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Abstract

We consider finite difference approximations of solutions of inversengtLiou-
ville problems in bounded intervals. Using three-point finite differenbestes,
we discretize the equations on so-called optimal grids constructed assofaw
a staggered grid withi2points, we ask that the finite difference operatdk fak
Jacobi matrix) and the Sturm-Liouville differential operator sharekti@vest
eigenvalues and the values of the orthonormal eigenfunctions at dnef ¢me
interval. This requirement determines uniquely the entries in the Jacdbkma
which are grid cell averages of the coefficients in the continuum prolifehese
coefficients are known, we can find the grid, which we call optimal besdtu
gives, by design, a finite difference operator with a prescribed specaasure.
We focus attention on the inverse problem, where neither the coefficientsen
grid are known.

A key question in inversion is how to parametrize the coefficients, i.e. tbow
choose the grid. Itis clear that, to be successful, this grid must be cldseop-
timal one, which is unknown. Fortunately, as we show here, the grichdiepee
on the unknown coefficients is weak, so the inversion can be done @tarpf
puted grid for an a priori guess of the unknown coefficients. Thismhten
leads to a simple yet efficient inversion algorithm, which gives coeffisidrat
converge pointwise to the true solution as the nunkbef data points tends to
infinity. The cornerstone of our convergence proof is showing thenah grids
provide an implicit, natural regularization of the inverse problem, by givix
constructions with uniformly bounded total variation. The analysis is based
a novel, explicit perturbation analysis of Lanczos recursions and asceete
Gelfand-Levitan formulation.© 2004 Wiley Periodicals, Inc.
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1 Introduction

We consider a two-point boundary value problem for the Sturm-Liouvilieeq
tion

d du(2) B
a4z [a(z) e } —do(2u(2 =0 for0<z<1,
(1.1) du(0)
—o(0) E 1,
u(l) =0,
wherea is a complex spectral parameter satisfying
(1.2) L eC\ (00,0

ando (2) is a bounded, strictly positive function {9, 1] obeying some suitable
smoothness conditions, including continuity at 0, where we suppose, Wwhgu
loss of generality, that

(1.3) o (0) = 1.

We are interested in the inverse problem of finding the coeffiei€nt in the unit
interval, given measurements of the Neumann-to-Dirichlet map

(1.4) F° (1) = u(0).

Sturm-Liouville equations of the form (1.1) arise in applications such as oscil-
latory motions of strings, electrical conduction, and wave propagatiorseaid
tering in layered media. Equations (1.1) can also be obtained from more gen-
eral Sturm-Liouville equations by means of well-known Liouville transformagion
[15, 57, 62]. The inverse problem for (1.1) has been studied extdpsand it is
well understood, at least from the theoretical point of view [9, 11,18,26, 35,

43, 55, 56, 57, 61, 63, 65, 77, 79]. The novelty of this paper corisistddressing
the question of convergence of discrete, finite difference solutionseoihtrerse
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problem to the true coefficient(z) without using constraints such as artificial reg-
ularization in the inversion scheme.

We discretize problem (1.1) with a finite difference approach and, dinéaly
many, say R measurements d¥? (1), we wish to reconstruet (z) at X points in
the unitinterval. So far the standard method has been to discretize the equatio
arbitrary, usually equidistant grids and to reconstei¢t) by solving an inverse,
discrete eigenvalue problem. Unfortunately, the results are usually rsat dhe
true coefficient and, more importantly, the reconstructions do not improwe if
add more data. The reason for this is well-known: the finite differenceatgre
in the discrete problem and the differential operator in (1.1) have diffesgectral
measures. While the low-frequency part of the spectrum can be apated well
by adding more grid points, the large eigenvalues in the discrete and cantinuu
problems have different asymptotes. Note, however, that this undéshedior is
due to thead hoc choice of the grids

In this paper, we show that, with a proper discretization, on so-called opti-
mal grids finite difference methods can be used very successfully to isvbse
Sturm-Liouville problems (1.1). To our knowledge, this is the first establifh&d
between discrete inversion, such as inverse spectral problems @i Jaatrices
[18] or the impedance tomography problem for graphs [22, 20, 2148048],
and continuous inversion. Discrete studies considfixed and, in general, it is
not known if the limitk — oo gives convergence to the continuous solution. As
we show in this paper, optimal grids play a key role in answering this coexesy
question.

Optimal grids have been introduced in [28, 29] for obtaining very adeura
yet inexpensive finite difference approximations of the Neumann-to{idatienap.
The ideain [28, 29] is to seek the locations &fdrid points so that R prescribed
measurements d¥? (1) are satisfiedexactly As the numbek of measurements
increases, the grids are optimally refined to achieve convergence ohiteedii-
ference Neumann-to-Dirichlet map to the continuum one at a fast ratallyusu
exponential, in the spectral interval of interest. Since their introduction i@
optimal grids have been analyzed further in [6, 47], and their connetdispec-
tral Galerkin methods has been investigated in [31, 30]. Extensions torhighe
dimensional problems using tensor product grids and domain decomposéas id
are given in [6, 29, 31]. Anisotropic, three-dimensional, low-fregquyaviaxwell’'s
eqguations are considered in [23]. Finally, optimal grids have also beshfasthe
discretization of perfectly matched layer-absorbing boundary condit@nsave
equations in [5]. All these studies apply to forward problems, but, as itfinsis
proposed in [10], optimal grids play a very important role in inversion as we
this paper, we give a rigorous foundation to the inversion approagbopeal in
[10].

In short, the inversion method proceeds as follows: We design the seagger
optimal grid with X points by asking that the finite difference approximation
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FJZ (1) of the Neumann-to-Dirichlet map, corresponding to the discrete finite dif-
ference operator (& x k tridiagonal Jacobi matrix), satisfy exactly the given 2
measurements d¥? (A). In general, one can have various types of measurements,
as explained later in the paper, and the corresponding grids dsefrendlyon the
data that we have. In any case, for all types of data that we consideramre-
cover uniquely the entries in the Jacobi matrix (discrete operator), whecral

cell averages of (2). If o(2) is known, we can find the grid, and we call it optimal
because it gives, by design, perfect prediction of the data. Howeviewersion,
neithero (z) nor the grid is known. Fortunately, as we show here, the grid de-
pendence on the unknown coefficients is weak, so the inversion caonieeoth a
precomputed grid for an a priori guess of the unknown coefficients.

We establish two fundamental properties of the optimal grids:

(1) Consider a compact sét of coefficientso (z) that are sufficiently simi-
lar. For exampleS can be a set of sufficiently smooth functian&). As
k — oo, the optimal grids corresponding to arbitrarye S are asymptot-
ically close. This means that any precomputed grid, for an a priori known
coefficiento® € S, gives a proper parametrization of the unknaw(z).

(2) The optimal grids provide an implicit total variation regularization of the
reconstructed sequence of coefficients, so pointwise convergértbe o
solution is achieved as we lket— co.

Our analysis is based on Kac and Krein’s spectral theory of stringsajiid
a novel, explicit perturbation analysis of Lanczos recursions [18,an8] on a
discrete Géfand-Levitan formulation [14, 35, 36, 42, 57, 62, 67].

This paper is organized as follows: In Section 2, we formulate the inveoge p
lem and make the connection with Kac and Krein’s spectral theory of stitigs
We describe the finite difference approximation of the Neumann-to-Diricindet,
and we show how to recover uniquely the discrete difference openator &
measurements of this map. In Section 3, we define the optimal grids and discuss
some of their asymptotic properties. In Section 4, we describe our imaging al-
gorithm and illustrate its performance with numerical simulations. In Section 5,
we prove convergence of the inversion algorithm for a special classadficients
o (2), which vary exponentially ire. The motivation for this section is twofold:
First, the proof in this case is quite simple, since it follows just from algebedic ¢
culations. Second, we need the results in Section 6 in order to provergence
for more generat (2).

The main convergence result is proven in Section 6. Here we use thetdiscr
Gelfand-Levitan formulation due to Natterer [67] and develop a new pertiorba
theory for Lanczos recursions. The proof of bounded total variaifdhe recon-
structed sequence of coefficients follows from this perturbation analysleast
for sufficiently smoothr (z). While the analysis in this paper is for the so-called
truncated measure data set fof (1), where the firsk eigenvalues and the val-
ues atz = 0 of the corresponding orthonormal eigenfunctions of the differential
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operator in (1.1) are given, we discuss in Section 7 extensions to otres ofp
measurements. Finally, we end with concluding remarks in Section 8.

2 Formulation of the Inverse Problem
We consider the following inverse problem:

Problem1. Find coefficients (z), for z € [0, 1], given the Neumann-to-Dirichlet
map (impedance function) (1.4).

It is known [11, 35, 43, 56, 57, 61, 63] that sufficiently smoethan be deter-
mined uniquely from the spectral measure of the differential operatori, (&ith
Neumann and Dirichlet boundary conditionszat 0 andz = 1, respectively,

(2.1) po(s) =—y &H(=s—6)),
p=1

where H is the Heaviside (step) function. This operator has distinct eigenvalues
—95 that tend to-oo asp — oo, the eigenfunctiong(z, 6,) are orthonormal with
respect to the inner product

1
(2.2) (f,0) :/ 0(2)f(29(z)dz for arbitrary f, g € L2([0, 1)),
0

and the weights in (2.1) are given by = y(0, 6,,)2.

The connection between dakt in Problem 1 and the spectral measu®
follows from the classic study of Kac and Krein [51] of impedance functiofos-
cillating strings. In our case, the string oscillates at frequesityand its equations
of motion are obtained from (1.1) by defining the coordinate transformation

Z ds
2.3 - | ==
(2.3) X(2) /0 pares

and the mass distribution
(2.4) M : [0, x(D] — [0,X(D)], MXx(2) =Xz = / o(s)ds.
0

Becauser (z) is positive and bounded, we have a regular string with finite length

1 ds
2.5 L=x(1)= —
(2.5) X(1) /0 =
and mass
1
(2.6) M (L) =?(1)=/ o(s)ds.
0

Under a change of coordinates (2.3), the solutiari (1.1) becomes a function
of x, which can be interpreted as the displacement of the string. In an abuse of
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notation, we denote the displacementugy) and write the equations of motion of
the string as

d du(x) B
aMx0 [ Ix ]—Au(x) =0 forO<x <L,
dx
u(L) =0.

The asymptotic behavior of eigenvalues? = O(p?) and weights;, = O(1) for
p — oo [15, 19, 70] guarantees Kac and Krein’s criterion fdrto be a so-called
spectral function of the string [51],

0 du’(s) = ép
(2.8) /oo P =Zk+93<oo for » > 0.

p=1
We have from [51] the following:

LEMMA 2.1 ([32], Kac and Krein [51])The impedance function of the string is

given by

(2.9) Fo(\) = Z 5p
p=1 P

and itis bounded ofD, co). There is a bijection betweerflcr) and finite measure

[71] M on[O, L) (the mass distribution of the stripngMoreover, the map k) €

L>°[0, L] — F2()) € L*®[0, 00) is continuous.

Lemma 2.1 and (2.9) allow us to reformulate the inverse problem, Problem 1, in
terms of the spectral function (measure) of the string and thus to obtain itseuniq
solvability. Alternatively, we can draw the same conclusion from the unigggen
studies [12, 26, 55, 65, 77, 79] of the inverse problem of electrical daupee
tomography [9].

2.1 Finite Difference Discretization

In practice, we do not have full knowledge of the n&p()) or, equivalently, of
the measurg”. Instead, we have a finite number of data points or measurements
that can be linear or nonlinear functionals Bf (or its Stielties measurg?).
Examples of such measurement sets include:

(a) The values of-?(1p) are given for someknoncoinciding values,, or,
alternatively, we knowF? (io) and its first X — 1 derivatives ako. These
pieces of information determine the corresponding multipoint or simple
Padé approximants & [7].

1The topology in the space & can be significantly relaxed in this statement. The impedance is
also continuous as a function bf
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(b) The firstk poles and zeros d¥° (1) are given.
(c) The firstk poles and residues & () are given. Equivalently, we know
the truncated measure (TM)

k
(2.10) ug(s) ==Y gH(=s—0)).
p=1

Here we concentrate on the last example, because it is simpler to analyze in
the context of inversion. The other measurement sets will be discusiedig br
Section 7.

Let us consider the following problem:

Problem?2. Find an approximation of (z) for z € [0, 1] that predicts measure-
ments{o,, &p} for 1 < p < k.

In this paper, we propose a finite difference solution of this inverselg@mb
where equation (1.1) is discretized as follows: Consider a staggeredvgtid
primary nodeg; and dual nodeg;, satisfying

(211) zy1 =7z +h;, 2 =2Z_1+h;, wherezz =2 =0andj =1,...,k

LetU; be the numerical approximation ofatz; and discretize (1.1) as

() o (52
h L’ h; I hj_1

—a0jUj =0, j=23,....k
(2.12) 1 U, — U
7[81( 2 1>+1:| —)»0’1U1=0,
hy hy

Uk+1 =0,

whereo; andgo; are algebraic and harmonic averages ain the grid defined by
the equalities

41 dz ~ E

(2.13) Vi = =< =/ —— and 7/] = thj =/ o(2)dz
Zj J(Z) fj,l

(the quantitieg; andy; are introduced for further use).

Similarly to the derivation of (2.7) in the continuum setting, we introduce next
the discrete version of coordinate transformation (2.3),

j
(2.14) Xe1=> n forl<j=<k x =0,
i=1
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for a discrete string with point massggs and piecewise constant, monotone in-
creasing mass distribution

j

(2.15) Mi(x) =% = Z if X e [xj,X41) forl<j <Kk,

Mi(Xk+1) = Mk(Xk+1 —0) = Mk(X).
The equations of motion of the string are derived from (2.12) and (24.3) a

1
(2.16) T =-ADHU=——ey,
Y1
whereU = (U4, ..., Uy)T is the vector of displacementsijs thek x k identity ma-

trix, e is the first vector in the canonical basisR¥, I is the tridiagonal difference

operator (matrix)
1/1 1
S — + SIJ
Vi \ Yi-1
1

(2.17) Fij = + — 6i+1j + — (Si—lj, 1<i < k, 1< ] < k,
Yivi Yivi-1
1 . .
—=—d81+ =92, i=11=<j=<k
Yivi 1y1

ands;; is the Kronecker delta symbol.
It is easy to check that

(2.18) diag7,"%, ..., 7?)r diag(y; %, ..., % %)

is a Jacobi matrix [18], sb has simple, negative elgenvalue «» ordered as
(2.19) O1k < -+ < Okks

and eigenvectors

(2.20) Y00 = (100, Y®0) . 1< <k,

which are orthonormal with respect to the inner product

(2.21) ¢ Z Poapby

for arbitrarya = (ay, ...a)" andb = (b, ...b)" in RX.

Then, the spectral function (measure) of the discrete string is of the form
k
(2.22) ne(s) = — Z EpkH(—s—065))

wheregp k = Y2(0p k).
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The impedance
(2.23) F (L) = Uy
satisfies the following:

LEMMA 2.2 The impedance function’Hs given by

0 du’ K
o Ui () Ep.k
(2.24 O
oo p=1 T Opk
and it can be written explicitly, in terms of parametefsandy;, as
1
(2.25) Fo() = 1
YA+
Y1 1
1+ _ 1
V2 . 1
k-1 R 1
YA+ —
Yk

PROOF. Expand the solutiotd of (2.16) in the basis of the eigenvectorslof
k
Y1(6) k)

2.26 U= CiY (6 whereC; = :
( ) 12:; j ( J,k) j )»+9fk
and take the first component in (2.26) to obtain (2.24). The continuetdinac
representation (2.25) is known in the theory of rational function apprdioms,
and it can be found, for example, in [7, 51, 68]. O

2.2 The Discrete Inverse Problem for the String

Note that the impedandg (1) and the spectral measyrg¢ of a discrete string
are independent af per se, but depend on its primitivgsandy; on the grid, so
we change notation && () ~ F (1) andug ~ uf. Note also that, so far, the
grid and parameteng andy; have been arbitrary, and there are many choices that
one can make. Our approach is to cho@gey;}1<j<k so that the measurements
are satisfied exactly. Explicitly, we ask that

(2.27) ep‘k - ep and Sp,k - ép for p - 1, c ey k,

sopu; is the same as the truncated measure (2.10).
By our choice (2.13) of coefficientg andoj, we have

(2.28) Xj =X(z) and X =%(Z) forj=1 ...,k

so the mass distributioMy(x) of the discrete string is a piecewise constant ap-
proximation of the continuouM (x). In fact, since (2.15) is just a particular case
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of mass distributions of the regular strings considered by Kac and Kr&]n 4
satisfies the following counterpart of Lemma 2.1

LEmmA 2.3 (Kac and Krein [51]; Stieljes [76])There is a bijection between
piecewise constant, monotone increasing mass distributions taking on &syalu
as Mc(x), and impedance functions

O duf(s) <~ &
2.29 FFoy= [ 2o P
(2.29) () /_Oo r—s Zk+02
p=1 p
with positive residue$, and distinct, negative poleseg forp=1,...,k.

The inverse problem of calculatingy from p} is as follows:

Problem3. Find parameterg; andy;, for j =1, ..., k, given the discrete spectral
measure (2.10).

Remark2.4. Problem 3 is equivalent to the inverse eigenvalue problem for tridiago-
nal matrixI" or the Jacobi inverse eigenvalue problem [8, 18, 44]. It can bedolve
numerically, for example, with Lanczos’s method [18, 78] or Stieljes’s method
(68, 76].

3 The Optimal Finite Difference Grid

In the forward problemg (2) is known and, after solving Problem 3 to obtain
parametergy;, ¥j}j=1 and, consequently, discrete coordinate transformatipns
andx;, given by (2.14) and (2.15), we can determine the grid points as follows:

Algorithm1. FindZ; andz, from equations (recall (2.13))

fij ©ds=3 7, anc [ >
0 il 0o o &7

wherej =1,...,k, =2z =0.
Remark3.1 It follows easily from (2.9), (2.25), and (2.29) that
X1 = F/(0) < F7(0) = L.

Together with the strict positivity of (z), this gives solvability of the algorithm
with respect taz;. The solvability with respect t@ would similarly follow from
the strict positivity ofo (z) and the bound&y < L. The latter is given by Lemma
3.2 in the case of constant coefficientz) = 1. Foro (2) variable, the bound is
verified numerically, but it remains a conjecture at this point. Howeven #v&
were greater thah, we could make Algorithm 1 solvable with respectzZoby
extendingr (z2) = o (1) forz > 1.
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0

FIGURE 3.1. The gridggo. The stars are the primary poirﬁ% and the
dots are the dual poin®.

We denote the grid by
(3.1) Ge ={z,1<i<k+1 andZ, 0<i <k, zz =7 =0},
where the index reminds us that it is obtained for a givet{z) in Algorithm 1.
We callG? an optimal grid, because the finite difference solutiorggrproduces
exactly the measurements in (2.10). Note that, sipce,, ando (z) are positive,
Algorithm 1 generates grid points satisfying
O=z1<2< - <241 =<1,
0=2<Z1 < - <Z.
Before ending this section, let us consider the optimal TM gfidcorrespond-
ing to the problem with homogeneous coefficient= ¢° = 1. This grid is of
importance because we use it in inversion. We calc@gtexplicitly in Appendix

A. In Figure 3.1, we show? for k = 10. Here, we give a number of qualitative
and asymptotic results feio:

LEMMA 3.2 The steps of the TM grid? satisfy the monotonic refinement property
(3.2) M <h® <hY <hd<-.- <hl<h

and their asymptotic behavior, for large k, is given by

24+ 0[k—)t+ 2

ho
] K2 — j2
. V2+ 0k
forl<j<k—-landh = —————=,
(3.3) <j=< H N

co_ 2+ 0Mk+1—j)t+ 7
: mVkZ—(j —1/2)2

Remark3.3. The main convergence result of this work allows us to extend (in
a weak sense) asymptotic formulae (3.3) to gidffscorresponding to general
smooth coefficients (2).

forl<j <k

Remark3.4. Condition (3.2) implies the alternating property for the node§dbf
(3.4) O:’i.?:z(l)<'2(l)<zg<’22<---<ZE<’28<ZE+1.

We experimentally found that this property also holdsgprwith at least smooth
enough variable (z) as well as other measurement sets but have not had a proof
at this point.
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4 Imaging on Optimal Grids

Although the string with mass distributioMly(x) is defined uniquely by the
discrete measure (2.10), in inversion, there is ambiguity in the determination of
o(2). This is because, as it is defined in (2.18),andy; are the primitives of
o(z)~* ando (2) on the grid, respectively, and thus, to fiadz), we must choose
the grid. Typically, sequencés;, o; };>1 reconstructed on arbitrary grids are oscil-
latory (see, e.g., [10]) and additional smoothness constraints (i.e., riegtitan)
ono are needed to achieve convergence. Our objective in this paper isgoidse
that give unconstrained convergence of the solution of the discretsepeoblem,
Problem 2.

Remarlkd.1 It was conjectured in [46] that one of the consequences of Krein's the
ory of oscillating strings is the pointwise convergencé/afix) to M (x) on[0, L).

For the case of sufficiently smoath this hypothesis follows from the main conver-
gence result of this work, so it may appear that we can olatain ./dM/dx and
thus the coordinate transformatisiiz). However, this approach requires artificial
smoothing (regularization) of the sequendg of piecewise constant functions.
Instead, we show next that the optimal grids give the desired coordiaaisfdr-
mation directly, without differentiation.

Let us consider a s& of functions satisfying the following:

Assumptioril. S is a compact set of bounded, positive, and sufficiently smooth
functionso (z) that contains the constant functiel = 1.2

We seek grids
Gc={z,1<i<k+1 andz, 0<i <k, z1=2 =0},
which are essentially independentaofz) € S, ask — oo, so that

4.1)
7 i Zi41 dz i
maxmaxf a(z)dz—Zyj < ek, maxmax/ — =) ¥ < e
1<izk 0eS |Jo 1<i<k 0eS |Jo o(2)

j=1
wherey; andy; are obtained from the truncated spectral measurements (2.10) and
limy_  ex = 0. If such grids exist, we have by (2.13) that the reconstructed con-
ductivitieso; ando; converge to the true (in weak norms).

In [10], we relied on a high-frequency asymptotics argument and thetbimoo
ness of the conductivities in the sgtto introduce an imaging algorithm on grid
G2 that is optimal foro (z) = ¢° = 1. Moreover, we proved that the necessary

j=1

2The compactness & may be with respect to any norm placing it within the class of strings
satisfying Lemma 2.1, but to fix ideas, we can consider the total variadon that arises naturally
in the convergence results of Section 6.

We say that (2) is a sufficiently smooth function if the differential operator in (1.1) hascsal
datatn, &, that converges t60, £9, the spectral data for the referenc® = 1, in the limitn — oo,
as (5.1).
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condition for convergence of the inversion process, on any grid, isthi be
asymptotically close tg:

PROPOSITION4.2 Lety; andy;, for1 < j < k, be obtained from the measure-
ments in(2.10) by solving Problen8. Let 2 andZ’ be the nodes afy. We have,
for any grid (not necessarily optimgivith primary nodes zand dual nodeg; (not
necessarily interlacédwherel < j <k +1and0 <i <Kk, that

va i
max o@dz—=Y 7> -2,
max| [ o Y5 =22
(4.2) i
Zit1 dz 0 . l k
max — >0, -z, i=1,...,k
pes /(; o(2) j_lVJ _‘ i+1 |+1|

Therefore, condition$4.1) can be satisfied only by grids that are asymptotically
close toGy as k— oo.

This proposition is proven in [10] by simply noting that, for the test function
0(z) = 6%2) = 1, formulae (4.2) become equalities. In this paper, we prove
that imaging on a grid that is asymptotically closeddis not only necessary for
convergence but sufficient as well. The inversion algorithm is as follows

Algorithm2. To solve the discrete inverse problem, Problem 2, proceed as follows:

(1) Calculate the grid;? for o° = 1 by solving Problem 3 with data(63)2
andgp for p = 1,...,k. Here,—(67)% and§] are the eigenvalues and
weights, respectively, of the differential operator in (1.1)doe ¢° = 1.

(2) Findy; andy;, for 1 < j <k, by solving Problem 3 with truncated spectral
data—eg andép, p = 1,...,k, of the differential operator in (1.1), with
the unknowny that we wish to find.

(3) Obtain the solution by substitutigf, y, andy into (2.13), i.e., put

7 - _h .
(4.3) oj = i~ and oj=—, 1<j=<k
j Vi

The convergence of Algorithm 2 is stated in Theorem 6.1 and proven tioSec
6. Explicitly, we show that, for setS of smooth enough (2) (see (6.1)), the recon-
structed sequence of conductivities, defined as the piecewise cangtapolation
of point valuess; andoj, j = 1,...,Kk, given by (4.3), has uniformly bounded
total variation. Then, standard compactness results [71, 72] imply the pantwis
convergence of the reconstructed sequence and, by the uniquérsedstion of
the inverse problem, the limit i8(2), the true conductivity in the s&. Finally, the
asymptotic closeness of the optimal grids to the homogeneous medium one, i.e.,

max |z —z'| >0, max[z —Z| -0, ask— oo,
1<j=k 1<j<k

follows as a corollary to Theorem 6.1.
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k=10
10? : .
exact solution
dual points
primary points x
101 AT s
10°
0 0.2 0.4 0.6 0.8 1
z
k=20
10? :
exact solution
dual points  +
primary points x
101 }/M\
10°
0 0.2 0.4 0.6 0.8 1

z

FIGURE 4.1. Inversion for the Gaussian bell
o(2) =1+ 10exg—25(x — 0.5)2],
with TM data on optimal grid§’9, andgJ..

We end this section with the following notes:

Remark4.3. The reference coefficient does not have to be constant. For exam-
ple, one may take any®(z) that is given as a priori information in inversion and
construct the corresponding reference gifdusing Algorithm 1.

4.1 lllustration of the Inversion Approach

In Figure 4.1 we show the inversion result for a Gaussian conductivitfjigyr
using Algorithm 2 with TM data. The recovered coefficients give a gogui@ap
imation ofo (2). In Figure 4.2 we show the inversion of the same data but on the
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equidistant grid. The results are not even remotely close to the true modet. If
substituted the asymptotic expressiorgdffrom Lemma 3.2 into Proposition 4.2,
we would see that the error does not vanistk as co. The equidistant grid does
not give the correct limit for the TM data set. In fact, our numerical expents
show that equidistant grids don’t give the correct limit for any of the mesament
sets mentioned in Section 2.1.

As we can observe from Figure 4.2, coefficientsando; live on different
manifolds; i.e., equidistant grids lead to false anisotropy and, consequently
unbounded variation (as — oo) of the reconstructed function®(z), defined
as some interpolation, say piecewise constant, of the point vajuasdo, for
p=1,...,k. Incontrast, grid;0 guarantees the uniformly bounded total variation
of the reconstructeaX(z), as proven in Section 6, and subsequently, convergence
to the true solution of the inverse problem. In this context, optimal grids can be
considered as an implicit method of total variation regularization.

Finally, we point out that, as is well-known [54], an anisotropic problemh
transformed by a coordinate stretching to an isotropic one, with the same imped-
ance data. As a by-product of our analysis, we obtain that optimal geiderm
implicitly such transformations.

5 Convergence of the Inversion Algorithm for a Special Class
of Exponential Coefficients

The convergence analysis of Algorithm 2, given in Section 6, is basdteon
assumption that, in the asymptotic limit— oo, perturbations\@, = 6, — 62 and
A&y = &, — £Q decay a(1/(n* logn)) andO(1/n%), respectively, for some >
1. Asymptotic expansions &f, andé&,, using various smoothness requirements on
o (2), are well-known [15, 19, 70]. For example,dfiz) € H3([0, 1]), we have
[15, 70]

1
(5.1) Aby =0, —69 = {g%?i: +0(M™%) and A& =& —& =0,
where
1025 (2)
(5.2) QR =0@ 7~

is the Schrddinger potential and

o_(n_1 0y _ 1
53 00 = (n 2) m, y(z6%) = ﬁcos[(n 2) z} ,
and &0 =y(0,00)?=2

are the eigenvalues, eigenfunctions, and weights of the homogen@&ilsmy re-
spectively. Because only zero mean potent@lg) give the desired asymptotic
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k=10
10? : : :
exact solution
dual points
primary points x
10t S * .
+
X x
+ +
+ + ’ X
10° -
101
0 0.2 0.4 0.6 0.8 1
z
k=20
102 T T
exact solution
dual points  +
primary points x
10t R R T S
+ * X * * x %
+ o+ o+ * : x
O < X +
10 T
.
10t
0 0.2 0.4 0.6 0.8 1

z

FIGURE 4.2. Inversion for the Gaussian bell
o(2) =1+ 10exg—25(x — 0.5)2],
with TM data on equidistant grids with 10 and 20 nodes.

behavior of A6, it appears that the analysis in Section 6 applies to a much re-
stricted class of functions(z). However, in case of general, nonzero mean poten-
tials, we can modify Algorithm 2 by replacing the uniform reference cdefiier°

with function

2

(5.4) %z = % (e Qz 4 e—~/52)
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satisfying the initial value problem

d2y/oQ(2)
dz2

Q _
do=0 _, 59(0) = 1,
dz

=Qy/0%2 for0<z<1,
(5.5)

whereQ is a constant obeying the condition
7.[2
4 k)

so that (5.4) remains strictly positive in the unit intergat [0, 1]. Of course, here

Q plays the role of the mean value of Schrddinger’s potential (5.2).

Using (5.4) as the reference coefficient, we obtain the desired decAg,of
and the analysis in Section 6 applies. The remaining question is, What does the
optimal grid for coefficient (5.4) look like? We prove in this section that the igr
the same ag{ in the asymptotic limik — oo, so Algorithm 2 converges after all,
without modifying the reference coefficient fram? to o Q.

(5.6) Q> —

THEOREM 5.1 Let {0-6, Ejé}jzl be the sequence of parameters generated by Al-

gorithm 2, with the TM data set corresponding to the functioR(z). Then,an
satisfy the finite difference discretization of initial value probl&n®),

[ (557

ho

J

(5.7) -Q/o=0 j=23...Kk

1(M)5 0 o1

hy

anda,° are given by

o]

(5.8) 62 = /6262, forj=1,....k

<
k

In the limit k — oo, we have

52 -a%@)| 0.

02— o) >0 and max

(5.9) max i max

1<j<k
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_Finally, letting % Q(z) be the piecewise constant interpolation of point values

o~

{Uan GJQ}lfjfka
_ | j
(5.10) o2 ={5° forze [ijo Z?H), i=1...,k

we have

(5.11) %2 = 022 ask— ocoin L¥[0, 1].

PROOF. Take coefficient (5.4) in (1.1) and rewrite the equation in Schrédinger
form

d’w(2) —
92 — w2 — Qw2 =0 forO<z <1,
(5.12) dw© _ _ ,
dz
w(l) =0,
where

(5.13) w(2) = /022 u(2).

The Schradinger operator in (5.13) has the same eigenfunctions asrtiegéo
neous(Q = 0) one, and, because?(0) = 1, transformation (5.13) gives the same
weights

(5.14) Q =gl

The eigenvalues are shifted as

o 2
(5.15) —(62)? = — (n — %) - Q=-62?-Q forn>1,

and they remain strictly negative due to assumption (5.6).
Now, let us solve Problem 3 with spectral dmﬁ, g,?}lfnfk to find the tridiag-

onal matrixI"® with entries in terms oh andﬁ? forj =1,...,k (recall (2.17)).
Similarly, use shifted dat&?, £Q}1-n« to find the tridiagonal matrix'?, with
entries in terms of;? andy;° for j = 1, ..., k. We denote by

(5.16) 0= (Y(D),....,Y(©®)) and Y°=(Y(©®D),...,Y6Y)
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the matrices of eigenvectors bf andre, respectively, and we recall from Section

2.1 that
20 = diag(ﬁ,...,/ﬁﬁ)yo,
Zazdiag<\/%,...,\/)’/§)y6,

are orthogonal. Thus, in view of (5.14),

(5.17)

(5.18) (2929), =71 &P =) & =1=(2°2"),=h) &
n=1 n=1

and

(5.19) ol =

I

as stated in (5.7).

To obtain the remaining equations in Theorem 5.1, we note that, up to a di-
agonal scalingra andI"? are Jacobi matrices [18], so the unique solution of the
inverse spectral problem is

(5.20) diag(\/)’/‘lQ/ﬁO, o \/ﬁQ/ﬁg)rédiag(,/ﬁg/ﬂQ, ) =

re—qi.
Then, using (2.13), (5.20), and definitions (2.17) of the entrieE,ofve derive,
with straightforward algebra, equations (5.7) and (5.8) (first, compdheagff-
diagonal components, we establish (5.8); then, comparing the diagoesikon
utilizing (5.8), we derive (5.7)).

Now, note that the reconstructed coefﬁciemj% = i/‘jQ /ﬁjQ solve the finite dif-
ference approximation of initial value problem (5.5) on the gifd Lemma 3.2
together with the standard finite difference error analysis [37] shovxg_&'mreg—
ular enough for the convergence of the finite difference solution,dj%., Then

(5.8) and the alternating property (3.4) give convergenchéof O

6 Convergence Analysis for the Discrete Inverse Problem

In this section, we study the convergence of Algorithm 2 for reconstmictin
coefficientss (z) € S that are smooth enough, so that perturbatidtis = 6, — 0,?
andAg, = &, — &0 have the asymptotic behavior
(6.1)

1 1
A6, =0 ( ) and A& =0 (—) for somex > 1 asn — oo.
n*logn n
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It follows from (5.1) that asymptotic behavior (6.1) holds for sufficienttyo®th
o (2) satisfying

. 1
6.2) 9= /0 Q@dz=0,

where Q(z) is the Schrédinger potential (5.2). For simplicity of explanation, we
present the convergence analysis for such coefficie(@s Then, we extend the
result to the general ca$g -~ 0 in Section 6.5.

We have the following convergence result:

THEOREMG6.1 Suppose that coefficiet{z) € S that we wish to find gives spectral
data with perturbations

(6.3) Abn=6h— 60 and A&, =&, — &,

having asymptotic behavi@6.1). Let{sj, 7j}1<j <k be the coefficients generated by
Algorithm2 and definer¥(z), the piecewise constant interpolation of point values
oj andoj for j =1,...,k,

oj forze[zjo,’z‘?), i=1...,k
(6.4) o2 =16 forze 2. ZJ-()+1), i=1....k

o forze[Z),, 1]
As k— oo, a¥(2) converges t@ (z) pointwise and in £[0, 1].

The main steps in the convergence proof are: We begin in Section 6.1 bt rew
ing the finite difference forward problem in first-order system form. Téfermu-
lation introduces R — 1 new parameters

4 1 1 /5,
2p—l == — == — ’
o2
v YoVp /hghg p

1 1 G
/32p = — = .
N \/ hoho, , V op+1

p+1

(6.5)

As we prove in Section 6.3, these parameters satisfy the bounded variétoion

21 gk =
(6.6) ; Iogﬁ—g =3 pX:; logG, — logoyp| + 5 ; logG, — logopia| < C

uniformly with respect tk. The left-hand side in (6.6) is the variation @f(z),
and convergence follows from standard compactness arguments amigheness
of the solution of the inverse problem, Problem 1.

The proof of the bounded variation criterion (6.6) is the most technicalgbar
the paper, and it is based on the method of small perturbations as follovite Wr
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for an arbitrary continuation parametee [0, 1],
(6.7) AG, =rA6, and A& =rA&, n=1...Kk

and letg;, be the entries in the tridiagonal skew-symmetric malfixvith spectral
datad) = 60 + A6 and&) = &) 4 Ag. Obviously, forr = 1, 87 = g, and
forr = 0 we have the unperturbed problem entggs Using a novel perturbation
analysis, we derive in Section 6.3 explicit formulae for perturbathbrmgﬁl[, in
terms of the eigenvalues and eigenvectors of mafixand perturbationdd; =
A6, dr anddg] = A&, dr, respectively. Further, we obtain the uniform bound

2k—1

(6.8) > " |dloggy| < Cdr|

p=1

with a constanC independent ok andr. Then, the magnitudes

(6.9) Iog / d(log ﬂp

satisfy (6.6) uniformly withk.

The novel perturbation analysis introduced in Section 6.3 is based orratdisc
Geffand-Levitan formulation, due to Natterer [67], and reviewed, for coteple
ness, in Section 6.2. We gather all our results and finalize the proof ofr&imes.1
in Section 6.4.

We end this section with a corollary to Theorem 6.1 that establishes the asymp-
totic behavior of optimal grids mentioned in Section 4:

COROLLARY 6.2 The optimal grids corresponding to coefficient&) € S that
give spectral data with asymptotic behav{ér1) satisfy

(6.10) max|zj —Z)| > 0, max |z —Z)| >0 ask— oo.
1=j=k 1=j=k

PrROOF It follows from theL! convergence result of Theorem 6.1, the smooth-
ness ofr, and the regularity of stemf andﬁj0 (Lemma 3.2) that

j j
2 _Wo(@) - 3 _hlo(#) = o

i=1 i=1

uniformly in j. Now, Algorithm 2 and (2.13), forany £ j <k, give

i ¥ j
D 7= f o(@dz=) ho"(X) =) Mo (z) +o.

i=1 i=1 i=1
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From the above equation we obtain

: | »
/ a(z)dz:Zﬁ?ak(zP)—/ o(2)dz
i i=1 0

i Z
3 o () _/ (2 dz+ o(D),
i=1 0

and with the help of the triangle inequality we arrive at

¥a 20 i
/Jo—(z)dz < ‘/la(z)dz—ZﬁPg(z?)
20 0

i i=1

+0(1).

(6.11) 27| mino () <

One of the consequences of Lemma 3.2 is that giifigenerate a sequence of
convergent quadratures with nodgsand Weightsﬁio. These quadratures and the
smoothness and boundedness ) allow us to estimate the first term in the right-
hand side of (6.11) as(1), uniformly in j. Finally, sinceo (2) is strictly positive,
we have

max [z —Z| > 0 ask — oc.
1=j=k

The result

max |z —z)| - 0 ask - oo
1<j=<k

follows similarly from equality

6.1 The First-Order System Formulation

The reduction of second-order differential equation (1.1) to a fid&osystem
is a standard and useful transformation that can be found, for exampl&]. In
the discrete, finite difference setting, the transformation of system (2°16) is

1 1 €1
(6.12) BHZW — VA HIW = — ,
VAyL
where the unknown vector is
(6.13) W = (Wy, Wy, Wa, W, ..., Wh, W),
R o Ui —U; )
6.14) W =5V, W= T forj=1... Kk
‘H is the scaling diagonal matrix
(6.15) H = diag(h?, h?, ..., A2, hY),

3Equations (6.12) can be verified directly by using (2.12).
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and
0 f 0 . 0
B O : :
(6.16) B = 0o . Bokz 0
3 —Bok-2 0 B
0 ... 0 —Pua O

is the tridiagonal, skew-symmetric matrix with entries (6.5).
The skew-symmetric matriB has purely imaginary eigenvalues and orthonor-
mal eigenvectors

(6.17) &= 02T,
given in terms of the eigenvectors Bfas follows:

LEMMA 6.3 The eigenvalues of B are given #yo);, Where—ej2 are the eigenval-
ues ofl" for 1 < j < k. Consider then the orthonormal vectors

(6.18) () = diag(?ll/z, o ﬁj/z) Y)
and
(6.19) ) = diag(yll/z, L ykl/z) Y©),

whereY (6)) are eigenvectors df and whereY (6,) = (Ya(6)), .. ., Y(6)))" satis-

fies

Yp+1(65) — Yp(6))
0 vp

The eigenvectors of B are given by

(6.20) \?p(ej) = , 1<p<k

1 o o~
7 (m6)), £ 7206, . ... m(b), £ 77k(9k))T-
Lemma 6.3 is proven in Appendix B.
Finally, let us note that, since spectral dgta £; }1- j <k determines uniquely the
tridiagonal matrixI", it also determines uniquely matrB, with entriesg; given
by (6.5).

(6.21) £(£6)) =

6.2 The Discrete Gefand-Levitan Formulation for the
Skew-Symmetric, First-Order System of Equations
We base our perturbation analysis for estimating (6.8) on a discret@el
Levitan formulation, shown here as derived by Natterer in [67]. Letarsider
the “reference” matriXB" for an arbitrary but fixed < [0, 1], and define the lower
triangular, transmutation matri@ satisfying

(6.22) EGB=EBG, €eG=¢,
1 1
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whereE = | — exe),. The fact that such a matri® is uniquely determined by
(6.22) follows easily from the Lanczos process, which considerstiequgs.22)

row by row. Indeed, Iettintg;jT be thej th row of G, we have

g1 = €y,

B19: = Bo1 = ey,

r r /3% ,31,32
— = B = — —
,5191 ,3293 02 ,35 € ,35

e, andsoon
Clearly, if B = B", thenG = 1.

Next, consider the initial value problem
(6.23) EBp(A) =irEh(L), el¢p(n) =1

One easily shows, with the same method as above, that (6.23) has a unigios so
¢ (). Note in particular that, fok = +6;,

& (x0) 2
6.24 +6;) = = | 16,),

and (6.23) holds even foE replaced by the identity matrix. For the reference
matrix, we have

(6.25) EB'¢' (1) =irE¢' (L), e[¢' (M) =1,
and, using (6.22), we obtain
(6.26) ¢ (+6) = Gp(£6), 1<| <k

We write (6.26) in matrix form as

|2 _ _ _ -
(627) (Dr = Gq) = GZP’ P = ﬁ d|ag(€:1 1/25 gl 1/2’ ey é:k 1/25 gk 1/2)’

whereZ is the orthonormal matrix of eigenvectors Bf

® = ($(61), p(—00), ..., p(—0) = ZP,
O = (¢"(01), ¢ (=00, ..., ' (=0) .

Then, letting

(6.28) F=0'P1=GzZ,
we have

(6.29) FF*=GG".

Finally, equations (6.28) and (6.22) give
(6.30) EBF=EB GZ=EGBZ=IiEGZO =iEF®O,
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where
(6.31) O = diag®y, —04, ..., O, —6).

Remark6.4. The discrete Gé#and-Levitan inversion method proceeds as follows:
Start with a known reference matrB for somer < [0, 1]. (The usual choice is
BY, the matrix corresponding to the constant coefficight= 1.) Determined’
andF = ®"P~1! from spectral datajr andé;‘jr for 1 < j < k. Then calculatés
from (6.29) by a Cholesky factorization and obt&rrom (6.22).

6.3 The Perturbation Analysis

Consider small perturbatior®, = A6, dr andd&, = A&, dr of the spectral
data of reference matri®" and take the linearization of the Gahd-Levitan equa-
tions in Section 6.2 arounB". Throughout this section, we denote the perturbed
quantities by a tilde ). We write in short

(6.32) ©=0+dO, P=P +dP, Z=2Z +dz

and, using (6.32) in (6.30), we have

(6.33) EB' dF=IiEZ'dO +iEdFO",

because&s" = I*and F' = Z". Now multiply (6.33) byZ"" on the right and note
that, since®" Z"" = —iZ" B', the differential form

(6.34) dv =dF z"

satisfies

(6.35) EB dV—EdV B =iEZ'dOZ",

(6.36) eldV=eldF Z"" = (dx1,dx1, ..., dx dyx) Z",

whered; is the differential of

(6.37) X = Ga(£6) = \/ nh _ J

"
23518

forl<j <k
> orl=]=

Similarly, differentiating (6.22), we have
(6.38) EdB+EJdGE =EB dG, edG=0".
Finally, differentiating (6.29) and recalling tht = Z", we obtain
(6.39) dF Z" + Z'dF* =dV +dV* =dG + dG".
Equations (6.38) and (6.39) allow us to obtain the relative perturbationgof th

entriesp; of the matrixB'. Indeed, taking thg, j + 1 component in (6.38), we
get

d—ﬁjr
A

and we prove next the following result:

(6.40) =dGj11j41 — dGjj = dVjyaj1 — dVj,
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LEMMA 6.5 Assume thai\d, and A&, and therefore d, and d,, have asymp-
totic behavior(6.1). Then, the linearized perturbationslofy 8/ satisfy

(6.41) > ﬁ—r‘ < Cldr|,
j=1 | "I

where C is independent of k and r is a positive constant.

Because of linearity, we prove (6.41) by examining separately the affect
the small perturbations of the eigenvalues and of the weights, respectinetye
linearized relative perturbation q?{ forl<j<2k-1.

Perturbation of the Eigenvalues

Assume that only the eigenvalues are perturbed. We get from (6.3%586)
that

(6.42) EB'dV—-EdVE =iEZ'd®Z", edVv=0
and the solution, which we derive in Appendix C, is

k. 20]de; £
Vo ZZW[ o (0])? — \/;Yp(éﬁ )Yp (g )]

qlll

14
if j =2p—1,
k r r ; ; _
(6.43) . oyey o, odey 5o o
qu:lg[@’)Z G oz o) o2 — @2y g P
I£q

+Z ypva )2 if j =2p,

wherey;, andy; are the components in matriX with eigenvalues-(6/)? and
eigenvectory (6),), 1 < n < k. We obtain the following estimate:

LEMMA 6.6 There exists a positive constant C that is independent of k and r such
that

2k—1
(6.44) > |dVijaj41 — dV| < Cldr .

j=1

PrRooOF Recall that
n(0}) = diag (V7. - V7)Y (65).
(0p) = diag (V¥ - /%) Y (6)).

are orthonormal eigenvectors satisfying
(6.46) 1(0) 0 (6]) =7(65) 7)) = 8oi-

(6.45)
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Then, (6.43) gives

k
(6.47) Y |dVop-12pa| <
p:l

K& 2001deyl & L [E o
>0 RG] 3 [np@ 2 e )np(eq)q ,

q:l |=1 p:l
I £

and, from (6.46) and the Cauchy-Schwartz inequality, we have

k k
(6.48) Z |dVap_12p-1] < Z ’d% | F(a),

p=1 a=1

where

k r
glf) 20}
F@ = (1+ g)__ %
2 \"g) - e
I#q
Now note that, for = 1, gll = § satisfies) /&, = O(1) foralll,g=1,...,k

[15] and that, ag — o0, & = £° + A& = 2+ O(1~2). Then, surely, uniformly for
r €10, 1], & = &° +r Ag satisfiess/ /&4 = O(1), so we can write

Xk: 20;

(6.49) F@) <Cq s

=1 |(5)" = ()]
I#q

for a positive constar®; that is independent d&f andr .

Next, we show that
(6.50) F(q) = O(logq)
and, since by assumpticd@a = Aby dr decays a©(1/(q* logq)) for largeq and
someyx > 1, we obtain

k

(6.51) > ldVep 1.2p-1] < Coldr|
p=1

for yet another positive consta@t that is independent df andr.

Let us then prove (6.50). Since all we care about is the order of magnitfud
F(q), we recall the asymptotic behavior of the eigenvalues and write

F(@) = O[F°(@)],
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where
X 262 X 2q—1
=2y —52——= O[ > ]
@ — |(9g)2 — (697 ~ |l = +q—1)
1#q I#q

Now, expand this upper bound f@°(q) as

fo(q)_o[il(qll +|+:—l>+ Xk: <'1q_|+qll>}

I=1 |=q+1

and use that [13]

j
1 .
> —=0(og ).

to obtain (6.50).
To complete the proof of Lemma 6.6, we show next that

> Vapaol = 3300 — S
dVop 2p| < d@é — ﬁp(ef)
p=1 qzlll=é |(9fr4) B (elr) | p=1
k k
(652) A SCACAICACAL
q=1 p=1
K |dor| &
£y 19% p(05)° < Caldr],

whereCs is a positive constant, independentkadndr, and where

(6.53) ap(0)) = 5B (0])
' q’ = 2 2 :

=V Sa (0)"— (o)

I#q
The first term in the right-hand side of (6.52) is basically the same as (&d@)t
is bounded byO(|dr|) uniformly in k andr. The third term in the right-hand side
of (6.52) is

05 Sz e 99
(6.54) D g 2 Me(0) = 5 = 0ddr])

r
g=1 a4 p=1 gq=1 q
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because of the assumed decayddf. For the second term we use the Cauchy-
Schwartz inequality and the identity

K 2
> a(6r)
p:l

& VEE a0, K
s TLie [(62)” — (6)"][60)” — @?] 7] 2 o e )

K g 4(6r)? -
-y ('z — = F@),

IZ4
to obtain
k k k
(6.56) S [der | 3 [(6n)] [Be(6r)| < 3 la6s |V F .
g=1 p=1 g=1

Now we show thaf(q) = O(1) and, given our assumption of the asymptotic
behavior ofd; for largeq, we obtain the summability of the right-hand side in
(6.55) and thus the desired bound (6.52). Proceeding as beforawsdhat

F@ = Oo[F],

where
k 0\2 k
~ 4(00) 1
Pow=3 ot e o Sl I}
0 6 — (q—l)2 @+1—1)72
Sl -@T G
and since
]
> — =0 uniformlyin j,
m=1
F(q) = O(1) [13]. Inequality (6.52) follows from (6.56). Finally, (6.51) and
(6.52) give (6.44). O

Perturbation of the Weights
Assuming that only the weights are perturbed, we have from (6.35) that

(6.57) EB'dV—-EdVE =0, edV =(dys,dxs,....dx)Z",

where

dx!  1/dpl  de! dy! K
o) () ana T g a
er1 2 gn )71r ! ; a
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The solution of (6.57) is
k

(6.59) dv=>" A% [£(65)¢(6p)" + ¢ (—6p) ¢ (—6p)"] -

r
p=1 Xp

and, using Lemma 6.3, definitions (6.45), and the orthogonality of the eigemse
we have

k dér?\r k dg!
dVop_12p-1= Z |:_ qz - Z Up(glr)z + 2_; ’70(0&)2
q

(6.60) o=t =
- d.{;‘é ror ry2
=35, &7 Hnle)]
g=1 q
and
< [dEL P & £l
dVapzp = ) | [_ qz =y o(0r)" + 2; o ( 3)2}
(6.61) o=t =t
- : %[ gr?r+ﬁ(9r)2]
Spogg Lo TRl
so that
K dEL T "2
(662) dVZpr — dVZp—lZp—l = Z 2—%—r I:r]p(eq) — np(éq) ]
g=1 "
and
X dg; N2~ (a2
(6.63) dVopi12p+1 — dVopop = ; 2—% [ﬁp+1(9q) — ﬂp(Qq) ] .

Finally, recalling (6.46) and the asymptotic behavior (6.1) of the differemia]s
and summing the evident bounds for (6.62) and (6.63) @veve obtain the fol-
lowing:

LEMMA 6.7 There exists a positive constant C such that

2k-1
(6.64) D 1dViyaj1 — dVjj| < Cldr]
j=1
uniformly with k and r.
PROOF Lemma 6.5 follows from (6.40) and Lemmas 6.6 and 6.7. 0

See also [27] for a similar perturbation analysis applied to tridiagonal symmet-
ric matrices.
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6.4 The Convergence Result: Proof of Theorem 6.1

Lemma 6.5 and (6.9) give (6.6), i.e., a uniform bound on the variation of func
tion o¥(2), defined by (6.4). We also have from the identities

(6.65) ny &=1  h)y &g =1

7 1 -0 1
(6.66) op = 22 = =1+O(h)=1+0(—),
' hg 1+HEZE:1AEF> ' k

soo; — o(0) = 1 ask — oo. Butok(0) = oy and, sinces*(z) has uniformly
bounded variationy¥(z) remains uniformly bounded if®, 1].

PROOF. Assume for a proof by contradiction that 4 o in L1[0, 1]. Then
there exist; > 0 and a subsequened suchthafo —o || 101 > €1. By Helly's
selection principle and by compactness of embedding of the space of fusofio
bounded total variation in.([0, 1]) [66, chap. 8, sec. 4; chap. 5, sec. 3], there
exists a subsequence @f, converging pointwise as well as Int[0, 1], to limit
5(2). We again denote this subsequencestfyand note that its convergence in
L1[0, 1] implies M, — M? by virtue of (2.3)—(2.4). Further, by Lemma 2.1,
we haveF" (A) — F%(1). However, by constructiori,:”k(x) — F?(}), and,
by the uniqueness of solution of Problemdl,= o. We have now reached a
contradiction. Since the pointwise convergence can be proved analggthe
proof of Theorem 6.1 is complete. O

6.5 Extension to General, Smooth Coefficients

For simplicity, we have considered above the case of coefficie(as with
corresponding Schrédinger potential with me&@ua= 0. Here we extend the results
to the general cas® # 0. (We requireQ to satisfy condition (5.6).)

As we discussed in Section 5, the spectral data corresponding torredere-
efficiento 9(z), defined by (5.4), for constant potent@l # 0, is given by (5.14)
and (5.15), and, assuming thatz) is sufficiently smooth, we have

o 1 o 1
—09 = —ER=0(—
(6.67) 6h—06, O(nﬂllogn) and &, —§&, O(nd)

for somex > 1 asn — oo.

4The proof of (6.65) is identical to the proof of (5.18).
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Using the same analysis that leads to (6.6), we get
2k—1

o~

B 1 o o
log—£| == log—~ — log —=
2|10 = 20955~
(6.68) - ;H ~
+5 Iogj—% log %“ <C
p=1 Op Op+1

uniformly in k. Then let us define functiopX(z), the piecewise constant interpo-
latior® of point values
(6.69) pi=— and p=-L, j=1...k
O’-Q
j j
By (6.66), 01 — o(0) = 1, and, by Theorem 5.15;° = 1, sopk0) — 1
ask — oo. But p¥ is a function of bounded variation, so it remains uniformly
bounded ir{0, 1]. Then theL.! and pointwise convergence pf(z) to o (2) /o %(2)
follows by the same arguments that we used in Section 6.4.

7 More General Measurement Sets and Optimal Grids

Here we show how imaging on optimal grids can be extended to more gen-
eral measurement sets, e.g., sets (a) and (b) given in Section 2.1. &iirete
measurement set

whereD,, are linear or nonlinear functionals of the impedance function, we refor-
mulate the inverse problem as:

Problem4. Find an approximation af (z) that predicts measuremeri®g (F) for
l<p=<2k

This can be done in a robust way, as explained below, if the data satisfy the
following assumption:

Assumptior. We suppose that:
(1) Dp(F?) is continuous with respect to the spectral data so that small pertur-

bations off, and{, for p = 1, ..., k result in small perturbations in the
measurements.
(2) Conditions
(7.2) Dp(F?) =Dp(F)), p=1,...,2k,

determine uniquely of the form (2.29) with positive residues and
distinct negative poleseg for 1 < p < k. Equivalently, they determine a
discrete Stieltjes measugg given by (2.10).

5The definition is similar to (6.4).
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(3) Forallx € C\ (—o0, 0),
(7.3) kIim F () = F().

All the measurement sets presented in Section 2.1 satisfy Assumption 2. The

convergence rate in (7.3) depends on the data set. For example, theedinea-

sure (TM) measurement set gives a convergence ra@dfk), as follows from
Lemma 2.2 and the asymptotic formulae frandé [15]. Faster (exponential in

k) convergence rates can be achieved with the (Padé) measurement Sdtiga
measurement set is most efficient for the numerical solution of the forpratut

lem [10, 28, 29, 30, 47]. However, in this paper, we consider the TVsorement

set, which, although it gives a slower rate of convergencg/af) to F7 (1), is
simpler to analyze in the context of inversion.

It follows from the uniqueness of the solution of Problem 3 that all measené
sets (7.1) satisfying Assumption 2 determine uniquéfyx). The discrete inverse
problem, in terms oMy, for measurements other than the TM set is solved with a
modified version of Algorithm 2 containing one extra step:

Algorithm 3. A two-stage algorithm of inversion for general measurement sets:

(1) From conditions (7.2), fin&,” (1) and therefore.| . This step is trivial for
the TM set.
(2) Solve Problem 3 using;, as the entry data.

Numerous examples of different optimal grids are given in [10, 28, BP9, 3
47]. They all exhibit the refinement property (3.2), but the asymptotioegient
rates vary significantly from one measurement set to another. In othdswtibe
distribution of the grid points in the interior of the domain depends strongly on the
measurement sé,(F?), as illustrated in Figure 7.1. However, the dependence of
the grid ono is much weaker, as we have seen in this paper, and this plays a key
role in inversion. The imaging algorithm for general measurements is:

Algorithm4. To solve the discrete inverse problem with data (7.1) satisfying As-
sumption 2, proceed as follows:

0 1
* ek ek ex * * 0 ex * * * *
0 1

FIGURE 7.1. Examples of optimal grids in the unit interval, caldath
with the TM measurement set (top figure) and with a simple Rgudé
proximant at. = 0 (bottom figure), respectively, fdr = 10. The stars
are the primary pointg and the dots are the dual poifgs The coeffi-

cientiso%(z) = 1.
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k=10
10° x :
exact solution
dual points  +
primary points x
10t ot
10°
0 0.2 0.4 0.6 0.8 1
z
k=20
102 : :
exact solution
dual points  +
primary points x
101 T
10°
0 0.2 0.4 0.6 0.8 1

4

FIGURE 7.2. Inversion for the Gaussian bell
0(2) = 1+ 10exg—25(x — 0.5)?]

on the optimal grids with 10 and 20 nodes, correspondingdcsitmple
Padé approximant at O.

(1) Calculate a gridj¢ with mesh sizes? = 2° , — 2’ andﬁ? =2-2,
for 1 < j < k by solving Problem 3 with data?p(F"o) = Dp(FQ’O),
p=1....k whereo® =1, h? = y?, andﬁ?:;’/j*)forj =1.....k

(2) Findy; andy; for 1 < j < k, using data (7.1) and matching conditions
(7.2) (recall Problem 3).

(3) Obtain the solution as; = 7} /h° andg; = h?/y;, 1< j <k.

Proposition 4.2 remains valid for Algorithm 4, and as we illustrate in Figure
7.2, the numerical experiments using Algorithm 4 with Padé data show vedy goo
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convergence. We hope that the convergence proof presented iratigs gan be
modified, with some effort, for the measurement sets (a) and (b) in Section 2.1

8 Conclusions

In this paper, we have proven that finite difference solutions of invareetral
problems on optimal grids have uniformly bounded total variation and, &s gwt
they converge pointwise and Lot to the true continuum limit. Thus, we have es-
tablished the link between discrete inversion, such as inverse specioéémis for
Jacobi matrices [18] or resistor network tomography [22, 45, 48] antirmuous
inversion.

The multidimensional problem remains open, but since all the resolution stud-
ies [16, 24, 25, 49, 73] show that the solution is most sensitive to the tisdien
in depth and since our results indicate a weak dependence of the gridsves
expect that our results will be useful in higher dimensions as well. Thenexte
sion to two-dimensional problems seems especially promising due to receitd res
for planar graphs [22, 46, 48] and tldebar approach [53, 65, 74] that can be
considered as two-dimensional counterparts of the Stieltjes arith@kLevitan
methods, respectively.

As a by-product of our analysis, we have obtained novel, explicit geation
formulae for Lanczos recursions arising in inverse spectral problemdaicobi
matrices [18].

Finally, we have obtained a partial answer to a crucial question that ariaeg
practical inversion schemedow to parametrize properly the unknowt{z) that
we wish to reconstru@t Take for a moment the problem of electrical impedance
tomography [3, 4, 9, 17, 26, 50, 79], whereis the unknown electrical conduc-
tivity that we wish to find in the interior of some domain, given simultaneous
measurements of electric currents and voltages at the boundary. AltHoubb-
ory, an isotropier can be recovered uniquely from the Neumann-to-Dirichlet map
[12, 26, 55, 65, 77, 79], the problem is severely ill-posed [3, 4, B), &nd re-
construction methods require some form of regularization in order to cgave a
solution [33, 52, 64, 69].

However, regularization often relies on prior assumptions @), and it can
create undesired artifacts in the resulting images. It is therefore dedioedoleid
artificial penalties that we impose on the solution for the sake of achieving con
vergence by means of proper parametrizations (discretizations) of kinewno.
This natural idea has been considered in the distinguishability studies41852
49, 73], which rely on the presumably known noise level in the data in doder
characterize the distinguishable perturbations ifrom an a priori guess profile
o%. A complete characterization of the distinguishable perturbations is notrknow
in general, but there exist distinguishability bounds [24, 25, 41, 49yf&jh show
that the resolution limits decrease dramatically deep down in the interior of the do-
main.
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The critical issue is therefore how to parametrize the unknown profile gtinde
as we move away from the boundary. Adaptive discretizatioasasf distinguisha-
bility grids have been used in [17, 75] (and the references within), andhhve
helped to improve the quality of the reconstructed images. However, distiraguis
bility grids are constructed with a linearization, heuristic approach, andatgo
answers to the question of optimal parametrizatiow dfave yet to be found in
general, although there are some new, promising results in this directioBgp9,
that are reminiscent of stability studies of the electrical impedance tomography
problem [2, 60].

In this paper, we have shown that optimal parametrizatiors cdin be found
and justified rigorously in the finite difference setting, at least in the casmyof
ered media, as is commonly assumed in geophysical exploration. The practically
important conclusion is that the parametrization depends strongly on therm@easu
ment method (the data) but is rather insensitive to regular perturbatiens of

Appendix A: The TM Optimal Grid
for the Constant Coefficiente? = 1

For simplicity of notation, let us denote by;, j = 1,..., 2k, all the grid
spacings whereb-lzp = h andHyp_1 = h The elgenvalues oB? areiiejo,
Where9O =n(j— 2) and the weights are 2 fgr=1, ..., k. We extract from [34,

4.1] the expression
op_ =) o :
2
Owing to the equality

we have the recurrence

" 1 g H - 1<j<N-1
1= =, = Ci<N-1
Zlgzl S[(J) N . H] (,HJO)Z

which gives

B0 p0\ 2

) Ho fi=1 (mod2,

H = 1B 53
1= ﬂO ﬂ B 2 L
] 21 —4""P2 . P
(ﬂJ 1A ﬂa) (F9)2H, if j=0 (mod 2.

Noting that, in view of (A.1),

2
£, |

i
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with
4— L 1— (=12
- (jfl)Z l_ (N)
and that
1 B 12N
BH2H;  w2A(N2-1)
we have
(A.2) Hj=AB, 1<j<N,
with
[] a. j=1 (mod 2,
| 25Isjfdl
=0 (mod 2
(A-3) Al =112
T
3<l<j-1
I=1 (mod 2
and
1 .
N 1_[ br N, j=1 (mod 2,
2<l<j-1
NP [[ b j=0 (mod2

3<l<j-1
I=1 (mod 2

(empty products are assumed to be 1 according to the definition).

In what follows,I" denotes th& -function (see [1, chap. 67 (2) = (z— 1))
and!! denotes the double factorial

=TI
1<i<j

i=] (mod2
LEMMA A.1 We have the representation

(A.5) B = % : <%) : (N_2j+1> 1<j=<N.

N—j+2 N+j+1)’
r(E)r (M)

ProOOFE Foraneven > 4, using (A.4) and

. 2ir (i + 1
(A.6) @i=2j and @j - =2 U*+3)
s
(see [38, 8.339.2]), we obtain
N (N—j+D(N+j-1
B =
FTNZ- [l (N= DN+ )

3<j=<j-1 =12
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N
NZ -1
(N=J+2)(N=j+4d---(N=2)x (N+2)(N+4---(N+ ] —2)
(N—jJ+D(IN=j+3---(N=3JHx(N+IH(N+5)---(N+j—1)
N+ —2N(N— | — D
 (N=DIN+j -1
. _ o . L
PLE N+21—2! 271[‘(—“_2”1) T2

N_] — " N+j i 1’
2~ . N=i, 27[‘(%) T2

2

which coincides with the right-hand side of (A.5). For an gdg 3, using (A.4)
and (A.6), we deduce

I (N-jJ+DIN+j -1

B = : .
. (N= DN+ )

2<j<j-1 j=0(2)

Zlr Z|»

(N—j+2(N—j+4- (N-D)x (N+D(N+3)---(N+j—2)
(N—j+D(N—j+3)- (N-2 x (N+2(N+4)---(N+ | — 1)
(N+j—2UN=—j—1!
T O(N= DN+ -

N+j-1 N+ j _1 N—ij—1 -
221"‘(7712 221 _N—Zj—l!

= Nl i 1 N+j—1,°
2 2 F(—N 21+2>7T 3 ZT-JFTJ!

which again equals the right-hand side of (A.5). The partial cases o}, (#ith
j =1, 2, are verified directly with the use of identity

(A.7) 'z+1) =zl'(2).

LEMMA A.2 The representation

@i -p2a2 r(h)°

(A8) AJ 72 : F(])Z’

=1
holds.

ProoOF. We shall exploit (A.6) and the equality

(- D22j+1
T j22i -3

For an even > 4, we have
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12 12 (i —D%2j+1
J w2 3<j11—1 ! m? 3<jl:!_l 12(21 - 3)
=12 =102

127 —217P2j -1 42j -1 [2'7 - 1A
72 [ (j — DN R _G-DU_
a@2j ~ p2-* (1)
m? [(j — DN
which gives the right-hand side of (A.8). For an odd 3, using

o (o4 B) - 2022

22z
(see[1, (6.1.18)]), we derive

_ o G-+
v= Al a= Il Tei—s -

2<j<j-1 2<j<j-1
=02 =002

2
o (j=2)!
[(j —2)1!}2 . @-D L‘za.%z} _2j-1 |:(J' —2)!}2_

. 2] -1 = — 5 = 1
(J—! <2L%;' 171!) 22j-4 15_!15_!

2
2j -1 rqg-yv _2j-1 rg-71
2+ | ¢ (E) r (1_+1) T 24| 2/A0G-D | 2/A0()

7T\ 2in(D) " 2r()
This is also identical to the right-hand side of (A.8).
Cases] = 1, 2 are checked separately. Hoe 1, we use that ([1, (6.1.8)])

(A9) r(%)::¢%.

In what follows, we use Stirling’s formula

(A.10) T'(2) ~

1 1 139 571
e 27 1\/2n (1+—+ )

122 T 2882 ~ 51840F  248832& |
(see[1, (6.1.37)]) and the formula

I'(z+3) 1 1 5 21
A.11 — 2~ /71— = — e
(A1) r'(2) */_( 8z " 1282 " 10248  32768° | )
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[39, answer to problem 9.60]. Itis shown in [38, (8.327)] that fored amd positive

z, the remainder in the series in (A.10) is less than twice the first term thrown
away. Since (A.11) may be deduced from (A.10), an analogous estimaaéds v
for (A.11).

PROPOSITIONA.3 Steps H satisfy the asymptotic relation

2+O[N=D*+j7?

(A.12) VNE=
: B i
Hy = =+O(N )'
N

PrOOF. Because of (A.2), we can obtain (A.12) by considering separately the
asymptotic behavior oA; andB;.

As j — oo, Stirling’s formula (A.10) applied to (A.8) implies

s [VEI(D) ]
A ~ .

j

2 N2 -
T < Zn%jle—l> T
Since
2j—1 3
TR T A
we have
4 5 .
(A.13) Al =—+0(j7) asj— oo
T

It follows from (A.5) and (A.11), forj = 1,..., N — 1, that

= ) el [ o)
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Finally, for ] = N, using (A.5), (A.9), and (A.11), we have

1 _TNCG) U7
A.15 By =< 1+ O (N77)|.
(A.15) NT2 F(N+%)F(1) 2N [1+O(N7)]
Now, (A.12) is clear in view of (A.13), (A.14), and (A.15). g

COROLLARY A.4 Given0 < u < v < 1, in the interval family W/'N < j <uN,

we have
2 +O(NT)

H; =
uniformly in j as N— +o0.
PROPOSITIONA.5 Steps Hform a monotonically increasing sequence,

Hi < Hz <--- < Hyo1 < Hw.

ProOF. Because of (A.2), itis sufficient to demonstrate that sequeAcesnd
B; are monotonically increasing.
First, we have

B T()r() /r(8)r()
B - r <N+21+2> r ( 21+1) /F (N+21+1> r (N—2j+2)
F(N+2j+1>2 .F(NTfj)F(NfszrZ)
r (M) r (%) r (N—2j+1>2

N 122
_1—[1 (+J+l+J) > 1,
T (NZj+142))2

where we used the infinite product decomposition [38, 8.325.1]

T(@)T(B) *“[( y )( y )]
= 1 - 1-—-— ,
rarrg = ~ LT e B ]

j=0

with o = g andy = %
Second, (A.8) and (A.7) give
(j+1)4 J
A (2] + 14+t T2 2] +1 T (T) I'(j)?
A r(1)° - 21—1 4 T(j +1)2

(ZJ - 1)4 F(])Z (
j+1
42j+1) 5
NI [ }

I\)I‘—

NI‘—
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Then, using (A.11) and manipulating power seriesp dives

A 2j+1 11 5 a1
=——|1-—+4+—+-—-=+0
A 2j—1[ 2 T3 tgs TOUT)
1
=1 A O j 4 .
+ e +0(™)
which is greater than 1 fgr exceeding some constant. For smaller valuejs tiat
Aj;1/A; > 1 follows by direct computation. O

Appendix B: Proof of Lemma 6.3
First, we prove that the two first and the two last components of eigengector
do not vanish. Writing explicitly the equatidB¢ = i6¢, we have
P12 =104,

—PB181 + Batz =160,
(B.1)

—Bok—18k—1 = 10C.
Note that? # 0; otherwise; = 0. Now, suppose that, = O for at least one of the
indicesp =1, 2, X — 1, or k. Sinceg; # Oforall1< j <2k — 1, we obtain
from (B.1) that¢ = 0, which is a contradiction.
Next, let us denote by

(BZ) n= ({1’ §3’ DRI {2kfl)T and /77\ = (CZv §4’ ey §2k)T

the vectors of odd and even components in eigenvector (6.17), reshectBy
direct calculation, we have

where
(B.4) T = diag(ﬁll/z, o 7;/2) I diag <?1—1/2, L 7/?1/2)

is a symmetric, negative definite, tridiagonal matrix, as explained in Section 2.1,
and similarly,

(B.5) 7 = diag <y11/2’ o Vk1/2> T diag <y1—1/2, o yk—l/z)
with
Ij =
(B.6) {_71' (71' n %) 8+ 28iia+ sy 1si<k 1<j<k
S A Y i=k 1<j<k

is the matrix corresponding to the discretization of the problem dual to (1ith), w
the Dirichlet boundary condition & = 0 and the Neumann boundary condition
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atz = 1, respectively. Then, using equation (B.3), we concludesjratdy are
eigenvectors of and7, respectively, for an eigenvalued?. Sincey andy are
orthonormal, we easily obtain that (6.19) and (6.21) hold. Finally, equabi@®)
is verified by substitution in the dual eigenvalue problem for the matrix

Appendix C: Derivation of Solutions (6.43)

The unique solvability of (6.42) is easily established as follows:M'dbr j =
1,..., 2k be the rows of matrixV that we wish to find. Clearlyy; = 0. Then,
writing equations (6.42) row by row and using thﬁ{it> Oforallj =1,...,2k-1
allows us to determine uniquely all the rowsd) .

Next, we decompose the solution of (6.42) as
(C.1) dV =dW+dV; +dV,,
where the matriced V, d Vi, andd V; satisfy

(C.2) B'd\Vp—dVp B =iZ"d® Z" +igb,

(C.3) £ (07)" dVo g (6) = £(—67) dVot(—67) =0 forp=1,....k
(C.4) EB'dV,—EdWB =0, eldVi=—eldW,

and

(C5) EBdV%,—-EdW\LB' =—igb*, edVkL=0,

respectively, for a fixed indek satisfying 1< j < 2k and a vector

" [C32008) + Gt ()]

(C.6)

o
I

to be determined. It follows easily from (C.5) that the fijstows ofdV; are
identically zero, so we calculate explicitly jugVp);; + (dVh)j;.

To find d Vp, we multiply (C.2) to the left and right b¥"" andZ", respectively,
and, sinceB" =iZ'®" Z"", we have

(C.7) O Z2"dV%Z" — Z"dW 2’0" =de + Z"eb*Z".

Clearly, the diagonal entries in the left-hand side of (C.7) vanish so that
(C.8) (dO)an + (Z"gb*Z")in=0 forn=1,...,2k,

and, using (C.6), we find that

L b d
(C.9) Cl= . Cy = —.
g (05) & (—65)
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Next, we substitute (C.9) in (C.6) and rewrite (C.7) as
(C.10) ©'Z"dVZ —Z"dWwZ'e" =

. K o * o *
G(0p) & (=)

p=1
In light of condition (C.3), one has that
k k
dVo =Y [cire(er)e(6h)" + g e (~ef)e (~6h)]
1
(C.11) q
k
> [eten)e(-05)" + 6t s (—a)e(6:)']
where the coefficients
(C.12) Cq- = ¢(6)" dVo ¢ (£65)

are obtained from (C.10) as follows: To g:—;if, multiply (C.10) to the left and
right by e, ; andey,_1, respectively, and obtain

. dog [ ¢(6r)
C.13 T =07 dVpe(0') = g A,
( ) CIq C(I) 0;( Q) 9(5_9|r<§j(9{1))

Similarly, we find all the other coefficients in (C.12) and (C.11), which gives

K &, dey SIGS) .
o33 | (G e

%
q=1|7=éé|i -
§i (_elr) o\ s (AT \*
- (q(—ea)>c( s Qq)}

(C.14)
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Next, we observe that the solution of (C.4) is of the form
k

(C.15) dVi=) " [c5e(65)¢(05)" +cq¢(—0g)8(—08)"]
q=1
where the coefficientsg andcg are found from the initial conditions

k

(C16)  e[dVi= ) [ciaa(6g)5(05)" +cqza(—05)¢(65)"] = —€ dVo.
g=1

Using (C.14) and (C.16), we find

k r
g oy | (6@, o,
=Y > %elr _qea {(‘ ' )i(eq)i(eq)

5 (0)

(C.17)

e

q

ey e {(“F(;?';))uea);(ea)*

Finally, we sum thejj components in (C.14) and (C.17) and, using Lemma 6.3,
we obtain formula (6.43). O
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