverse problem of imaging the electrical conductivity of a layered medium occu-
pying the half space Q = {(z,y,2) | z <= 0}. The data are the applied electric currents and the
measured electric voltages on the boundary surface S = {(z,y,2) | z=0}. This work is motivated
by problems arising in Geophysical prospecting, where, in many situations, it is reasonable to ap-
proximate the Earth by a layered medium in the half space €2. The upper half space is assumed to
be composed of dry air with negligible electrical conductivity.

The electric potential ¢ satisfies

V. [o(2)Ve(z,y,z)] = 0 inQ

0 .
0(0)8—f(w,y,0) = j(z,y) onS (1.1)
¢(z,y,2) — 0 asz— —o0
06 06 |
o, 9z’ 8_y and j — 0 asz,y— too, (1.2)

where o is the electrical conductivity which depends only on depth and j is the given normal current
at the boundary. For problem (1.1) to be well posed, we must have

/j(a;,y)dmdy: 0. (1.3)
S

The conductivity o is a real, positive function and the current j is a function in the space H_%(S).
We overspecify the problem by requiring that

é(z,y,0) =v(z,y) on S, (1.4)

where v is the measured voltage. The inverse problem is to find o(z) for z < 0 from the Neumann
to Dirichlet map
I':j—v, Whel'eF:H_%(S)%H%(S). (1.5)

In practice, 7 and v are not known over the whole boundary S but rather at discrete locations
confined in a bounded subdomain M C §. Thus, the imaging of ¢(z) is to be done with only
partial knowledge of the Neumann to Dirichlet map (1.5).

We assume a discrete layered medium as shown in figure 1.1. The case of a continuous o(z) can
be viewed as the limit of the discrete case, where the width of the layers is infinitesimally small.
Under the assumption of a discontinuous electrical conductivity, suppose that we have N + 1 layers
of width d;, where i = 1,...N 4+ 1. The last layer is assumed infinite, so dyy1 — oo. In each layer,
the conductivity is given by

o(z) =0; = constant, for — H; < z<-H;,_q,i=1,...N+1. (1.6)

The forward problem (1.1) for a layered medium with conductivity (1.6) can be solved explicitly
(see for example [21]) and the electric potential on the boundary S is

1 oo o J(k) [1+ R(|k|,o,d)e 2kl ,
= = — —ik - dk 1.
(b(mv Y, 0) ’U(ZC, y) 271_/_00/_00 |k|01 [1 _ R(|k|, o, d)€—2|k|d1 eXp[ t (ZE, y)] ) ( 7)
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Figure 1.1: Discrete layered medium.

where J(k) is the Fourier transform of the boundary current j, k is the Fourier frequency, o =
(61,...0n41) and d = (dy,...dn+1). The kernel R(|k|,o,d) is given by

R(|k|707 d) =Ty, (18)
where r;, © = 1,...N are calculated iteratively, starting from the bottom layer:
rNy1 = 0
o Tn41 + Dn62|k|dn+l

"n = i3 (1.9)
€ + nTn+1

D, = M, forn=1,...N.
Tp + On+1

Equation (1.7) shows clearly the nonlinearity of the inverse problem, where the kernel R and the
measured voltage v have a complicated dependence on the conductivity o(z).

One approach to solving the inverse problem is layer stripping, based on a Ricatti equation for
r(z):

ldlno(z)
5

() + 2 () - 5

1-r() = 0

r(z) = 0asz — —oo, (1.10)
that can be obtained from the discrete equations (1.9) applied to a continuum by setting r(—H,) =
r, and taking the limit d; - 0,¢=1,...N as N — oo. Another proof of (1.10) follows from the
equation (1.1) after taking the Fourier transform with respect to x and y. We have

0 2% 2 —
e [U(Z)E(lgz)] — |k["o(z)é(k,2) = O0forz<0

0 J(k)
E(k,()) = ko (1.11)

¢k,z) »0asz — —o0

aqé(ak,z) nggk,z)
r(z) = [1 — 7“{'&(1{72)] /[1 + 7“{'&(1{72)] . (1.12)

and we define



Since the solution of interest satisfies ¢(k, z) ~ elkl* as 2 — —o0, r(z) defined by (1.12) satisfies the
decay condition at infinity. Furthermore, r(z) satisfies the Ricatti equation (1.10) as one can easily
check by direct substitution. Layer stripping has been explored in inverse scattering problems for
the Helmholtz equation [11, 30]. The idea of layer stripping based on a different Ricatti equation
than (1.10) has been used in electric impedance tomography in [29]. Furthermore, the method
has been extended to imaging a rectangular resistor network in [14]. The main problem of these
algorithms is the stability issue for the high frequency modes.

In this paper, we propose another approach to solving the inverse problem (1.1)-(1.4). We
construct a multiscattering series expansion of the kernel R(|k|,o,d) in (1.7). The series is in
powers of the reflection coefficients D, = % and, unlike the Born series, converges for all
contrasts. The series expansion of the kernel R is obtained through a calculation of the Green’s
function of (1.1) via path integration [16, 20, 28, 32]. In section 2 we explain the derivation of
the multiscattering series via path integration. In section 3 we introduce the inversion algorithm.

Numerical results are presented in section 4.

2 Derivation of the multiscattering series

2.1 Path-integral representation of the Green’s function

We begin the derivation of the path integral representation of the Green’s function by considering
the elliptic problem for the whole space

V. [e(x)VG(x,x)] = —8(x—-x), forx, x' €R?
G(x,x') =0 as |x—x| = oo (2.1)
However, we explain later how to reduce the domain to the half space €2, by introducing a special
extension of o(x) for z > 0. Suppose that we discretize (2.1) by reducing the space to a cubic

infinite lattice of spacing h. The discretization of equation (2.1) leads to an algebraic system of
equations:

Zl(abub = f., (2.2)

beA
where A is the set of indices of the nodes in the lattice, uy = G/(x3,x’) and f, = §(x, — x’). The
coefficients K satisfy
K=Ky, <0 for a#b; a, beA
K, >0, forall a€cA (2.3)

ZKab =0, for all a € A.
beA

As an example of discretization of (2.1) in a region with constant o, consider central differences:
UQ

h_2 bug — Z Up :fa7 (24)
bEN(a)

where N(a) = {b € A | |xp — x4 = h} is the set of neighbors of the node a and ¢, = o(x,). For
a node a € A that belongs to an interface Z between two layers ( see figure 2.1), the discretization

of (2.1) is

<o >
72 6u, — Z up — (1 4+ D)ug+ — Tuy— | = fa, (2.5)
beN 7(a)




Figure 2.1: Interface Z between two layers of different electrical conductivity.

where
ot + o~
<o> = ——,

ot — o~ . .

D = ——— = reflection coefficient, (2.6)
ot +o~

20~ .. )

T = ———— =1— D = transmission coefficient

ot 4o~

and Nz(a) = {b € Al |xy —x,| = h, and x; € Z} is the set of neighbors of the node a, that belong
to the interface.
Based on the coefficients K,;, we define a new set of coefficients

K,
Toaywy = _K—b > 0, fora#b; a, be A
Z’rzavl‘b = 17 (27)

b#a
which are given the interpretation of transition probability from node a to node b in the lattice.
Next, we solve the linear system (2.2) with Jacobi’s iterative method:

L0 —
o Ko
ug”) = % + Zrza@bugn_l), forn=1,2,... (2.8)
b#a
and take the limit h — 0, n — oo to get the Green’s function as
N ) N 9.
G x) = fim 3 01(x,%) (2.9)
In (2.9), ¢, (x,x’) is the transition probability from point x’ to point x in n steps, given by
h2
n N = T 2.10
0u0X) = G P | ), (2.10)
where .
P(Y | n)= eri_hzi, Xo =%, X, =X (2.11)

i=1
is the probability of a path T that starts at x’ and ends at x after n steps. Thus, the Green’s
function has a path integral representation given by (2.9)-(2.11). Furthermore, problem (2.1) has
been reduced to a random walk in R?.



2.2 Isotropic, homogeneous media

In isotropic, homogeneous media, the transition probabilities 7 can be modeled by a Gaussian [10]

3
3 2 3
v = (%= xi1) = (507 e (— b= xical?)). (2.12)

The problem of random flights has an elegant solution due to Markoff [10, 20]. However, here we
give a different calculation that clarifies future steps in the derivation of the multiscattering series
of the Green’s function.

Equations (2.10)-(2.12) give

3 n
gn(x,x') = (27rh2) /dx1 ./dxn_l exp (—WZ]X]' - X]‘_1|2) , (2.13)
i=1

where each integral is taken over R®, xo = x’ and x,, = x. We calculate the integrals in (2.13)
iteratively, starting with [ dx,_; and ending with [ dx;. Since we consider the limit h — 0, each
integral in (2.13) is of Laplace type [4] and the main contribution comes from the straight path

x}, where x?:x’—}—i(x—){’)7 j=0,1,...n. (2.14)

T ={x, x},...x
n

n—11

The result is equivalent with Markoff’s solution

K/ 3 \2 3
n N=— | —— - —x'|? 2.15
gn(x, %) 60 <27rnh2) xp < 2nh? = x| ) ( )
and the Green’s function follows from (2.9):
RS 3 7 3 1
=i R N _ —x' 2) = —. 2.1
Gx,x) = hs0 602_:0 <27rnh2) xp < 2nh? [ = x| dro|x — X/| (2.16)

Thus, we obtained the well known formula of the Green’s function of the Laplace equation in R3.

2.3 Medium with one plane interface of discontinuity of the conductivity

Suppose that we have a medium that has two infinite layers as shown in figure 2.1:
ot  forz>¢
o(x)=o0(z) = { o= fors < ¢, (2.17)

We calculate the Green’s function corresponding to this medium with the path-integral method
described in sections 2.1 and 2.2. Let us define

Q" ={(z,y,2) | 2> ¢} and Q" ={(z,y,2) | 2 <}
and suppose that x and x’ € QF. From the result (2.14) we deduce that there are two classical

paths that connect x’ and x in n steps. There is the direct path that has the probability ggd)(x, x')
given by (2.15), where ¢ = o*. The second path reaches x after a reflection at the interface and it
has the probability

P4 =2 <[ - sz (=P (5-y) 4 (6-2')?]
D60+ n pz:% /—oo/—oodadﬁ< ) "

3 2 2 [( )2 (v 5)2 (= 5)2]
2(n p)

@
o
~—~~~
»”
x\
SN—
I

5



The interpretation of formula (2.18) is as follows: The paths from x’ to the interface Z are straight,
as given by (2.14). One such path reaches the interface at location (o, 3,&) after p steps. We must
consider all possible paths so we integrate over a and . Next, from the interface, the destination
is reached along a straight path that connects (o, ,€) to x in n — p steps. We consider all possible
values of p and take the average as indicated by the sum in (2.18) which is multiplied by the normal
velocity (24'27;7_25) along all the paths. Finally, D is the coefficient of reflection given in (2.6). Thus,
the probability of the reflected path is (see appendix A)

r h2 3 % __3 r—x' 2 AV v 2
gr(z )(val) = D60—+ <—27rnh2> e 2nh? [€ ) Hy—y) +(2¢ ) ] (2.19)

Furthermore, the path that has the largest contribution in the evaluation of gy)(x,x’) satisfies
Snell’s law of reflection that says that the angle of incidence equals the angle of reflection. The

calculation of the Green’s function is completed by using equation (2.9):

for x and x’ € QF.

(2.20)
Next, suppose that x’ € Q1 and x € Q. All paths that connect x and x’ cross the interface Z,
so we obtain

h? (Z/ _ Z) n 00 0 3 % —i[(a—l‘/)2+(l3— /)2_|_(§_Z/)2]
(1) N_=p_ \" 7 / 2 2ph2 Y
g, (x,x') =T— - pz:% /_Oo/_oodozdﬁ (27rph2) e 2ph

1 1
G 3 ! — D Y
(%, x) drot|x — x/| + droty/(z —2)2 4+ (y — )2+ (2§ — 2z — 2)?

6o

3 ] ? T [ A ] (2.21)

s ) ¢

where 7" = 1 — D is the coefficient of transmission. The interpretation of (2.21) is similar to
the interpretation of (2.18). The result of the calculations in (2.21) give the probability of the
transmitted path

h? 3 : B T N2 (N2 (s N2
(0 /:T_(_) Slle=e P+ o=y 4 =27 2.22
9" (%, %) 60— \2mnhz) " ' (2.22)
where the main contribution comes from the straight path that connects x to x’ through the
interface. The Green’s function is given by
1

G(X7XI) = Tmfor X € Q_ and X/ € Q+. (223)

2.4 Multiscattering series expansion of the Green’s function in a layered medium
occupying the half space

The Green’s function associated with problem (1.1) satisfies

V. [o(2)VG(x,x)] = -d(x—x), forx, x' €Q
G(x,x') =0 as |x—x|— oo (2.24)
oG oG ,
E_Oforz_o and ﬁ_Oforz_O.

Furthermore, G | U% and U% are continuous at any interface between two layers. The conduc-

tivity o(z) for z <=0 1is given by (1.6) and it is extended to o = 0 for z > 0. Thus, the top surface
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Figure 2.2: Path diagram for the construction of the term Gy(x,x’) in (2.25).

acts as a perfect reflector with reflection coefficient Dy = 21;8 = 1. Suppose that both x and x’

belong to the first layer of conductivity o;. We use the results of sections 2.1 - 2.3 and write that
the Green’s function is given by the multiscattering series

G(x,x) = i_o:Gr(X,X/), (2.25)

where G, denotes the term in the series that accounts for a total of r reflections at any of the inner
layers z = —H;, j =1,...N. We explain the construction of each term in the series through path
diagrams.

Take r = 0 and observe from the diagram in figure 2.2 that there are two classical paths that
connect x" and x. The first path () is direct and the other (Y3) is reflected at the top surface.
Thus, according to the results in section 2.3 and the fact that the reflected path T4 has amplitude
Doy =1 we have

1 1
B Y G V) R E L oY ) LR a ) Lo EEae o

Go (2.26)

Next, take r = 1 or, equivalently, consider the contribution to G'(x,x’) of all paths that reflect once
in the interior of 2. We must consider the four possibilities shown in the diagrams in figure 2.3.
As we had before, the reflection at the top surface means multiplication by Dy = 1. Furthermore,
the amplitude of a path that reflects at the interface 2 = —H; is given by the product between the

coefficient of reflection D; = % and the coefficients of transmission back and forth through
J J
the layers at z = —H;, where 1 <7 < j — 1. Thus, the amplitude of each path in the diagrams of
-1
figure 2.3 is DjH(l — DZ). The term in the series (2.25) that corresponds to r =1 is
i=1
N j_l 1
Gi=> D;][(1-D}) +
j=1 =1 4#01\/(33—;r’)2+(y—y’)2—|—(2H]~—|—z—}—z’)2
1
+ (2.27)
471'01\/(m -2+ (y—y):+ (2H; + 2z — 2')?
1

+

4%01\/(56 -2+ (y—y) 4+ (2H; — 2+ 2')?
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Figure 2.3: Path diagram for the construction of the term G (x,x’) in (2.25).
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Figure 2.4: Path diagram for the construction of the term G (x,x’) in (2.25).
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Figure 2.5: Path diagram for the construction of the term G3(x,x’) in (2.25).




1
amon/(z = 2)2 + (y - y)2 + (2H; — 2 — )2

The term G in (2.25) accounts for the contribution of paths such as T shown in figure 2.4. Note
that the other three possibilities due to the perfectly reflecting top surface must be included.
Finally, we show the diagrams in figure 2.5 which illustrate the paths that contribute to the term
('3 in (2.25). Again, the additional possibilities due to the perfectly reflecting top surface must be
included.

The construction can be done, in principle, for any r. For each path in the diagram, we calculate
its amplitude as the product of the coefficients of reflection and transmission through the interfaces.
Note that the amplitude of each path belongs to the interval [—1,1]. Furthermore, each term in
the expression of G,(x,x’) is proportional to the product of r coefficients of reflection D;, where

D= T T g1,

0j + Ojt1
Thus, if the contrast is high, the reflection coefficients are close to +£1 and the convergence of the
series is slow. However, for moderate contrast, we expect a fast convergence. Note also that the
contribution to the Green’s function of each path is inverse proportional to the length of the path.
Thus, the higher r is, the longer the paths and the smaller the terms in the expression of GG,.. This
is of big importance in the convergence of the series as we show in section 3.

2.5 Discussion

The multiscattering series expansion (2.25) of the Green’s function can also be obtained directly
from equation (1.7), where

1 [14 R(k|,o,d)e 2kl
Kov [ 1= R(K|,, d)e 25

| [ Ga—ay—yz e dady = (2.28)

and the kernel R is calculated iteratively as given by (1.8) and (1.9). One can expand the right hand-
side of the equation (2.28) into a power series of coefficients D; = % and obtain (2.25). Our
approach, based on path integration, gives a physical interpretation of the derivation of (2.25). We
show that the problem can be regarded as a random walk in an infinite lattice, where the transition
probability from one node to another depends on the electrical conductivity of the continuum.
Furthermore, of all possible paths in such a random walk, we distinguish the preferred or classical
paths that give the largest contribution to the Green’s function. The classical paths, like rays in
geometrical optics, reflect at interfaces according to Snell’s law of reflection (see equation (2.19)).
However, the transmitted paths remain straight and so they do not satisfy Snell’s law of refraction.
Furthermore, after each reflection and transmission through a layer, the amplitude of the paths
decreases as given by the reflection and transmission coefficients defined in (2.6). Thus, (2.25) is
very similar to the Bremmer series obtained by Bremmer [7, 8] and by H. B. Keller and J. B. Keller
in studies of wave propagation in layered media. However, there are some differences between the
Bremmer series and (2.25). First, the reflection and transmission coefficients do not depend on the
angle of incidence and, as explained above, the transmitted paths remain straight while passing
through an interface between two layers of different conductivity. The second difference is that each
term in (2.25) is exponentially decaying with the length of the path. There is no concept of time
of arrival at the surface (as for waves) and all the paths contribute simultaneously to the response
at the boundary.



Finally, we mention that equations (2.9) and (2.10) hold for any function ¢(x) and so, the
path integration approach introduced in this section might be useful in deriving approximations
of the Green’s function in media that are more general than the layered ones. In future research,
we concentrate on extending the ideas in this section to such media. One example, encountered
in mine detection applications, is a medium with a few conducting or insulating inclusions in a
uniform background.

3 Inversion algorithm

3.1 Formulation of the nonlinear output least-squares problem

Given the Green’s function for problem (1.1) in a layered medium with conductivity given by (1.6),
the electric potential on the top surface S is

v(z,y) = / J@ )G (2 Yy 2 = 052,y,2 = 0)dz'dy’. (3.1)
S
The Green’s function is given by the multiscattering series (2.25). The calculation of v(z,y) by
formula (3.1) requires evaluations of integrals like
2

(-f Y, 5) /S (x y)4ﬂ_01\/($ — x/)Q F (y_ y,)2 +52d$/dylv (3‘2)

that are computed as follows: The integral in (3.2) is given by

I(z,y,8) = ¥(z,y,8), (3.3)

where 1 is the solution of the conductivity problem in a homogeneous medium with ¢ = o:

AY(z,y,z) = 0 in Q
oY :
og-(2,9,0) = j(z,y) ons (3.4)
Y, (9¢ da—p—ﬂ) for z, y— £ oo orz— —oo.
oz oy

The calculations are simpler in the Fourier space, where

(3.5)

otherwise.

. JK) k|2
"(kz):{gqg for < 0and k #0

Thus, the Fourier coefficients of the measured voltage on the top surface, for k # 0 are given by
(2.25) and (3.1) as

. _J(k 2\ —2|k|H;
o(k) = |k|01 {I—I—QZDH Dj)e +

=1 71=1

QZD H kZlel:[ (1 — DF)e2IkI(Hi+Hy) O(D3)} (3.6)

— ] 1

where by O(D?) we mean the contribution of the terms G, r > 3 in the multiscattering series (2.25).
The series expansion (3.6) of the voltage o(k) is convergent because of the decaying exponentials.

10



Indeed, the higher the terms in the series, the longer the paths associated and the smaller the
exponentials. Furthermore, all the exponentials are multiplied by the amplitude associated with
each path and each amplitude has a magnitude of at most one. For moderate contrasts, the
reflection coefficients are small and we expect that it is sufficient to consider only the first few
terms in (3.6).

In our numerical experiments, the domain M C § of measurements is a square of length L,
over which we place electrodes on a uniform mesh with Ng nodes on each side. The number of
frequencies that give independent equations such as (3.6) are M = % (% + 1) (% + 2) —1. Thus,
our inversion algorithm attempts to find the reflection coefficients D;, i = 1,...N that satisfy (3.6)
in the least-squares sense, for the frequencies

21, 27 . Ng . . Ng
k= <fl,fj), forz:O,...,T; J=h and k # 0. (3.7)
In general, is is easy to get the conductivity on the surface, so we assume that we know ;. The
inversion algorithm proceeds to reconstruct the reflection coefficients step by step. The first step
takes into account only single reflections in the interior of © and terms in (3.6) of order D. Thus,
the first step of our inversion algorithm implies solving the linear least-squares problem

m[i)n||BD — b||z, (3.8)
where
D = (Dy,...,Dy)" eRV
B;; = 2exp(-2|k]H;), fori=1,...M and j=1,...N (3.9)
0(k; .
b; = |ki|oy real <§((k2))) -1, fori=1,...M.

We solve (3.9) with the singular value decomposition [17]. In general, B has singular values
that decay quickly to zero. To decide how many singular values to use in the least-squares solution,
we use that, in general, the measurements of the potential v are noisy. Let us denote by ©(k) the
noisy Forier coefficients, where

?Nj(kl) :ﬁ(ki)(l—}-{ii), i=1,...M, g <e¢, (3.10)
and ¢ is the noise level. Then, the vector b in (3.8) is perturbed to

(k)

b =b+ Ab, where |Ab;| = |k;|oy 7()

leil <1+ bile, i=1,...M. (3.11)

Thus, )
|BD —bl|; S |[BD — bl|; +¢||1 + bl

and we accept D as the least-squares solution of (3.9) if
IBD = b||z ~ £[|1 + 2.

The solution D is a first approximation of the reflection coefficients. Once we have D, we find an
approximation of the electrical conductivity as

1-D; .
Ui+1:Ui<1—|—Di)7 1=1,...N. (3.12)

11



The next step of the inversion, takes in (3.6) terms of order up to D%. This leads to the nonlinear
least-squares problem

M N N N
m[%nzr?(D), where r;(D) = b; — QZDje_mk"'Hﬂ — QZZDjDke_2|k"|(HJ+H‘“). (3.13)

7=1 j=1k=1

We solve (3.13) with Newton’s method, where the initial guess is the solution of (3.9). Next, we
take in (3.6) terms of order D? that account for at most three reflections inside Q. The least-squares
problem to solve is:

M
in) r¥(D), wh
mﬁnzrl( ), where

N j—1
ri(D) =b; — 2> D;(1 - > Df)e 2kl _ QZZD Dye™ 2l +H) (3.14)
j=1 k=1 j=1k=1
N N N N j—1
QZZZD DyiDpe —2|k; |(H;+Hy+Hp) "’222 Z D;DyD,e —2/k;|(H;—Hx+Hp)
j=1k=1p=1 j=lk=1p=k+1

This can be done for higher and higher terms in the series (3.6). For each step, we have a nonlinear
least-squares problem that we solve with Newton’s method, where the initial guess is the solution
of the previous step. If the vector D does not change much from one step to another, we accept it
as the solution of the inverse problem and calculate the conductivity distribution from (3.12).

In summary, the inversion algorithm introduced in this section consists of a sequence of least-
squares problems. The first problem (3.8) is linear and all the others, like (3.13) and (3.14),
are nonlinear. In each least-squares problem, we consider an additional term G, in the series
expansion (2.25) of the Green’s function. As shown by (2.25) and (3.6), each term G, has a
strength proportional to the r** power of the reflection coefficients D;. For a finite contrast in

, |D;]l < 1forall j =1,...N and so |G,| is expected to be smaller than |G/,_;|. Furthermore,
G, contains longer paths than G,_;, and, due to the exponentially decaying factors in (3.6), is

less important than (G,._; in the approximation of the Green’s function. Thus, for an intermediate
r—1

contrast, the solution of the least-squares problem that uses G'(x,x') ~ EGZ'(X, x') is expected to
=0

be a reasonable approximation of the conductivity function o(x) and so a good initial guess for the

next nonlinear least-squares problem that uses the additional term G, (x,x’) in the approximation

of the Green’s function. Having a good initial guess, each nonlinear least-squares problem is solved

easily, in just a few iterations.

3.2 Comparison with the Born series

In this section we compare the multiscattering series (3.6) with the popular Born series that is
based on the linearization of the equations about a reference conductivity. For simplicity, we make
the comparison for a medium with two layers, as shown in figure 3.1:

) o1 for — Hi <z<0
o(2) = { oy =01+ forz< —Hj. (3.15)
The exact expression of the Fourier coefficients of the voltage on the top surface is
) J(k) [1 4 Dye2klH
k)= k#0 3.16
’U( ) |k|01 [1 _ D16_2|k|H1 ) 7£ ’ ( )

12
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Figure 3.1: Medium with two layers of conductivity o; and o9, respectively.

where
Dy =— B and |D1|e_2|k|H1 <1 for any v and Hy > 0. (3.17)
201 +
Thus, we write the series expansion of (1 — Dye~2kIH1)=1 in (3.16) and obtain
J(k
i(k) = |k(| ) [1+2D —20kHy 4 9 p2e—4klH1 4 o3 —6lkIH +0(D4)] (3.18)
g1

which is exactly the multiscattering series (3.6).
Next, we write the Born series for imaging the conductivity (3.15). In an iterative Born method,
the potential ¢ is given by [13]

¢(n—|—1)(x) = P(x) - 7/ VT/¢(”)(X’) VpGo(x,x)dx', xeQ, n=1,2,...
Q'Y

0O = v (3.19)
2, = support of v,
where 7 is the solution of the homogeneous problem (3.4) and Gy is the Green’s function associated

with it and given by (2.26). Integration by parts gives the first step approximation of the electric
potential as

¢(1)(x) =¥(x) - 7/_00 /_Oo Go(z', v/, —Hl;x)%(;r’.y', —Hy)dz'dy (3.20)
and, after straightforward calculations, we have
oM (x) = P(x)- —F( ), where F'is the harmonic function
F(z,y,2) = %/ /Oo |k|01 el¥lG=H1) cogh (|k| Hy)e ™) gk, (3.21)

The calculations of ¢(2), ¢ and so on are similar to the above and the iterative Born method
gives the Fourier coefficient of the potential at the surface:

S (k, 5 = 0) = |{<|al{ +Z ( )e‘p|k|H1[cosh(|k|H1)]p},n:l,?,.... (3.22)

Thus, the Born series converges only if

e~k cosh (k| Hy) < 1,

13



or, equivalently, if the contrast is limited to

2
1+ e—|k|H1 !

v

a1

(3.23)

whereas the multiscattering series (3.6) converges unconditionally. Furthermore, the first step of
our inversion algorithm

A J (k) [ Y _okH,
o(k) ~ K[or 1- o +76 (3.24)

is clearly different than the first step of the Born algorithm.

3.3 Discretization, penetration and resolution

In inversion, both the values of the conductivity in the layers and the location of the layers are
unknown. To solve the inverse problem, we discretize the medium by defining a mesh along the
z direction, for z < 0. The mesh can be uniform or nonuniform and between two mesh points
2= —H;_y and z = —H; we assume that the electric conductivity is a constant o = o;. In this
section we explain how to choose the discretization of the layered medium, or, equivalently, how to
define H;, j=1,...N.

The first question to address is the depth penetration of each Fourier mode. Let us consider a
medium with one layer that has the electrical conductivity

(3.25)

S ! for —H<2<0
| oo for z < —H.

The Fourier coefficients of the exact solution at the boundary are

J(k) [14+D;e—2IkIH 1
kot |:1—Diz—2|k|Hi| fork #0

(k) = (3.26)

0 otherwise,

where
g1 — 03

o1+ o2

Dy = €[-1,1].

We compare the response of the medium with conductivity defined by (3.25) to the response of a
homogeneous medium of conductivity o;:
[5(Kk) = bk, 0)] _ 2|Dyle kT ge-2kA
|9 (k, 0)] 11— Dye2klH = 1 _ e—2k[H"

(3.27)

The discontinuity at z = —H in the conductivity can be felt at the surface if the ratio in (3.27) is
larger than the noise level €. Otherwise, the Fourier mode with frequency k does not see the layer.
Based on this result, we define the depth of penetration of the Fourier mode with frequency k as
the depth H (k) for which the upper bound in (3.27) is equal to the noise level e:

H(k) = ﬁm (2) . (3.28)

€
The result (3.22) shows that the high frequency modes explore only the top layers and attenuate
quickly with depth. Furthermore, (3.22) gives insight into the question of optimal currents [13, 19,

14
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Figure 3.2: Medium with one thin layer of conductivity o3 imbedded in a uniform material of
conductivity oy.

12]. From (3.6) it is clear that the residual w(k;) = #(k;) — v(k;,0) is proportional to the input
current .J(k;), where the index j = 1,...M denotes any of the relevant frequencies. Thus,

W=AJ, Wi=wk), Ji=Jki), i=1,...M, (3.29)
where the matrix of responses A is diagonal:
AZ.Z, _ z N 6_2|ki|HJ
il

715

D;+0(D%, i=1,...M. (3.30)

The reflection coefficients D; are not known so A cannot be calculated apriori. However, from
(3.28) it is clear that to image the conductivity at depths larger than H, the current j must have
nonzero Fourier coefficients with frequency

1 2
< — - .
k| < 2Hln <5)

The next question that is relevant to the choice of the discretization of the medium is the
resolution. To study resolution, we consider the layered medium shown in figure 3.2 with electrical

conductivity:
) oo for —H <z<0and 2 <—-H - A
U_{UQ for —H-A<z<-H. (3.31)
The exact expression of the response voltage at the top surface is
_ _e—2lklA
J(k 1+ De2lklH 7i 66_ _
o(k) = (k) [1 D2_2liI|ZIA} , where D = Nno% [—1,1]. (3.32)
|kloy | 1 — De—2lklH [I:;CW} o1+ o9

We compare the response (3.32) of the medium with conductivity (3.31) to the response of a
homogeneous medium of conductivity o;:

1— e—2|k|A

1 — D2e—2lklA

o) = $(,0)l _ 2D _ 2f

W
Wk,0)  1-Df T 1-f

where f(|k|, H,A) = [ ]6_2|k|H < 1. (3.33)
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The layer can be resolved by the frequency k if the ratio in (3.33) is larger than the noise level e.
We define the resolution limit of the Fourier modes with frequency k as the width A that gives the
upper bound in (3.33) equal to the noise level:

1 e—2lk|H
A0 = 5 2 ) (3.34)

where H < H (k) defined by (3.28). Thus, the high frequency modes give a better resolution than
the low frequency ones.

Our discretization in z of the domain €2 takes into consideration the noise level £, the penetration
depths (3.28) and the resolution widths (3.34). For example, suppose that we defined the depths
H; for j=1,...p < N. We choose the width of the next layer d,+; = Hp,41 — H) as

d‘p+1 = max(dmm, A(kmax))y (335)

where k., is the highest available frequency that penetrates to depths larger than H, and d,,;,
is the minimum, user defined, width of the layers. Then, we calculate H,;; and repeat the process
until we reach the maximum depth given by (3.28) for the lowest available frequency. This algorithm
defines a nonuniform, adaptive discretization that is shown in the next section to give better results
than a uniform discretization that does not take into account the resolution and depth of penetration
issues.

4 Numerical results

0.5 I I I I I I I I
0 0.5 1 15 2 25 3 35 4 4.5

Figure 4.1: Tmage of a medium with two layers. Data contain 1% multiplicative noise. The true
conductivity is shown with the dash-dot line. The conductivity at the final step is shown in full
line and for the intermediate steps we use the dot lines.
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Figure 4.2: Tmage of a medium with two layers. Data contain 1% multiplicative noise. The true
conductivity is shown with the dash-dot line. The conductivity constructed with a uniform mesh
is shown with the dot line. The conductivity constructed with the adaptive mesh is shown with
the full line.

In this section we present the numerical results obtained with the inversion algorithm described
in section 3. In all the experiments we used synthetic data generated by the formula (1.7) to
which we added noise. In [27], the authors discuss the issue of measurement accuracy in real
data gathering experiments. The level of noise expected in real data, given the present modern
equipment is approximately 1%. Thus, the noise considered in this section is in this range. However,
the number 1% is probably not always accurate and it may be site dependent. In the next section,
we test our algorithm for much noisier data. Indeed, in section 5 we consider conductivity functions
that are not perfectly layered. This leads to a voltage response on the surface that is different (by
as much as 50% at some points) than that of a perfectly layered medium. The domain M C § of
measurements is a square of length L = 20 and the electrodes are aranged on a uniform mesh with
Ng = 16 grid points in each direction. Thus, we have M = 44 frequencies used in the identification
of the conductivity o(z):

T, T

k:<Ez,Ej), fori=0,...,8 j=4,...,8 and k #0. (4.1)

In the first experiment we image a medium with two layers and conductivity

o(z) = (4.2)

1 for —0.75<2z2<0
3 for z < —0.75.

The data contain 1% multiplicative noise so the maximum penetration is H,,,, = 8.4325. In figure
4.1 we show the image obtained after the first , second and third steps of the inversion algorithm.
After the third step, the image remains basically unchanged so the algorithm converged. Thus, for
a contrast of 200% it is sufficient to consider terms of order at most D> (three inner reflections)

17



35

25

15

0.5 I I I I I I I I
0 0.5 1 15 2 25 3 35 4 4.5

Figure 4.3: Image of a medium with three layers. Data contain 1% multiplicative noise. The true
conductivity is shown with the dash-dot line. The conductivity at the final step is shown in full
line and for the intermediate steps we use the dot lines.

in the multiscattering series (3.6). Furthermore, from one step of the algorithm to the next, the
initial guess for Newton’s method in the solution of the nonlinear least-squares problems (3.13) and
(3.14) is quite close to the solution. Thus, Newton’s method converges in very few steps.
The second experiment tests the effect of the discretization of the medium. We reconstruct the
conductivity
1 for —05<2<0
o(2) = { 2 for z < —-0.5, (4.3)

from noisy data, with 1% multiplicative noise. First, we use a uniform mesh in the vertical direction,
with spacing Az = 0.12. The result is shown in figure (4.2) with the dotted line. Next, we
reconstruct the conductivity with an adaptive mesh defined as in section 3.3, equation (3.35),
where the minimum spacing is d,,i, = 0.12. The result is shown in figure (4.2) with the full line.
Thus, the image given by the adaptive mesh is superior to the image obtained with the uniform
mesh. Near the surface, the uniform mesh spacing is in agreement with the resolution limit defined
by (3.34). However, deeper inside the medium, where the high frequency modes cannot penetrate,
Az is too small for the large frequencies to resolve and we obtain the oscillations shown in figure
4.2.
In the third experiment we image a medium with three layers and conductivity

1 for —05<2z2<0

o(z)=4 4 for —1.75<2<-0.5 (4.4)
1 for z < —1.75,

where the data contain 1% multiplicative noise. The image is shown in figure 4.3 and the algorithm
converged after three steps. The images given after the first and second steps are shown with the
dotted lines. We observe that the algorithm locates correctly the inhomogeneity even at the first
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Figure 4.4: Residual given by the recon- Figure 4.5: Residual given by the homo-
structed conductivity geneous medium with conductivity o = 1

step. However, the magnitude of ¢ is estimated correctly only after the third step. Next, we use the
image obtained to solve for the potential at the top surface and compare it with the data v(z,y).
The residual ¢(z,y,z=0) — v(z,y) normalized by max |v(z,y)|is at the noise level as shown in
figure 4.4. For comparison, we show the initial residual calculated with the potential ¥ (z,y, z = 0)
for a uniform medium with conductivity o = 1.

In figures 4.6 and 4.7 we show the reconstruction of different conductivity distributions of media
with five layers. The noise level is 0.5.%. Finally, we show in figure 4.8 the reconstruction of a
multilayered, low contrast medium. The data contain 0.5% noise. The image is quite accurate and
the algorithm converges in two steps due to the low contrast. In fact, one can see that after the
first step of the inversion algorithm, the image (dotted line in figure 4.8), is very close to the final
answer.

In summary, the numerical experiments presented in this section show that our inversion al-
gorithm is successful in recovering conductivities of layered media. We have tested the algorithm
in various situations of intermediate contrast and have shown that we can obtain a good quality
image in just a few iterations. The algorithm solves at each step a nonlinear least-squares problem
and it converges rapidly because we start with a good initial guess that is the solution of the pre-
vious iteration. Thus, the performance of our algorithm is similar to that of any nonlinear output
least-squares inversion algorithm that starts with a good initial guess [33, 23, 24, 31]. However,
it is difficult in general to obtain a good initial guess of the conductivity function. Our algorithm
addresses this question, by calculating a sequence of initial guesses of o, one for each iteration,
based on better and better approximations of the Green’s function. Furthermore, our algorithm is
expected to perform better than any inversion algorithm that linearizes the problem, as in a Born
approximation [13, 3, 2]. This is due to the fact that, as shown in section 3.2, the Born series
will converge only if the constrast in o is low, typically less than 15%, whereas the series (2.25) is
unconditionally convergent. Our algorithm proved to be successful in reconstructing images with
contrast as high as 500%. However, as the contrast increases even higher than this, our algorithm
will be slower or it could fail. In such situations, we need more and more terms in the series (2.25)
to get a good enough approximation of the Green’s function and so the solution of the first step
(3.8) could be very far from the actual o. Thus, the following nonlinear least-squares problems
might not give any improvements to the image, due to the poor initial guesses given by the previous
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Figure 4.6: Image of a medium with five Figure 4.7: Image of a medium with five

layers. Data contain 0.5% multiplicative layers. Data contain 0.5% multiplicative
noise. The true conductivity is shown noise. The true conductivity is shown
with the dash-dot line. The image ob- with the dash-dot line. The image ob-
tained is shown in full line. tained is shown in full line.

iterations.

5 Imaging of almost layered media

In this section we address the question of sensitivity of our algorithm to the assumption that the
medium is perfectly layered. For this purpose, let us consider the conductivity function

o(x) = a(z) + ey(x), x €€, (5.1)

where € is a small parameter, a(z) > 0 for any z < 0 and 7(x) vanishes on the top surface S. The
electric potential ¢(x) in a medium with electrical conductivity given by (5.1) has an asymptotic
expansion [4]

$(x) = Y ¢j(x) = po(x) + (). (5.2)
7=0
The leading term ¢q in (5.2) satisfies
V- [a(z)Vee(x)] = 0 in Q
a(O)%(az,y,O) = j(z,y), for (z,y) €S, (5.3)

¢o(x) — 0 as|x| — o0

which is identical to equation (1.1). Furthermore, the voltage  in (5.2) satisfies

V-[a(z)VY(x)] = =V-[y(x)Veo(x) in £
g—f(x,y,O) = 0, for (z,y) € 95. (5.4)

P(x) — 0 as|x|— oo.
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—z

Figure 4.8: Image of a medium with many layers. Data contain 0.5% multiplicative noise. The
true conductivity is shown with the dash-dot line. The image is shown with the full line and the
conductivity after the first step with the dotted line.

Thus, for small perturbations of the conductivity about the perfectly layered a(z), we use our
algorithm to reconstruct a(z). The data is the current j and the voltage ¢ = ¢¢ + €3 on the top
surface. The voltage e, due to the perturbation ey in the electrical conductivity, is noise in the
imaging process of a(z). After a(z) is approximately found, we can improve the image of o with
a typical Born inversion algorithm [13, 3, 2]. This can be done by using, for example, the integral
equation formulation [13]

W(x) = — / dxy () / YV Gix,x) - VaGly x) 2P xes (5.5)
Q a0 a(0)

that relates the perturbation ¢ at the boundary to the unknown v(x) in the domain Q. The
Green’s function G(x,x’) corresponds to the layered medium with electrical conductivity a(z).
Born inversion has been the topic of many studies (see for example [13, 3, 2]). In this section we
address only the reconstruction of a(z).

For the purpose of comparisson with the results shown in section 4, we take a(z) as shown in
figure 4.2:

LY

2 for z < —0.5. (5-6)

{ 1 for —05<2<0
a(z) =

The perturbation is given by v(z,y,z) = cos (%ﬂ) (1 —e*®), where L = 20 is the length of the
rectangular domain of measurements. We have tested our algorithm for various parameters a, p and
€. In figure 5.1 we show the images obtained for ¢ = 10, p = 2, ¢ = 0.1 and € = 0.25, respectively.
For a small perturbation, like € = 0.1, our algorithm gives a very good image of a(z). For large
¢, the image deteriorates, as expected. We have also compared the boundary voltage ¢o(z,y,0) of
the perfectly layered medium «(z) to the voltage ¢(z,y,0) of the perturbed medium o(x). The
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Figure 5.1: Reconstruction of the layered part of the conductivity o given by (5.1). The true
conductivity « is shown with the dash-dot line. The solid line shows the image for a perturbation
parameter ¢ = 0.1 and the dotted line shows the image for ¢ = 0.25.

maximum relative error ma§(|;ﬂo(§%| is 34.5% for € = 0.1 and 59.2% for ¢ = 0.25, respectively. We
x€

repeated the experiment of imaging the layered part of the conductivity, for various perturbations
and different models of a(z). All the experiments show that, if the perturbation o(x) — a(z) is
small, our algorithm obtains a good quality image of a(z). This is also expected to hold for media
with layers that are not perfectly horizontal, but have a small dip.

6 Summary

We have introduced an inversion algorithm for tomographic imaging of one-dimensional media.
The algorithm is based on a multiscattering series expansion of the Green’s function of the layered
media. The multiscattering series has a probabilistic interpretation in terms of random walks in
the medium. Each term in the series is interpreted as the contribution of paths that reflect multiple
times at interfaces separating various layers in the medium. Furthermore, the multiscattering series

can be seen as an expansion of the Green’s function in powers of the reflection coefficients D; that
9579541
05+0541
that is known to converge only for small contrasts, is shown to be inferior to the multiscattering

are related to the conductivity of the layered medium through D; = . The Born series,
series that converges unconditionally. In inversion, we estimate the reflection coefficients D; of
the layers iteratively, from the multiscattering series, where at each step we consider terms with
higher powers of the unknown D;. The estimation of the reflection coefficients at each step is done
by solving a nonlinear least-squares problem via Newton’s method, where the initial guess is the
solution obtained at the previous step. In the first step, the problem is linear and we solve it with
singular value decomposition.

The location of the layers of constant conductivity is unknown in inversion, but a discretization
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in depth must be done for numerical computations. Thus, we introduce an apriori, nonuniform
discretization of the medium, that takes into account the noise level, the limited resolution and
depth of penetration associated with each frequency in the data. For this discretization, we assume
o to be constant between two mesh points.

The performance of the inversion algorithm is illustrated through numerical experiments. The
images identify correctly the location of the discontinuities in o even when the mesh points of the
apriori discretization in depth do not coincide with the location of the layers of the true conductivity.
The images also give a good estimate of the value of the conductivity in the medium. Furthermore,
the algorithm is shown to be stable and give good images even for noisy data.

Our numerical experiments consider media with contrasts ranging from low to intermediate. We
show that the algorithm can resolve correctly media with contrasts as high as 300% in just three
steps (ie. the first three terms in the multiscattering series). Furthermore, Newton’s iteration used
to solve the nonlinear least-squares problem at each step of the algorithm converges very fast due
to the good initial guess provided by the solution of the least-squares problem at the previous step.
For low contrasts of about 15% we show that the algorithm converges in one iteration. However, as
the contrast increases, one has to use more and more terms in the multiscattering series (multiple
reflections at the interfaces in the medium) and the calculations can become quite complicated.
Furthermore, the first step of the algorithm that takes into account only paths that reflect once at
some interface, might give an answer that is a poor guess for Newton’s method required to solve
the nonlinear least-squares problems at later steps. Thus, as expected, the problem becomes more
difficult if the contrast is very high but is easily solved for intermediate and low contrasts.
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A Calculation of the probability of the reflected paths in a medium

with one interface

We calculate the probability of the reflected path given by formula (2.18). The integrals in « and
[ are straightforward and the result is

B (24 2 - 2¢) 3 3 [(z—a')2 4 (y—y' )2
(r) n_ 2 [(e—a')? +(y—v')?]
gn” (%, %) D60+ n <27mh2) e
~ 3 —L(Zl—f)2 3 _ 3 (2_5)2
2ph? ¢ 2(n—p)h? . Al
pZ:% 27rph2€ ’ \/ 27 (n —p)h2€ ’ (A-1)
We define
t = nh
T, = ph (A.2)
AT = 1o —Tp=h
Ay = Pe [0, 1]
n
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and observe that because £ — 0, the sum in (A.1) is a Riemann sum. Thus, we have

D(Z—I—z’—2§)< 3 ) 8 [ V2t ()2
(r) ! sonL(@—') 2 +(y=y')?] ! A
g (%, %) 6ot n onth) " J(t:22,), (A-3)

where

J(t, 2,2 €) = 2 (=8~ amm (=8 g (A.4)

QW/W

In the limit A~ — 0 we have that (2125)2 and (Z_hE)Z) are large and so the integral in (A.4) is of
Laplace-type [4]. With the change of variables

2
T=M= #ﬁQt, where 5 € [0,00) and a = %(2’ -&). (A.5)

and from Watson’s lemma [4] we obtain

3a —-a?—qa? 00 _7_
Jt ! = - / 2 d =
( y 2y 2 75) . € (Z2 _I_n K n

7(1';25 /Oo1+0(h)] 2_7772_6177 : (A.6)

The integral on the right hand side of equation (A.6) is found in [1, 5] and the result is

h 3 3 ! 2
9422, = g\ e T 1+ O] (A7)

The probability of the reflected path is obtained from (A.3) and (A.7):

r h2 3 % __3 r—x' 2 P AW [ 2
g (x,x) = Doy (—2mh2> e~ E=a P+ =P+ @ ] o). (A.8)

Finally, we calculate the contribution of the reflected path to the Green’s function

Wl

r 3 — 3 [(z—2')2 N2 )2
Gx) = i 3D () e oy =

D / * <i> ? il =P+ (22 g = (A.9)
60t /o 21s
D

droty/(z — 22+ (y —y) 2+ 26 — 2 — )7

A similar calculation applies to the probability of the transmitted path given by (2.21).
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