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ASYMPTOTIC ANALYSIS OF QUASISTATIC TRANSPORT IN
HIGH CONTRAST CONDUCTIVE MEDIA*

LILTANA BORCEA 1

Abstract. We show that transport in high contrast, conductive media has a discrete behavior.
In the asymptotic limit of infinitely high contrast, the effective impedance and the magnetic field
in such media are given by discrete min-max variational principles. Furthermore, we show that the
transport problem has an asymptotic, resistor-inductor-capacitor network approximation. We use
new variational formulations of the effective impedance of the media and we assess the accuracy of
the asymptotic approximation by numerical computations.
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1. Introduction. High contrast electromagnetic transport problems arise fre-
quently in geophysical applications. The subsurface electrical conductivity typically
has large variations in magnitude (high contrast) because the rock matrix can be in-
sulating in comparison to liquid-filled pores. The conductivity of pore fluids can also
vary over several orders of magnitude. For example, the conductivity of water varies
over a large range of values with its salinity [3, 23]. Thus, the subsurface conductivity
can display very large contrast.

The problem of imaging the subsurface conductivity has been of much interest
because of its connection to oil recovery, subsurface flow monitoring, underground
contaminant detection, etc. However, most of the available imaging techniques are
based on perturbation approximations (Born or Rytov) which assume that the con-
ductivity has small variations in magnitude [2]. These techniques fail in high contrast
situations where the inverse problem is highly nonlinear in the unknown conductivity.
New techniques that address the issue of nonlinearity of the inverse problem have
yet to be found. Such an inversion method was proposed in [8] and has proved to be
highly successful in imaging high contrast media when the boundary excitation is time
independent. The inversion method in [8] is based on studies of transport properties
of high contrast media under static excitation [9, 28]. In [9, 28, 24, 5] it is shown that
flow in such media undergoes strong channeling effects that are of crucial importance
in the inversion process. In [9] it is shown that static flow through a high contrast
medium can be accurately approximated by flow in a discrete resistor network. The
authors of [9] also consider time dependent problems, in the low frequency range, for
dielectric media. A network approximation consisting of resistors and capacitors for
such media is given in [9], although an inversion method based on this approximation
is yet to be found.

We consider the problem of transport in high contrast, conductive media in the
quasistatic limit (low frequency range). The quasistatic approximation is motivated
by the increased interest in imaging subsurface conductivity with low frequency elec-
tromagnetic fields [2, 3]. Early research in the imaging field focused on large frequen-
cies because of the wavefield nature of high frequency electromagnetic propagation
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in dielectric media. However, in conductive media these waves are greatly attenu-
ated and cannot penetrate deep enough. Low frequency electromagnetic fields have
a much deeper penetration and are therefore preferred for imaging conductive me-
dia. We show that quasistatic flow in high contrast conductive media has a discrete
behavior and that the effective impedance is given by discrete, min-max variational
principles. Furthermore, we show that the transport problem has an asymptotic,
resistor-inductor-capacitor network approximation. The analysis is based on new
variational principles of saddle-point type. Other variational principles, of Dirichlet
type, are also introduced although they are not used in the analysis. Furthermore, we
present the results of numerical simulations that assess the accuracy of the asymptotic
approximation of transport in high contrast conductive media.

The paper is organized as follows: In section 2 we formulate the equations for qua-
sistatic electromagnetics and introduce a new variational formulation for the effective
resistance and inductance of the medium. In section 3 we discuss a particular case of
transport in a two component medium consisting of conductive cylinders imbedded
in a uniform insulating background. In section 4 we use asymptotic techniques to
study some local quasistatic transport problems. We also review the resistor network
approximation for static flow in high contrast media. In section 5 we give a detailed
analysis of the transport problem in high contrast media. We use new, min-max vari-
ational principles and study the existence of a network that approximates transport
in high contrast media. In section 6 we present numerical computations that assess
the analytical results. Finally, in the appendix, we introduce various, saddle-point or
Dirichlet type variational formulations of the effective impedance of conductive media.

2. Formulation of the Quasistatic Electromagnetic Problem and Asso-
ciated Variational Principles.

2.1. The Quasistatic Equations. We consider Maxwell’s equations in a do-
main £ that contains no free charges or current sources, with electric and magnetic

fields of the form:
(1) E(x,t) = real (E(x)e_m) ,
ﬁ(x,t) = real (H(x)e‘iwt) ,

where w is the frequency of oscillation. By assuming (1) we restrict our attention to
steady state oscillations in a dissipative medium (quasistatic approximation). The
complex valued field amplitudes satisfy

V x H(x) = o(x)E(x) — iwe(x)E(x)
(2) V x E(x) = iwp(x)H(x)
V- (e(x)E(x)) =0
V. (u(x)H(x)) = 0

where o is the electrical conductivity, ¢ is the dielectric permittivity and p is the
magnetic permeability. Note that we omit the Maxwell’s equation V - [u(x)H(x)] = 0
because it is a consequence of the second equation in (2). The Fourier coefficients
E(x) and H(x) depend on the frequency, as well, but for simplicity we assume w
fixed. The same calculation can be repeated for various frequencies. We assume
that the medium is isotropic so o,¢ and p are scalar functions. For low frequencies
(w < 1MHz) and conductive media, it is a good approximation [2, 3] to neglect the
displacement current and consider the 'pre-Maxwell’ equations:
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V x H(x) = o(x)E(x)
(3) V x E(x) = iwp(x)H(x)
V- (e(x)E(x)) =0
V- (p(x)H(x) = 0.

We consider p to be the magnetic permeability of the free space (4 = pg) and assume
for simplicity that ¢ is a two dimensional function. All the calculations presented in
this paper assume a two dimensional problem but extensions to three dimensions can
be done.

We combine the first two equations in (3) to obtain

(4) V x [—

7(x)

V x H(x)] =wpH, V- -H(x)=0.

We are primarily interested in the application of our analysis to inverse problems,
where typical data are measurements of the magnetic field along the boundary [2, 3,
19]. Thus, we consider the Dirichlet boundary conditions

(5) Hll(x) = ¢ (x) + ith;(x), x € 0Q,

where HIl denotes the component of the magnetic field that is tangential to the bound-
ary. The mathematical problem defined by (4) and (5) has a unique solution (see for
instance [13]). The electromagnetic problem (3) can also be written in terms of the
electric field, where the boundary conditions consist of the specification of the tan-
gential E along 0€2. This is equivalent to considering equation (4) with the boundary
condition n x j(x) = I(x), for x € 9Q, where j = V x H is the current density and n
is the normal at the boundary. Moreover, equation (4) can also be considered in the
context of homogenization of periodic media [6], where the excitation consists of the
given total current density fﬂ x)dx. Motivated by the application of imaging con-
ductive media with low frequency electromagnetic fields, we restrict our analysis to
the boundary conditions (5). However, extensions to other boundary conditions can
be done. In particular, extensions to the homogenization problem for high contrast,
periodic media follow quite easily.

In two-dimensional media and in the transverse magnetic mode, H = H (z, y)es,

where es is the unit vector in the z direction and V x H = —V+H, with V! =
( aay; 3:0) Thus, (4) reduces to
(6) VY [p(z, y)VEH(z, y)] = —iwpH (z, y)

or, equivalently,

(7) { V- p(z, y) VI He] = wpH;p
V- [p(e,y)VEHil = —wpuHg,

where p = 1/ is the local resistance of the mediumand H (z,y) = Hr(z,y)+iH (2, y)
with Hr, Hr € R. We study the solution of (6) in an arbitrary domain Q C R?, with
Dirichlet boundary conditions

(8) H(x) = vr(x) + it (x), x € 9Q.
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We define the current density j = V+H and we observe that (8) define implicitly the
normal flux at the boundary:

OH (x)

(9) P(x)=j(x) n== 5y

,XE@Q,

where n is the outward normal to 9Q and ;—T denotes the derivative with respect to
the tangential coordinate at the boundary. The plus or minus signs in (9) depend
on the orientation of the current j with respect to the unit normal n. Thus, the
positive sign corresponds to current entering the domain and the negative sign is for
the outward flux.

2.2. The High Contrast Model. Our aim in this paper is to study quasistatic
transport in media with very high (logarithmic) contrast of ¢. Such media could
consist, for example, of conductive inclusions imbedded in an insulating matrix. In
order to solve (6), (8) we must make assumptions about the shape of the inclusions.
In section 3 we consider an example of quasistatic flow in a high contrast medium that
consists of a background of conductivity o3 in which we imbed cylindrical inclusions
of conductivity o, > op. However, such choices cannot be made in the context
of inversion so o should be more general and not depend on particular shapes of
inhomogeneities. Therefore, we assume that the high contrast arises in a simple,
generic manner as a continuum and propose the model

S(x)

(10) p(x) = poe™=,

where S(x) is a smooth function defined on Q, ¢ is a small parameter and pg is
a constant that represents the resistance of a homogeneous reference medium. We
assume that the resistance p(x) varies everywhere in the domain. Thus, at any point
x € Q, p(x) has, at some order, at least one nonvanishing derivative (Morse function).
Model resistances of the form (10) were used in [28] and [9] for an asymptotic study
of transport in high contrast conductive media under static excitation and in [9] for
quasistatic transport in dielectrics. Connections with percolation theory are done in
[7, 17, 15, 28]. Model resistances of the form (10) were also used in [8] for imaging
high contrast conductive media from d.c. boundary measurements.

2.3. Effective Impedance and Variational Principles. In the quasistatic
approximation, the wavelength of the electric and magnetic fields is much larger than
the characteristic size of the domain €2 so we can use the concept of lumped (effective)
impedance of the medium. In this section we derive the expression of the effective
impedance and show that its real and imaginary parts have a variational formulation.
The new variational principles introduced in this section are of saddle-point type, but
other variational formulations are given in the appendix.

We start our derivation by considering Poynting’s theorem

(11) /[VxH~pV><H*—iw,uH~H*]dx:—2/ S - nds,
Q o0

where n is the unit normal to Q2 and § = %E x H* is the Poynting vector averaged
over one period of time. The physical interpretation of (11) is as follows: The left
hand side in (11) represents the average over a period of time of the rate of change of
electromagnetic energy in the domain Q. The right hand side in (11) gives the flow
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Fi1G. 1. Energy flows into the domain Q through surface Sy. The input current and voltage are
I and V', respectively.

of energy through the boundary of the domain. If we consider equation (11) over the
whole space except 2, we have

(12) I~V*:—2/ S - nds,
St

where I and V are the input current and voltage and St is the input surface (see
fig. 1). At low frequencies, the radiation escape through 9 \ Sy is negligible [21] so
equations (11) and (12) give

(13) I~V*:/[VxH~pVxH*—iwﬂH~H*]dx.
Q

The linearity of the problem implies that the input voltage is proportional to the input
current: V = ZI, where the coefficient of proportionality is the effective impedance
matrix Z = R —1X.

The real part of the effective impedance (R) accounts for Ohmic heat loss in the
medium and we call it resistance. The imaginary part (X) is called inductive reactance
because it gives the magnetic energy stored in €. The reactance X is proportional
to the inductance L of the medium, where the coefficient of proportionality is the
frequency w. The expressions for R and X are

(14) I.RI*:/p(|V><HR|2—|—|V><HI|2) dx
Q

I-XI* = / wi (lHR|2 + |H[|2) dx,
Q

where X = wl and H = Hp + iH satisfies (4) with boundary conditions (5). The
input current I is completely determined by the Dirichlet boundary conditions (5).
Thus, the normal flux at the boundary is given by

(15) <I>(x):n~V><H(x):n~V><H“(x), for x € 0Q

and the input current I equals the net inward flux, where we assume that the driving
is done through a point current source and a point current sink, as shown in figure 1.
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Formulation (14) does not lead to a variational principle. However, if we consider
instead of (13) the equation

(16) —/ (EXH)~nd8:I~Z'I:/[VxH~pV><H—iw,uH~H]dx,
ETo) Q

we obtain
I1-Z'I=1g - RIg—1; - RI; + 21 - X'I; —i[Ig - X'Ig — I; - X'I; — 21 - R'I}]
(17) :/ [p(| VxHg | = |V x Hy |?) + 2wpHpg - Hy] dx —
Q

2/ [wu(|He | — | Hy |*) — 2pV x Hg - V x Hg] dx,
Q

where Ip and Iy are the real and imaginary parts of the driving current. The ‘gen-
eralized’ impedance 7' = R’ —iX"' is defined by (17) and it is related to the effective
impedance 7 = R — iX of the medium through

(18) I~Z’I:—/ (E><H)~nds:I~ZI*—2i/ (E x Hy) - nds.
o0 o0

The integral terms in the right hand side of (18) depend on the tangential flux at the
boundary and the imaginary magnetic field (Hy), tangential to the surface 9Q. The
generalized impedance 7' has a variational formulation given by the following lemma:
Lemma 2.1 We have the following two variational principles:

(19) (I% 1) ( f}lf )_(;g/ ) ( }f ) -

min max / [p(IVxHg|*—|VxHy|*) +2wuHpg - Hy| dx
H) |oo=1) 5 H)|oa=1), /O

(20) (Y ) ()=

min max / [wp (|HR > = |Hr |?) = 2p(V x Hg - V x Hy)] dx.
H|1|¥|99:1/)R Hylaﬂﬂ/’z 2

Proof: From the first variation of (19) and (20) we obtain

(21) Jym [wnHp +V x (pV x Hg)]dx = 0
Joo - lwpHR — V x (pV x Hy)]dx = 0,

where 1) and ~ are arbitrary vector functions that vanish along the boundary 92 and

have continuous second derivatives. Thus, the fields Hg and H; that achieve the

min-max in (19) and (20) satisfy

(22) { Vx(pV xH)=iwpyH, H=Hpg+iHj,
Hl) (x) = ¥5(x), H|(x) = ;(x) for x € 9Q.
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The second variation of (19) gives

(23) /ﬂ(nTﬂT) : < 5#1 il ) < : ) ,

where T is the identity matrix and T' = V x [pV x] is a positive, self adjoint operator
applied to functions 1 and 7 that vanish along 9. The proof of Lemma 2.1 follows
immediately from (22) and (23).

We observe that if in (19) and (20) we require that the driving current be real
(I = Ir), we obtain the variational formulation of the real and imaginary parts of Z’.
The impedance Z’ depends both on the driving current I and the actual boundary
conditions 1 and 4p;. The driving current is uniquely determined from the Dirichlet
boundary conditions imposed on HIl| as given by (9) and (15). However, the reverse
is not true. The normal flux at the boundary determines Hll along dQ up to an
additive constant which is important to know because Z’ depends on it. We make
the definition of 7’ and 7 more precise by requiring

—

R = min max R'(lﬁRJ/JI)

(24) X' = min ma
X = min max X'(¢ g, ¥;),
R I

where all possible choices of 15 and 1p; give the same input/output current I. We
assume a point current source and sink, so ¥ and 1p; are constant along 09, except
near the source and sink, where they change abruptly. The variational principle (24)
implies taking the min-max over the constant values of the tangential magnetic field,
away from the source or sink. Hence, (24) is just a criterion of fixing the additive
constant in the Dirichlet boundary conditions. In section 6 we remove the constraints
(24) on the Dirichlet data and we examine the effect of the additive constant on the
flow picture and the impedance. The effective impedance Z = R — iX is connected
to the generalized impedance 7 =R -iX by equation (18). Once the variational
problem for 7' has been solved, the effective impedance Z of the medium can be
calculated by evaluating the boundary integrals in (18) that involve the imaginary
magnetic field at the boundary and the tangential electric field at 9.

In this paper we consider equation (4) in an arbitrary domain Q with Dirichlet
boundary conditions (5) and the variational principles:

I-R1 =minmax min max [fﬂ 2wpHp - Hidx+
Y VY, Blloo=t, Hl|se=1),

Jor (¥ < Hr P = |V x Hy ) dx]

—
I- XTI =minmax min max [fowp (|He |* = [Hr |?) -
,l;bR 1/’1 HI}JBQZQ:[)R Hylafz:’/%

QpVXHR~V><H[dX].

The saddle-point variational principles (25) can be easily extended to the periodic
homogenization problem. Indeed, all calculations shown in this section hold for the
periodic case. Furthermore, when the driving flow is real, the boundary integral
faQ(E x Hy) - nds vanishes because of the periodicity of the fields and the impedance
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Fi1G. 2. High contrast medium with cylindrical inclusions

7' is equal to the actual impedance 7 (see (18)). The variational principles (25)
are different than the variational principles derived by Cherkaev and Gibiansky [10],
Fannjiang and Papanicolaou [14, 9] for quasistatic transport in dielectric media, be-
cause they involve both the current density j = V x H and the magnetic field H.
The saddle-point structure of (25) is very useful in obtaining lower and upper bounds
on the effective parameters R and X. Variational principles of Dirichlet type exist
as well, as we show in the appendix. However, such variational principles are not
ideal for our analysis because of either the nonlinear dependence on the high contrast
resistance p or the higher order of the Euler equations. We show in the appendix
that the effective impedance has variational formulations in terms of the electric field,
as well. Such variational principles are more difficult to use than (25) because the
electric field cannot be written in terms of a scalar potential.

3. Quasistatic Transport in a Medium with Conductive Cylindrical
Inclusions. In this section we consider a particular example of quasistatic transport
in a medium that consists of a uniform background of electrical conductivity o in
which we imbed cylindrical inclusions of conductivity o. > o0,. We assume that
the inclusions are separated from their neighbors by gaps of width A that is much
smaller than the radius a of the cylinders. We concentrate on the local problem of
flow in the vicinity of two adjacent inclusions shown in figure 2. The static transport
properties of such media were studied by J. Keller [24] and later by Batchelor and
O’Brien [5]. Keller showed that d.c. current flows through the conductive inclusions
and concentrates in the thin gaps in between. The static magnetic field satisfies
AH (z,y) = 0 inside the inclusions or in the background. The flow in the background
is negligible in comparison with the flow in the gap. Hence, the magnetic field (Hp)
in the background is approximately a constant. Furthermore, in the gap between the
inclusions there is a layer of rapid change of Hy. The asymptotic approximation of
the magnetic field in the background is

(26) Hy(x) ~ —l arctan <

Y
T vV ah) ’
where we assume a unit input current /. Solution (26) is correct up to an additive
constant that, for simplicity, is fixed to zero. The resistance of the medium is given

by the resistance of the gap that was computed by Keller [24]: R, ~ L./t

oY a
We return to the quasistatic transport problem and observe that the equation (6)
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Fi1G. 3. Flow avoids the conductive regions by concentrating on the surface of the inclusions

reduces to
(27) AH = —iwpoH,

where ¢ = o in the background and o = o, inside the inclusions. We assume that
wpop < 1, so the magnetic field in the background is approximately an harmonic
function. Thus, the mathematical problem in the background is essentially the same
as the static problem and the solution Hy is given by (26). The inclusions are good
conductors, so we assume wpo, = % > 1. The mathematical problem for the
magnetic field H, inside an inclusion is

MNAH(r,¢) = —iH.(r,¢), for r < a

(28) He(a,6) = Hy(a, 0)
2o (a,¢) = 228 (a,¢) > 2L (a, ¢),

where (7, ¢) are polar coordinates with the radius r measured from the center of the
cylinder. The solution of (28) is

(29) H(r,¢) = 1 arctan <\/%Sin qS) =0
b

The physical interpretation of (29) is as follows: The magnetic field is expelled from
the conductive regions [21, 26, 31, 32] and it penetrates only at the surface of the
inclusions, to a depth

1
(30) A= = penetration or skin depth.

N

Due to the exponential decay of the magnetic field H. at the surface of the
inclusions, we have a strong surface current confined to a thin layer of characteristic

width A,

(31) Je(r,¢) =j- ey~ % arctan <\/%sin qﬁ) e~ (=07

We also have a tangential electric field

a—r

(32) Eg(r,0) =E(r,¢) ey ~ ﬁ arctan <\/%sin qS) e~ (=07

Due to the confinement of j to such a thin layer, we can approximate it by current
through a wire of impedance

(1 —14) ma
V2 Ao’
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The impedance per unit length of the wire relates the effective current

/Oa Jo(r, @)dr = % arctan <\/% sin qS)

to the tangential electric field just outside the wire

Ey4(r,¢) = ﬁ arctan <\/%sin (;S) :

Thus, ddst = \/15;73 and integration along the wire (or arclength denoted by s) gives

(33). The flow picture is as shown in figure 3. The current concentrates in gaps
between cylinders and flows through thin layers at the surface of the conductive

inclusions. The discrete behavior of the current density j suggests that there might be
a discrete network approximation for the quasistatic transport problem. We address
this issue in section 5, where we use variational principles (25) to study the network
approximation.

4. Asymptotic Analysis of Quasistatic Transport in a High Contrast
Continuum.

4.1. Review of the Resistor Network Approximation for Static Flow
in a High Contrast Continuum. In this section we give a brief review of the
asymptotic resistor network approximation for static transport in a high contrast
continuum with resistance given by (10). The analysis was done by Kozlov [28],
Borcea and Papanicolaou [9]. The results summarized in this section are used in the
analysis of quasistatic transport in a high contrast continuum (sections 4.2 and 5).

When the fields are time independent, problem (6) reduces to

VL. (pVEH) =0, in ©
(34) { H(x)(i ¢(x))e R, x € 99,

where p(x) is given by (10). The Dirichlet boundary conditions in (34) determine
the normal flux at the boundary as explained in section 2.1, equation (9). The static
transport equation (34) involves only derivatives of the magnetic field so, the current
density j = V+H and the potential gradient V¢ = pV+H in the domain Q are not
affected by arbitrary, additive constants in the Dirichlet boundary conditions. Hence,
the results stated in this section are the same for any Dirichlet data H |sq= ¢ + C
(C'is an arbitrary constant) that give the same normal flux ® at the boundary. The

input current 7 is given by the net inward flux [ = / ®(x)dr and the effective
0Qn
resistance of the medium has the variational formulation

(35) I-RI= min /p|VLH|2dx.
Q

j~n|BQ:<I>

We consider problem (34) with p given by (10) for which we seek the solution as
a perturbation series H(x,¢) = H® (x) + HW(x) + ¢*H*)(x) + ... The leading
order equation is

(36) vis . viH® =9

and the current density j &~ VL H(® is very small in regions of Q where the gradient
V1S #0. Around critical points of p(x), V1S vanishes and we can have thin layers
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of rapid variation of the magnetic field H. Thus, we obtain strong fluxes or current
channeling effects. Since the flow secks the path of minimum resistance (see (35)),
the inner layers of flow concentration develop only around minima and saddle points
of p(x). To state the results, we consider the local problem of flow through a saddle
point of p(x). In a system of coordinates oriented with the z axis along the direction
of the saddle, we have

: kr(y —ys)®  k(z —x)?

(37) o) & plxs)enp [ L L]

where x5 = (2, ys) is the location of the saddle and k%, k= are the curvatures of the
scaled logarithm of p at point xs. The approximation (37) holds for a small neighbor-
hood of the saddle point: |z —zg |[<d, |y—ys |<d, where § = 0, such that % —
oo as € = 0. In [28, 9] it is shown that the solution of (34) in the vicinity of xg is

(38) H(x)~ —%erf (@M) +C,

where C' is an arbitrary constant and we assume a unit flux through the saddle point.
The electric potential ¢(x) in the vicinity of xg is

R, k= (z —xzg)
A ——erf e — D
(39) é(x) 5 e ( 3 - + D,
where D is an arbitrary constant. The constant of proportionality R, is given by
kT
(40) Ry = p(xs) -

and represents the effective resistance of the saddle. Furthermore, the current density

kty—ys)? . . .
given by j & L/ kt o e; and the potential gradient approximated by V¢ ~

€ 27
_k_(a:—rs)2

B JE” ¢ 2¢2 e are localized around the saddle point x5 and the flow can be

€ 2w
approximated by a unit flux through a resistor R, given by (40).
Around a local minimum X, = (Zm, ym) of the resistance, the shape of function
p is bowl-like, so there 1s no preferred direction of flow. The direction of the current
density through x,, is determined by the path of minimum resistance sought by the
flow in €. The current flows from one minimum to another through saddle points in
between. Let us assume that the flow through a local minimum x,, is along the z
direction. In a small neighborhood of x,,, the resistance is approximately

plz — zm)? n q(y — ym)2] ’

(41) plx) & plon oo | L2 -

where p and ¢ are curvatures of the scaled logarithm of p at point x,,. The local
expression of the magnetic field is

(42) H(x) ~ %erf (@M) +C,

. . . . _aly=ym)? .
where C'is an arbitrary constant. This gives a current j = % Fe 22 e that is

localized around the minimum x,,,. However, there is no concentration of the potential
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gradient at the minimum, so the power dissipated around x,, is negligible with respect
to the heat losses through saddle points of p.

The local results given by (38)-(42) are used in conjunction with the variational
principle (35) to obtain the resistor network approximation. The analysis is given in
[9] and the result is stated by the following lemma:

Lemma 4.1 In the asymptotic limit of infinitely high contrast, static transport in a
continuum is approximated by current flow through a discrete resistor network. The
nodes of the network are local minima of the resistance and the branches connect
two adjacent minima through saddle points. Each branch has a resistance R, of form

(40).

Fi1G. 4. Domain divided into regions of dominant wy and dominant p

4.2. Local Analysis of Quasistatic Transport Properties of a High Con-
trast Continuum. We consider the mathematical problem (6), (8) in a high contrast
continuum with resistance p given by (10). We rewrite the equation as

(43) AH + éVLS ViH = —i%H
and observe that the behavior of the solution H is dictated by the magnitude of the
coeflicient % with respect to 6% In regions of dominant resistance (% < 6%), the
mathematical problem is essentially equivalent to the static one (equation (34)) and
the magnetic field is calculated as explained in section 4.1. In conductive regions with
% > 2, the solution of equation (43) is H &~ 0. The magnetic field in the strongly

conductive regions (% > 6%) matches the field elsewhere in the flow regime, where

the matching domain corresponds to % of order E% Hence, strongly conductive

regions with % > E% are surrounded by layers of exponential decay of the magnetic
field.

We begin the asymptotic analysis with a simple situation illustrated in figure 4.

We assume that % < 6% everywhere in € except for a small neighborhood of a local

minimum x,, of p. For simplicity, we assume that the shape of the function p(x) at
the minimum is a circular bowl. We divide the domain Q into three regions: region



TRANSPORT IN HIGH CONTRAST MEDIA 13

Dy, where % > %, region D3 with “—;’i < 6% and the intermediate region D5 defined
by the condltlon wp“ = O(E%) Equation (43) indicates that the magnetic field vanishes
inside region D; and matches the static field in D3. The matching region is the ring
Dsy. Hence, there is a layer of exponential decay of H(x) near the boundary of the
inner region D;1. The local expression of the resistance p is given by

2

(44) p(x) & plin)e 32

where 7 is the radial distance measured from the minimum at x,,. For simplicity,
in (44) we assume that the scaled logarithm of the resistance at the minimum has
curvatures p = ¢ = 1 (see equation (41)). Generalizations to more general shapes of
D, and different curvatures p and ¢ are done later in this section.

1 ‘ 1ng(j«“)
= Wherea:Z—Tf‘>0.We

At the minimum we have w‘jn) = 62% >

p(x
define D1 = {r | r < r¢}, where r¢ = ¢y/2alogl = £, §= ——— > 0as ¢ >
/2alog L
- alogl
0 and % ~ e2l+° e 22 = 2. In the vicinity of the local minimum x,, we rewrite

the equation (43) in polar coordinates (r, 6):

OCH 10N |\ OH | roH
or? r Or r2 962 €2 or 62+°‘6

(45) “a7H.

Since the solution H in the conductive region D; matches the static field H,(r,6)
outside, we seek the solution of (45) as H(r,0) = H,(r,0)f(r,0). The static field
H(r,0) satisfies

(46) a21?5 + 16Hs + 1 aQHs + r 3Hs _0
or? r Or r2 062 e or

so equation (45) becomes

8*f 10f 10%f rdf 1
a2 trar T oe T e, TRt

(47) H,(r,6) Ta7f| +2VH, - Vf=0.

If we assume an excitation that drives the flow horizontally through the minimum,
the static field is given by (see section 4.1)

(48) Hy(r,0) ~ —lerf( y+C

V2e
where y = rsinf and C is a constant that is not arbitrary as in the static case, but
determines the flux through the layers of exponential decay of H at the surface of the
conductive region D;. Constant C' can be found only from the variational principles
(25), as we show in section 5. With (48), and scaling { = Z, equation(47) becomes

1 £sinf 82f 18 v o i N

(49) |:C_ ferf( vz )i| |:352 + gﬁ_ﬁ—i_ 77 593 +£6_E+ ie=5 f B
2 (Sln@a— _|_ cogaﬂ o 525.;28 _
VT 3 ¢ o8 =

The layer of exponential decay of f(&,0) develops near the boundary of Dy, given
by & = %, so we introduce the layer coordinates (5, 6), where n = % — &. From
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2 =(—1+ %)2 ~ 35 — 21, sinﬁe_62 e R~ sinﬂe_s?é# and equation (49), we
obtain
sin 6 8% f of ,O0%f 10f
[C——erf(\/zé)] I:& 63 6W_g(3 + ie’ f]—f-
(50) \/i_ <sm98—f —dc sﬁg—g) -4 N0,

sin?
Due to the exponential factor e” 57 and the inequality | sinfle” N |< %, the

last term in the equation (50) is at most of order §. Hence, at first order, the angu-
lar dependence in (50) can be factored out and the leading order approximation of
function f(-) is independent on §. To calculate f(-) from (50), we look for a solution

of form f(n) = exp So(n) 4 S1(n,8) + .. .| which leads to the leading order equation
B

(Sh(n))* = Sh(n) +1i6%e? = 0, with solution Sp(n) = Es % fo% V1 —4id2%etdt. We keep
only the decaying solution and the magnetic field is given by

(51)  H(r,0) ~ Hy(r,0) re(re —r) l/rctg_r) 1 _ztdt
r, r, €XP 262 B ] Zrce

The interpretation of the result (51) is as follows: For r > r¢ (inside the ring Ds), the

magnetic field matches the static field H;. Inside region D1, close to the boundary,
re(ro—r)
such that f—je s & 1, the static solution remains valid. However, deeper inside
C

the conductive region Dy, the exponential term under the square root in (51) domi-
nates and H decays exponentially fast to zero. Solution (51)depends on the frequency
w through the parameter r¢(w) that determines the boundary 9D; of the conductive
region. Parameter r¢(w) increases with the frequency as shown by

(52) re(w) = ey [2log [62“’”].

p(Xm

Solution (51) is obtained under the assumption that D; is a small vicinity of a
local minimum of the resistance, where the curvatures p and ¢ (see equation (41)) of
the scaled logarithm of p are equal to one. However, the calculation of the magnetic
field H that is expelled by conductive regions, can be done for an arbitrary shape of
the domain D;. For instance, in a more general situation, we can still have Dy as
a neighborhood of a local minimum x,, and curvatures p and ¢ that are not equal
to each other. Then, the boundary dD; is an ellipse and the magnetic field H can
be obtained from (51) by using a conformal mapping (see section 6, equation (88)).
However, in a general situation, the conductive region D; can include more than a
small neighborhood of a local minimum of the resistance, so the boundary dD; can
have an arbitrary shape and conformal mapping cannot be used. We introduce instead
a system of coordinates (§,7) defined at the boundary dD;, as shown in figure 4.2.
The boundary dD; of the conductive region is defined by the locus of points that give

(53) p(x) = *wp, for x € OD;.

We look for a solution H(&,n) = Hs(€,n)f(€,n) of equation (43), where H;(:) is a
solution of the static problem (34). In the layer developed near 9Dy, the function f(-)
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n

Fi1G. 5. Arbitrary conductive region D1 with layer coordinates (€,7)

has a very rapid variation in the normal coordinate & and a much slower variation in
the tangential coordinate 77. The local approximation of the resistance is

_ A(m)¢
(54) p(&:n) ~ p(0,m)e” <
where p(0,1) = ¢*wp and A(n) > 0. Approximation (54) is due to the decrease of
the resistance function p inside region Dy, where “£ > E% The calculation of f(-) is
similar to the one given for the circular region D; and the result is

(55) H(&,n) ~ Hs(€,n)exp [)\5725 — @/06_2 \/1 _4i)\2€—(277)6>‘(”)tdt] .

Solution (55) depends on the frequency w through parameter A(-). The boundary
location and shape of 9D; depend on w and so does A(-).

4.3. The Effective Impedance. The local analysis of quasistatic transport in
a high contrast continuum presented in section 4.2 shows clearly that the magnetic
field is expelled from the strongly conductive regions with % > 6% Due to this
phenomenon, there are thin layers of exponential decay of the magnetic field H and
strong surface currents. Thus, we can approximate the transport problem by flow
through wires surrounding the conductive regions. The net current through the wires
is given by the tangential current density j, (£, n)e, = %(5, n)e, ~ j(&,n), integrated
with respect to ¢ across the layers of flow concentration. Since the current is basically
tangential to the surface of the conductive region D;, the contour lines of constant
magnetic field H are parallel to the boundary 0D;. Thus, if in the background of
dominant resistance (“)7” < E%) the magnetic field is a constant C' + B, the net flux

through a wire at the boundary 0Dy is I = fo(i %dt =C+ 1B, where t = )‘(ELQ)E, te

[0,00). The surface (wire) impedance, Z,, = Ry — iwlLy is obtained from (14), (54)

and (55):
2 2
An) [° . €2 1t . €2
Ry qu/gml dnT/oo dt|l — 1—42Fet exp —5/0 1—42Fepdp ,
2
€? 0 11/t €2
56 WLy, qu/ dn—/ dt lexp |- — _—/ 1 —4i—ePdp
(56) op AN Joo 2 2J, A?

Expressions (56) are difficult to calculate in general, unless we evaluate them numer-
ically. However, we observe that both the resistance and inductive reactance are of

the form
2
R, andewN/ Fup :/ p(O,n)’
oD, )\(77) 8D, )‘(77)
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up to some factors of order one. This result is very similar to the surface impedance
calculated in section 3 for a medium with conductive cylindrical inclusions. Thus, the
surface resistance and inductance are proportional to the resistance at the surface and
inverse proportional to the penetration depth A(n). The expression of the magnetic
field (55) expelled from the conductive region D; is more complicated than solution
(29) for cylindrical inclusions, so the definition of the skin depth is more subtle.
We define the skin depth A based on the similarity between the surface impedance
calculated from (56) and the impedance given in section 3, equation (33).

5. High Contrast Analysis Based on Variational Principles. In this sec-
tion we study the global problem of quasistatic transport in a high contrast continuum
with resistance (10). The analysis is based on the variational principles (25) for the
effective resistance and inductive reactance of the medium. We use the asymptotic
results presented in section 4 to choose trial fields in the variational principles and ob-
tain lower and upper bounds on R and X. Furthermore, we show that the upper and
lower bounds on the effective parameters R and Z match each other as the contrast in
the resistance becomes infinitely high, where the matching value is given by a discrete
variational principle. Hence, in the asymptotic limit of infinitely high contrast, we can
compute the effective impedance of the medium and the magnetic field throughout
the domain Q. We also address the question of approximating quasistatic transport
in a high contrast conductive medium by current flow through a discrete network.
We show that the flow has a discrete behavior by concentrating around saddle points
of the resistance and at the surface of strongly conductive regions. Furthermore, we
show that the transport problem admits a network approximation. The branches of
the network correspond to the saddle points and the surface of strongly conductive
regions, where the current density concentrates. The impedance associated with each
branch is not necessarily the resistance of a saddle (see (40)), or the impedance (56)
of a wire. We show that the vector of impedances associated with the branches in
the network is the solution of a linear, full rank, often underdetermined system of
equations, so the network approximation may be nonunique.

F1G. 6. High contrast continuum with two saddle points Xg1, Xgo and a conductive region Di.

5.1. Example of a Resistor-Inductor Network Approximation of Qua-
sistatic Transport in a High Contrast Continuum. We consider the quasistatic
transport problem (6) with Dirichlet boundary conditions (5) in the high contrast
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continuum shown in figure 6. The high contrast resistance p(x) = ese(;) has two sad-
dle points xs1 = (#1,%1) and xgz = (z2,y2), one minimum at x,,, and four maxima
Xaq, ¢ = 1,...4. The analysis is similar for any orientation of the saddle points so, for
simplicity, we assume that both saddles are in the horizontal direction. Furthermore,
% < E% everywhere in the domain Q| except in a neighborhood of the minimum x,, .
The external driving force consists of a unit current I, as shown in figure 6. Since
there is no imaginary driving current, the imaginary field Hy is constant along the
boundary. The real field Hgr changes rapidly near the current source and sink, but
remains constant elsewhere along the boundary. As we explained in section 2.3, there
is an infinite number of Dirichlet data Hr(x) = ¥r(x), Hr(x) = ¢1(x), for x € 9Q
that give the same normal current I at the boundary. We restrict attention to the
Dirichlet data (5) given by the solution of the saddle point variational principles (25).
We use the variational principles (25) to show that quasistatic transport in the high

Fi1G. 7. Fquivalent resistor-inductor network

contrast continuum shown in figure 6 can be approximated by current flow through
the resistor-inductor network shown in figure 7. The significance of the network ele-
ments is as follows: The resistors Rg; and Rgo are due to the flow concentration at
saddle points xg1, X592 and Ry, L; 1 = 1,2 are the resistors and inductors due to the
flow at the surface of the conductive region D;.

We start the analysis by considering in (25) the following real trial field:

—%erf <\/ %—y_i“’z) + —C2gcl for x€Nsio

—Cih1 + Figq xel
(57) HR(X) = Cohy — Fags xels

-4 x €

C2 x €y

0 x € Dy,

where constants C; and F; satisfy
Ci+Cy=1
(%) fores,

The trial field Hg given by (57) is chosen according to the asymptotic results obtained
in section 4. Thus, inside the conductive region D;, the magnetic field is zero and
in the regions of diffuse flow ©; 5, H is a constant. In the neighborhoods N5172 of
the saddle points, the magnetic field is given by (38), where k1+,2 are the curvatures,
in the direction normal to the flow, of the scaled logarithm of p at xs12. At the
surface of the conductive region D1, the magnetic field decays exponentially fast and
a surface current is created. Due to the strong current concentration at the surface,
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Fi1a. 8. Value of the magnetic field H in different regions of §2

we can approximate the flow by current through the wires I'; » shown in figure 8. The
magnetic field near the wires is given by (see equation (55))

H(x) ~ H, (x) [A(x) +ig(x)],

where H is the static magnetic field outside region D; and is given by H;, = —C1—1F},
for T'y and Hy = Cy + iFs for T, respectively. Functions h(x) and g(x) are the real
and imaginary parts of the exponentially decaying term in (55):

Amé M) [ ¢
p[ 22 T/@ \/1_42)\2(7])

where (&, 7) is the system of coordinates defined along Ty 5, with 5 tangential to the
wires.

We use the trial field Hg given by (57) in the variational formulation (25) of the
effective resistance and obtain the upper bound

eA(”)tdt] = h +1g,

R < min  max F(Nsi)+F(Nsa)+ F(D1)+ F(Q) + F(Q) + F(T1) + F(Ts),
C14Co=1 F1+Fy=0

where each term F(D) represents a maximization over the imaginary field Hy in the
corresponding region denoted by D. We look first at vicinities of the saddles:

+ F (y—u1,2)?
k172 1,2 >

F = Tz —|ViH
(Ns1,2) max /NSMP [%62“3 | I

|2 dx +

Ij=F1+F;=0

1 krzy—yl? Cy = Cy
59 9 e .2 2 Hyd
(59) ““/Nm 2t 2 ¢ T3 1ax,

where the net imaginary flux Iy is required to be zero. The Euler equation for the
+
imaginary field: V4 (pVLH;) = wpu [%erf <\/ %%) - %] , % & % has

the solution (see section 4)

(60) Hi(x) ~ constant = —F; = I, for x € N1 5.
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Hence, from (60), (59) and the approximation (37) of the resistance near the saddles,
we obtain

(61) F(Ns1,2) = Rsi 2,
where Rs1, Rs2 are given by (40). In the interior of the conductive region we have

(62) F(D1) = —minp IV H, | dx s 0.
I:

In the diffuse regions € 5 there is no net current and

I;=0

F(2) = max/ [p | VEH; | —2w,uC’1HI] dx.
(92

The Euler equation V4 (pV4LH;) = wuCy, where % < E% has the solution Hy =
constant = —F;. Hence,

(63) .7:(91) ~ 2LU//L01F151,
where S; = fﬂl dx is the area of region ;. Similarly,
(64) .7:(92) v QW/,LCQFQSQ.

Finally, we look at the transport problem in the vicinity of the wires at the surface of
the conductive region D;. We have F(T'1) given by

max / {p “—C1VJ‘h1 + FIVJ-gl|2 _ |VJ-HI|2} + 2wp(—Crhy + Flgl)HI} dx
I;=F r,

and the Euler equation V4 (pVL H;) = wu(C1hy — Fig1) has the solution (see section
4) Hi(x) ~ —C191(x) — F1hi1(x). Hence,

(65) F(T1) & (CF = F?)Run + 2wCy Fy Ly,

where Ry and L1 are the resistance and inductance of the wire T'l, given by (56).
Similarly, for the other wire I'y; we have

(66) F(T2) m (CF — F§)Rys + 2wC5Fs Lyo.
From (5.4)-(5.13) we obtain the upper bound
R S Rsi+Rso+ min  max [(C2— FY) Ry + 2wC1FyLy + (C2 — F2)Rys +

C14+Co=1 F1+F>=0
QLJCQFQLQ],

where L1 9 = Ly1,2 + 1512 is the inductance of the wires and the regions of diffuse

flow. To get a lower bound on EI, we start with the trial imaginary magnetic field

—Cig1 — Fithy x€ely
Cags + Fohy  x €T,
(67) H[(X) = —F X €
F2 X € Qg
0 x € Dy,
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Element Net current
Rsi2 I=1
Rwl—ile Il 201+ZF1
RwQ—iwLQ 12 = 02+2F2
TABLE 1
Currents through the branches of the resistor-inductor network shown in 7

where C1 +C3 = 1 and F} 4+ F3 = 0. The calculations involved in obtaining the lower

bound on R are similar to the ones shown above and the result is

— ] . 5

R 2 Rs1 + Rss+ o min_ Flr_lr_lFa2X:0[(Cl2 — F))Ry1 + 20C1 F1 Ly 4 (C2 — F3)Rys +
2(—002F2L2].

Hence, the lower and upper bounds match each other and the effective resistance 1s
given by the discrete, min-max variational principle

R ~ Rs1 4+ Rsa+ min max [(C’l2 — Ff)Rwl + 2wC{Fy Ly + (022 — F;)ng +
C14+Co=1 F1+F>=0
(68) QCUCQFQLQ].

We take the first variation in the discrete saddle point variational principle (68):

(69) { 0C1(C1Ry1 + wL1 F1) + 6C3(CaRya + wlaF3) =0

5F1(F1Rw1 — leCl) + (5F2(F2Rw2 — (.JLQCQ) = 0,
where the perturbation currents satisfy

C1+6Cy =0
(70) { SF) +6F, = 0.

Thus, the constants C; » and F} 5 satisfy the equations

CiRy1 +wLiFy = CoRys +wloFy
FiRy1 —wli1Cy = FoRys —wla Iy
Ci+Cy=1
Fi+ F,=0,

(71)

which are Kirchhoff’s node and loop laws for the resistor-inductor network shown in
figure 7. A similar result is obtained for the effective inductive reactance X

X'~ min  max [(C] — FHwli —2C1F1 Ryt + (C3 — F)wly — 203 F2 Ryo] .
C14Co=1 F14+F,=0
(72)

We conclude that quasistatic transport in the high contrast continuum shown in figure
6 can be approximated by current flow through the resistor-inductor network shown
in figure 7. The current through each network element is given in table 1, where

C = Ruy2(RuwitRuw2)twlo(wLi4wls)
1= (wLi4wL2)?+(Ruwi+Ruw2)?
Co=1-0C4
_ Ruyz(wlitwly)—wLs(ri4rs)
F =
1 (wLi4wL3)?+(Ruwi+Rw2)?
F‘) — —Fl.

(73)
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F1G. 9. Modification of the static resistor network

21

The generalized impedance 7 is given by the impedance of the circuit shown in figure

T
(74) 7' = Rs1 + Rsa + ! + ! B
T Ryt —iwly | Ry — iwla
Finally, we compute the effective impedance Z of the medium from equations (18)
and (74):
E:F—I—Q/ H[paHIdS
(75)

The imaginary field H is a constant along the boundary and from (6) we have

H
(76) a—ds = —zw,u/ Hdx,
where
(77) / Hdx m —(Cy + iF1)S1 + (Cy + iF) S,
Q

Hence, from (68), (75)-(77) we obtain the effective resistance of the medium

R~ Rsi + Rsa+ (CF — F2)Ry1 4+ 2wC 1 Fi Lyt + (C2 — F2)Ryo + 2wCo Fy Ly,

where the terms 2wC; F;uS;, © = 1,2 due to the regions Q; » of diffuse flow have been
subtracted. Thus, as definition (14) shows, heat dissipation occurs only in the part
of the domain with significant current density: at saddle points and along the wires
on the surface of the conductive regions. However, the regions € 5 of diffuse flow are
important in determining the magnitude of the currents flowing through each network

element.
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5.2. The Effective Quasistatic Impedance of a High Contrast Contin-
uum. The resistor-inductor network approximation obtained in section 5.1 corre-
sponds to a high contrast continuum with the particular geometry shown in figure
6. In this section we consider more general situations and explore the validity of
the network approximation. We show that quasistatic transport in a high contrast
continuum with resistance (10) can be approximated by flow through a discrete net-
work. The branches of the network correspond to the saddle points of p in regions
with % < E% and to thin layers (wires) at the surface of strongly conductive regions,

where £ > E% However, the impedance associated with each branch may not be
simply the resistance of the saddle points or the impedance of the wires given by
equations (40) and (56). Instead, we show that the vector of impedances satisfies a
linear, full rank, usually underdetermined system.

In general, to obtain the asymptotic network approximation we first identify its
topology. We do so by drawing first the static resistor network (see Lemma4.1), where
the nodes of the network are minima of p and the branches connect two adjacent
minima through a saddle point. We illustrate such a resistor network in figure 9.
Next, we identify the strongly conductive regions in €, where the condition 2£ >» 6%
is satisfied. We draw two such regions D; and D; in figure 9. The analysis presented
in section 4 shows that, inside the conductive regions D;, the magnetic field vanishes.
Furthermore, outside D;, the magnetic field is approximately equal to a solution of the
static problem. Hence, near saddle points, H changes abruptly across the direction
of the current through the saddles and is constant elsewhere in the flow regime. This
leads to flow channeling at the saddle points and the approximation by current through
a resistor Rg given by (40). The net current through each saddle point is given by the
difference between the magnetic field above and bellow the flow line. The conductive
regions D; expel the magnetic field, so there are strong surface currents around them.
Due to the small depth of the surface layers, we approximate the surface currents by
currents through wires of impedance per unit length %ﬂ given by (56), where 7 is
the coordinate tangent to the surface of D;. The net current through the wires at the
surface of D; is given by the magnitude of the static magnetic field outside D;. The
topology of the network is clear now. The branches of the network are given by either
the paths through saddle points (if “jT“ < E%) or by the wires around the strongly
conductive regions, where “£ > }2 The nodes of the network are either minima of p
that are connected through a saddle point, or the points of intersection between the
contour of the static resistor network and the conductive regions D;.

Let us assume that there are N¢ regions D;, ¢ = 1,... N¢, where the resistance
p is small enough so £ > E% is satisfied. The rest of the domain is divided into

Np regions Q;, 1 = 1,...Np of diffuse flow, where the division is done by the flow
path, as explained in the example shown in section 5.1. Due to the thin regions of

Np N¢
flow concentration, we have Q & (UQZ) U(UDZ) Suppose that out of N branches,

Ng correspond to saddle points allldlthe reslt 1Nw = N — Ng are given by wires. To
determine the magnetic field H and the effective impedance, we use the variational
principles (25). The analysis is similar to the one illustrated in section 5.1. Thus,
we start with a trial field Hg that is suggested by the asymptotic analysis given in
section 4 and we obtain an upper bound on R and X. To get lower bounds on the
bulk parameters R’ and 7/, we choose an appropriate imaginary trial field Hy. The
bounds match each other when the contrast in p tends to infinity and the matching
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values are given by discrete min-max variational principles in terms of the constant
field H in the regions of diffuse flow ;. We use the notation
(78) H(X) NCj—}-iFj

for points x in the regions of diffuse flow , Q;, j =1,...Np. The currents through
the saddle points are given by

(79) Isj:—(cl—f-iFl)—}-(Ck—‘riFk), j:l,...NS,

where the indices [ and k correspond to the diffuse regions €; ;, right above and below
the flow line through the saddle j. The currents through the wires are

(80) ij:Cl+iFl, j=1,...Ny,

where the index [ corresponds to the region of diffuse flow €2; in the immediate vicinity
of the wire j.
The effective resistance and inductive reactance are given by

Ng Np
R ~ rréin max Z(Ig?p - I_(qu)Q)RSj + QZCijw,qu-i-
’ 7 j=1 j=1
Ny
(R)2 _ ;)2 o o7) f(R) .
{(ij — Ly JRuj + 21,5 1 “’Lw]}
j=1
(81)
Np Ns
—/ . P R I
X Nrrém max (C]2 —Ff)w,qu —ZZféj)Iéj)st—f-
’ 7 j=1 j=1
Ny
(R)2 _ )2 _ofd) B
3 {(ij — 10w L,y — 2080 189 R,
j=1

where S; = fﬂj dx, j = 1,...Np and the superindices (R) and (I) denote the real
and imaginary parts of the currents Is; and I,;. There are also two constraints
imposed on the constants C; and F; that establish the driving current. From the first
variation of (81) and the two constraint equations we obtain a full rank, linear system
of 2Np equations with 2Np unknowns C;, and F;, ¢ = 1,...Np which determines
uniquely the asymptotic approximation of the magnetic field H in the domain €.
Furthermore, once C; and F;, i = 1,...Np are known, we calculate the effective
impedance 7 =R —iX from (81).

Thus, the variational principles are very powerful tools for calculating the asymp-
totic approximation of the magnetic field in media with high contrast. The discrete
variational formulation of the effective impedance and the flow concentration in
leads us to the question of existence of an asymptotic network that approximates
the flow through the medium. If there is such a network, the currents through each
branch must coincide with the currents calculated above from the variational princi-
ples. Furthermore, the network must have the same equivalent impedance 7' as the
one given by (81). In the network, to each branch j we associate an impedance z;,
where 7 = 1,...N. Then, if a network exists, the algebraic sums of the potential
drops in each closed loop must be zero, (Kirchhoff’s loop law) and

N
—
(82) 7 = 21]22]
j=1
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There are no other constraints because the currents 7;, j = 1, N computed from the
variational principles satisfy Kirchhoff’s node laws. To write explicitly the system of
equations satisfied by z;, we introduce the spanning network matrix A. The rows of
A correspond to loops in the circuit and the columns denote the branches, where each
branch is assigned a direction. We define the matrix A as follows:

+1 if branch & € loop j, and is oriented clockwise
(83) Ajx= —1 if branch k& € loop j, and is oriented counterclockwise
0 if branch k£ € loop j.

The matrix A is in general singular, so we define a reduced matrix A where we keep
only the linearly independent rows. These rows correspond to all the independent
loops in the circuit. Let us assume that there are p independent loops in the circuit,
where p + 1 must be smaller than the number N of branches in the circuit. Fur-
thermore, we assume that all currents 7;,j = 1,... N are nonzero. If some currents
are zero, the corresponding branches play no part in the network and are completely
eliminated. With the help of the matrix A, we now write the set of independent
Kirchhoff’s loop laws as

(84) AT =0,

where 7 is the diagonal matrix Z = diag(/y, Ia,...In). Then, we have

(85) Bz:<§)zz:(?),

where z is the vector of unknown impedances and ¢? = (I}, Is,...Iy). The matrix
A eRP*N where p < N—1 has pindependent columns, and since I; #20,Vi=1,...N,
the matrix AZ has p independent columns, as well. Hence, the matrix B has full rank
and the linear system of equations (85) has a solution. Furthermore, in general, (85)
has fewer equations than unknowns, so the solution can be nonunique. This means
that we can choose N — p impedances, where the condition

(86) real(z;) >0,i=1,...N

must be satisfied.
We now return to the example studied in section 5.1, where we found the equiv-
alent resistor-inductor network shown in figure 7. In this example, the matrix A

01 =1 0

01 =1 0
where we have two loops: TABCODAI and ABCD. Since the first loop contains the
second, the matrix A has rank one, and

18

A=(0,1,-1,0).
Furthermore,

(1o
B‘(o L o~ 0



TRANSPORT IN HIGH CONTRAST MEDIA 25

has two independent columns. It is a matter of simple algebra to check that one of
the solutions of (85) gives the network shown in figure 7.

We conclude this section with a note concerning the Dirichlet boundary condi-
tions (8) imposed on the magnetic field. We concentrated attention on the Dirichlet
boundary conditions that achieve the min-max in the variational principle (24). For
arbitrary Dirichlet boundary conditions, the analysis remains the same, except that
in the variational principles, there are additional equality constraints imposed on the
constant fields in the diffuse regions that contain a piece of the boundary. Due to
these constraints, the magnitude of the currents through the branches of the network
varies with the Dirichlet boundary conditions. However, the current density main-
tains its discrete behavior and follows the same path. Furthermore, the magnetic field
H in the domain Q and the effective impedance Z’ of the medium are determined
by discrete, min-max variational principles similar to (81), but with fixed, assigned
values of the constant fields C; and D; at the boundary 09Q. Hence, the calculation of
7 and the asymptotic approximation of H(z,y) in € remains essentially unchanged
for any Dirichlet boundary conditions. Furthermore, the network approximation de-
veloped in this section applies to arbitrary Dirichlet data. However, the currents and
the impedance associated with the branches of the network change with the bound-
ary conditions. The network can consist of resistors, inductors and capacitors. The
presence of capacitors in the network approximation is crucial because it allows for
rotational currents (eddies) that can develop for some Dirichlet boundary conditions.
An example that illustrates this last statement 1s considered in section 6.

p(z,y)

F1G. 10. Resistance of high contrast medium that has the network approximation shown in fig. 7

6. Numerical Computations. In this section, we present the results of some
numerical experiments that illustrate the analysis carried out in the previous sections.
We solve the complex equation (6) with Dirichlet boundary conditions (5) in a square
domain © = [0,2n] x [0,27]. We use a second order finite difference method and a
uniform discretization of the domain Q. In all the numerical calculations presented in
this section we use a mesh with 64 grid points in each direction. We also tested the
convergence by halving the mesh spacing and comparing the solutions. We check first
the asymptotic expression (55) of the magnetic field at the surface of a conductive
region, where “£ > }2 The first numerical experiment is also designed to test the
resistor-inductor network approximation given in section 5.1. We use the resistance
function p(x) shown in figure 10, where the geometry is similar to the one shown in 6.



26 LILTANA BORCEA

1 1
o . . ‘ ‘ ‘ ‘ o . , , . ‘ ‘
0 1 2 3 4 5 6 0 1 2 3 4 5 6
xr x
FiG. 11. Real, asymptotic flow Fi1c. 12. Real, numeric flow
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Fic. 13. Imaginary, asymptotic flow Fic. 14. Imaginary, numeric flow

We have two horizontal saddle points xs1 = (5, 7), Xs2 = (37”, 7) and one minimum
Xm = (7, 7) in between. The contrast is 4.548 x 10, €2 = 0.15 and wu = 150. At the
minimum, p&‘;) = 62%, where a = 3.856. The curvatures of the scaled logarithm of
p at the minimum are p = 1.1193 and ¢ = 1.257 (see equation (41)). At the saddle
points xs1 5 we have p(xs1) = 333, p(xs2) = 663 and the curvatures are ki" = (.86,
ki = 0.94, k; = 0.8 and k; =1, respectively. Due to the symmetry with respect to
the axis y = m, equations (73) give C; = C3 = w and D1 = Dy = 0, where we assume
an input current / = 2. In the numerical experiment we consider a current source
at x = (0,7) and a sink at x = (27, 7). We approximate point sources by Gaussian
pulses and prescribe the boundary condition

(87) H(x,y) = —ﬂerf( ) , for (z,y) € 99.

y—m
0.1v/2
The frequency w is chosen such that wyp = 150 dominates the resistance only around
the minimum x,,. Due to the different curvatures of p at the minimum, the bound-
ary of the conductive region D; is an ellipse. Thus, for the purpose of comparison

between the numerical and asymptotic magnetic field near D1, we use the magnetic
field derived from (51) through a conformal map that transforms the polar coordinates
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0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
) )

Fia. 15. Real magnetic field along the F1a. 16. Imaginary magnetic field along
vertical line x = m. The full line corresponds the vertical line © = m. The full line corre-
to the asymptotic solution and the dotted line sponds to the asymptotic solution and the dot-
to the numeric one ted line to the numeric one

6F i

Fi1G. 17. Real current flow. Stronger current through the branch with lower impedance

r=1/(z — 2m)?2 + (y — ym)?, and @ into the coordinates & and « defined by

r bZ ) b4 N ) b2 . b4 1 %
= 2 14 (1-— 870—2 cos(26) + 167)—4)2 +2(1 - 870—2 cos(20) + 167“_4)4 cos(fl — B)|

+ (1 — 8% cos(26) + 16%) 352

1 7
a = arctan |tanf r sinf |
1 - Sf—j cos(26) + 16:’—:)%222’3

where § = %arctan [%} . The focal distance of the ellipse is given by 2b =

oR /qp%p, where r¢ is defined in (52). The magnetic field is given by

rp(rp—£)
~ gre(re =& ¢ i
(88) H(&;Q)NHS(&.,CY)CXP T_E ;

€

bl
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Fi1G. 18. Magnetic field distribution over the computational domain € shown with dotted line.
The static network and surface currents around conductive regions are drawn in full line.
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Fi1c. 19. Real current flow Fi1Gc. 20. Imaginary current flow
where rgp = 2’"\%(1 + \/E) The asymptotic and numeric flow fields are shown in

figures 11-14. We observe that the results are very similar and they show clearly
the flow concentration through the network sketched in figure 7. Furthermore, the
picture of the imaginary flow shows that near the strongly conductive region D,
there 1s imaginary current. However, the current changes direction through both the
top and bottom layers and the net imaginary flux is zero. We test the asymptotic
expression derived in section 4 for the magnetic field expelled by D;, by comparing
the real and imaginary parts of H along the vertical line # = m. We show the
results in figures 15 and 16, where the asymptotic field is drawn with full line. The
comparison 1s quite good near the conductive region D; and slightly worse near the
boundary. This is due to the lower term corrections that become important near 9%,
where p is almost flat (see figure 10). In the asymptotic approximation, we assume
high contrast everywhere in the flow regime, so the error seen in figures 15 and 16
is to be expected. The resistance of the saddles is computed from (40): Rs; =
318.5147 and Rgo = 593.0052. The resistance and inductive reactance of the wires
are computed by evaluating numerically the integrals in (56). We use Simpson’s rule
for the interval ¢ € [0, 100], with 500 grid points. The results are Ry1 = Ry2 = 39.076
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-30 . . . . . ]

Fi1Gc. 21. Real current flow for arbitrary Dirichlet boundary conditions.

and wly1 = wlys = 39.324. The background inductive reactance is estimated to
wp(S1 + S2) = 1110.3305. Thus, the asymptotic approximation of the impedance is
7 ~ 931.0579 — i1129.87. The numerical value of the impedance is Z = 957.1239 —
11076.93. Hence the asymptotic resistance is accurate within 2.8% and the error in
the inductance is 4.92%.

In the next numerical experiment we test the effect of the distributed inductive
reactance on the currents in the branches of the network shown in figure 7. We keep
all the parameters the same as before, but we move the critical points apwards, from
y = 7 to y = 1.4w. The current source and sink are kept in the same position, but the
value of H along 99 is changed according to (73). The real current flow is shown in
figure 17 and, as predicted, the upper branch of smaller inductance has the strongest
net flux. From (73) we obtain that

Ci+ 1Dy ~ 4.40 —40.017
Cy+ 1Dy ~ 1.88+1:0.017.

Thus, in the upper and lower branches we have the net real currents of 4.40 and 1.88,
respectively. The numerical fluxes are 4.23 and 1.69, respectively.

In the third numerical experiment, we consider the more complex network problem
shown in figure 18. There are four horizontal saddle points: xg; = (g, 37”), Xg59 =
(37”, 37”), Xg53 = (37”, %), Xs4 = (5, %) and a vertical one xg5 = (7, 7). We also have
two conductive regions D; » surrounding the minima x,,1 = (7, 37”) and X2 = (7, ).
The resistance at the horizontal saddle points is given by p(xg;) = 385, ¢ = 1,...4
and p(xg5) = 123.456. At the minima, p(Xym;) = 0.37 and wu = 100. The contrast in
pis 5.4 x 10* and €2 = 0.15. The symmetry of the problem leads to the solution (see

figure 18)

01:—71'
Cy=C3=0
04:71'

l)lzl)zzDg,:l);}:O7

where we assume the same boundary conditions (87). The real and imaginary flows
are shown in figures 19 and 20 and it is clear that the network consists of the horizontal
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saddles and the wires of impedance 7,1 — wwpS, and Zya — twpSs. The rest of the
wires, as well as the vertical saddle have no current through them, so they do not
have any contribution to the network.

In the final experiment presented in this section, we illustrate the effect of the
Dirichlet boundary conditions on the network approximation. This was discussed at
the end of section 5.2. We return to the first experiment presented in this section,
where we keep all the parameters the same but change the boundary conditions (87)
to

H(z,y) = —3.3 — werf <éj \/g) , for (z,y) € 9Q.

The real flow is shown in figure 21 and, as explained in section 5.2, it is different
from the flow through the network shown in figure 12. Furthermore, we observe that
in the lower branch we have countergradient flow which leads to a rotational current
around the conductive region surrounding the minimum at x,,, = (7, 7). The currents
through the wires are I,;,; = 6.4416 and I, = —0.1584, so from Kirchhoff’s loop
law we obtain 6.44167,,1 = —0.15847,4. Since the rotational current is real, the
impedance associated with each branch in the loop around the minimum is strictly
imaginary, where one wire is inductive and the other is capacitive. Thus, in general,
the asymptotic network is not restricted to resistors and inductors. The presence of
capacitors is important because it allows for rotational currents (eddies) to form.

7. Summary and Conclusions. We have shown both analytically and numer-
ically that quasistatic transport in a high contrast continuum has a discrete behavior.
The flow concentrates at saddle points of the resistance and around very conductive
regions that expel the magnetic field. Due to this discrete behavior, the effective
impedance of high contrast media is approximated by discrete, min-max variational
principles in terms of the constant values of the magnetic field in the regions of diffuse
flow. Hence, the magnetic field in a high contrast continuum is given by the solution of
a linear system of equations. Furthermore, we show that quasistatic transport in high
contrast conductive media can be approximated by flow through a resistor-inductor-
capacitor network. The topology of the network is a modification of the static one,
where strongly conductive regions are taken out and replaced by wires along their
boundaries. The problem of associating to each branch in the network an impedance
is a little more subtle. One has to solve a linear, full rank system of equations. In
general, this system is underdetermined so there may be more than one network that
give the same effective impedance and have the same currents through their branches.

We have also demonstrated the effect of the frequency w on the transport prop-
erties of high contrast conductive media. We have shown that, for low frequencies,
transport is very similar to the static one. The flow follows the path given by the
static resistor network, although the magnitude of the currents is slightly different.
As the frequency increases, the currents through the branches of the static network
change even more. For even higher frequencies, there are regions in the domain that
expel the magnetic field and the topology of the network changes. The quasistatic
transport problem in conductive media admits various variational formulations, as we
show in the appendix. We use in the analysis min-max variational formulations of the
effective impedance of the medium. We have restricted attention to two dimensional
problems but extensions to more dimensions can be done. The results obtained in
this paper are not limited to a high contrast continuum, but they apply to isotropic
materials with discontinuous, high contrast resistance, as well. Such an example is
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the high contrast medium with cylindrical inclusions considered in section 3.

Appendix: Variational Principles for Quasistatic Transport in Con-
ductive Media. In this section we introduce some variational formulations for the
problem of quasistatic transport in conductive media. We derive variational princi-
ples of saddle-point and Dirichlet type and show their connection with the variational
principles (25) introduced in section 2.3. Recall from section 2.1, equations (3), that

pV x Hr = Ep
pV xHr = E;
(89) V x Egr = —wpHj
V xEr =wuHp
V-Hrp =V -H;=0.

We define the electric and magnetic fields as

(90) {H:VXA,A:AR—HAI

E=V¢+iwpA, ¢ =¢r+idy,

where A is the vector, magnetic potential and ¢ can be viewed as a scalar, electric
potential. With definitions (90), equations (89) can be rewritten as

(91) { Vér=pV xV X Ap +wuAr

V(;SI:pV x V x A[—LJ/JAR.

The system of equations (91) is the basis of our derivation of various variational
principles of saddle-point and Dirichlet type. These variational principles are shown
to be interrelated via Legendre transformations of convex or saddle functionals, taken
over the real or imaginary potentials A and ¢, respectively. Furthermore, the Legendre
transformations are shown to be equivalent to excluding pairs of potentials in the
system of equations (91).

Let us start by excluding the scalar potentials ¢r and ¢r in (91). We take the
curl in the equations (91) and obtain the system

(92) VxpVxVxArp+wuV x Ay =0
VxpVxVxAr—wpuV x Agr =0,

that is equivalent to the system of Euler equations (22) corresponding to the varia-
tional principle

(93) R' = min max Uga,
H! |so=1,, Hl|oa=1),

where the superindex || denotes the tangential components at the boundary surface
and

(94) UAA:/ [p(| VxHg | — | V x Hy |*) + 20pHp - Hy| dx.
Q
With Hg = V x A we obtain

(95) UAA:/g(AR,VXHI)dx—i—pr/ (Ag x ¥;) - nds,
Q a0
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where
(96) g(AR,VxH)=p|VxVxAr|*—p|VxHy | +2wpAr -V x Hy.

We take the Legendre transformation of the saddle functional g(-, ), over the imagi-
nary current jy = V x Hy:

(97) H(Ar.G) = max[2js - G+ g(An.jr)].

where §(-, -) is conjugate about the second variable to the saddle-type function g(-, -).
The field G that is conjugate to the imaginary current jy is given by

(98) G =pj; —wpAgr =V
and the conjugate functional is

2
1

g(AR, =p XV X AR —I-W— R Arp+ -G +_<.u_ r-G.

99) g(ARr, G VVAZ(;L)AAPGGZPNAG

The Legendre transformation (97) is equivalent to eliminating the pair of potentials
Ar and ¢pr and rewriting the system (91) as
V- %Vqﬁ;—k%AR =0

(100) .
VX VxpVxVxAp+“8lAp 4+ 2£ve =0,

with boundary conditions

(101) A|1|% =~n, (Vx Agp)l =45, where v and ¢ are given along 9Q
jr-n= %(V(é; +wpApr) -n=0, for x € 9Q.

We have the following variational formulation of the resistance of the medium:

(102) R = min min Uy,
Ar V¢r

where

wp)? 1 w
UA¢:/ [p|VXVXAR|2+%AR~AR+;v¢]~v¢[+27ﬂAR~v¢[:|dX.
Q

The proof of the variational principle (102) is very similar to the proof of Lemma 2.1.
We consider the first variation in (102):

§Uas = [, 0AR - {vavaX V x Ap+ ﬁ%ﬁARJr%WSI} dx—

(103) Jo 801V - (5Vér+ %AR)dx%—/ (AR x V x pV x V x AR) - nds+
o0

/ (V(EAR x pV x V % AR) -nds—l—/ (5(;5] {%(V(ﬁ] +LU/JAR)} -nds = 0.
QL o2

The boundary conditions imposed on the tangential components of Ag and V x Ag

require that, for x € 9Q, 5A|1|% =0and (V x5A3)|| = 0. Hence, the first two boundary
integrals in (103) vanish and we obtain

., 0AR- {VXVXpVXVXAR—{— ﬁ%ﬁARJr%vm} dx—

(104)
fﬂ (S(ZSIV : (%V(Zs[ + %AR)dX-‘r/ (5(]5] {%(V(ZSI +W/1AR)} -nds = 0,
an
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for any variations A and d¢;. Hence, the Euler equations that the minimizers
satisfy are exactly (100). The minimal structure of the variational principle follows
from the second variation

1
(105) 62U a4 = / p |V xV x3Ag | +; |wpudA g + Véor |* dx > 0.
Q

Furthermore, at the minimum, U4 equals the effective resistance of the medium (see
definition (14)).

We consider next, instead of (97), a Legendre transformation over the real current

(106) max 2V, -jr— f(ir,Ar)],

where f(-,-) is defined by f(jr,Ar) =p|jr |> —p |V x V x As |> +2wpuA; - jr. The
Legendre transformation (106) is equivalent to eliminating the pair of potentials Ag
and ¢y in (91). Thus, we obtain the Euler equations

1 wp _
V. |LVér— LA =0

(107) .
VX VxpVxVxAp+EipA,— 2T, =0,

with boundary conditions

(108) Au =7, (Vx A7)l =4;, where v; and 4); are given along 9Q
Jr-n= %(VQZSR —wpAr) -n=Ig, forx € 00.

We have the following minimum variational principle

(109) rvnég HAIIH Usa,
where
2 ((.d/,t)2 2 1 2 Wy
U¢A: p|VXVXA[|“+—|A[|‘—|——|V¢R| —2—A; Vo¢pg| dx
Q p p p
(110) - ¢RIRd8.
o0

At the minimum, we calculate the effective resistance of the medium as
R= U¢A+ orlpds.
a9

Finally, we derive a variational principle in terms of the scalar potentials ¢ and
¢r. Simple calculations show that by eliminating Ar and Ay in (91) we obtain

V- (5VoR) —wuV - (3T71AV6r) + (wp)V - [ LT H(0p0 4+ 24511206, | = 0
V- (V1) +wnV - (5071 EV6R) = (wp)’V - | 2071 LT + L2017 Lvgp| =0,
(111)
where [ is the identity, the operator [' = V x V x is symmetric and positive definite
and we assume, for simplicity, Dirichlet boundary conditions

. ¢r = Qg
(112) { ¢I:Oz1, fOI'XE@Q.
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Then, we have the following saddle-point variational principle

(113) M = min max Ugg,
$r 91

where

Vér |2 | Veér|? 1.1
Uss :/[| onl” _1Vor] —2wuVer - I '=Vér +
a P p PP

(114) 2(wp)’Voér - lr—ll(rpr + M1)—11v¢1]dx.
pop p p

Furthermore, at the saddle point, the effective resistance is given by

Rl:M+/E)Q(PYIX1/’R+7RX¢I)'ndS:

where v = v + ¢y; and ¢ = ¥ + 21p; denote the components of A and H that are
tangent to the boundary surface 9.

The above variational principles are interrelated via Legendre transformations
that are equivalent to excluding various pairs of potentials in the system of equations
(91). The relations between the variational principles are explained by the following:
The min-max variational principle

(115) min max Uy
Hpg H;

is transformed through a Legendre transformation over Ay (see (97)) into
116 min min Uyg.
(116) min min Usg

Next, we consider a Legendre transformation over A g or, equivalently, eliminate A g
and Ay in (91) to obtain another min-max principle, that is equivalent to (113):

(117) min max (—Usgg).

¢r  r

Finally, we take a Legendre transformation over ¢; and (117) becomes

118 ~Usa),
(118) max max (—Uya)

which is equivalent to (110).
All the above variational formulations give the effective resistance of the medium.

Next, we derive a minimum variational formulation of the effective inductive reac-
tance. We start with the min-max variational principle

X'= min max / [wu(| He | — |Hr |?) = 2pV x Hg - V x H] dx,
H|l|%|39:’l/)R Hu|80=1/’1 o5

which we rewrite as

X' = min max / {_£|V><D|2—_£|V><B|2+w,uB.D}dx,
Dll|oo=1 ,—1, Bl|og=1) ,+1,Jaq L2 2

(119)
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where the fields

(120) { B =Hg+ H,

D =Hp - H;
satisfy the Euler equations

(121) V x (pV x B) = wuD
V x (pV x D) = —wuB.

Clearly, both B and D are divergence free fields, so we write
(122) D=VxC=Vx(Ar—Aj).

Then, (119) becomes

(123) X"+ [ [(Whn+ 0) % (v — o) ds = min g [ H(C, ¥ x Bix

vVxB

where h(C,VxB)=£|VxVxC|?-£|VxB |*+wuC V x B and the boundary
conditions imposed on the potential C are

) C”:"YR—")’I
(124) { (Vx C)l =app — 4y, for x € 9.

We take the Legendre transformation of the saddle functional A(:, ), over the current
V x B and obtain

(125) h(C,Vn) :%na]);[Vn~V><B+h(C,V><B)],
X
where Vp = pV x B —wpuC = Vér + Vér and
2
. 1
(126) h(C, v =21vxvxcP+E cpiljvyp+Lc vy,
2 2p 2p p
We have the following minimum variational principle

K = min min/ iL(C,V?])dX—/ nlgrds,
c 0 Jq o0

where we impose the boundary conditions: Ir = jr-n = (jr+Jjr) n = %(Vﬁ—i—upcy
n, for x € 9Q. Furthermore, at the minimum, the inductive reactance X’ is given by

X' = K= [ [n+hs)  (Von+Vor +wntun =) nds+ [ (6n+6n)Inds.
aQ aQ

Similarly, we can obtain other variational formulations of the inductive reactance,

through various Legendre transformations or, equivalently, various exclusions of pairs

of potentials in the system of equations

(127) { PV XV x (Ap— Ar) +wp(Ar + Ar) = V(ér — 1)

pV x V x (AR + A]) — wu(AR — A]) = V(d)R + ¢[)

All the Dirichlet type variational principles involve a double minimization over the
magnetic and electric potentials. However, we observe that if instead of eliminating
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pairs of potentials in (91) we exclude three potentials at once, we obtain higher order
variational principles that involve a single minimization. For example, we eliminate
A;, ¢r and ¢5 in (91) and obtain the equation for the real magnetic field:

(128) (wp)?Hpr +V x pV x V x pV x Hr = 0,
with boundary conditions
(129) { H),(x) = ¥ 5(x)

(V x Hp)ll(x) = x g(x), for x € 99.

Furthermore, (128) is the Euler equation of the minimal variational formulation of
the effective inductive reactance of the medium:

1
(130) X = min/ |:w,uHR ‘Hrp 4+ —V x (pV x Hp) - V x (pV x HR)] dx.
Q Wi

Hgr

Similarly, the inductive reactance X is also given by
1
(131) X = min/ I:w/JH[ “Hy+ —V x (pV x Hy) - V x (pV % HI)] dx,
H; Q Wy

where the imaginary magnetic field satisfies
(wp)’Hr + V x pV x V x pV x Hy = 0 for x € Q
(132) Hy(x) = 9 (x)
(V x H[)H(X) = x;(x), for x € 9Q.

Finally, we derive variational principles in terms of the electric fields. We rewrite
the equations (89) as

(133) VxVXxEr+wuscEr =0
VxVxE;—wucEgrp =0,

which 1is the system of Euler equations associated with the min-max variational prin-
ciples

2
R'= min max / [0'(|ER > — | E; |2)——V><ER.V><EI] dx,
Elloa=€, Elloa=€, Ja wh
(134)
X'=— min /[ (|VxEgr|* = |V xEr|?)+20Eg - El]d
El|sa=£, E! |an—€1 wH
where we specify Dirichlet boundary conditions for the electric field Ell that is tan-

gential to the surface 9. The proof of (134) is very similar to the proof of Lemma
2.1, section 2.3. Next, we eliminate Er in (133):

1
(135) VxVx—-VxVxEg+ (wp)?cER = 0.

Equation (91) is the Euler equation of the variational formulation of the effective
resistance of the medium, obtained by Berryman and Papanicolaou®

1
(136) R= min/ (0En Ep + — o7V ¥ VX Er- VXV x Eg)dx.
Q

Er

1 Personal communication
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The imaginary part E; of the electric field satisfies a similar variational principle

1
(137) R:min/(oEI-EI—}-TVxVxEI~V><V><EI)dx,
Er Jo oWl

where the Euler equation V x V x %V x V x Er + (wp)?0Er = 0 is obtained by
eliminating Eg in (133). The fourth order Euler equations (like (refA52)) require the
specification along the boundary of both Ell and (V x E)ll, where the superindex ||
denotes the components tangential to the surface 9.

We conclude this appendix with the note that even though there are multiple
variational formulations for the problem of quasistatic transport in conductive media,
we find the saddle-point principles (25) most convenient to use in our analysis. Other
variational principles of Dirichlet type are more difficult to use in the analysis because
of either the higher order of the Euler equations or the nonlinearity in the high contrast
function p(x).
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