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Abstract. Using variational principles we construct discrete network
approximations for the Dirichlet to Neumann or Neumann to Dirichlet
maps of high contrast, low frequency electromagnetic media.

1 Introduction

Imaging of the electrical conductivity and permittivity of a heterogeneous body
by means of low-frequency electrical or electromagnetic field measurements is
an inverse problem, often called “impedance tomography”, “electromagnetic in-
duction tomography”, “magnetotellurics” and so on. Applications arise in many
areas, for example in medicine with diagnostic imaging, in nondestructive test-
ing, in oil recovery, in subsurface flow monitoring, in underground contaminant
detection, etc. In this paper we will focus attention on imaging heterogeneous
media with large variations in the magnitude of their electrical properties. This is
relevant in many geophysical applications where the conductivity can vary over
several orders of magnitude. For example, a dry rock matrix is insulating com-
pared to liquid filled pores. Some pore liquids, such as hydrocarbons, are poor
conductors in comparison with other pore liquids, such as brines [4,33]. Thus,
the subsurface conductivity can have very large variations, even at macroscopic
length scales where some averaging is built into the model.

Mathematically, we have to consider direct and inverse problems for elliptic
systems of linear partial differential equations with high contrast coefficients.
Inverse problems for such partial differential equations are highly nonlinear and
pose difficult analytical and computational questions. In particular, standard
imaging methods that use some form of linearization about a reference medium
(Born approximation) [1, 15,21, 43] are not appropriate for imaging high contrast
media. Nonlinear output least squares [47,32] and nonlinear variational methods
[37] can fail as well.

For imaging high contrast media we take a different approach. We combine
asymptotic methods and recently introduced variational principles to give an
accurate and efficient description of the behavior of the fields in the region of
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interest. We show in particular that transport properties of high contrast media
can be well approximated by electrical networks. Discrete circuit approxima-
tions of continuum conductivity problems have been considered in the past [20,
18,19], where the resistor networks are numerical discretizations of the partial
differential equations. The networks considered in this study are radically dif-
ferent. They arise from the strong channeling of currents in materials that have
large variations of electrical conductivity and/or permittivity. In this paper, we
review and build upon our results in [9,11,10, 8] to justify rigorously network
approximations of static and quasi-static electromagnetic transport in high con-
trast media. In the static case, we have resistor networks whereas at nonzero
frequency, we have resistor-capacitor or resistor-inductor networks, depending
on the properties of the high contrast media. Data available in inversion appli-
cations in high contrast media contain information mostly about the asymptotic
networks. Therefore imaging high contrast media reduces mainly to imaging
these networks.
We begin with the time-harmonic Maxwell’s equations [31]

V x H(x,w) = [o(x) — iwe(x)] E(x,w),

V x E(x,w) = iwp(x)H(x,w), ()
V- [e(x)E(x,w)] = 0,
V- [u(x)H(x,w)] =0

where H and E are the complex magnetic and electric fields, i = /=1, o is
the electrical conductivity, ¢ is the electric permittivity, p is the magnetic per-
meability and w is the frequency. The excitation is given by some form of non-
homogeneous boundary conditions. For example, in impedance tomography the
excitation consists of the current flux j = V x H normal to the boundary. In elec-
tromagnetic induction tomography the excitation consists of magnetic dipoles at
the boundary. We consider only low frequencies and distinguish three different
elliptic problems to study:

1. Static (w = 0) conducting media. We study the d.c. impedance tomography

problem.
2. Quasistatic dielectric media, where the magnetic term iwpH in (1) is negli-

gible. The resulting problem has a: complex conductivity.
3. Quasistatic conductive media, where the displacement current iweE is neg-

ligible. The resulting problem is: inductive.

Our theory applies to a simply connected domain £2 C IR?. Extensions to three
dimensions can be done in some cases (see for example [34] for a local, asymptotic
analysis).

2 High Contrast D.C. Impedance Tomography

2.1 Formulation of the Problem
At zero frequency, equations (1) reduce to

V [joe(x)Ve(x)]=0 in £ , (2)
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which we consider with Neumann boundary conditions

do(x) _ _
5 =1I(x) on 92, /fmf(s)ds_o , (3)

Here, E(x) = —V¢(x), n is the outward normal to the boundary 942 and I is the
normal current density given at the boundary. In impedance tomography o(x) is
unknown and it is to be found from simultaneous measurements of currents and
voltages at the boundary. Thus, for a given current excitation I we overspecify
problem (2) by requiring that

é(x) =(x) on I, 4)

where 1) is the measured voltage at the boundary. When all possible excitations
and measurements at the boundary are available then we know the Neumann to
Dirichlet (NtD) map which maps current 7 into voltages ¢ at the boundary. The
mathematical problem of impedance tomography is to find ¢ in the interior of
£, from the NtD map. In practice, we rarely have the full NtD map available, so
the imaging has to be done with partial, noisy information about it. The inverse
problem can also be formulated in terms of the Dirichlet to Neumann (DtN) map
which maps voltages into currents. In this case, we design our data gathering
experiments so that we specify the voltage at the boundary and measure currents.

We assume that ¢ has high contrast, which means that the ratio of its maxi-
mum to its minimum value is large. There are many ways in which high contrast
may arise in conducting media. We can have, for example, media with insulating
or highly conducting inclusions in a smooth background. Since in most applica-
tions we do not have detailed information about the medium, such as the shape
of inclusions, we model high contrast conductivity as a continuous function given

by

o(x) = oge S (5)

where o is constant, S(x) is a smooth function with isolated, nondegenerate
critical points (a Morse function) and ¢ is a small and positive parameter. Thus,
as € decreases, the contrast of ¢ becomes exponentially large.

The NtD and DtN maps have been studied extensively. See for example [2,
45,29] for discussion of important questions such as injectivity, continuity of the
maps and their inverse, etc. In this section, we address a new question: How do
the NtD and DtN maps behave in the asymptotic limit of infinitely high contrast
or, equivalently, € — 07 The DtN map A : H%(&Q) — H_%(&Q), is defined by

/161/) — O_Oe—S(x)/e a_¢

2l =16) (6)

an

where n is the unit outer normal to 942 and ¢ is the solution of (2) with Dirichlet
boundary conditions (4), for a given ¢ € H? (082). A€ is selfadjoint, positive
semidefinite [45] and its quadratic form has the Dirichlet variational formulation

[17]

(u),m/)):/ I(s)i(s)ds = min /{2006—50‘)/6 Vé(x) - Vo(x)dx . (7)

a0 dlog=1
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The generalized inverse of the map A°, the NtD map, (A°)~11 = ¢, is defined

on the restricted space of currents I € H_%(a.@) that satisfy [, I(s)ds = 0.
The NtD map is selfadjoint and positive definite and its quadratic form has the
Thomson variational formulation [17]

_ 1
(I,(A97' D) :/ I(s)i(s)ds = min / — 5™/ §(x) - j(x) dx |
an V-j=0 n 0o
—j nlag=1
(8)
where j is the current density. We conclude this section with the observation
that at their minima, both variational principles (7) and (8) give the same re-
sult, [, I(s)¢(s)ds, which is physically the power dissipated into heat in the
conducting medium.

2.2 Asymptotic Resistor Network Approximation

In [11,10] we carry out an asymptotic analysis of the elliptic problem (2) in a
high contrast medium with conductivity (5). We show that static transport in
such a high contrast continuum can be approximated by current flow through a
resistor network. The network topology is uniquely defined by ridges of maximal
conductivity (5), in the domain of the solution. Suppose that the high contrast
conductivity (5) has the set A7 of Ny maxima in the interior of §2. These are
the interior nodes of the resistor network. Suppose that the ridges of maximal
conductivity intersect the boundary at a set A'g of Ng points. These are the
peripheral nodes of the network. A branch of the network connects two adjacent
nodes through a saddle point, say xg with resistance

R = 2 o)

To get this asymptotic resistance at the saddle we use the local Taylor series
expansion of the scaled logarithm of ¢

k k
Sy (10)

S(x):S(xs)—F? 5

where we consider a system of coordinates centered at x,, with axis z pointing
along the ridge of maximal ¢ passing through x;. We complete the definition of
the asymptotic network by defining the potential and current excitations, given
an arbitrary potential ¢(s) and normal current 7(s) measured at arclength s
along the boundary 92 of the high contrast continuum. Consider a peripheral
node j € Np that is located at s; on 9£2. In [10], we show that the network
potential at node j is

Wi =(s;) - (11)
To calculate the current Z;, flowing into node j, we focus attention on the max-
imum of o, say xps that is adjacent to s;. We define the basin of attraction of
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xpr as the region in 2 that contains xp; and lies between 92 and the nearby
ridges of minimal o. Suppose that these ridges intersect 942 at points s;, and
s;,. Clearly, s; lies between s;, and s;, and, as shown in [10],

1, = /sj2f(3)ds . (12)

71

This means that the input current at node j € N'g in the asymptotic network is
the net current flowing into the basin of attraction of the maximum x3;, adjacent
to peripheral node j. Results (12) and (11) are proved rigorously in [10] and they
allow us to calculate all peripheral network currents Z = (Z1,Z,, . . .INB)T and
potentials & = (U, Wy, .. .Uy, )T.

In figure 1, we show an example of how the asymptotic resistor network is
constructed. We consider a continuum with a high contrast conductivity that has
four maxima and six minima shown in the figure by z,,...2q4 and z4/,.. .2/,
respectively. There are also five saddle points of ¢ denoted in the figure by
1,...5. The current flows along paths of maximal conductivity, shown in figure
1 with a full line. Each maximum of ¢ has a basin of attraction delimited in
2 by the ridge of minimal conductivity passing through the neighboring saddle
points (the dotted curves in figure 1). Because of the external driving, the current
must flow from one maximum of ¢ to another with the least resistive path goes
through the saddle points. When the contrast of ¢ is high, the current is strongly
concentrated along the paths of maximal conductivity and so it flows like current
in a resistor network. The branches of the network connect adjacent maxima of
o through the saddle points. Thus, in figure 1 we have five branches, each with
resistance R;, ¢ = 1,...5. We also have four peripheral nodes a, b, ¢ and d,
where J§2 intersects ridges of maximal o. The asymptotic resistor network is
shown in figure 1. The network excitationsat the peripheral node a is defined as

y
in (11) and (12): ¥4 = ¢(s,) and Z, = / I(s)ds, respectively.
Sal

The discrete DtN map A€ is a symmetric Np x Np positive semidefinite
matrix with a null space spanned by the vector (1,1,...1)T € IRV5*! . This
matrix gives the input/output current in terms of the boundary potential,

Ii= Y AW, forall jENg . (13)
kENB

Its quadratic form has the variational formulation

e . 1 1
< W,AD’ v >= Z I;¥; = min - Z R—E(@] - @k)2 . (14)

—7. 3 2 .
iENs &, =0, If keNs JEN KEv, ik

Here, V; is the set of neighbors of node j in the set N' = N7 J Np. The resistance
Rjj, 1s given by (9), where x, is the saddle point that connects the maxima x;
and x; of o or, equivalently, the nodes j and k in the network. The superscript
¢ reminds us that the resistance depends on the small parameter ¢ because of
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Fig. 1. Example of an asymptotically equivalent resistor network
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the factor o(x,) = 0'06_5():5). The pseudoinverse of AP-€ is the NtD map that
gives the boundary potentials in terms of the currents,

v = Y (AP)3!T,,  forall jENp . (15)
keENB

The domain of the map (A?:€)~1 is the Np — 1 dimensional space spanned by
current vectors Z = (Z1,Zs,...In,)T € RVEX! that satisfy the constraint (13).
(AP:€)~1 is symmetric, positive definite and its quadratic form has the following
variational formulation

€Y — : 1 €
<I (AP T >= > Tw = min 52 >RSI (16)
jENB ’ JEN kEV;

Here the currents Jj; satisfy Kirchhoff’s nodal law

[0 itjen,
ZJJ’«—{IJ» ifieNs . (17)

keEV;

2.3 Asymptotics and the Variational Principles

We will analyze briefly the quadratic forms (1, A%) and (I, (A°)~1I) of the DtN
and NtD maps in media with conductivity (5), in the asymptotic limit ¢ — 0.
We show that, as ¢ — 0, we have

(¥, A%Y) = < &, AP@ > [1 +0(1)], (18)
(1, (A7) = <Z, (A7) 'L > [1 + 0(1)]

The proof of (18) relies on the variational principles (7) and (8). We obtain
upper and lower bounds on the quadratic forms (v, A°¢) and (I, (A¢)~1I) and
show that these bounds match asymptotically and are equal to the right hand
sides in (18). To simplify the exposition here, let us assume that we have a
boundary current 7 that is concentrated precisely at the peripheral nodes of the
asymptotic network. Of course, in a real experiment the current excitation is
unlikely to satisfy this assumption. In [10], we show how to handle the case of
arbitrary I € H_%(&Q). We introduce a thin layer near the boundary, where
the current adjusts from the given I along 042 to the current concentrated along
ridges of maximal ¢ in the interior of §2. We show that the contribution of this
layer to (I, (A°)~1I) is negligible as ¢ — 0. The analysis is done in [10] and shall
not be repeated here.
To get an upper bound on (I, (A?)~1I) we take in (8) a trial field

@)= (~ 5 52 ) a) (19)

such that, at the boundary, —j(s) -n(s) = I(s) = %, where we assume that [
is concentrated at s; € 912, for j € Np. Thus, we have the Dirichlet boundary
condition

H(s) = /sf(t)dt, on 052 | (20)
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where H is constant along pieces of 9£2 that lie between two adjacent peripheral
nodes of the network. In the interior of §2, away from the ridges of maximal
conductivity, we take H to be a constant.

Along the ridges of maximal ¢ we expect strong, concentrated currents. Con-
sider such a ridge of maximal conductivity and introduce curvilinear coordinates
(&,7m), with £ arclength along the ridge. For | n |< d < 1, such that g — 00 as
¢ — 0, we have (¢, ) = ooe~3E&M/e where

13
24 on*

k€ o 10

35

2

Here k(&) is the curvature in the direction 5 and, by our assumption of a con-
ductivity function with non degenerate critical points, k(§) > 0. We take

H(E,n):—g erf 7725
E(€)

+ constant (22)

where, f is the net current flowing along the ridge. Then, as shown in [10],

emo d o mee [ ek A
i) Nore [ k(£)E NI (1+0(8) 7

~

e 2e ,
2me

where ¢ and 7 are the unit tangential and normal vectors along the ridge, re-
spectively. We have

L e — 1 semye s 2 .
/ flax= Y /ﬁdg c 3 P dedn . (24)

no(x) ridges in 2 e?o

where we sum over all ridges of maximal conductivity in §2. The technical details
of the calculation of the integrals in (24) are given in [10]. After integration in
71, we have

1 stem/e s 2 e 1+0G) [F [R(E) 02 s
/ridge er |3(&,m) [” dédn = o /n 27me (O e dc .
(25)

The integral (25) is of Laplace type [5] and the main contribution comes from
the maxima of S(¢, 0) or, equivalently, the saddle points of ¢. Consider a saddle
point xg = (s, 0) along the ridge. In the vicinity of xg, S(&,0) is given by

_ p(xs)(€ = &s)? n (€ —¢5)2 038

S(€,0) = S(xs) 2 T

(55,0)-1-... , (26)
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where p(xg) > 0 is the curvature of the function S at the saddle point in the
direction &. The contribution of this saddle point to the integral in (25) is

[F(&)]7de

e a
oo —¢s 2me

(1+ 0(6))/5+ES Stes) _ plxs)(emes)? | (emes)? C2(es)t .. [R(E)
13

_ f(xs)]* [k(xs)
- O'(Xs) p(XS)(l—i_O((S))’

where f(xs) is the net current through the saddle. We now add the contribution
of all saddle points along the ridge and, since § < 1, we obtain

[ e (e P dedn= 3D Uxs)PROxs)(1+o(1)) L (27

idge 70 xse ridge

where R(xs) = m, / %)’:—::)l is the effective resistance of saddle xg.
The upper bound 1is thus

(I,(A)7'1) < H;inz[f(xs)]zR(xs)(l +0o(1)) =< Z,(APT1T > [140(1)] .

(28)
Note that because of conservation of currents in {2 the minimization in (28) is
done over all fluxes f that satisfy Kirchhoff’s nodal law for currents. A similar
calculation leads to the upper bound

(1, A7) << &, AP > [1+0(1)] (29)
where we use variational principle (7). Using the convex duality relation

(W A%) = sup  [2(L,9) = (I,(4)7D)] , (30)

IEH_%(E)Q)

we obtain lower bounds on (v, A% and (I, (A°)~1I). These lower bounds match
asymptotically the upper bounds (28) and (29), respectively and the proof is
complete. The details are given in [10].

2.4 How to Chose the Test Functions

The results presented in section 2.3 show that static conductive transport in high
contrast media is asymptotically equivalent to current flow in a resistor network,
uniquely determined by the conductivity (5). This asymptotic network approxi-
mation comes from the strong channeling of currents along ridges of maximal o,
given by (5). The proof of the asymptotic resistor network approximation, given
in [10] and in section 2.3, relies entirely on the variational principles (7) and (8)
and a careful choice of trial fields. We now give a brief explanation of how we
found these trial fields by looking directly at the governing equations in 2.
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The current density
i(x) = —o(x)Vé(x) = V* H(z,y) , (31)

where V1 = (—(,f—y, %), is the minimizer of (8) if

vi. [ies(x)/EVJ‘H(x)] =0 in®,

a0

H(s) :/ I(s)ds, ondf2 . (32)
Thus, we have the singularly perturbed problem [36]
1
AH(x) + EVS(X) -VH(x)=0 in £ . (33)

Consider x € {2 that is neither a minimum nor a maximum or a saddle point of
o that is, VS(x) # 0. Then, H(x) satisfies approximately,

VS(x)-VH(x) =0, (34)

or, equivalently, H varies in directions orthogonal to V.S(x). The current j(x) =
V1 H(x) is orthogonal to V H (x) so, it is parallel to V.S(x). In fact, j(x) points in
direction —V.S(x), towards higher conductivity, in order to achieve the minimum
in (8).

Let us begin with points near the boundary and justify the result (12). To
fix ideas we take the situation of figure 1 and focus attention on the basin
of attraction of z,, a maximum of o. From (34) the current density V1 H
flows from the boundary downhill towards z,, the closest point of minimum

resistance p(x) = 01—065(")/6 (see figure 2). The net current flowing into z, is

sbl

7, = / I(s)ds, as given by formula (12). At z,, V.S = 0 and equation (34) is
not valid. Here, we have an inner layer [36] of width § >> /¢, where H changes
rapidly, as shown in [11]. Because of the external driving we have current flow
from one point of minimal resistance to another. To achieve the minimum in (8)
the flow goes along the least resistive paths in §2. These paths are precisely the
ridges of maximal o that define the topology of the asymptotic network. Take

for example the ridge in (21). Here,

kl(£)772
2

+o | é s rEm ~ 3—5(6,0)5

s

VS, n) = o

(€,0)+

and, by (34), V1 H is in direction é tangent to the ridge. Clearly, as seen from
(25), most power is dissipated as current passes through the points of highest
resistance along ridges of maximal conductivity, the saddle points of o.

In the asymptotic limit ¢ — 0 the solution of (32) is now as follows: In
2, H changes rapidly, on a length scale of order /e, across ridges of maximal
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Fig. 2. Current flows from the boundary into the maximum z, of o, along paths of
steepest descent. In the interior of {2, current concentrates along paths of maximal
conductivity

conductivity. Note that in [11] we do the local asymptotic analysis of (32) near
saddle points of ¢ and find that H is of the form (22). In the rest of 2, except
possibly for thin boundary layers, H is approximately a constant, as shown in
figure 2. Here, to the left of the network branch that passes through saddle point
1 we have H & H(sq'), where s4 is arclength along 92 at a’, the intersection
of the boundary with the ridge of minimal conductivity through z,/. Similarly,
below the branch through the saddle point 2 we have H & H(sp). In the interior
of £2 between the two branches of figure 2 H & C, a constant, and so on. The
actual constant values of H in the interior of {2 cannot be calculated from a
local asymptotic analysis. For this, we need to study the global problem and the
tools for that are variational principles (7) and (8).

Singular perturbation methods [36] applied to (32) give us a physically clear
picture of static transport in high contrast media. Our proof in section 2.3 relies
entirely on the variational principles (7) and (8) and it needs no further justifi-
cation. However, the key to the successful use of the variational principles is, of
course, having good trial fields. The local asymptotic analysis presented here is
precisely the guide to finding these trial fields.

2.5 Imaging High Contrast Media

The results summarized in section 2.2 show that imaging high contrast o of the

=

form (5) is asymptotically equivalent to the identification of a resistor network
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from measurements of currents and voltages at the peripheral nodes. Therefore,
in high contrast inversion the most important features of the conductivity are
near the saddle points. Each saddle point of o corresponds to a resistor in the
asymptotic network and makes a significant contribution to the quadratic forms
(¢, A%) and (I, (A°)~1I) or, equivalently, to the eigenvalues of the DtN and
NtD maps. The location of maxima and minima of ¢ in {2 determine the current
flow topology and so they influence the spectra of the DtN and NtD maps. The
actual value of ¢ at the maxima and minima is not so important in the asymp-
totic limit. Therefore, when imaging a high contrast conductivity (5) we cannot
expect a good estimate of the value of ¢ at the minima or maxima. We should
get, however, a good image at the saddle points as well as a fair estimate of
the location of all critical points. The question of the unique recovery of resistor
networks from the discrete DtN or NtD maps has been considered in [18, 24, 19].
It is shown there that, in general, rectangular resistor networks can be uniquely
recovered. Even more general resistor networks can be uniquely recovered up
to Y — A transformations (see [19] for details). However, the question of how
to image these networks in practice does not have a satisfactory answer so far,
especially when the network topology is not known apriori. In [9,10], we pro-
pose imaging asymptotic resistor networks with the method of matching pursuit
[41]. We show with extensive numerical computations that matching pursuit is
effective in imaging high contrast conductive media if the library of functions is
carefully constructed to capture the features of o that come from the asymptotic
theory.

3 Quasi-Static Approximation: Complex Conductivity

In dielectric media at low frequency the magnetic term iwpH in (2) can be
neglected [11]. In two dimensions, the magnetic field H(x) = H(x)es, H =
Hg + 1 Hj, satisfies

vt Alp(x)+iC(x)] VI H(x)}
—VLH() n(x)

/6 RO

where p + i C is the complex impedance consisting of the resistance(real part)

. xENCIR,
()_IR( Y+ i Ir(x) on 982, (35)

p = :ﬂfw and the capacitive reactance (imaginary part) C = W We
define the current density
i(x) =jr(x)+ijr(x) = V*H(x) , (36)

such that V- j(x) = 0 for all x € £2 and, at the boundary, —j(x) - n(x) = I(x).
Equation (35) implies that

Vo(x) = —[p(x) +i C(x)]i(x), xe2, (37)
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where ¢ is the complex electric potential. In the inverse problem of complex
conductivity, p(x) and C(x) are unknown and are to be found from simultaneous
measurements of currents and potentials at the boundary. Thus, for a given
current excitation I we overspecify problem (35) by asking that

é(x) = ¢(x) on 912 | (38)

where 1 1s the complex potential measured at the boundary. When all possible
excitations and measurements at the boundary are available, then we know the
complex Neumann to Dirichlet (NtD) map which takes T and maps it into .
In most applications we do not have full knowledge of the NtD map and the
inversion must be done with partial, noisy information about it.

We are interested in dielectric media with high contrast and we model the
complex impedance by

plx) = poc= <, e(x) = CoePLII* | (39)

where pg and Cg are constants, S(x) and P(x) are smooth functions with isolated,
nondegenerate critical points and ¢ is a positive, small parameter. The complex
NtD map I'* = I' + ¢If is defined by

IeI(x) = $(x), x€af . (40)

The domain of the NtD map 1s the restricted space of currents I = Ig + ¢I7 that
satisfy Ip, I1 € H_%(&Q) and / I(s)ds = 0. From Green’s theorem, we have
a0

[poeS/e 4 i Coe POV | () [ dx |

(41)
where I* is the complex conjugate of . Thus, the eigenvalues A* = A% + iA7 of
I'® have strictly positive real and imaginary parts.

In order to study the NtD map in the asymptotic limit € — 0, it is important
to have variational formulations for quadratic forms of I'¢. For this purpose we
rewrite (35) as an elliptic system of equations

(I, Iy = P(s)I*(s)ds = /

an (e}

vi. [poe—5<x)/fj3(x) - Coe_P(x)/EjI(x)} —0,
T4 [poe™ 50551 (x) + Coe™ P S (x)| = 0, (42)
Jr(x) = VJ‘HR(X), Jjr(x) = VJ'H](X), forxe 2 .

At the boundary, we give the normal current — [jr(s) + ijr(s)] - n(s) = I(s) +
i Ir(s) or, equivalently, the Dirichlet conditions

n(s) = [ n(s)ds,
Hi(s) = /5 Ir(s)ds , (43)
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where s is arclength along 9£2. Equations (42) with boundary conditions (43)
have a unique (at least weak) solution Hr and Hy € H'(£2), provided that
p(x) > 0 and p(x) and C(x) are uniformly bounded in 2. Equations (42) are
also the Euler equations for the following saddle point variational principles [16,

22,11]

real(7, I'1)

= min [ {0 [Linto) 2 = irt) ] -
V-jr=0 V- .]I_O

—Jr N0 |so=Ir —jr -nlse=1Ir

2Coe P/ jp (x) jI(x)}dx o (44)

imag(I, I'I)

= win [ {eoe 0 [inGo) = Lint) ] +
V-jr=0 V- .]I_O

—Jr - n|so=Ir —jr -nloo=1Ir

2p0e =S/} (x) ~j1(x)}dx . (45)

3.1 Asymptotic Resistor-Capacitor Network Approximation

In [11], we carry out an asymptotic analysis of (35) for periodic dielectric media.
In this section we review the results of [11] and we extend the asymptotic analysis
to more general high contrast dielectrics, not just periodic ones. We show that
in the asymptotic limit ¢ — 0 the solution j = jr + ijr of (42) and (43) can
be approximated by current flow through a resistor-capacitor network. We show
further that the NtD map I'¢ is asymptotically equivalent to the discrete NtD
map of the resistor-capacitor network.

Let us begin with the observation that since € < 1 the resistance p(x) dom-
inates C(x) when its scaled logarithm S(x) is less than P(x). In fact, p(x) and
C(x) are comparable in magnitude only when S(x) = P(x) + O(e). In general,
one does not expect S and P to be equal over large regions of the domain and
we model the medium by alternating regions of dominant resistance and capaci-
tance. Both p and C are smooth functions so these regions are separated by inter-
faces along which p is equal to C. In regions of dominant p or C, (42) is similar to
the static problem (2). Thus, transport in these regions behaves like current flow
in purely resistive or capacitive networks, respectively. The main question is how
to connect these networks in order to get the global resistor-capacitor network
that approximates the transport properties of the high contrast medium.

Suppose, for example, that the high contrast function p(x) has the six minima
denoted by o in figure 3. Its maxima are denoted by e and the saddle points are
numbered from 1 to 7. If we consider the static problem in a medium with
resistance p(x) the results of section 2.2 apply and the current flows along the
ridges of minimal resistance, shown with a full line in figure 3. Similarly, in
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figure 4, we show an example of a high contrast function C(x) and its associated
assymptotic network.

Fig. 3. The static network for an example of p(x) = poe SV /¢

Consider now the complex impedance p + iC. As explained above, let us
suppose that C(x) > p(x) for points between the dotted lines in figures 3 and
4. Along these lines (interfaces) p is equal to C and elsewhere in £2, p > C.
Away from the interfaces we already established that (42) is similar to the static
problem of section 2.1, where ¢ in (2) is replaced by % if p > C and é if
p K C, respectively. Thus, in these regions, currents flow along ridges of minimal
resistance and capacitive reactance, respectively. The ridges of minimal p and C
cut the interfaces, as shown in figures 3 and 4, respectively. Along the interfaces,
p = C so ridges of minimal p and C must intersect the dotted lines at the same
points. The network connection is now straightforward and the global network is
shown in figure 5, where R; and C; correspond to the resistive/capacitive saddle
points and they are given by formulas similar to (9). The construction illustrated
in this example is general and it allows us to define the topology of the R — C'
asymptotic network for any medium with impedance (39).

we now consider the quadratic forms (I, I'“T) of the NtD map, for a high
contrast impedance pge~ 5/ i Cue=F®)/¢ in the asymptotic limit e — 0. We
show that I'¢ is asymptotically equivalent to I'?:¢, the NtD map of the asymp-
totic resistor-capacitor network. First we identify the topology of the network
as explained in the example of figure 5. We divide §2 into resistive regions §2,,,
j=1,...N,, where p > C and capacitive regions {2¢;, j = 1,... N¢, where
C > p, respectively. These regions are separated by interfaces £;, j =1,... N,
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Fig. 4. The static network for an example of C(x) = Coe~ P /e

Fig. 5. The global R-C network
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where p = C. Suppose that the global R — C' network has Np peripheral
nodes, where each node corresponds to a point of intersection of 92 with a
ridge of minimal p or C. The complex currents at the peripheral nodes are
T = (Z1,Zs,...Ing)T. The complex electric potentials at the peripheral nodes
are ¥ = (Wy,Ws, ... Wy, )T. Take for example the point s; of intersection of a
ridge of minimal p with the boundary. The current flowing into this node is given

by
Z; :/ I(s)ds , (46)
802 () B(x;)

where E(xj) stands for the closure of the basin of attraction of minimum x;
that is adjacent to s;. The electric potential is

Wi =(sy) - (47)

The discrete NtD map, I'P?€ = Fg’ﬁ +1 FID’E, is a complex Np x Np matrix
that takes boundary currents and maps them into boundary potentials

v = Z FJ%EIk, for all j € N . (48)
kENB

We show that, given any boundary current I = Ig + 27 such that Ig, I; €
H_%(&Q) and / I(s)ds =0,
an

(I,7°1) =< Z, TP > [140(1)] , (49)
where
Ng
<I, TP IT>=) 1,0 . (50)
7j=1

3.2 Asymptotics Using the Variational Principles

The proof of (49) relies on the variational principles (44) and (45). To get an
upper bound on real(7, I'°T), we take a trial field

inx) = (~5- 3 ) Hale.a) 61

so that at the boundary

Hr(s) = /5 Ir(s)ds , (52)

where s is arclength along 9£2. To simplify the exposition let us assume that the
excitation current I(s) = Ir(s)+ I7(s) is concentrated at the peripheral nodes of
the R — C network, i.e. at the minima of max(p,C) along 92. Then, Hg and H;
are constant along pieces of the boundary lying between two adjacent peripheral
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nodes. Of course, in a real experiment the current excitation is unlikely to satisfy
this assumption. Then one must introduce a thin layer near the boundary where
the current adjusts from the given I along 9§2 to a current concentrated along
ridges of minimal p or C. The analysis is identical to that of section 2.3 and [10]
and shall not be repeated here.

We write the integral in (44) as a sum of integrals over the resistive regions
£2,,,3=1,...N,, the capacitive regions 2c,, j = 1,... N¢ and the vicinities of
interfaces £;, 7 = 1,...Nz. We analyze these three cases separately.

L. The resistive regionx € {2,, for some j = 1,...N,, such that p(x) > C(x).
In £2,., we choose Hg to be a constant away from ridges of minimal p. In the
vicinity of a ridge of minimal p consider coordinates (£, 7) where £ is arc length
along the ridge. Here the scaled logarithm of p is given by

KE) o, 107

S(€n) =S5, 0) - 5 +8F(§’0)n3+'” : (53)

where k(&) > 0 and Hp is chosen as in section 2.2,

HR(&a ) fR 7

n=-5 erf >
k(&)

+ constant |, (54)

where fr is the real flux along the ridge. We have

/Q [p(x) (1ir(x) | = [ 31(x) [*) = 2(x)ir(x) - Jr(x)] dx <

]

/n [(p(x) + €(x)) [ §r(x) [ =(p(x) = C(x)) | jr(x) |*] dx ~ (55)

/r CICIRES /ﬂ p(x) () P dx |

ridges in 2,, €

The maximum of (55) is achieved by imaginary currents that satisfy the Euler
equation
vi. {poe—ﬂx)/eh(x)} =0,
V.jrix) =0, xe8,, . (56)

This equation has been studied in section 2.2 and the result is that j; is channeled
along ridges of minimal resistance in §2,,. Moreover,

min [ o) Lin() [ dx = min 32 R(xs) [rlxs ) [1+0(0] (657

Jr
Py X@E-ij

where fr(xg) is the net imaginary current through the saddle point xg of p(x)
and R(xg) is the effective resistance of the saddle, given by (9), where % is
replaced by p.
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Thus, the contribution of §2,. to the upper bound is

/ﬂ (o) (15r(¥) 2 = | 51(x) ) — 2(x)j(x) -§r(x)] dx <
max 3 Rioes) {[fmCes))* = sl } 1+ o(1)

XQEQ

2. The capacitive region x € {2¢; for some j = 1,... N¢, such that C(x) >>
p(x). In £2¢,, we choose Hp(x) that minimizes Coe=Px)/e | VL Hp(x) |? dx.
.ch
Clearly, Hg is the solution of

L. [Coe_P(x)/EVLHR(x)} =0, forxe ¢, . (59)

From the results of sections 2.2 and 2.3, we know that, away from ridges of
minimal C, Hr(x) is approximately a constant. Take a ridge of minimal C and
consider coordinates (£, n) where ¢ is arc length along the ridge. In a neighbor-
hood | 7 |< § < 1 such that % — 0o as € — 0, we have

k(¢ 10%P
Pen) =P~ "y 10 e ot (60)

2 6 an
where k(¢) > 0 and Hp is changing abruptly across the ridge, in such a way
that jp = V1Hp = (\/E)E The net current along the ridge is fr(§) =

[
/ V41 HRg(¢,t)dt. Note that because of conservation of current fr(€) is either a
-5

constant or it changes along the ridge near minima of C. Thus,

Coe PO |V Hp(x) [P dx =min > C(xs) [fr(xs))*[1+0(1)] |
-ch IR XCE-QC

(61)
where C'(xg) is the effective capacity of the saddle, given by (9) with % is replaced
by C.

We also study the imaginary current j; = V1 H;(x) that maximizes
/ [-2C(x)V Hr(x) - VEHi(x) — p(x)VE Hi(x) |?] dx . (62)
Nc
The maximization is done over all H(x) that satisfy boundary conditions

Hi(s) = /SjI(S) -n(s)ds , (63)

where s is arclength along 9§2¢,. The boundary of £2¢, consists of some interfaces
Ly, p=1,...Nz and possibly a piece of df2. In the resistive regions that are
adjacent to §2¢; the imaginary current is concentrated along ridges of minimal



20 Borcea and Papanicolaou

p, as shown in part 1 where we discussed the resistive regions. At the interfaces
L, these ridges meet the ridges of minimal C in §2¢;. Therefore, at the boundary
of £2¢,, the imaginary current is concentrated at the peripheral nodes of the C
(static) network and, as given by (63), Hy is a constant along a piece of 9f2¢;,
that lies between two adjacent peripheral nodes.

We show next that the imaginary current that maximizes (62) is concentrated
along the ridges of minimal C(x), in the interior of £2¢,. The Euler equation
maximizing j; = V* H satisfies is

VL [p(x)VEH (%) + C(x)VEHR(x)] =0, (64)
where the resistance function is of the form

p(x) = C(x)e”9™/e « ¢(x), where Q(x) = S(x) — P(x) — elog Z—Z . (65)

We construct a function lffj(x) such that
lffj(x) = Hr(x) on df2c, (66)

and at x away from the ridges of minimal C(x), ﬁj(x) is constant. In the vicinity
of a ridge of minimal C we take

V*YH(En) = -V HR(En) (67)
From (65)-(67), we have
VL [ p(x)VE r(x) + C(X)VLHR(X)]

=Vt {C(a, ) [1 + ff—;e—Q“Wﬁ] VEHa(E, n)}
~ VE[CE )V HR(E )] =0 . (68)

where e~ QEM/¢ « 1 50 that p < C holds. Thus, Hy is the approximate solution
of the Euler equation (64) and satisfies the same boundary conditions as Hy. By
uniqueness of solutions Hy for the elliptic equation (64) we conclude that

VEH (€ n) = LV H(en) | (69)

fr
From (65) and section 2.3 we now have
i [ o) | V4 Hnl) I =plo) | V() I
—2C(x)V* Hp(x) - VEHr(x)] dx
{Coe—P(E,n)/f {6—Q(E,n)/f (|VYHR |? — | VEHL )

~ ¥

. - ridge
ridges in ¢, &
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—2V4tHg - VEH]} dédy

A —2 Coe~PEM/egLp . VL Hydédn

. ; ridge
ridges in ¢, &

R~ Z / Coe FE&0/e —fR(ﬁ)fI(E')k(E') e He dédn
ridges in ¢, ridge 2me

= Y C(xs)fr(xs)fi(xs) [T+ 0(1)] . (70)

xs€fc;

3. Resistive-capacitive region. This 1s case where x is in the neighborhood
of an interface £;, j = 1,... N, where p = C. Consider a point ({¢,0) along
such an interface, where a ridge of minimal p and C intersects £;. We define a
neighborhood of this point by

[€—&cl<a, [n]<d, (71)

where (£, n) are coordinates along the ridge. Here, o and § are small and ¢ — oo
and % — oo as € — 0. Let us assume that there is no saddle point along

L; and that p decreases with {. Then C increases with ¢ in such a way that
p(€c,0) = C(€z,0). We also have the expansions

k(Ee) -

S(€m) & S(éc — a,0) + (€ —&c + ) — =550 (72)
P(fﬂ?)NP(&%—&,O)_‘](E—&—CY)—%ﬁ)ﬁ2 ;

where p = %(& —a,0)>0and ¢ = %({g + «a,0) > 0.
In the vicinity of (€., 0), we choose the trial field

Hr(&,n) ~ —fRfﬁ) erf 7725 + constant |, (73)
k(Ec)

whereas, away from points such as ({¢,0), Hp is taken to be a constant. Note
that our choice of Hp in a thin strip along the interface £; agrees with the trial
field Hg in the resistive and capacitive regions, separated by £;. Thus,

vi. [Coe_P(E’”)/EVLHR(ﬁ,U)} ~ 36_77 [Coe_P(E’”)/EaHgiEf’n)] ~0 . (74)

We must calculate

[=p(x) 1i1(x) | —2C(x)V* Hr(x) -jr(x)] dx ,  (75)

max

Jr /Vicinity of c;

where we integrate in a thin strip along the interface £;. The Euler equation
that the maximizing imaginary current j; = VL H; satisfies is

Vi [p(x)VEH(x)] = =V - [C(x) VI He(x)] ~ 0 . (76)
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Thus, Hy is the solution of the static elliptic equation considered in section 2.2,
where o is replaced by 1/p and V1 Hy is concentrated near minima, such as
(€2, 0), of p and C along £;. From (18) and the assumption that there are no
saddle points lying on £;, we have

/~ . p| VEH |? dx < R(xs) [fr(xs)]” (77)
vicinity of ¢;

where xs is the saddle point of p that is closest to (&¢,0), along the ridge of

minimal resistance.
From (74) we obtain

/ CV'Hp V' Hpdx
vicinity of ¢;

LTO )
~ Z /g + dE/ dn Coe_P(E’”)/E dHR(U) 6HI(£a 77)
-4

(o) dn on
Eﬁ+°< 0 dHg(n)
~ - _P(g;”)/ﬁﬂ
TG / dna |16 mcac E
Erto
/ €N 1(E)C(Ee + a, 0)caE—Ee=e)/egg
[

ek(Eﬁ) (Eﬁ + a, 0)
2w q

fr(éc)fr(ée) (78)

X

where fr(€) = Hr(§,—6) — Hr (&, d) and we sum over all minima (é¢,0) € £;. By
assumption, C decreases with & so C(&z 4+, 0) < C(xg), where xg is the location
of the capacitive saddle adjacent to (£1,0). Thus, (75) is negligible in comparison
with the contribution of the saddle points of p in regions £2,,, j=1,...N,, and
the saddle points of C in regions {2¢;, j =1,... N¢.

We conclude this calculation with the observation that the same result holds
if p were increasing with £ instead of decreasing as in (72). However, if (£¢,0) is
a saddle point its contribution to the upper bound must be taken into account.
The calculation of (75) for (£¢,0) a saddle point is identical to that of (27) in
section 2.2 and shall not be repeated here.

We gather all the results in this section to obtain the upper bound

real(I, I'T) <m;n max Z Z {fR Xs)) (f[(xs))2 _
J=1 X€MLy (79)

Z Z QC(Xs)fR(XS)fI(XS) [1+0(1)] )

J=1 xs€flc;

where the min-max is taken over the fluxes fr and f; that satisfy Kirchhoff’s
nodal law for currents. We get a lower bound on real(7, I']), by taking a trial
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imaginary current jr. The calculations are similar to the above and the result is

real(I, I'°1) > Hfl;n rr}gx Z Z [ (fr XS)) (fI(XS))2 _
j=1 X@E-Q (80)

Z Z 2C(xs)fr(xs) fr(xs) p [L+o(1)] .

J=1 xs€flc;

The upper and lower bounds on real(, I'*T) match asymptotically and we con-
clude that

real(I, I'T) —mm max Z Z {fR XS)) (fI(XS))2 -

7j=1 XqE.Q

Neo
S 20(xs)fr(xs)fi(xs) p [1+ o(1)] = real < Z,I'PT > [1 4 0(1)]
J=1 xs€fc;

(81)

A similar calculation leads to

imag(T, I'*T) —H;;n H}gx Z Z {fR XS))2_(f1(X5))2 +

N,
Z Z (x5)fr(xs)fr(xs) 3 [+ o(1)] = imag < Z, T > [1 4 o(1)]
ji=1 .(2

(82)

3.3 Remarks on the Variational Principles

It is clear that the min-max variational principles (44) and (45) are essential in
the analysis even though they do not seem to have a direct physical meaning, as
in the static problem of section 2. In fact, we have

(I, T°T) = (I*, T°I) + 2i (I;, 1), (83)

where, real(I*, I'°T) and imag(/*, I'°]) are the power dissipated into heat and
the electric energy stored in the system, respectively. Nevertheless, the results
(81) and (82) give an approximation of the saddle functionals in (44) and (45)
in the asymptotic limit of infinitely high contrast. The current jp + 7 j; that
achieves the min-max in (44) and (45) is the unique solution of equations (42),
(43) and, implicitly, of (35). Thus, (81) and (82) show that the current density in
a high contrast medium with impedance (39) is approximately given by current
flow in an R — C' network. We also have

(2 171) = [ [poe S0 i Coe PRI i) i
n

=< T TP >[1+0(1)] . (84)
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We have therefore shown that the N¢D map I'¢ of the high contrast contin-
uum is assymptotically equivalent to the discrete NtD map of the R — C circuit.
This is important for inversions, where the data provide information about the
NtD map I'* and the asymptotic theory tells us that the first step should be
the identification of the asymptotic R — C' network.

4 Quasi-Static Approximation: Inductive Approximation

At low frequency the displacement current iweE in (1) can be neglected in con-
ductive media [3,8]. We consider the transverse electric problem in a simply con-
nected domain 2 C IR? , where H(x) = (0,0, H(x)) and E(x) = (F1(x), F2(x), 0).
Equations (1) reduce to

vt [LVLH(X)] = —iwp

a(x)
At the boundary, we specify
H(x) = h(x) = hp(x) + i hi(x), x €082 , (86)

for given hr and Ay in H%(&Q). We are interested in high contrast conductive
media, where we model the electrical conductivity as in (5). Typically, the vari-
ations in magnitude of the magnetic permeability p(x) are much smaller than
the variations of ¢ [3]. In fact, p(x) is usually assumed to be a constant pg,
the permeability of free space [3]. We take u(x) to be a bounded, continuous
function with variations of order one in 2.

We define the complex map
Th(x) = n(x) x E(x), x€ 2, (87)

where n(x) is the outer normal to the boundary. Given that o(x) is strictly
positive and uniformly bounded in {2, equation (85) with boundary conditions
(86) has a unique solution H(x) = Hr(x)+17 Hy(x) (at least in the weak sense),
where Hi and Hj are in HI(Q) Then, the real and imaginary parts of Th are

in H_%(ﬁﬁ) and we define the inner product

(h*,T°h) = /(’).Qh*(S)eS -[n(s) x E(s)]ds , (88)
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where h* is the complex conjugate of h and ez is the unit vector orthogonal to

the plane of 2. We have
(h*,T°h) = /m [E(s) x h*(s)es] - n(s)ds = /nv [E(x) x H*(x)es] dx =

/-Q [H*(x)es -V x E(x) — E(x) - V x H*(x)e3]dx =

- [ | T HE) i won) | 1) 2] dx
(89)
Thus, the real and imaginary parts of —(h*,7°h) give the power dissipated into
heat and the magnetic energy stored in the system, respectively.
We will analyze the complex map (87) in the asymptotic limit ¢ — 0 and for
that we use the min-max variational principles introduced in [8] for quadratic
forms of T¢. Let us rewrite (85) as an elliptic system of equations

T eS| — om0 = 0,

a0

1

vt I:—eS(x)/EVLHI(x)] +wu(x)Hr(x) =0,
g

with Dirichlet boundary conditions (86). Equations (90) can be viewed as Euler

equations for some real valued functionals. These functionals do not have a direct

physical interpretation but do lead to variational principles that characterize the

inductive problem. We have

—real(h, T°h)

= min max / {ies(x)/6 [| VEHR(x) |* = | V' Hi(x) |?]
Q

Hrloa=hr Hrloo=h; (oo}

+2wp(x) Hr(x)Hr(x)} dx (91)

imag(h, Y°h)

—  min max /ﬂ {wu(x) [HR(X)]2 — wp(x) [HI(X)]2

Hrloa=hr Hrloo=hs

—QLGS(X)/EVLHR(X) : VJ‘HI(X)} dx (92)

a0

In the next section we present an asymptotic analysis of (h,T¢h). We show
that the extreemal V*Hp +i V* Hy in §2 can be approximated by current flow
through a network. We begin with a local asymptotic analysis of (90) after which
we solve the global problem by making use of variational principles (91) and (92).
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4.1 Local Asymptotic Analysis

We rewrite equation (85) as
VH(x)+ %VLS(X) SV H(x) = —iwp(x)o(x) H(x) (93)

and observe that the behavior of H in §2 is dictated by the magnitude of y(x)o(x)
compared to % We assume that equation (93) is in dimensionless form and w =
O(1). We divide the domain of the solution into “resistive” subdomains §2,, j =
1,... Ny, where pu(x)o(x) < % and “conductive” subdomains 2., j =1,... N,
where p(x)o(x) 3> L. They are separated by interfaces £;, j = 1,... N, where
u(x)o(x) = % We study equation (93) in each of these subdomains separately.
1. In resistive regions with x € {2, forsome j = 1, ... N, such that p(x)o(x) <
%, we show that the current V+ H behaves essentially like static current in a high
contrast medium with conductivity (5). We construct the static network in £2,,
as shown in section 2.2, where the nodes are the maxima of ¢ and the branches
go through the saddle points of the conductivity. Take a ridge of maximal ¢ in
§2., as shown in figure 6. We introduce the curvilinear coordinates (&, ), where
¢ is arclength along the ridge and 7 is orthogonal to it. We define a vicinity of
the ridge by

Inl<di<l, (94)
where % — 00 as € = 0. In this region the scaled logarithm of ¢ is given by
k(¢ 1838
S(en) = S(€.0)+ S0+ SR @0 (99)

where k(¢) > 0. Suppose that at the point &3 of maximal conductivity along
the ridge, pu(éar,0)0(€ar,0) = 5 < %, for some a > 0. Then,

el—a

L p60)  [8(60) - SEw.0] _ 1
T (6 0) T ‘ S

(&, 0)o(&,0) =

Now we write (93) in terms of  and £, for points in the vicinity (94) of a ridge
of maximal conductivity. Take a point x(§) along the ridge, as shown in figure
6. Let ¢ and 7} denote the unit tangent and normal to the ridge, respectively. In
the vicinity (94), we have

x =x(&) +nm (97)

and so,
dx = {é—}— 7]7?'} dé + ndn, where i’ = 'y(ﬁ)é and y(¢) = O(1) . (98)

Then,
o 0 OH OH
_ H N — _
<ax’ay) o oy
_O°H OH  82H

AHN -
o +7(¢) o + 5e2
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and, with scaling = \/ez, equation (93) becomes

32 H 32 OH , 2. OH
VO G + S KOS+ 56,0 + (0] S
o M(E,0)  sEo-sea.0)_ ke):?
~ B Lt < 2 H . 100
we W6, 0)6 (100)
U]
3
(&)
Fig. 6. Ridge of maximal o(x) and curvilinear coordinates (&, 7).
Thus, H(¢,n) ~ Ho(&,n), where Hy solves
8% Hy O0H,y , OHo
522 + k(&)= s + 5(&,0)—— 5 =0. (101)

This is, to leading order, the static elliptic equation

vt {010 SEm/egL [Ho ﬁ) + 0(\/2)] } =0, (102)

studied in section 2.3. As we move away from the ridge of maximal conductivity,
the coefficient of H on the right hand side of equation (93) becomes

1 ) S(x) = 5(é, 0)
p(x)o(x) = o Iu(gM,O)exp [ € ]

=0 <€11_aexp [S(X) - f(&”’ O)D . (103)

Here, S(x) < S(&m,0) and o(x) is much smaller than o (£, 0), the maximal
conductivity along the ridge of maximal o. Indeed, by assumption S(x) is a
smooth function with derivatives of order one, so outside the vicinity (94) of the
ridge of maximal o we have |S(x) —S(£ar, 0)] > O(\/¢) and p(x)o(x) < 1. Thus,
H(x)~ INJ(X), which is the solution of static equation

vt i«35<">/6vﬂf§r(x) =0.

a0
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As shown in section 2.3, V1 H(x) for x € £2,.,7=1,...N; can be approximated
by current flowing through a resistor network with its topology defined uniquely
by the ridges of maximal o contained in §2;,.

2. In conductive regionsx € §2., forsome j = 1,... N, so that p(x)o(x) > 1,
we see from equation (93), that H & 0 or, equivalently, the highly conductive
regions {2.; expell the magnetic and electric fields. This is a well known phe-
nomenon, found in the literature under such names as skin depth penetration
and the Meissner effect [31,49]. Of course, the magnetic field H in §2.; has to
match the field in the nearby resistive regions §2,,. The matching is done in the
vicinity of interfaces £;, j = 1,... N, where u(x)o(x) = %

3. At interfaces L£; we introduce curvilinear coordinates (£, n), as shown in

figure 7. We define a neighborhood of £; by

In]<di<1, (104)
where % — 00 as € = 0. Here, the scaled logarithm of ¢ is given by
1628
S(&m) = 5(£,0) = A()n + 291 2(€ 0)n* ; (105)
where A(§) > 0, so that ¢ increases with 7. We also have that
L seoye - 1
— e = — 1
p(e0) e 6 (106)

After a calculation similar to that in part 1 above, leading to equations (99), we
have
6°H 0H 0*H 0H 1 [ OH ,w Ae)n

O G T MO G 18160~ N(E G i H(=0).
107

We introduce the stretching n = \/ez and look for a solution H of the form

H(¢, z) ~ exp [%’ez)] . (108)
To leading order E% we have
P\’ oP A
— — Ve =
<3z) A(&) 5 + 1 wee 0 (109)

and

P(€,2) = P(E,0) + 5M(©)z = %)\(5)/0 \/1 - 42';—&)6”5? dt . (110)

From (110) we note that H(,z) to be bounded we must discard the solution
with the plus sign in front of the integral. Thus, from (108) and (110) we have

H(& m) ~ H(E O)ex l /\/1— /\2 mt]. (111)
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Fig.7. Highly conductive region (2., separated from the resistive region {2, by in-
terface L;.

From (111) we see that for n < O(¢), H(€,n) ~ H(&,0) and the magnetic
field matches the field in the adjacent resistive region. However, for n > O(e)
(111) decays exponentially towards zero, the value of the magnetic field inside
the conductive region. Because of the exponential decay of (111) there is a strong
current VY H (¢, n) ~ —%é, along the interface £;.

4.2 Global Asymptotic Approximation

The local analysis of section 4.1 shows that VL H is channeled in §2 either along
ridges of maximal ¢ or along interfaces £;, j = 1,... N, that separate resistive
subdomains 2, j = 1,... N, from highly conductive ones, §2.,, j = 1,...N.
In fact, VL H is like current through a network. First we establish the topology
of the network, as follows.

We construct the static resistor network in the whole domain §2 as explained
in section 2.2. Then we identify the highly conductive regions §2.;, j =1,...Nc.
We discard the pieces of the static network that fall inside §2.; and we connect the
loose ends through “wires” along the interfaces £;, j = 1,...N.. The topology
of the network is now uniquely defined for any o of the form (5).

In figures 8 and 9 we illustrate the construction of the asymptotic network
for an example of conductivity oge™5™*)/¢ with five maxima denoted by o, four
minima denoted by e and saddle points counted from 1 to 4, respectively. Inside
the dotted closed curve in figure 8 we assume that po > % In the remainder
of the domain po < % The global network is shown in figure 9, where the as-

signment of impedances 71, ... Zg is discussed in the next section. The branches

(e, 1), (f,9), (g, h) and (h,e) are pieces of the dotted interface in figure 8 where
1

HO = s

We will now analyze the quadratic forms (h,T°h) up to o(1) by making use
of the variational principles (91) and (92). For simplicity we assume that hp and
hr in (86) are constant along pieces of 92 that lie between adjacent peripheral
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Fig.8. Example of o(x) = ooe~209/¢ The topology of the static resistor network is
shown with full line. Inside the dotted curve, po > % In the remainder of the domain,

ucr<<%.

a Zl Z3
& L —
L

Fig. 9. A possible global network
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nodes of the network in §2. Equivalently, in the direction normal to the boundary,
currents VY Hp and VL H; are concentrated around the peripheral nodes of the
network. In a general situation we have hr and hy arbitrary functions in H? (082)
and, in thin boundary layers, V1 Hgp and V* H; adjust to currents concentrated
through the asymptotic network. The analysis is identical to that of section 2.3
and [10] and shall not be repeated here.

We begin with the calculation of an upper bound on —real(h, 7¢h), obtained
with a trial field Hg chosen as follows. For x € §2,, for some j =1,...N,, such
that p(x)o(x) < 1 we take Hp to be a constant away from ridges of maximal
o. In the vicinity of a ridge of maximal o consider coordinates (£, n) where ¢ is
arc length along the ridge. Here, the scaled logarithm of ¢ is given by

k() , 1038 3
= —nt - .. 112
S(€m) = 5 0) + == +63n3(£,0)n +.o, (112)
where k(&) > 0 and Hp is chosen as
Hr(&,n) = —f_TR erf 77? + constant |, (113)
3G

where fr is the real flux along the ridge. By conservation of current, fr is a
constant along the ridge or changes only near maxima of o. For x € {2 for
some j = 1,... N, such that pu(x)o(x) > %, we take Hr = 0.

Forx € £;, j = 1,...Ng, so that p(x)o(x) = % we introduce curvilinear
coordinates (&£, 7) as in section 4.1, part 2 and a vicinity of £; as in (104). In
this vicinity the scaled logarithm of ¢ is given by

1028

S(&,m) =S(&0) = AM&)n+ 53—772(670)772+~~ (114)

and we take Hg(€,7n) to be

Hp(€,n) = real { [HR(g, 0) + iH (€, 0)}

b [@_ @/0?\/1_4%\;’&)@(5%44} (115)

Here, Hy = O(1), is a function of arclength along the interface, to be specified
later. Note that for any Hy, when n < O(e) equation (115) gives Hg(&,n) ~
Hr(&,0).

For > ¢, Hr(§,n) & 0. Thus, the trial field Hg is continuous, as required,
throughout 2 for an arbitrary Hy. In figure 10 we illustrate our choice of trial
field Hg, for the example of figure 8.

We now write the integral in (91) as a sum of integrals over the resistive re-
gions §2,,, j = 1,... N;, the conductive regions §2.;, j = 1,... N, and the vicini-
ties of interfaces £;, j = 1,...N;. We obtain an upper bound on —real(h, T°h)
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Fig.10. Trial field Hg for the upper bound on —real(h, Y°h). In the resistive region,
where po < % and away from ridges of maximal o we take Hr to be a constant. Across
ridges of maximal o, Hg is chosen as in (113). In the conductive region, where po > %,
Hr=0.

by using the trial field Hg defined above and maximizing the integral over each
subdomain in 2.

L. In resistive regions x € £2,, for some j = 1,... N, so that u(x)o(x) < %,
we wish to calculate

max/Q {ieS(X)/E [| VI Hp(x) |* = | VEH;(x) |2] + 2(.0/1(X)HR(X)HI(X)}

Hy [eds}
(116)
The maximum is achieved by fields Hj that satisfy
1
AHr(x) + —VLS(X) . VJ'H](X) = —wp(x)o(x)Hr(x) . (117)
€

Clearly, this is very similar to equation (93), considered in section 4.1, part 1.
We can state the result: Hy(x) ~ H(x), where

1 -
Vi | —eS®@/evL ()| =0 . (118)

a0
Suppose that the ridges of maximal o divide {2, intoregions Dy, 1 = 1,...n,,.

In such a region, say Dy, our trial field is a constant, say Hr = C;. From (118)
and the results of sections 2.2 and 2.3, H; ~ I;TI = Dy, where Dy is a constant.
Near a ridge of maximal o, both Hg and H; change very fast and we have strong
currents V+Hp and VL H; of order 1/4/c along the ridge. From section 2.2 we
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also have

| 7o T () = 3 Roxs) Unxs 1 4+o(0] - (119)

a
5 0 Xs€82,;

and

/ﬂ eSO | T iy (x) |2 dx = Y Rixs)[fr(xs)*[L+o(1)] , (120)

4
rj Xs€82,,

where R(xs) is the effective resistance of the saddle point x5 and fr(xg) and
fr(xg) are the real and imaginary fluxes through it, respectively. Note that fr
and fr are completely determined by C; and Dy, the values of Hg and H; in the
regions Dy, I = 1,...n,,, of diffuse flow.

Collecting the contributions from the region §2., to the upper bound for
—real(h,T¢h) it becomes

mDax{ Z R(xs) {(fR(xS))2 _ (fI(XS))ﬂ + QWEClDl/ ,u(x)dx} [1+4 o(1)]
: Xs€Q,, =1 D,
(121)
2. In transition regions x € £; for some j = 1, ... N,, such that y(x)o(x) = %
we calculate

s
H}Ia}x/dﬁféd"{aioes(g’”)/e [| VYHR(En) [P = | VY HI(E n) ]
+2wp (&, m)Hr(&,m)Hi(&,n)} , (122)

where we integrate in the vicinity (104) defined in section 4.1, part 2, such that
wp(é,n) ~ p(€,0). The maximum is achieved by fields Hy that satisfy

AH (€, )+ TVES(E,m) -V HIE )

~ —wu(€,0)o (€, n)real { {HR({:, 0) + iﬁ[({:, 0)} X

. [%_ @/0:\/1_4%;’(2)@(&)%4} (123)

Recall that any H; (€,0) in (115) gives an acceptable trial field Hp. We are
therefore free to choose Hy as the solution of equation (118) and since (123) has
been solved in section 4.1, part 2, we have

Hi(¢.m) v imag { [Hr(€, 0) +iH1(€,0)]

b [%_ %5)/0?\/1_%;(2)@(0%15” (124)
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Note that, for n < O(¢), we have the correct matching of the imaginary field,
since Hr(&,n) ~ Hr(¢,0). For n > O(e), Hr ~ 0.

Because of the rapid variation with 5 of both Hg and H; we have a strong
current, of order 1/4/€, concentrated near the interface £; and given by

VE[Hr(En) + i Hi(E, )]
o9 [Hr(&,m) +i Hi(€,n)]€

dn
)\(6) [ 4 we 6A(§)n . :|
. \/1 4 —)\2(£) 1

Here é is the unit vector tangential to £;. Thus, (122) becomes

. /d€A2<£) [Hale,0)+i fir(.0)] [ = _1]2

— {HR(g,o) i (€,0)

—

420(€,0) s NG
f—Ms)/jWﬁ
§
+imag/d£wu(5,0) [HR(&O) +iﬁ1(5,0)r/5dn

n
Aleln "-A(g)/ 1—disgeser®tdt
e 0 .

(126)

Note that the last term in (126) is of order (Sw/u({, 0)d¢ and is much smaller
than (121). We are left with

[ N2(6) [Hnle, 0) + i 715(6,0)]

D) @) | (127)

where with the change of variable s = Z, || < 6 and ¢ — oo, we have

F(é) = (128)

00 2 —,\(g)/ [1—4i—ge_e (©)tdt
/ ds [\/1 —4i MO — 1] e Jo o .
A2(€)

The integrand in (128) is a smooth complex function with compact support and

F (&) is an absolutely convergent integral. We cannot evaluate explicitly F (&)
but we can easily do so numerically. It has the form

— 00

62(.02 €W

F(&) = _)\5—(091(5) - ZAS—@)QE(&:) ) (129)
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where G1(§) and G5 (&) are two positive functions of order one that are indepen-
dent of €, w and A(£). Thus, the contribution of the interface £; to the upper
bound on —real(h,T¢h) is

2 [ Hr(e,0)ir(€,0) A(GQ(@ de . (130)

§)e(,0)
Note also that along £;, Hr(¢,0) and ﬁ];(&, 0) are approximately constant be-
tween two adjacent points of intersection of the interface and the ridges of max-
imal o (see for example figure 10).

The upper bound for —real(h, T¢h), follows from (121) and (130) and is

Nr

€ : 2 2
—real(h,T°h) < min max} Y Rixs) [(fR(xS)) — (f1(x5))
J=1 \xs€f,;
+2wY CiDiLy p [1+0(1)] (131)
=1
where I; is the inductance associated with region Dy, I = 1,...n,,, of diffuse

flow. Suppose that the boundary of D; consists only of ridges of maximal ¢ lying
in the resistive region §2... Then,

L :/Du(x)dx . (132)

If part of the boundary of D; consists of a piece of interface Ly then the induc-
tance L; is given by

_ o [% Gad)
L _/Dlp(x)dx—l—Zw/El 7/\(5)‘7(5,0)& ,

where & and &, are the endpoints of the piece of £ that bounds D;. Note that
here, ﬁ = ¢41(&€,0) and since u has variations of order one equation (132) still
holds, approximately.

We conclude our calculation of the upper bound (131) with the observation
that we take the min-max over the real and imaginary constant values of the
magnetic field, in regions D; of diffuse flow. This min-max is constrained by the
boundary conditions imposed on Hr and Hj, so that C; and I; are prescribed
in regions D; that touch 0f2. Then, from the first order optimality condition
in (131), we obtain a full-rank, linear system of equations which determines
uniquely the upper bound for —real(h, T¢h).

The calculation of a lower bound for —real(h,T¢h) starts by choosing and
imaginary trial field Hy. The technique is very similar to the one above and the
resulting lower bound matches asymptotically the upper bound (131) so that

Nr

—real(h, T h) = rrélln max, Z R(xg) [(fR(XS))2 — (f1(xs5))”
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+2wy CiDiLy p [1+0(1)] . (133)
=1
A similar calculation gives
N, e
imag(h, T°h) = min max w
i b=t =1

2 37 Rixs)fr(xs)fi(xs) § [1+o(1)] - (134)
Xs€82,,
We have thus shown that the complex map 7€ has a discrete approximation
in the asymptotic limit € — 0, that comes from the strong channeling of currents
in the domain of the solution. The topology of the flow is strongly dependent on
frequency. For low w, current is essentially like the static one and is concentrated
along paths of maximal conductivity. However, as w increases, the topology of
the flow can change dramatically because of the development of regions such as
£2.;,5=1,...Nc, that expell the electric and magnetic fields.

4.3 Discussion

The results of section 4.2 lead us to expect a network approximation of qua-
sistatic transport in high contrast media. The topology of the network is clear
at first, as explained above. However, the problem of associating to each branch
in the network an impedance is more complicated. To understand the difficulty,
consider the example in figure 10. The asymptotic approximation (133) is

—real(h,T°h) ~ R1(Cy — C4)* — Ri(D1 — D4)? + Ro(Cy — C3)?
—Rs(D1 — Ds)* + R3(C5 — C3)* — R(Ds — D3)?

4
—|—R4(03 — 04)2 — R4(D3 — D4)2 + QWZClDlLl , (135)
=1

and there is no min-max to take since all C; and Dj;, j = 1,...4, are fixed by
the boundary conditions. In {2 we have strong currents concentrated along ridges
of maximal o that pass through the four saddle points and along the interface
that surrounds the conducting region in the middle of the domain. Through the
saddle points 1, 2,3 and 4 we have currents (C1 —C4) + (D1 — Dy), (C2a—Cy) +
i(Dy — Dq), (C3 — C2) + i(D3 — D3) and (C4 — C3) + (D4 — Ds3), respectively.
Through the branches (e, h), (h,g), (g, f) and (f,e) we have counterclockwise
currents Cy4 + 1Dy, C3 + 1D3, Cy + 1D and Cy + D1, respectively. Thus, the
conservation of current law (Kirchhoff’s nodal law) is satisfied for arbitrary C;
and D;, j = 1,...4. Nevertheless, in order to give to the approximation (135)
a network interpretation, we must also have Kirchhoff’s loop laws satisfied and
they are not. Therefore we do not have a planar network approximation but
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we do have a finite dimensional approximation for the boundary impedance
operator T¢. In general, the discrete approximation may or may not correspond
to a unique planar network. The fact that we do not have a network is not,
however, essential in inversion. What really counts is that the map 7° has a
unique, discrete asymptotic approximation, as given by (133) and (134). The
asymptotic approximation of the magnetic field H and current VX H in £2 are
also uniquely determined, as explained in section 4.2. Finally, we have strong
channeling of currents which means that boundary data available in inversion
contain information about a few important features of the conductivity, such as
saddle points and distribution of ridges of maximal ¢ in {2. The issue of possible
network forms of the discrete approximation of 7°¢ needs further study.
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