Network Approximation for Transport Properties of High
Contrast Materials

Liliana Borcea* and George C. Papanicolaou’

November 4, 1996

Abstract

We show that the effective complex impedance of materials with conductivity and
dielectric permittivity that have high contrast can be calculated approximately by solv-
ing a suitable resistor-capacitor network. We use extensively variational principles for
the analysis and we assess the accuracy of the network approximation by numerical

computations.
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1 Introduction

The overall electric or other transport properties of materials whose conductivity,
dielectric permittivity, etc undergo large variations over short distances are difficult
to calculate both analytically and numerically. In this paper we show that in many
situations the overall or effective transport properties can be approximated by those
of a resistor-capacitor network.

High contrast electromagnetic or hydraulic transport problems arise very fre-
quently in geophysical applications and they are a serious obstacle in solving inverse
problems [23], [1], [31]. This is because most imaging methods use some form of
linearization of the unknown medium parameters about a uniform background (Born
approximation), which cannot be done in high contrast situations. Understanding
how high contrast in material properties affects overall transport behavior is an es-
sential first step in improving imaging techniques [8].

One of the earliest high contrast problems that was solved analytically, by Keller
[28], is the effective conductivity of a periodic array of perfectly conducting cylinders
or spheres in a poorly conducting background. Keller’s results were extended by
Batchelor and O’Brien [4] to random arrangements of highly conducting grains in,
or nearly in, contact with each other and immersed in a connected uniform matrix.
Conductivity problems with checkerboard geometry were analyzed by Keller in [29].
Network or discrete circuit approximations have been used extensively in the past as a
modeling tool for high contrast problems [3, 24, 33, 36, 37, 12] but the relationship to
the underlying continuum problem is not made precise. Kozlov [34] first formulated
and analyzed high contrast conductivity problems using variational methods when the
approximating network consists of one resistor only. He formulated the calculation of
the effective conductivity as a cell problem in homogenization of periodic structures
[5, 27]. High contrast continuum problems are especially important in connection
with imaging [8] where the material properties are not known and it is convenient to
assume that the high contrast behavior arises in a simple, generic manner such as in
a continuum.

Variational principles are used extensively to get bounds for the effective proper-
ties of heterogeneous and composite materials [35] (and the references cited there).
However, these bounds deteriorate rapidly with high contrast because they do not
contain accurate enough geometrical information about the approximating network.
In the case of complex coefficients variational principles for the effective properties
were obtained recently [11, 16] and they were used for bounds in [19]. They were



used for high contrast flow problems (large Peclet number effective diffusivity) and
elsewhere in [16, 17, 18].

In this paper we consider general network approximations using again variational
principles, including the ones for quasistatic transport problems where the equations
have complex coefficients. We formulate the effective transport problem as in [34]
both in the static (real coefficients) and quasistatic (complex coefficients) cases. We
identify the approximating network of resistors in general, both in the static and in
the quasistatic case, when there are many regions of flow concentration due to high
contrast. We also present the results of extensive numerical simulations that assess
the accuracy of the network approximation as a function of the contrast. We discuss
our results and related issues in the Summary and Conclusions at the end of the
paper.

In section 2 we formulate the calculation of the the effective conductivity and
dielectric permittivity as a cell problem in the context of homogenization. We also
introduce the variational principles which we use extensively in the analysis. In
section 3 we review results for the effective conductivity of some two component
periodic structures in order to motivate the results for the continuum problem, which
are introduced in a heuristic, physical way in this section. In section 4 we give a
detailed analysis of the network approximation based on the variational principles.
In section 5 we present numerical computations that help establish the range of
validity of the network approximation as a function of the contrast.

2 Quasistatic Electromagnetics and Associated Variational
Principles
2.1 The Quasistatic Equations

We consider the system of Maxwell’s equations in a domain €2 that contains no free
charges or current sources, with electric and magnetic fields that have the form

E(x,t) = real(E(x)e ™*), (2.1)
H(x,t) = real(H(x)e ™), (2.2)

where w is the frequency of oscillation. The complex valued field amplitudes E and
H satisfy the system

VxH = oF —iweE

VxE = iwuH (2.3)
V-(cE) = 0
V- (uH) = 0,

where o(x) is the electric conductivity, €(x) is the dielectric permittivity and u(x) is
the magnetic permeability.



The system of equations (2.3) takes into account the conducting, dielectric and
magnetic properties of the material. In conducting materials at low frequencies we
have o > we and the dielectric term in (2.3) can be neglected. In this case only the
magnetic and conducting properties are important. However, if the material is a poor
conductor (e.g. glass, semiconductors, etc.) we cannot neglect the dielectric term.
In fact, at low frequencies the magnetic properties of such materials are negligible.
For example, if the size of the domain is 1 km and the relative dielectric permittivity
and relative magnetic permeability are of order one, the magnetic properties of the
material will be negligible for frequencies up to hundreds of kHz (see for example [7]).

Thus, the quasistatic approximation in dielectric media leads to the simplified
system of equations which we consider throughout the rest of the paper

A

E = (p+iC)VxH
VxE = 0
V-(EE) = 0
V- (uH) = 0.

(2.4)

The first equation in (2.4) involves the complex impedance p + iC which consists of
a resistance (real part) and a capacitance or capacitive reactance (imaginary part),
where

o
p(x,w) = P (2.5)
we
= —F. 2.
Clow) = oy (26)
By combining the first two equations in (2.4) we obtain
V x [(p+iC)V x H]| = 0. (2.7)

In two dimensions, the curl operator Vx is equivalent to the perpendicular gradient
operator V*+ = (—9,,0,) and since V x H is a current density we use the notation

V x H = j(x). Equation (2.7) becomes therefore

Vi l(p+i0)j] = 0
V-j=0. (2.8)

Equations (2.7) or (2.8) can be used for composite materials with fine scale struc-
ture. In this context the microscopic fields can be averaged leading to an effective
medium describing the large scale behavior of the material. In materials with peri-
odic structure [5] the effective impedance of the composite can be obtained by solving
(2.8) over a period cell when the average current over the cell is equal to a unit vector.
Even though the method we describe in this paper is quite general, we will present it
in the context of the periodic homogenization problem in two dimensions. Therefore
we take

<j>=ey, (2.9)



y A Viw(z,1) = Viw(z,0)

< Viw >=e;, V+tw(l,y) = V+w(0,y)
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Figure 2.1: Computational domain

where < j > stands for the integral of j over the domain €2, normalized by the area
of Q and e;, j = 1,2 are unit vectors in the coordinate directions. According to (2.8)
the field j is divergence free and so it can be expressed as the perpendicular gradient
of a complex scalar function w(x), j(x) = V*w(x). The scalar function w(x) is the
component of the magnetic field perpendicular to the plane of the domain 2 (i.e.
H(x) = w(x)e3). With this notation the system of equations (2.8) becomes

V- (p+iC)V+iw] = 0
<Viw> = e, (2.10)

where p(x),C(x), and V+*w(x) are periodic functions in the domain Q2 as shown in
Fig. 2.1. Equations (2.10) define the direct cell problem. Independently, by applying
the divergence operator to the first equation in (2.4), and recalling that E is curl free
so that E = —V¢ is the gradient of the potential ¢, we obtain the dual cell problem:

1
V- Dme Vel = 0
<Vo(x)> = e (2.11)

We will concentrate on the direct problem and rewrite the complex system of
equations (2.10) as a system of real equations

V. [pViu—CV*i] = 0

V. [OViu+pVte] = 0 (2.12)
<Viu> = e
<Vituv> = o,



where we separated the function w into its real and imaginary parts w(x) = u(x) +
iv(x). It can be shown that if p and C are bounded functions and either one of them
is strictly positive, the system of equations has a unique solution up to an additive
constant. When p is strictly positive, it can easily be shown that (2.12) is elliptic and
the Lax-Milgram lemma applies. However, we can rotate the system by 90 degrees in
the complex plane (u,v) and notice that C' > 0 is also a sufficient condition for the
ellipticity of (2.12). The positivity of p has in fact a physical meaning as shown in [11].
The resistive part (p) of the microscopic impedance should always be greater than or
equal to zero so that the dissipation energy averaged over a period of oscillations is
positive

1 , o
Egissip = 5,0(\ real(E) \2 + | imag(E) |2) > 0. (2.13)

In our analysis, both p and C are greater than or equal to zero, with the constraint
that they cannot vanish at the same location in €.

2.2 The Effective or Overall Impedance

The effective impedance associated with the direct problem is the average flux in the
direction of the driving
Z =< (p+iC)(Viu+iV+tv)-e; > . (2.14)

From equations (2.12) we conclude that the imaginary function v is periodic in 2,
whereas the real function u can be written as u(x) = —y + ¥(x), where ¥(x) is a
periodic function in Q. The identity V* - (¢a) = a- V+1¢p + ¢V, - a, valid for any
vector a and scalar function ¢, and the periodicity of p, C, v, and 9 give

< (p+i0)(V*tu+iV*tv) - (Vi +iV+ie) > =

<Vt [(p+i0)(V+iu+iV*io) (¢ +iv)] > — (2.15)

< (W +w)V'-[(p+iC)(Vu+iV*ie)] > = 0.
Consequently,
7 =< (p+i0)(V*u+iV*tv) - (Viu+iV+te) > . (2.16)

From (2.16) we obtain expressions for the effective resistance and capacitive reactance

R=real(Z) =< p|Vu|>> —2<CV*u-Vv> — < p| Vi |*>, (2.17)
C =imag(Z) =< C | V'u |>> 42 < pV* u-Vo> —<C |V |>>.  (2.18)

2.3 The Variational Principles

The real and imaginary part of the effective impedance Z can also be obtained by
using the following saddle-point variational principles
R= min max (< p|V%iu[?>-2<CViu-Vie > —
<Viu>=e;<V9iv>=0

<p|V+to [*>), (2.19)



C= min max (<C|V%u>+2<pViu-Vie> -
<V4tu>=e;<V4+iv>=0

<C |Vt [*>) (2.20)

This is because the Euler equations for (2.19) and (2.20) coincide with equations
(2.12). Variational principles of this and related forms were introduced by Cherkaev
and Gibiansky [11] and by Fannjiang and Papanicolaou [16]. Besides these variational
principles of saddle point type, this problem also has variational principles of Dirichlet
type (min min or max max). In general variational principles of Dirichlet type are
preferred to saddle point ones in obtaining bounds on the effective parameters and
especially in numerical computations. However, the Euler equations associated with
them are difficult to use because they are in terms of both current and potential
gradients and the coefficients are nonlinear functions of of p and C.

We chose to work with the saddle point variational principles (2.19) and (2.20)
because they are quite suitable to our particular problem of estimating the effective
impedance of high contrast media. This is because an asymptotic analysis performed
on the simpler system of Euler equations (2.12) can provide a good guess of the
trial fields jg and j;. For example, in order to get an upper bound on the effective
resistance R from (2.19) we can use such a guess for the real part of the current.
Then we are left with a single maximization problem. In general this problem will be
difficult to solve but in our case the maximization is equivalent to the minimization
occurring in the computation of the effective real conductivity of isotropic media for
static fields. The later is a problem we can solve asymptotically (see §4) and therefore
we can obtain an upper bound on R. A similar strategy is used in obtaining a lower
bound on R. This procedure is used in the proofs we present and works well for high
contrast media.

2.4 The High Contrast Model

Our aim in this paper is to study the behavior of the effective resistance and capaci-
tance when the microscopic resistance and capacitance have logarithmic high contrast
behavior. We assume that the high contrast arises in a simple, generic manner as a
continuum and propose the model

p(X) = pOe_ <,
C(x) = Coe & (2.21)

where S(x) and P(x) are smooth, periodic functions defined on €, € is a small
parameter and py, Cy are constants which can be viewed as the microscopic resistance
and capacitive reactance of a homogeneous reference medium. Model conductivities
of form (2.21) were used by Kozlov [34] and Golden and Kozlov [21] for continuum
percolation models of media with large variations that are exactly solvable in the
asymptotic limit of infinitely high contrast. Model conductivities of the form (2.21)
were also used in imaging high contrast conductivities from d.c. electric boundary



measurements [8]. The high contrast asymptotic analysis is carried out for random
resistance and capacitance in the form (2.21) in [9]. Connections with percolation
theory are used in [21, 20], as well as in [34, 6, 18].

In the following sections we analyze the behavior of the effective impedance and
the current flow in Q when p and C have the form (2.21) and € is small. We can easily
see from (2.21) that when the contrast is high (¢ < 1), the resistance will dominate
the capacitance when its scaled logarithm S(x) is less than P(x). In fact, p and C
are comparable in magnitude only when S(x) equals P(x). However, in general one
does not expect S(x) to be equal to P(x) over large regions in the domain so we
model the medium by alternating regions of dominant resistance and capacitance.
Because both p and C' are assumed to be general continuous functions, the regions
are separated by interfaces along which p is equal to C.

3 Asymptotic Analysis of High Contrast Problems

To understand better the behavior of the effective impedance in high-contrast com-
posites we first analyze some simpler problems. This will also explain the physical
meaning of the results.

3.1 Review of Effective Conductivity Calculations for Some Special Two
Component Composites

In the static case w = 0 we have from (2.5) and (2.6) that p(x) = 2,C = 0 and the
medium is purely resistive. The direct cell problem (2.10) reduces then to

Fe(p) =0
V-j =20 (3.1)
<j> e;.

The current flowing in the domain 2 is real and the effective resistance is
R=<pj-j>. (3.2)

The dual of this problem for the electric potential ¢ has from (2.11) the form

V-(oVe) =0
(3.3)
< V¢ >= e,
with the effective conductivity given by
0=<0V¢p-V¢p>. (3.4)



R ——

Figure 3.1: Flow channeling in a high contrast, two component medium

Figure 3.2: Current flow in a channel

Before attempting to solve this problem in the continuous high contrast case
we study it first for some discontinuous two component composites. We consider
problems like the one shown in Fig. 3.1 where the resistance of the material in the
period cell can take only two values p; (for the black region) and po (for the white
region). Since we are interested in high contrast we assume that p; > p,. Between
the left and right boundaries of the domain we apply a potential difference V¢, in the
x direction, and study the flow of electric current through the cell. We expect that
the current will tend to pass through regions of small resistance. Since we assumed
the resistance in the black region (p;) to be very high, the only way the current can
pass through the barrier shown in Fig. 3.1 is by concentrating in the channel near the
point &. In the rest of the domain the current will be diffuse in the white region and
will be much smaller than its value near the point . It will be negligible in the black
region. The effective resistance of this composite is determined by the resistance (R)
of the channel. We expect R to decrease if the width of the channel increases or the
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Figure 3.3: Insulating cylinders in a conducting background

radius of curvature of the isolating regions decreases. If the width of the channel is b
and the radius of curvature of the isolating regions is a we therefore expect a result
of the form R ~ p,f(5), where f is a monotone increasing function. At the point £
we can take the curvature in the y direction to be k; = % and the curvature in the z
direction to be ky = % and obtain

R (5) = puf (). (3:5)

We do not know the exact form of the function f(-) but we expect it to depend on
the geometry of the problem. To illustrate (3.5) we consider some simple geometries.
We start with the case shown in figure 3.2. We have a conducting channel of
resistance p, embedded in an isolating background (p; > po). When we apply a
unit potential difference V¢ between the ends of the channel all the current will flow
through it. The electric current density is j = p; 'e; and its average over the domain
is < j >= p;'be;. The effective resistance is computed from (3.2)
— 1 b/2 r3 a
R~ (bp3 12 /_b/2 /_% pa(py ') dxdy = 2 (3.6)

This result agrees with the heuristic form (3.5) if we take the function f(z) = z.
The next problem was analyzed by Keller [28]. We consider a periodic array of
nonconducting cylinders (o = 0) embedded in a conducting uniform background oy
(see Fig. 3.3). The cylinders have radius a and their axes are at distance c apart. We
assume that an electric field is applied in the x direction and compute the effective
resistance of the composite. When the cylinders touch each other it is clear that the
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Figure 3.4: Conducting cylinders in an insulating background

effective conductivity is zero so we are interested in the case of a narrow channel (i.e.,
b = ¢ — 2a small). The electric current concentrates in the channel and the effective

resistance is given by
R~ aolw\/%, (3.7)

where b = ¢ — 2a is the width of the channel. This result agrees with (3.5) with
f(z) = my/z which is different from the previous case.

Another configuration, also analyzed by Keller [28], is shown in Fig. 3.4. We have
a periodic array of perfectly conducting cylinders (¢ — oo) embedded in a uniform
insulating background (0p < o). The cylinders have their axes a distance c apart
and their radii are equal to a. When we apply an electric field in the x direction
we have current flowing through the gap between the cylinders. When the cylinders
touch each other the effective conductivity is infinite so we are interested in narrow
gaps. The effective resistance of this composite is

_ -2 b
R~ oy'r™t cTa_ oy tn /=, (3.8)

which is the reciprocal of (3.7).

These results can be easily extended to cylindrical inclusions of different radii.
If the conducting cylinders in figure 3.4 have radii a; and ay, with ¢ the intercenter
distance and b = ¢ — (a; + a2) the gap, then the effective resistance is given by

- 11 [(ar+ag)b

R=~oy'm (3.9)

2&1&2

which reduces to (3.8) when the radii are equal a; = as; = a.
All the cases considered so far confirm the expression (3.5), with different forms

for the function f(-), the common feature being current channeling in regions of high

contrast.

10



O

Figure 3.5: The effective resistor network for high-conductivity cylindrical inclusions.

If there are several conducting cylinders in the region (Fig. 3.5) then the overall
conductivity can be calculated by solving the resistor network, shown in Fig. 3.5, in
which each resistance is given by a formula like (3.9).

We consider now another two component configuration that is different from the
previous ones because there are no channels. It is the checkerboard geometry shown
in Fig. 3.6 and analyzed by Keller in [29]. The rectangles have conductivities oy
and oy with o9 > 01. The effective conductivity tensor @ has its principal axes in
the x and y directions and is diagonal. Because oy > 04, the current flows from
one conducting region to another across the corner so the effective conductivity of
the composite is controlled by the conductivity of the corner. In fact, the effective
resistance is R ~ a—lchg /h1, where the conductivity of the corner is o, = \/0102. This
result is different from (3.5). While the factor ho/h; suggests a geometry dependent
function f(x) = z, the absence of a channel leads to an effective resistance depending
on the geometric average of the component resistances rather than on the resistance
of only one component.

Similar asymptotic techniques can be used in the computation of effective con-
ductivity of high contrast discontinuous materials in three dimensions. Keller [28]
studied such a problem for a dense cubic periodic array of perfectly conducting iden-
tical spheres immersed in a material of small uniform conductivity oq,. For a dense
packing, Keller shows that most of the current flows across narrow gaps separating
adjacent spheres and that the leading term in the asymptotic approximation of the
effective conductivity is oo .

_ 0

TR log(h), (3.10)
where a is the radius of the spheres and A is the width of the gap. The asymptotic ap-
proximation (3.10) agrees with the heuristic result (3.5) stated in the two-dimensional
case and shows that when the spheres touch each other the effective conductivity has

11
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Figure 3.6: Rectangular checkerboard

a logarithmic singularity.
We consider next continuous media with logarithmic high contrast properties.

3.2 Local Analysis of Static Transport Properties of a High Contrast
Continuum

We restrict attention first to a purely resistive problem (equations (3.1), (3.2)) for
5(x)

a continuous medium with the microscopic resistance p(x) = ppe” < . The geometry
of the composite is sketched in figure 3.7. The microscopic resistance p(x) has two
minima at X,,; and X,,2, two maxima at x,;1 and X;s2, and a saddle point x,. At this
point the function p(x) is maximum in the z direction and minimum in the y direction.
In a small neighborhood of x; the function S has the approximate expression

k= (z — x,)? B kT (y — ys)Q.

S(x) ~ S(xs) + 5 5

(3.11)

The geometry we consider here is the continuous equivalent of the discrete case we
presented before and, therefore, we expect the following flow behavior.

The effective resistance is given by R ~ ,o(xs)\/’,:—ir with the flow concentrated in
the driving direction around the saddle point x; .

We give a heuristic derivation of this result motivated by the previous examples
and return in §4 to give a proof based on variational principles. Just like the previous
cases the current will be small in regions with high resistance and in particular in
the vicinity of the maxima x,/; and Xpp. Around the minima x,,; and X,,., the

12
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Figure 3.7: Resistance p(x) with a single saddle point in the domain

bowl shaped resistance function p(x) will cause the flow to stall. The only way for
the current to pass through the highly resistive region created by the two maxima of
p(x) is by concentrating in a small neighborhood of the saddle point x;. The small
neighborhood of the saddle-point acts like a bottleneck for the current flow, so it is
sufficient to solve the cell problem (3.1) in the vicinity of xs and to look for a current
in the z direction. The current is given by j = V<u, where u can be viewed as the
magnetic field in the direction perpendicular to €2. In order for the current to be in
the z direction, v must be a function of y only. In a small neighborhood of x,, where
S(x) has the expression (3.11), the direct cell problem (3.1) simplifies to

d k(y —ys)? du
— —Z 7 ) —]=0 3.12
dy lezp( 2¢2 ) dy ( )
with the normalization condition
du
——dy =1 3.13
/Iy—yslﬁé( dy) Y ( )
for some § > 0 fixed.
_k+(y—ys)2

Equation (3.12) gives u/(y) = —D-exp( s~ ), where D is a constant obtained

from (3.13): D 2ij = 1. The solution of the direct problem (3.1) is then

. 1 k+ — Js 2

i~ — exp(— (y2 2y ) el (3.14)
2m €
k+

and by substituting it in (3.2) we obtain the effective resistance

~
~

_ 2 1 owett kY (y—y)® k(Y — )
= plx,) F62W62k /ys—é exp( 2¢? B €2 )d

13
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Figure 3.9: Enlarged view of the in-
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[or 1 [27 s
p(xs) k—_GZMQk* Fe:p(xs)\/k—_. (3.15)

Since the curvatures k*, k~ have dimensions of 1/L?, this result for the effective
resistance of the composite agrees with (3.5) with f(z) = z. In fact the result
obtained here is more typical because the saddle points are just continuous versions
of the channels, gaps or corners occurring in the discontinuous problems.

Figure 3.8: Medium layered across
the driving direction

3.3 The Effective Quasistatic Impedance of a High Contrast Continuum

Case A: Series Connection

We consider the direct problem (2.12) with the coefficients p and C given by
(2.21), defined over a region with the geometry shown in Fig. 3.8. The domain is
divided in three regions by curves L and L'. In regions I and II] the resistance
dominates and has the saddle points x; € region I and x3 € region I/ oriented in
the z direction. In region /I the capacitance is dominant and has a saddle point x,
oriented in the x direction. We choose this orientation of the saddles for simplicity.
However, the results derived in this section apply to more general orientations, as
well. The functions p(x) and C(x) are smooth and periodic and they equal each
other along L and L'.

We apply a driving potential difference in the z direction and study the flow
through the cell. From (2.12) we see that in each one of the regions of dominant
capacitance or resistance the problem reduces to the one studied in §3.2. Thus, the
current flow is concentrated at the saddle points of p and C' and is oriented in the

14



driving direction x. The question that remains is how the three regions connect with
each other. From Fig. 3.8 we see that it is sufficient to study the connection between
regions I and II. The connection between regions I/ and II[ is similar. Thus, we
concentrate attention to the domain shown in Fig. 3.9.

From the periodicity in y of the current and the lack of concentration of the
vertical flow in both regions I and I we have

<j >]:<j >rr= €eq. (316)

Thus, in region I, where the resistance is dominant, the problem reduces to

Vie(Gr+1i0] = 0
Vejg = V-jr=0 (3.17)
<Jjr> = e, <jr>=0,

where jr, j; are the real and imaginary current densities. It is easy to see that the
imaginary current is zero, and that the problem reduces to the one studied in §3.2.
A similar conclusion applies to region /1 where the capacitive reactance is dominant.
Consequently, the flow behavior in regions I and II is exactly the one studied in
section §3.2.

In the vicinity of the curve L the function p(x) (C(x)) is continuously decreasing
(increasing) with z. Because the flow is driven in the x direction, it must cross the
curve L. The current will be diffuse in regions of this neighborhood where p and
C are fairly flat, and it will concentrate close to the possible common minima of p
and C along L. This current concentration is weaker than the one at saddle points
because it occurs only along one direction (i.e. along L). There is no concentration in
the direction perpendicular to the boundary interface and this leads to a lower order
term in the effective impedance. In the asymptotic limit of infinitely high contrast
the saddle points of p and C' will dominate and the contribution of other features
like the minima along L are negligible. This conclusion is supported by numerical
experiments (see §5.2) and it is proved in §4 using variational principles. We should
point out that the same kind of features can occur in the purely resistive problem and
exactly as we concluded above they are negligible in the computation of the effective
resistance for very high contrast. The validity of this is again given by variational
principles (see §4.1). When the contrast is not very high, features other than the
saddle points become important in the computation of Z as is seen in [10].

Thus, for computing the effective impedance we need only consider small neigh-
borhoods of the saddle points of p(x) and C(x) in regions I, and I1. Near these
points we have

ki (y — )? kﬂx—mf)

p(x) ~ pla)eap(—% 5 = — 5 , lx—x]<é (3.18)
k¥ (y—v2)?  ky (x — x9)?
CO(x) = C(xz)eap(— (y2€2 bl 52 2) )y | x—xp|<d (3.19)
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Figure 3.10: Equivalent Series Network

In these small regions we can solve our cell problem by separation of variables,
exactly as in §3.2:

. 1 ki (y —y)°

JR & exp(— i 2 ) Jer, |x—x|<d
2w 2€
—F€
ky

. 1 k+ _ 2

i~ (Ul 1< (3.20)
2w 2¢
25€
ky

jI ~ 0.

We use the expression (2.16) for the effective impedance and obtain

— yi+0 pri+d ] k+ - 2 kT . 2
7 ~ p(xl)/l /15 eap(—FLW W) K@)y
Y T1—

- —2,31:2 2¢2 2¢2
. y2H8 poats ] ky (y —y2)” ks (x — 29)?
— — dzdy (3.21
iC(x2) /1,2_5 /M_J T exp( 5¢2 5e2 )dzdy (3.21)
2
ko ks
R p(x1)r| = +iC(x2) 4| —-
G\ & 2\ k3

This result, together with the observation that the current has the same normalized
average over regions I or Il as over the entire cell, tells us that our problem is
asymptotically equivalent to the discrete series circuit shown in Fig. 3.10. We have

— +
only two network elements: one resistor R = p(x)4/ :—1_ placed at x;, and a capacitor
1

— + —

C = C(xz)\/:—% placed at x,. The current passing through R is < jg + ij; >;= ey,
2

and the current passing through C is < jg + ijr >= e.
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Case B: Parallel Connection

We consider the direct problem (2.12) with the coefficients p and C given by
(2.21), defined over a region with the geometry shown in Fig. 3.11. The domain
is divided in three regions by curves L and L'. In regions I and III the resistance
dominates and has the saddle points x; € region I and x3 € region I/I oriented in
the z direction. In region /I the capacitance is dominant and has a saddle point x,
oriented in the z direction, as well. The functions p(x) and C(x) are smooth and
periodic and they equal each other along L and L'.

We apply a driving potential difference in the z direction and study the flow
through the cell. From (2.12) we obtain that

V- [p(jr +ijr)] = O0forx € region I or 111
(3.22)
V*-[C(r +1ijr)] = 0 for x € region I1,

where jg and j; are the real and imaginary current densities. The flow is driven in
the x direction so we have < jg + % jr >= Ke;, where K is a complex constant flux.
We can rewrite the current densities as

jr = real(K)e, + V*u, j; = imag(K)e, + V*v,

where u and v can be viewed as the real and imaginary parts of the magnetic field.
The functions u(x) and v(x) are periodic in the domain and satisfy the conditions

< Viu>=< Vtu>=0.

From the periodicity in x of both u and v it follows that in each region there is no
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net flux in the y direction. For the flow in the x direction we have

/j -ejdx + / j-eidx +/ j-edx =Ce; (3.23)
I I III
which is equivalent to
jR-eldx = o€y, ’[,:I,II, or 111
Jr-eidx = fieg (3.24)
Y a; = real(K),
Z B = imag(K).

Equations (3.22) with the driving conditions (3.24) are very similar to the problem
studied in §3.2 and give that the flow in each region of the domain is concentrated at
the saddle points of p and C, respectively. The remaining question is how the regions
connect with each other. We notice that the connection between regions I and I/ is
similar to the connection between regions II and I11. Thus, it is sufficient to study
the flow in the domain shown in Fig. 3.12.

For simplicity we assume that the average flow over regions I and I1 is

/jdx+/ jdx = e;.
T T

A different driving condition with both real and imaginary net fluxes does not affect
the expression of the effective impedance, it just modifies the fluxes of current in the
channels (saddles). Consequently, we have

V- lpGr+in)] = 0
<Jjr> = o1&
<jr > Breq (3.25)
Vijg = V-j1=0
X € region ],

V- [iCGr+4r)] = 0
<Jr> Q€1
<jr> Bo€1 (3.26)
Vijg = V:ji1=0
x € region I1.

I

In the vicinity of the curve L the function p(x) (C(x)) is continuously decreasing
(increasing) with y. In this region the current is diffuse and small where p and C
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are fairly flat. If for example p and C have two maxima along L and a minimum
in between, because we have no driving force in the y direction the current avoids
the two maxima and is relatively small at the minimum as well. Consequently, the
behavior of the flow for this problem is dictated by what happens in regions I, and
11, for which we already know the result. This case is a little more complicated than
case A because the current is divided between the two regions of our domain. Since
the average current over the domain shown in Fig. 3.12 is e;, we must have

o+ = 1
(3.27)
B+ B = 0.

We already know that in order to obtain the effective impedance of the regions I
and I7 it is sufficient to look only in small neighborhoods of saddle points of p and
C. In the vicinity of these points we have

ki (y—y)® k(2 —21)?

p(x) = p(xq)exp( ), |x—x1 <4, (3.28)

2¢? 2¢?
k3 (y—vy2)? k3 (x — x9)?
C(x) = C(xq)exp(—2 (y262 va)” _ K 52 2) ) | x—x2|<d (3.29)

and by using separation of variables in (3.25) and (3.26) we obtain

. . a k+ _ 2 ) k+ _ 2
ntiin —eap(- )y B BB s
2m 2¢ 2m 2¢
ki ki
(3.30)
. . « k+ _ 2 ' k+ _ 2
jr + i ~ ——eap(— 2 v 2y2) )+ i exp(—”yiz,yz’)), | x — x5 [< 0.
2 2¢ 2 2¢
k;re k;re

We can use these results in the formula for the effective impedance (2.16) and,
after performing straightforward computations, we obtain

Z = [R(of — B7) — 2Casfe] +1[C(0; — ;) + 2Rau ], (3-31)

where R ~ p(x1)4/ :—i and C =~ C(x3)4/ :—; In order to determine the fluxes o, i, 1 =
1 2
1,2 we look at the potential difference V®(x) which is given by

We multiply equation (3.32) by e; and average over the domain to obtain
<Vd-.e >= AU =< (p—i—zC)(jR-i—zj[)el >= 7. (333)

We can do the same thing for regions I and /1. Because V® is periodic over the
cell and regions I and I have the same boundaries as the cell in the z direction, the
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average potential difference for the entire cell equals the average potential difference
over regions I and /1. Consequently we have

AU =7 = R(ay +1i61) = iC(ay + i5s). (3.34)

Relations (3.34) and (3.27) form a linear system of four equations and four un-
knowns with solution
2

S C
R+
RC
b = ——— 3.35
R+ (3:3)
RC
ﬁ = T —9
’ R +C°
ay = 7R2
R+
Using (3.35) in (3.31) we obtain the following expression for the effective impedance
_~_ RC’ RC 1 1
Z = ) =(=+—=)"L 3.36
R2+62+2R2+62 (R+/LC) ( )

This result suggests that the continuous problem is asymptotically equivalent to the
discrete network shown in Fig. 3.13, where a resistor R placed at x; is connected in
parallel with a capacitor C placed at x,. The current passing through R is

< jr+1ijr >r= aye; +iBie;, and the current passing through C is < jr + ij; >rr=
e + iﬂgel.

4 High Contrast Analysis Based on Variational Principles

In this section we prove that in the asymptotic limit of infinitely high contrast the
computation of the effective impedance can be reduced to the solution of an equivalent
network of resistors and capacitors. The effective impedance is given by

7 =<(p+iC)j-j> (4.1)

S(x) P(x)
where p(x) = ppe 2 , C(x) = Cpe <= and j is the complex current density which

satisfies

Vi(p+iC)j) =0
V-j=0 (4.2)
<j>=ey,
over the periodic cell . The effective impedance can also be obtained from variational

principles of saddle point type (2.19) and (2.20). The proofs presented in this section
assume a logarithmic high contrast of the coefficients p and C, as € — 0.
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Figure 3.13: Equivalent Parallel Network

4.1 The High Contrast Approximation in the Static Case with One Chan-
nel
We return to the problem considered in §3.2 in the static, purely resistive circuit,

S(x)

with p(x) = ppe <z . The function S(x) is smooth and periodic. The geometry of
the composite is sketched in figure 3.7. The resistance p(x) has two minima at X,
and X,,2, two maxima at X,;; and X2, and a saddle point x;. Near the saddle point
we have - . )

S(x) ~ S(x,) + @;%)— @;%). (4.3)
Under these assumptions we state the following theorem:

Theorem 1. The effective resistance is given by

_ kt+
R ~ p(xs) k—_,

with the flow in the driving direction and concentrated around the saddle point x;.

(4.4)

The proof of this theorem is based on the variational principles and it was first
given by Kozlov [34]. We define the direct cell problem

V() = 0
<j> = e (4.5)
V-j =0

with the associated effective resistance

R=<pj-j>, (4.6)
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and the dual cell problem

1
V. (;qu) =0
<V¢p> = ¢ (4.7)
with the effective conductivity
1
T =< ;Vd) Vo >. (4.8)

The effective parameters R, and & can also be obtained from the Dirichlet-type
variational principles

R= min <pV%tu-Viu>, (4.9)
<Viu>=e;
1
= min < -V¢-Vo¢> (4.10)

since the Euler equations associated with them are exactly (4.5), and (4.7). Note that
in (4.9) we replaced the current density by j = V'u, where u is the magnitude of
the magnetic field which is perpendicular to the plane of 2. We begin with a lemma
which is proved in [27], pp. 199-200.

Lemma 1. The effective parameters R and & satisfy the relation R =7 .

In order to prove Theorem 1, we will obtain an upper bound for R from (4.9)
which we will match with a lower bound for R obtained from the dual variational
principle (4.10).

If we select from the eligible fields V-« in (4.9), those which are nonzero only in
a neighborhood of x,, we obtain the inequality

RS min / p| Viu|? dx, (4.11)
<Vlu>5:e1 |x xg|<(5

where < V+u >; is the average of V+u in the § - neighborhood of the saddle point.

From all the possible fields V1w in (4.11) we choose those which have the component

in the direction e, equal to zero, so that u = u(y) only, and therefore we obtain

— Ts+0 kf(a: —x )2 ys+0 k+(y —y )2 du
S s - / —Z 2% ) (=) 4.12
RS [ pxseap(—==5 570 de [* Cenp(CG ) (G y, (412)

ys+5(

where [, Z—Z)dy = 1. We point out that the inequalities above are only asymp-

totic and depend on the parameter § which is fixed as € — 0. More precisely, RS Fe
means R < F(1 + o(1)) with the small order one term tending to zero as ¢ — 0
with 6 > 0 fixed. After doing the z integration, (4.12) becomes

. ys+(5 k+ y y ) du
< S
R S p(xs \/ em1n/s 5e3 )(dy) dy. (4.13)
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We choose u in (4.13) to minimize the right side. Then u satisfies the Euler
equation

d k+(y_ys)2 du
d_y[exp(T)d_y =0
vt du
——)dy = 1. 4.14
ISP (4.14)

Equations (4.14) are exactly the same as (3.12) and u is given by (3.14), which
substituted in (4.13) gives the upper bound

2 1 Ys+0 kt —32 kT (y — vy,
™ k+/ exp (y Ys) (y y))dy_

k__6271'62
p(xs \/ 27r62 ”k—+e— p(xs \/ —, (4.15)

This bound is gotten under the hypothesis that the current V»u is concentrated
around x,, and flows in the driving direction. To obtain a lower bound for R we use
the dual formulation with the variational principle (4.10) and Lemma 1. In (4.10)
we select fields V¢ which are concentrated around x; and have nonzero components
only in the e; direction. The minimum over such fields can only give a larger value
of the functional in (4.10) and we obtain

RS p(x,)

Ts+0 k_ d ys+(5 k+ — Ys 2
75 min [ eI (O [ cap -0,
(4.16)
where [ mer‘5( ?)dx = 1. The computation for the minimum in (4.16) is exactly the

same as the one for the direct problem. By solving the Euler equation associated
with (4.16) we obtain
dp 1 k= (z — x4)?

dz ;_w%p(_ 2¢2

) (4.17)

e

and hence

_ / Is+5 (z — :133)2 k’(x —1,)?
N Xs ]{I+ 271- 2 / 2 - dCC =
(x, ,/k+ ,/ e (4.18)

— _p1 < -1 k-
c=R Sp (xs) s (4.19)

Using Lemma 1 and (4.18) we see that R satisfies
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Figure 4.1: Periodic resistor network

Combining (4.15), and (4.19) we get the asymptotic behavior of the effective resis-

tance
_ kt+
R ~ p(x;) = (4.20)

Since we used a current V='u in the e; direction and concentrated around x, to
get (4.20), Theorem 1 is proved.

4.2 High Contrast Approximation in the Static Case with Many Chan-
nels

We shall now describe how to analyze (3.1)-(3.2) and (3.3)-(3.4) when p(x) has sev-
eral, say M > 2, saddle points in 2.

With each saddle point we associate an effective resistance R;, j = 1,2,..., M
given by the right side of (4.4). This comes from the local analysis around a saddle
point that was just carried out in Theorem 1. To find the currents flowing through
the saddle points we must specify how the effective saddle resistances are connected
to each other. We do this by identifying the network associated with the resistance
function p(x) as follows.

With each minimum of the resistance p(x) we associate a node of a network on
the torus T2 ( which is the region Q). The nodes are connected to adjacent nodes
if there is a path between two nodes that goes over a single saddle. This path is a
branch or a bond that connects two nodes. To avoid complicated terminology and
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notation we will assume that the network that is associated with the resistance is a
rectangular lattice network as in the figure 4.1. Recall that the network is periodic.

Let the index j € N denote the set of nodes and I;; be the current from node j
to node k that is a neighbor of j, k € N;. Then I;;, = —I}; and

S Lp=0,j€N (4.21)

kEN;

which is the discrete analog of V -j = 0, Kirchoff’s current law for circuits when there
are no sources or sinks of current in the network. We denote the resistance of the
(j, k) bond by Rjx ( and note that Ry; = Rjx ).

With the above notation and Theorem 1 we now conclude that in the multi-saddle
case the effective resistance (4.9) is bounded from above by

— 1 —
RS 3 > Y Rulj, (4.22)

JEN kEN]‘

where the factor 1/2 is needed because each bond is counted twice. We now minimize
(4.22) subject to the condition (4.21) and the discrete analog of the driving condition
< j >= e. If for example e = e;, the unit vector in the x direction, we add to
the currents I, satisfying (4.21) a constant current I in the horizontal direction so
that the net current crossing any vertical line in 2 equals one while the net current
crossing any horizontal line is zero. The equation that the minimizing currents must

satisfy is from (4.22)

JEN keEN;
for every current perturbation 61, that satisfies (4.21) and has no net flow in the
horizontal or vertical direction.

The implications of (4.23) are best analyzed by using the dual network which in
the case of a rectangular network has the form shown in Fig. 4.1 with broken lines.
We denote by j' € N’ the collection of dual nodes and by [V}, the collection of dual
nodes adjacent to the dual node &’. The dual network is, of course, the one that is
associated with the minima of p~!(x), the conductivity of the continuous medium.

A distribution of currents 01;; that satisfies (4.21) and has no net flow in the
or y direction can be written in the form

5Ijk = Hk’ — Hj/ (424)

in terms of a function H; defined on the dual network. Here (j, k) and (j',%') are
related to each other, as is shown in the figure, and the relation

Z (SIjk =0
kEN;

is equivalent to
Z AH =0

j loop
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which is the sum of H differences taken over the dual loop surrounding the node j.
We now use (4.24) in (4.23) and note that

0= Z Z Rjkljkdljk = Z ( Z (RI)jIkI)HjI. (425)

JEN kEN; J'EN' KeN,

This basic identity is the analog of integration by parts in the continuum case and
says that the sum over nodes of the network can be replaced by a sum over loops of
the voltage differences (RI) or, what is the same, a sum over the dual nodes. But
in (4.25) the Hj; are arbitrary since (4.24) must hold for all 61;; subject to (4.21).
Thus,

> (RDjw =0, 5 €N (4.26)

k'eN’,
J

which is Kirchoff’s loop voltage-difference law for circuits. Equation (4.26), the cur-
rent law (4.21) and the driving condition determine uniquely the minimizing currents
L, in the upper bound (4.22).

To get the asymptotic equality of the effective resistance R of the original problem
to the upper bound we just described we must show that the lower bound is the same

as the upper bound. From Theorem 1 and Lemma 1, we know that we have the
bound

=11 ——1
RS5 Y > RuViw (4.27)

J'EN' KEN,

where Rj is the resistance associated with the dual bond (j'k") and equals R;;, from
formula (4.4) for the saddle is associated with the bond (jk) in the network or (j'k')
in the dual network (see Fig. 4.1). The potential differences Vi, are defined on the

dual network and satisfy the relation Vi = —Vj; as well as
> Viw=0,j€eN (4.28)
lc'eNJ’.,

which says that the potential differences around a loop (a dual node) vanish. The
driving condition in (4.27) is that the net potential difference across any vertical line
must equal one ( driving in the z direction) while the one across any horizontal line
is zero.

With these conditions on Vjys we can now minimize (4.27) and we find, using
the basic identity (4.25) again, Kirchoff’s current law for the minimizing potential
differences

S R, Vik=0,j€N. (4.29)
k€N,
But (4.28) and (4.29) are exactly the same equations as (4.21) and (4.26) so, up to
scaling by the overall effective resistance, it is clear that the upper bound (4.27) is
the same as the reciprocal of the upper bound (4.22) and this proves the asymptotic
form of the effective resistance R as the one associated with the resistances (4.4) in
the network formed from the minima (nodes) of the resistance function p(x).
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4.3 The Effective Quasistatic Impedance of a High Contrast Continuum.
Case A: Series Connection

In this section we consider the problem defined in §3.3 case A. We study the direct

P(x)

problem (2.8) with coefficients p(x) = poe_% and C(x) = Cpe” <2 defined over a
region 2 with the geometry shown in Fig. 3.9. The functions S(x) and P(x) are
smooth, py and Cj are constants and € is a small parameter. The domain €2 is divided
in two regions by a curve L. In region I the resistance dominates (p > C), in region
II C > p and along curve L p = C. We assume that the resistance p(x) has a single
saddle x; in region I and that the capacitance C(x) has a single saddle x, in region
I1. Both saddles are oriented in the x direction. The current density is divergence
free and can be written as j = V- (u +1v), where u and v are the real and imaginary
parts of the magnetic field which is perpendicular on the plane €. In §3.3 case A
we stated that when we have a driving in the z direction (i.e. < j >= e;), in the
asymptotic limit € — 0 we have an equivalent series circuit consisting of a resistance
R placed at the saddle x; connected with a capacitance iC placed at the saddle x.
In this section we use the variational principles (2.19) and (2.20) to prove this result.
In the vicinity of the saddle points x; and x5 we have
for x € ON(x1) :

ki (z —21)? N kf(y — y1)?
262 2¢€2

)

p(x) ~ p(xi)exp(—
(4.30)

2
a3
2

0,

for x € 0N (x2) :

=

X
2
=)

(4.31)
—ky (x — 25)? N ky (y — y2)?

C(X) ~ C(XQ)emp( 2¢2 2¢2

).

In order to prove the series connection result we have to show that real(Z) = R and

imag(Z) = C. This is done by obtaining matching lower and upper bounds for the
effective impedance Z. For example, in order to obtain an upper bound for real(Z)
we choose some particular real current field V+u and then perform the maximization
over all the eligible imaginary current fields. From the previous results, we have a
good clue for what choice of a real current to make. The current averaged over the
whole domain should be ey, therefore the function v(z,y) is periodic in the domain,
whereas the real current can be rewritten with the help of a periodic function ¢(z,y)

as V+tu = e; + V+¢. We note that our domain has in the vertical direction the same
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boundaries as its component regions / and /I and we use the periodicity in y of ¢ and
v to show that the currents in the x direction averaged over regions I or I satisty

1 1 1
1 /1( uy)drdy P /I( ¢y)drdy =1, P /I_( vy)dzdy = 0,

(4.32)
i/(—u)dxd - i/(1—¢)d:pd —1 i/(—u)dxd ~0
A Jire 7 v= A Jir v y=4 A Jire 7 y="5

where A; and Aj; are the areas of regions I and /1. The currents in the y direction
can have different averages as long as they algebraically add to zero. However in this
problem both p and C have a single saddle point in regions I and /. From the results
presented in §3.2 and §5.1 we know that all the current is concentrated around these
saddle points. Consider for example x;, where the function p has a minimum in the y
direction and a maximum in the x direction. The current will have x component —u,
concentrated around x;, but the y component u, should be small. The only place
where we could have flow in the y direction would be away from the saddle point,
where according to Theorem 1 it should be negligible. The same conclusion applies
to region I1.

In order to obtain an upper bound on real(Z), we choose the following real current

4

(— e:cp(—M),O) Vx € dN(x1)

27 262
K

Viu = ( 127r exp(_k;(g;yz)z)’ 0) Vx € 5N(X2) (4.33)
k'_+€

0 otherwise

which is clearly divergence free, and satisfies
< V'u>=<V'u>=<V'u>;=e, (4.34)

where < - > stands for the normalized average over the indicated region. We use
(4.33) in the variational principle (2.19) to obtain

_ K (e—2)?  kF-v? 26t (y—91)?
real(Z) S max [/ p(xi)e”~ 2T TT T o——e T 2 dx —
<Vip>=0 ON(x1) k—162
1
(4.35)
du
2 C—uvydx— < p(v2 + v2) >].
SN (x3) dy Y p( T y) ]

We take 0N(x;) to be the squares | z —x; |< d and | y — y; |< 0, i = 1,2 where
the small parameter ¢ is fixed, so as € — 0 we have % — o0. The first integral in
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8

d kT (m m1> K -v1)?
/ p(—u)de R~ p(xl)/ e d:r/ e 2T dy~
oN(x1) dy W€ \z—z1|<6 ly—y1| <6

(4.36)

Since the maximum over a sum of functionals is less than the sum of the maxima we

have
o du
< _ 2 42 —
real(Z) S R+<vnfua§:o( < p(vztvy) >)+<VI£IS§(:0( 2 N ) C(x) dyvydx). (4.37)

The trial field V4w is zero in the region IT\ (5N(x2) SO

du
= = — 4.
/<5N(x2) Cdy vydx = C vydx /H o [C v]dx /H 2 [C’ ]dx (4.38)

From the periodicity in y of CVLuv and equation 2 (C42 2;) = 0 satisfied by the trial

dy
field (4.33) we obtain that
/ Cd—uvydx ~ 0. (4.39)
SN(x2) dy
We should point out that the argument above is not quite right because the real
current V1 defined by (4.33) is discontinuous at the boundaries of § N(x3) so in order
to perform the integration by parts in (4.38) we must smooth it out. We introduce

the cutoff function
1 for|y—y2|<0o

X2 (y) =
0 for|y—y2|>0d+n

where x»(y) decays smoothly to zero over the region § <| y —yo |< & +7n. We modify
the trial field V4w in region I7 to be

1 k-

—e 22 xs(y)es
/%e
2

This is still consistent with < V4tu >;;= ey, V- (V+u) = 0 and the periodicity in y
of the real current. Since v is also periodic in y we obtain from (4.38)

/ vydx = / dx =~
JN(xg II

C ky (m— z9)? d
(XQ)/ / e~ 22 Lv(m y)dzdy.
0<|ly—y2|<d+n J|z—x2|<d dy

Viu =

(4.40)

?,
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The function v(-) is bounded and after evaluating the Gaussian integral over x we

have
du Ky dxs
%y dx ~ / )22 g 4.41
/JN(xg dy vydx ~ C(x) k5 Jo<iy—ys|<o+n v(z2 )5 dy y (4.41)

By assumption ‘24—2 is also bounded so from (4.41) we have

du
— Uy d NK, 4.42
[ O | S K7 (1.42)

where K is a bounded constant. In conclusion, we can make the integral in (4.42)
arbitrary small by choosing 7 small enough, so inequality (4.37) reduces to

real(Z) S R+ max [—/p | Vo 2 dx]. (4.43)
I

<Viu>r=
The Euler equation for the maximum in (4.43) is

V- (pVtv) = 0 Vx € region]
<Vu> =0 (4.44)

and has the solution V+v = 0. Thus,
real(Z) S R. (4.45)

To get a lower bound on real(Z) we choose in (2.19) the imaginary current V-+v =
0, and therefore
real(Z) > min < p|V%u[*>. (4.46)
<V4iu>=e;
This is exactly the problem studied in §4.1, so we write directly the result given by
Theorem 1
real(Z) 2 R. (4.47)

The lower bound on real(Z) given by (4.47) matches the upper bound (4.45) so

— — +
real(Z) ~ R = p(x1)4/ :—1, This result was obtained with a real current, concentrated
1

around the critical points x1,xs and flowing in the driving direction e;. The current
averaged over our domain, or over regions I, or I is equal to e;. The analysis for
the imag(7) is exactly the same, and we obtain

— ki

imag(Z) ~ C = C(x3) = (4.48)

This completes the analysis of the network approximation for the quasistatic case
with one saddle point in the capacitive and resistive region, respectively, in a series
configuration.
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4.4 The Effective Quasistatic Impedance of a High Contrast Continuum.
Case B: Parallel Connection

In this section we consider the problem defined in §3.3 case B. We study the direct

P(x)

problem (2.8) with coefficients p(x) = poe_% and C(x) = Cpe” <2 defined over a
region {2 with the geometry shown in Fig. 3.12. The functions S(x) and P(x) are
smooth, py and Cj are constants and € is a small parameter. The domain €2 is divided
in two regions by a curve L. In region I the resistance dominates (p > C), in region
II C > p and along curve L p = C. We assume that the resistance p(x) has a single
saddle x; in region I and that the capacitance C(x) has a single saddle x, in region
I1. Both saddles are oriented in the x direction. The current density can be written
as j = V*(u + iv), where u and v are the real and imaginary parts of the magnetic
field which is perpendicular on the plane ). In §3.3 case B we stated that when we
have a driving in the x direction (i.e. < j >= e;), in the asymptotic limit ¢ — 0 we
have an equivalent parallel circuit consisting of a resistance R placed at the saddle
x; connected with a capacitance iC placed at the saddle x,. In this section we use
the variational principles (2.19) and (2.20) to prove this result.

In the vicinity of the saddle points x; and x, the coefficients p(x) and C(x) are
given by
for x € ON(x1) :

kT (z —21)? N kf(y — y1)?
2€2 2¢2

)

p(x) =~ p(x1)exp(—
(4.49)

2
a3
2

0,

for x € ON(x2) :

=

X
2
=)

(4.50)

by o= 02 | Ko=)’
2¢€2 2¢? ’

Cx) = C(xz)ezp(—

In order to show the parallel connection we must show that Z ~ (% + %)_1. This

is done by getting matching lower and upper bounds on the effective impedance Z.
In order to obtain an upper bound on real(Z) we choose in the variational principle
(2.19) a particular real current V-+u and then perform the maximization over the
imaginary current. The experience gained from studying the static case suggests
that the current should be concentrated around the critical points x; and x,. The
current averaged over the whole domain should be e;, and therefore the function v

which appears in the expression of the imaginary current must be periodic in €). The
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real current can be written as Vtu = e; + V1, where x is also a periodic function in
2. We notice that the domain shown in Fig. 3.12 has in the horizontal direction the
same boundaries as its component regions I and II. Consequently, the periodicity
over x of both y, and v tells us that the average of the currents in the y direction
over each one of the regions will be

ziz /umd:cdy = /dexdy =0, 1 /vmdxdy =0,

1 1 1
[ wdady = — [ x,dzdy =0, —/ drdy =0 451
AII/UU vy A Jr X v Arr HU v ( )

where A; and Aj; are the areas of regions I and II. The currents in the z direction
can have different averages which must satisfy

< Uy >1 + < —Uy >1= 1
< =y >1 + < =y >= 0. (452)
We choose as a real current trial field

M),o) Vx € SN (x1)

)
1 _
LI( ,—ZTieexp( o2

1L
Viu=3 L(— exp(—L(gezy?) ),0)  Vx € 6N(x2) (4.53)
g(‘f
0 otherwise

\

which is clearly divergence free. The constants ;, ¢ = 1,2 are the flux of real current
through each saddle and according to (4.52) they must satisfy

L+ =1 (4.54)

Equation (4.54) is Kirchoff’s current law coming from the divergence free condition
imposed on the real current. We use (4.53) in the variational principle (2.19) and
obtain

_ K e—2)?  kF@-y)? 2 26 (y—1)?
— 1 — S
real(Z) Smin max | / p(xi)e ~ 22 27 e 27 dX —
I <viv>=0 IN(x1) k—+€

(4.55)
2<CVYtu- Vo> — < p| Vi 2>
The neighborhoods of x; and x, are the squares | z—xz; |< 6, |y—y; <6, i =1,2

where the small parameter J is fixed, so as € — 0 we have g — oo. The first term in
(4.55) is a Gaussian integral which gives

12 —ki (@ —21)*  ki(y—w)’
Viu 2 dx ~ / - -4 ~
/6N(x1) pIVul dx k+ T2 plx1) SN (x1) exp( 2¢2 2¢2 )
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(4.56)

2 kL o2
Iip(x1) P = RI}.
1

From (4.51) and (4.52) we know that the imaginary current in the z direction
(Vv - e; = —u,) satisfies

< =y >p + < —Uy >11= 0

whereas the current in the y direction (V+v-e, = v,) averages to zero in both regions
I and II. We introduce the constants J; and Jo which are the fluxes of imaginary
current in each region, < —wv, >;= J; and < —v, > ;= Jo. The average currents
must satisfy

Ji+ J2 =0, (4.57)

which is Kirchoff’s current law coming from the divergence free condition imposed
on V=+u.

In order to evaluate the integral over N (x3) in (4.55) we focus on the current in
region I and observe that we can rewrite it as

VJ_U = J291 + VJ_T,/) (458)
where 1) is periodic in region I1. We also know that < V+u >= I,e; or
VJ_U, = 1261 —+ VJ_X (459)

where x is periodic in region I1. From (4.58) and (4.59) we have

/ OV u- Vivdx = J, / CVu - eydx + OV u- Vidx =
ON(x2) ON(x32) dN(x2)
Ja

J
2 / OV-4u - (Ier + V4 y)dx + OV4u- VA — 22 x)dx = (4.60)
Iy JonN(xs) 5N (x2) I

J2 J2

/ C | Viu|? dx+/ OV4u - vy —
SN(x2) SN (x2) I,

We use the definition (4.53) of the real current and obtain after simple computations

Jo ki
CV4tu - Vivdx ~ =C 22 C— = - Zyx)dx. (4.61
/JN(X2) Vi Vivdx I (x2) ky 2 * oN(x2) dy 8y(¢ X)dx. )

Since ¢ — ‘I]—:X is periodic in region II, the last integral in (4.61) is similar to
(4.39) which was studied in §4.3 and shown to be negligible. We use the notation

C= C(XQ),/;:—;I and from (4.55), (4.56) and (4.61) we have

real(Z) S min max[RI? — 2CL,J, — min < p| V%o [2>/]. (4.62)
I; Ji <V4iv>=Jie;
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The minimization over region [/ is similar to the static problem considered in §4.1,
therefore B
min < p| Vv *>;~ RJZ (4.63)

<Viv>=Jier
Thus, the upper bound on the real part of the effective impedance is

real(Z) S min mJaX[RIf — 201, J, — RJ7), (4.64)
where the currents I; and J;, i = 1, 2 satisfy Kirchoft’s current laws (4.54) and (4.57),

respectively. _
In order to obtain a lower bound on real(Z) we choose an imaginary current field

( Ji( 1_ erp(—M),O) Vx € 6N (x1)

27 262
kT

VJ"U = JQ( 12_7r exp(_k;(g;m)z),o) Vx € (5N(X2) (465)
et €

0 otherwise

which satisfies the divergence free condition and averages to zero (< V+'v >= 0).
We substitute (4.65) in the variational principle (2.19) and after performing similar
computations we get a lower bound on real(Z) which matches the upper bound (4.64).
Consequently,
real(Z) ~ min max[RI} — 2C1,J, — RJ?]. (4.66)
A similar analysis applied to the imaginary part of Z (i.e. variational principle
(2.20)) leads to the same currents I; and J;, i = 1,2 and the discrete variational
formulation

imag(Z) ~ mIln mJax[?If + 2RI J, — CJ3). (4.67)
The equations that the currents must therefore satisfy are

ledfl - UJQ&IQ == 0
(4.68)
CLéJy + RJ16J, =0

where the perturbation currents d/; and é.J;, ¢ = 1,2 are arbitrary but must satisfy
Kirchoff’s current laws

0L +01, =0
(4.69)
§J1 +46J, =0.
From (4.68) and 4.69) we obtain
RI, = -CJ,
(4.70)
Cl, =RJy,
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which are Kirchoft’s loop voltage-difference law (discrete version of condition V- [(p+
iC)j] = 0). From (4.70) and the driving conditions (4.54) and (4.57) we obtain the

currents
—2

C
L = 5  —9>
R +C
RC
Jl == =  —9> (471)
R +C
—2
R
12 = = —2>
R +C
RC
Jo = —— —2-
R +C
Substituting these in the variational principles (4.66) and (4.67) we obtain
— 1 1
7~ (=+—=)" 4.72
(5 + ) (4.72)

which is the effective impedance of the parallel network.

This completes the analysis of the network approximation for the quasistatic case
with one saddle point in the capacitive and resistive region, respectively, in a parallel
configuration.

4.5 High Contrast Approximation in the Quasistatic Case with Many

Channels
M M M M
m S m m
m S m S -m
M
S
M
S M M S M
m
m S
S m S m S m
M M
M M

Figure 4.2: Critical pOiIltS of p(x) Figure 4.3: Critical pOiIltS of C(X)

The series and parallel resistor-capacitor networks discussed so far are very simple

and their connection is evident. In this section we consider more general resistor-
capacitor network approximations and show how to connect the resistive and the
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capacitive subnetworks in the domain. We recall that periodicity of the boundary
value problem is not necessary for the applicability of the network approximation.
We have used periodicity throughout the paper to simplify the analysis, which is valid
for general, nonperiodic structures and arbitrary boundary conditions.

pLC p>C pLC p>C

Figure 4.4: Resistor network Figure 4.5: Capacitor network

We explain the way the networks are connected by considering a high contrast
medium with one region with dominant resistance separated from a region with dom-
inant capacitance by an interface L along which p equals C'. The current flow may
arise from any kind of boundary conditions; the results of this section hold in general.
To fix ideas we assume that we have a point current source along the left boundary
and a point current sink along the right boundary, as shown in Figs 4.4,4.5. Every-
where else we impose homogeneous Neumann boundary conditions.

We assume that p(x) and C(x) have the critical points (maxima, minima and
saddles) shown in figures 4.2 and 4.3 with symbols M, m, and S, respectively. Consider
first the resistive and capacitive structures separately, ignoring the interface L that
identifies the dominant one. Transport in a high contrast material with resistance p
that has critical points as shown in Fig. 4.2 is approximated by that of a resistor
network with nodes at the minima of p and branches passing through the saddle points
of p (see Fig. 4.4). The connection of the current source and sink to the network
dependents on their position relative to the basins of attraction of the minima of the
resistance (nodes in the network) that are closest to the boundary. For the example
we are considering the connection is shown in Fig. 4.4. The capacitor network
approximation is obtained in a similar way and is shown in Fig. 4.5.

Now we return to the full quasistatic resistive-capacitive medium and cut the
approximating resistor and capacitor networks with the dividing interface L, as shown
in figures 4.4 and 4.5. Note that since the flow concentrates only at saddle points of p
or C (resistors or capacitors in the approximating circuit) and merges in the vicinity
of the minima of p or C' (nodes in the network), if there is any flow concentration
across the interface L then the region around it must be in the basin of attraction of
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- >
Figure 4.6: Equivalent resistor-capacitor network

a node (minimum) in the resistor network and a node (minimum) in the capacitor
network. Thus, both p and C' must have a minimum along the interface L, in that
region. However, p equals C along L so the nodes in the resistive and capacitive
networks that have the minimum on L within their basin of attraction are connected
to each other. This means that we cannot have an arbitrary arrangement of resistive
and capacitive nodes on opposite sides of the interface L; they must be configured
compatibly.

The high-contrast resistor-capacitor network is, therefore, determined as follows.
We cut the resistor and capacitor networks along L, as shown in Fig. 4.4 and 4.5,
and identify regions of flow-merging (around minima of p and C') on either side of it.
We also identify the resistive and capacitive nodes (minima) that correspond to them
and connect the loose branches in the resistive region that end in the resistive nodes
with the loose branches in the capacitive region that end in the adjacent capacitive
nodes. The connection for the example considered is shown in Fig. 4.6.

The construction of the resistor-capacitor network for high contrast media gen-
eralizes to an arbitrary number of regions with dominant resistive and capacitive
properties. However, special, nongeneric configurations need additional considera-
tions. For example, when critical points of p and C are on the dividing interface L,
a special situation, a more detailed analysis is needed.

5 Numerical Computations

We now present the results of some numerical experiments that illustrate the analysis
carried out in this paper. We use a Fourier-Galerkin spectral method to solve equation
(2.10) with periodic boundary conditions in a square domain Q = [0, 27| x [0, 27].
We compute the effective impedance as given by equation (2.14). The domain ) is
uniformly discretized with a square mesh of side h = 27/64 and the integral in (2.14)
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Figure 4.7: Example of a function p(x) that has a saddle point in the domain

is computed with Simpson’s rule.

5.1 Static Fields and Resistive Circuits

We first test the high contrast approximation for transport through a conducting
medium. The approximation articulates the flow channeling that occurs around sad-
dle points of the high contrast conductance or resistance. We consider media that
have a single saddle point of the resistance p in the domain so the approximating
networks consist of a single resistor, given by (3.15)).

The resistance function p(x) that we use has the simple geometry of §3.2, Fig. 3.7.
The saddle point of p is located at xg = (7, 7), the minima are at x,,; = (7, 2.432)
and X2 = (m,4.054) and the maxima at xp1 = (2.432,7) and xp0 = (4.054,7),
respectively. The value of the resistance in the channel p(xg), the curvatures k%, k-~
and the parameter e vary for different numerical experiments (see section §3.2 for
the definition of these parameters). To test the effective resistance formula R ~

p(xs)\/ijf, discussed in §3.2, we fix the parameter €2 = 0.06 and vary the height
of the saddle p(xs) and the curvature parameters k™, k~. The results reported in
table 5.1 show that the approximation is accurate to within 5% for the lower contrast
experiments and 2% for the high contrast of 209.2.

The accuracy of the resistor approximation is expected to depend on the contrast
max(p)/ min(p), so we test it further by fixing the curvatures k™ = 2.4 and k~ = 1.6
and varying €. The results reported in table 5.2 show that for contrast of order (10%)
the error is small but the approximation is quite inaccurate for lower contrasts. As
we show in Fig. 4.8, for a sufficiently high contrast of the flow is channeled at the
saddle point of p and the asymptotic analysis holds. However, when the contrast is
low (see Fig. 4.9), the current flow is spread out throughout the domain and the
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Figure 4.9: Flow is spread out and
not concentrated at the saddle point
of the resistance for a contrast of p
lowered to 9.1

Figure 4.8: Flow concentrated at
the saddle point of the resistance for
a contrast max(p)/ min(p) = 209.2

p(x5) | kT | k= | Contrast R Ruum | Rel. error (%)

1. 1.4 ] 1.8 70.1 1.1339 | 1.2011 2.39
41727 | 2.6 | 3.4 89.3 3.6489 | 3.4714 -4.86
2.0427 | 0.8 | 2. 97.1 1.2919 | 1.3478 4.33
41727 | 2.4 | 1.6 209.2 5.1105 | 5.2114 1.97

Table 5.1: Dependence of R on the resistance and curvatures at the saddle point

resistor approximation is inaccurate.

5.2 Quasistatic Fields and Resistor-Capacitor Circuits

We now test the high contrast approximation by discrete resistor-capacitor networks
for quasistatic flows.

Case A: Series connection

To test the range of validity of the resistor-capacitor series network approximation
we consider functions p(x) and C(x) with geometry similar to the one in §3.3 Case
A. In Fig. 5.1 and 5.2 we show an example of functions p(x) and C(x) used in this
section. The resistive and capacitive regions are separated by the interface at + = 7
along which p = C. The location of the saddle points, the curvatures of the scaled
logarithms of p and C' at the saddles and the contrast are varied different numerical
experiments. As discussed in §3.3 Case A, we can have, in addition to the saddle
points, regions of weak flow concentration that are negligible in the computation of
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Contrast | p(xs) | € R Ruum | Rel. error (%)
9.1 1.1331 | 0.8 | 1.3878 | 1.1744 15.38
52.6 1.1814 | 0.6 | 1.4469 | 1.3281 -8.21
65.3 1.3956 | 0.3 | 1.7093 | 1.8176 6.34
165 2.7183 | 0.1 | 3.3292 | 3.4212 2.46

209.2 4.1727 | 0.06 | 5.1105 | 5.2114 1.97

Table 5.2: Accuracy of the resistor network approximation versus the contrast
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Figure 5.1: Microscopic resistance Figure 5.2: Microscopic capacitance

p(x) C(x)

the effective impedance in the limit of infinitely high contrast. An example of such a
region is the common minimum & = (7, 7) of p and C along the dividing interface at
T =.

In order to test the accuracy of the resistor-capacitor series network approximation
for different contrasts we fix the curvature parameters (see (3.18) and (3.19)) ki =
ki = ki = 1., k; = 1.6 and the location of the saddle points x; = (7/3,7) and
xo = (bm/3,m), respectively. The contrast of p and C is changed by varying the
parameter €. The results of this set of experiments are reported in table 5.3. As
expected, the approximation is accurate to within a few percent when the contrast
is O(10%) or higher and quite inaccurate for lower contrasts. The flow corresponding
to the first entry in table 5.3 is shown in Fig. 5.3. We only show the real part of
the current flow. The imaginary part is four orders of magnitude smaller than the
real part, as predicted by the asymptotic theory in §3.2 Case A. We note the strong
flow concentration around the saddle points of p and C' and the concentration at the
minimum ¢ along the interface separating the resistive from the capacitive region.
However, around & the magnitude of the current increases only along the y direction.
Across the interface (z direction), the potential gradient is negligible so we only have
weak flow concentration at £. Thus, in the circuit approximation, the contribution
of this region is equivalent to having a connecting wire of negligible impedance.

The resistor-capacitor series network approximation was also tested for different
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Figure 5.3: Real current flow for a contrast of p and C of 1015.7

p(x1) C(x2) | Contrast | ¢ R Ruum | Rel. C Crum | Rel.
Error Error
28.0316 | 28.0316 1015.7 | 0.06 | 28.0316 | 29.0506 | 3.64 % | 22.1609 | 22.2818 | 0.6 %
17.4117 | 17.4117 978.4 0.07 | 17.4117 | 18.0364 | 3.59 13.7652 | 13.8814 | 0.84
12.1825 | 12.1825 853.7 0.08 | 12.1825 | 12.6136 | 3.54 9.631 9.8037 | 1.73
5.2945 5.2945 113.4 0.12 | 5.2945 5.0600 | -4.43 4.1857 | 4.0979 | -2.10
2.7183 2.7183 37.9 0.2 2.7183 2.3028 | -15. 2.1490 1.9925 | -7.28
1.9477 1.9477 9.45 0.3 1.9477 1.5001 | -23. 1.5398 1.3472 | -12.5

Table 5.3: Accuracy of the R-C series network approximation versus the contrast

locations and orientations of the saddle points in the resistive and capacitive regions.
The results are not influenced much, as expected, because location and orientation
of the saddles does not affect the network.

Case B: Parallel connection

In the quasistatic regime we now explore the high contrast approximation with a
parallel resistor-capacitor networks. The geometry of the microscopic resistance and
capacitance is similar to the one in §3.3 Case B. In Fig. 5.4 and 5.5 we show an
example of functions p(x) and C'(x) used in this section. The resistive and capacitive
regions are separated by the interface y = 7 along which p and C' have a common
minimum at § = (7, 7).
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Figure 5.6: Real current flow for a contrast of p and C of 853.7

We test the accuracy of the network approximation for different contrasts of p and
C' in a set of experiments with the location of the saddle points kept at x; = (7, 7/3)
and xy = (, 57/3) and with the curvature parameters fixed at ki = ki = ky = 1.
and k3 = 1.6. The contrast is varied by changing the parameter e.

In tables 5.4 and 5.5 we show the error in the effective impedance and the theo-
retical and numerically computed current fluxes through the channels at the saddle
points of p and C (o, B;, ¢ = 1,2 are defined in §3.3 case B). The results show
that the parallel resistor-capacitor network approximation is accurate to within few
percent when the contrast of p and C is O(10%) or higher. For lower contrasts, the
approximation is not inaccurate. The real part of the current flow computed with
contrast of p and C' equal to 853.7 is shown in Fig. 5.6 . The imaginary part of the
current behaves similarly except that while in the resistive channel the flow is in the
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real imag

p(x1) | C(xz) | € |real(Z) | (Zpum) | Rel. imag(Z) | (Znum) | Rel.

Error Error
12.1825 | 12.1825 | 0.08 | 7.4961 | 7.3967 | -0.82 % | 5.9256 5.8333 | -1.56 %
7.3891 | 7.3891 | 0.1 | 4.5471 | 4.1970 | -7.7 3.6955 41172 | 11.41

3.7937 | 3.7937 | 0.15 | 2.3346 | 1.8712 | -19.85 1.8457 | 1.1394 | -27.43
2.7183 | 2.7183 | 0.2 | 1.6728 | 0.8918 | -46.7 1.3225 | 0.8442 | -36.17

Table 5.4: Accuracy of the R-C parallel network for different contrasts of p and C

Contrast o am B um o o™ B2 o
853.7 | 0.6154 | 0.6120 | 0.4865 | 0.4783 | 0.3846 | 0.3880 | -0.4865 | -0.4783
140.8 | 0.6154 | 0.6013 | 0.4865 | 0.4592 | 0.3846 | 0.3987 | -0.4865 | - 0.4592
89.4 0.6154 | 0.5534 | 0.4865 | 0.3621 | 0.3846 | 0.4466 | -0.4865 | -0.3621
37.9 0.6154 | 0.509 | 0.4865 | 0.2132 | 0.3846 | 0.4910 | -0.4865 | -0.2132

Table 5.5: Real and imaginary current fluxes through the channels developed at the saddle
points of p and C

positive direction of the z axis, in the capacitive channel the flow is in the opposite
direction. This behavior is, of course, due to the zero imaginary part of the driving
condition assumed in the computations. The behavior of the current flow confirms
the results of the asymptotic theory that is, that the flow concentrates only in the
channels that form at saddle points of the microscopic resistance and capacitance.

6 Summary and Conclusions

We have shown both analytically and numerically that the effective resistance and
capacitance of a high contrast material can in certain cases be approximated well by a
resistor-capacitor (R-C) network. In both the static case, where the network consists
only of resistors, as well as in the quasistatic case, this can be done in general for
any number of saddle points of the resistance and capacitance functions p(x), C'(x),
around which the current concentrates. Variational principles play an essential role
in the analysis. We have restricted attention to two dimensional problems but the
results are general and extend easily to any number of dimensions.

Network approximations do not seem to be appropriate for quasistatic resistive-
inductive problems because we do not have flow concentration around saddles. There
are variational principles for these problems but we do not know how to use them
yet.

In [10] we have used the local analysis of the flow around the saddles to construct

43



a very efficient and accurate hybrid, analytical-numerical method for solving high
contrast conductivity problems. In [8] we have used the static asymptotic theory to
image high contrast media with impedance tomography.
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