1 Dynamical Systems

Given A € R™" and a function f : [0,00) — R”, we are interested in the solution of the

dynamical system

2 (t) = Az(t) + f(¢), t >0,
z(0) = xo.

The solution of the scalar differential equation

780"

<

—

~

S~—
I

A(t) +(), >0,

is given by
t
£(t) = eMé +/ ATy (7)dr
0

A similar expression holds for the solution of the dynamical system (1).
The scalar exponential function is given by

| >~

=3
k=0

We can define the matrix exponential of a square matrix A € R™*" as follows.

— 1
exp(A) = Z HA’“.
k=0

Note that the matrix exponential is a matrix, exp(A) € R™"*"!
If we define the matrix valued function

= 1
t— E(t) = exp(At) = Zk—
k=0

then one can show that
E’(t) =AE(t)=E@)A

and

(1a)
(I1b)
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In fact,

dt dt k! k!
k=0 k=1
= i I T i Sy
(k—1)! k!
k=1 k=0
= AE(t).

(Note that in the first equality above the order of summation and differentiation can be switched
because the series converges uniformly.) Hence, the solution of the dynamical system (1) with
f = 01is given by

x(t) = E(t)xg = exp(At)xo.

One can show that the solution of the dynamical system (1) is given by

x(t) = exp(At)zg + /0 exp(A(t — 7)) f(r)dr.

In MATLAB the matrix exponential can be computed using expm. Note that the MATLAB
command exp (A) returns a matrix in which the scalar exponential is applied to each entry of A.
This is not the matrix exponential of A.

> A = [1 0; 0 2]
A:

1 0

0 2

>> expm (A)

ans =
2.7183 0
0 7.3891

>> exp (A)

ans =
2.7183 1.0000
1.0000 7.3891

If
(MO
= 3)
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is a diagonal matrix, then
=lo

L0 o, m 0 (M0
eXp<A>_ZH<0 )\’5>_< 0 Y, i) T o en)

k=0

and

The matrix exponential of a diagonal matrix is a diagonal matrix. If one computes exp (A),
MATLAB just computes the (scalar) exponential of each entry, which explains the ones in the off-
diagonals in the result of exp (A) above.

We will return to the solution of dynamical systems and the matrix exponential in the following
sections, where we use the so-called diagonalization of the matrix A to gain more insight into the
structure of the solution dynamical systems.
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2 Overview of Eigenvectors and Eigenvalues

Let A be a square n x n matrix. We are interested in non-zero vectors v such that Av is a multiple
of v, that is
Av = v, 2)

for some scalar \. A scalar A and non-zero vector v that satisfy (2) are called an eigenvalue (of A)
and eigenvector (of A), respectively.

Why are we interested in eigenvalues and eigenvectors? If A and v are an eigenvalue and
corresponding eigenvector of A, then

A%y = A(Av) = Av) = v\%
More generally, for any positive integer £k,
AFy = vAF,

This implies, for example,
(oo} 1 oo
exp(At)v Z k:_ Z Nethy = M.
k=0 k=

Thus, if the initial data xy = v in the dynamical system (1) with f = 0 is an eigenvector of A with
eigenvalue )\, then the solution is

z(t) = exp(At)v = eMv.

We can read off the behavior of the solution immediately. For example, if the eigenvalue is a
negative real number, then z(t) = e*v — 0 as t — co. We will return to dynamical systems later
and also study other examples where the knowledge of eigenvalues and eigenvectors of A allow us
to study properties of the solution of linear systems, dynamical systems, difference equations, and
quadratic optimization problems. First we need to learn more about eigenvalues and eigenvectors
of a square matrix A.

Does any square matrix have eigenvalues and eigenvectors? There exists a non-zero vector v
such that (2) holds if and only if AT — A has a non-trivial nullspace, N'(A\ — A) # {0}, i.e., if and
only if A\ — A is not invertible (A/ — A is singular).

(3

Applying Gaussian elimination to A/ — A gives

A—1 -2 A—1 —9
”_‘4:(—2 )\—4)_>( 0 >\—4—ﬁ)’
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The matrix A/ — A is singular if and only if

(A= 1) ()\—4—ﬁ) A= D(A—4)—4=)2—5r=0.

We call the product of the diagonal entries of its row-reduced form of \I — A the determinant ' of
Al — A and we denote the determinant by det(A/ — A). In this example,

det(A — A) = A\? — 5.

We have shown that ) is an eigenvalue of A if and only if det(A] — A) = 0. Note that for an n x n
matrix A, the determinant det(\/ — A) is a polynomial of degree n in A. This polynomial is called
the characteristic polynomial of A and often denoted by pa(\) = det(Al — A). In our example
det(M — A) = A\? =5 =0 ifand only if \ = 0 or A = 5. Thus A = 0 and A = 5 are eigenvalues
of A.

The MATLAB function poly can be used to compute the coefficients of the characteristic
polynomial of A and roots can be used to compute the roots of the characteristic polynomial

> A =[12; 2 4 ]
A:

1 2

2 4

>>

The eigenvectors corresponding to A = 0 and A = 5 can be computed by finding a basis for

N = A).

'Our definition of the determinant may differ from the definitions of the determinant you will find in books by a
factor of —1. Since we are interested in scalars A for which det(A — A) = 0, this factor is not important in our
context.
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For A = 0 we find that

M= A= (:; :Z) - <‘01 _02) — {(_12)} is a basis for N'(A\I — A).

Hence, v = (—2,1)7 is an eigenvector corresponding to the eigenvalue A = 0. (Note v =
a(—2,1)T for any nonzero scalar « is also an eigenvector.)
For A = 5 we find that

M — A= (_42 _12) — (3 _02> — {(1{2>} is a basis for N'(AI — A).

Hence, v = (1/2,1)7 is an eigenvector corresponding to the eigenvalue \ = 5. o

O

Applying Gaussian elimination to A/ — A gives
A =1 _ A -1
1A 0 A+1/)°

det(A — A) = \? + 1.

The eigenvalues of A are the roots of p4(\) = det(A\ — A) = A\? + 1. There are two roots of this
polynomial, but they are complex. For this matrix the eigenvalues are the complex numbers

Example 2 Let

In this example,

A=1¢ and \= —i.

The corresponding eigenvectors can be computed by finding a basis for A'(AI — A). This is done
using Gaussian elimination, but we now have to work with complex valued matrix entries, rather
than real numbers.

For A = 7 we find that

M —A= (Z _.1) — (Z _1) (multiply row 1 by i and add result to row 2)

()}

is a basis for A'(i/ — A). The vector v = (—, 1) is an eigenvector corresponding to the eigenvalue
A =1

Hence
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For A\ = —i we find that

-1 —1

/\I—A:<1 ~

) _ <—z —O 1) (multiply row 1 by 7 and subtract result from row 2)

()}

is a basis for N'(—iI — A). The vector v = (i,1)7 is an eigenvector corresponding to the eigenvalue
A= —1i. o

Hence

Example 3 Let

Since \
-1 -1
AI—A( A 1)
det(A\] — A) = (A — 1)2.

The eigenvalues of A are the roots of p4(\) = det(A\ — A) = (A — 1)2. The characteristic
polynomial has a double root A = 1. We say that A\ = 1 is an eigenvalue with algebraic multiplicity
2. When we count (list) eigenvalues, we count (list) A = 1 twice.

The corresponding eigenvectors for A = 1 are computed by finding a basis for N'(AI — A). We

find that
I—-A= (8 _01> — {(é)} is a basis for V(I — A) .

Note that the dimension of A(I — A) is only one. The dimension of N'(AI — A) is called the
geometric multiplicity of A. In this example, A = 1 has algebraic multiplicity 2, but geometric
multiplicity 1. (We will show later that the geometric multiplicity of an eigenvalue is always less
than or equal to its algebraic multiplicity.)

we find that

In this example, the vector v = (1,0)7 is an eigenvector corresponding to the eigenvalue
A = 1. All other eigenvectors are nonzero multiples of v = (1,0)7, i.e., are linearly dependent
from v = (1,0)7. o

To compute eigenvalues and corresponding eigenvectors for a square matrix A € R™" we
have to perform the following steps

1. Compute the determinant det(A] — A). That is compute the row reduced form of \/ — A.
The determinant det(A] — A) is equal to the product of the diagonals in the row reduced
form.
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2. The determinant det(A] — A) is a polynomial of degree n in A. The eigenvalues are the roots
of this polynomial. Since any polynomial of degree n has exactly n roots (including multi-
plicities; some of the roots may be complex), any n x n matrix A has exactly n eigenvalues
(including multiplicities). Even if the matrix is real, it may have complex eigenvalues.

3. For each of the (distinct) eigenvalues A\ of A, compute a basis for N(A\ — A). Any basis
vector of V(A — A) is an eigenvector corresponding to the eigenvalue .

Let A1, ..., A, be the eigenvalues of A € R"*" and let vy, ..., v, be corresponding eigenvec-
tors. We have
A’Ul = 'U1/\17 c. ,AUn = 'Un)\n.

If we put these vectors as columns of a matrix, then

(Avy, ..., Av,) = (1A, .., 0 \,)

If we define the matrix
V=(vy,...,v,) €C""

and the diagonal matrix

M
A — .. ) E CTLXTLj
An
then
AV = (Avy, ..., Av,) = (011, ..., 0 A,) = VAL
If the matrix V is invertible, that is if we can find n linearly independent eigenvectors vy, . .., v,
then

A=VAV (3)

If there exists an invertible matrix V" and a diagonal matrix A such that (3) holds, we say that the
matrix A is diagonalizable.

Multiplication by the matrices V and V! transforms back and forth between regular Cartesian
coordinates, and coordinates with respect to the basis of eigenvectors. In the eigenvector coordi-
nates, the transformation A is represented by the diagonal matrix A. This is illustrated in figure
1.

The identity (3) is extremely useful. For example, we can compute

A2 =VAV WAV L= VA2V

and, more generally
AP =VAVTIVAVTL . VAV = VARV L

CAAM 335 Spring 2011 updated May 5, 2011



~
~

Figure 1: Consider the vectors x and Az, shown at left. When x is expressed as a linear combina-
tion x = Z?:1 y;v; of the eigenvectors vy, - - - , vy, 1.€., in matrix form, x = V'y for some vector y,
the vector y is the coordinates of 2 with respect to the basis of eigenvectors. Since A = VAV L,
the vector x transforms to y = V ~!x, while the vector Ax transforms to V 1Az = AV~1Vy = Ay.

Thus, essentially, we can take powers of a diagonalizable matrix by taking powers of the diagonal
matrix, whose diagonal entries are the eigenvalues of the matrix. We will use (3) to the study linear
systems, linear least squares problems, as well as properties of solutions to dynamical systems and
differential equations. Unfortunately, as we have seen in Example 3 (see also Example 6 below),
not every square matrix is diagonalizable and we will show that an identity like (3) can be derived
where A is no longer a diagonal matrix, but has nonzero entries on the superdiagonal.

Example 4 Consider the matrix

from Example 1. We have shown that
Y- (0D
LYE0-C kY

Hence,

S—— ~~ 7N ~~ S——
Since V is invertible,

12\ (-2 1/2 0 0 —-2/5 1/5

2 4) \1 1 0 5 2/5 4/5)"°

—_—— ———— N —

:A :V :A :Vil

<
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Example 5 Consider the matrix
0 1
A= (_1 O).
from Example 2. We have shown that
0 1\ [—u) [—7) . Oli_i(_.)
-1 0)\1)"\1)" -1 0/\1) " \1) 7Y
0 1\ (-2 2\ [—i 1 0
-1 0 1 1) \1 1)J\0 —i)"
—_— N Y

A =V —V  =A

(5 0)- (D6 %)k 12).

Hence,

Since V is invertible,

o
Example 6 Consider the matrix
11
().
from Example 3. We have shown that
11\ /1y _ [1 1 11\ /1y _ [1 1
0 1/\0/ \o/) 7 0 1/\0/) \0O
Hence,
1 1y /1 1 1 1\ /1 0
1) (0 0)=(00) (0 1) @
e e N e N
In this case all eigenvectors are multiples of v = (1,0)”. Hence we cannot find an invertible matrix
V' such that (4) holds. o

In the following lectures we will pursue a more in-depth study eigenvalues and eigenvectors.
In particular we will answer the following questions.

e What can be said about the properties of the eigenvalues and eigenvectors of a matrix. For
example, what matrices have all real eigenvalues?
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e For which classes of matrices can we find n linearly independent eigenvectors, i.e., which
classes of matrices are diagonalizable?

e How can eigenvalues and eigenvectors be used in the study of linear systems, linear least
squares problems, dynamical systems and differential equations?
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3 Eigenvectors and Eigenvalues

Let A be a square n x n matrix. A (possibly complex) scalar A is called an eigenvalue of A if there
exists a non-zero vector v such that
Av = v %)

In this section we prove several properties of eigenvalues and eigenvectors that we already
observed in the examples studied in the previous section. For the first result, revisit Example 2.

Theorem 7 If A is a real n x n matrix and X\ € C is an eigenvalue of A with corresponding
eigenvector v € C", then ) is an eigenvalue of A with corresponding eigenvector v € C™.

Proof: If A\ € C is an eigenvalue of A with corresponding eigenvector v € C™, then
Av = v
Taking the complex conjugate on either side gives
V=0

For complex numbers z; and z, we have z1z; = Z12z5. Therefore,

For the next result, revisit Example 1.

Theorem 8 If A is a real n x n symmetric matrix then all eigenvalues and corresponding eigen-
vectors are real.

Proof: Let A € C be an eigenvalue of A with corresponding eigenvector v € C", i.e, let
Av = v,
Multiplying by v7 from the left gives
o7 Av =7 o) = ||[v]|2),

where
n

loll3 =) lojl® € R.

j=1
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If we consider the conjugates and transpose, we obtain

T T
vl Av = |Jv)2X\.
Since (07 Av)T = (vT Av)T = o7 ATv = vT Av and ||v|2 N o= |v||2 X we obtain
ol Av = ||v||2\.

Hence B
[oll3 X = 7" Av = [Jol3 X,

Since v is a nonzero vector, ||v||2 > 0 and we obtain A = ), which means that \ is a real number.
O

The eigenvalues of A are those scalars \ for which A/ — A is singular and these scalars can be
determined by computing the roots of the characteristic polynomial

pa(N) = det(AI — A).

Since p4(A) is a polynomial of degree n if A is an n x n matrix, and every polynomial of degree n
has exactly n roots (counting multiplicities), every n X n matrix has n eigenvalues. Let A1, ..., \,
be the eigenvalues of A € R"*" and let vy, . .., v, be corresponding eigenvectors. We have

Avi = A, ..., A, = v\,
If we put these vectors as columns of a matrix, then

AV = (Avy, ..., Av,) = (0121, ..., 0 \,) = VAL

where
A
V={(vy,...,0,) €C”" and A= e C™.
An
We are interested in characterizing matrices A for which we can find n linearly independent eigen-
vectors vy, . . ., Uy, SO that the matrix V' is invertible.
Theorem 9 (Eigenvectors corresponding to distinct eigenvalues) Eigenvectors vy, vy, - -« , v, of

A € C™" corresponding to distinct eigenvalues \i, \a, - -+ , A\, (i.e., if j # k, then \; # \). are
linearly independent.
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Proof: Suppose that the eigenvectors vy, v9, - - - , vy are linearly independent for some £ < m,
but that vy, vo, - - - , Uk, V41 are linearly dependent. Then there exist constants cy, ¢, - - - , ¢x not all
zero such that

k
Vg1 = Z C;;. (6)
j=1

Multiplication of the left-hand side of (6) by A yields

!
AV = Aep1Uks1 = Akt E Cjv;,

Jj=1

while multiplication of the right-hand side of (6) by A gives
k k k
A Z CjV; = Z CjAUj = Z Cj)\j’Uj.
j=1 j=1 j=1
Hence \; 4 Z?Zl cjv; = Z?Zl ¢jA\;vj, which implies

cj(/\j - )\k—f—l)vj = 0.

j=1
Since \; # Ay forany j € {1,2,--- , k}, and the coefficents c; are not all zero, we conclude that
vy, Vg, - - - , Uy are linearly dependent, in contradiction to our assumption. Therefore, by induction,
the whole set vy, vo, - - - , v, must be linearly independent. O
Example 10 Consider
200
A=10 1 1
0 20
We compute the row reduced form of A\ — A,
A—2 0 0 A—2 0 0
0 Xx—-1 —-1|— 0 -1 -1
0 -2 A 0 0 Xx—=2/(A=1)

to determine the characteristic polynomial of A,

pa(N) =detOA —A) = A—=2) (A —=DA—=2) = (A —2)(A* =\ —2).
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Hence the eigenvalues are \; = Ay = 2 and A3 = —1.
To compute eigenvectors we compute bases for (2] — A) and N (—1 — A):

1 0
0,1 is a basis for V(2] — A)
0 1
0
—1/2 is a basis for N'(—1 — A).
1

The eigenvectors (1,0,0)7 and (0, —1/2,1)" belonging to the eigenvalues 2 and 0 are linearly
independent and the eigenvectors (0,1,1)7 and (0, —1/2,1)” belonging to the eigenvalues 2 and
0 are linearly independent.

In this case 2 is an eigenvalue with multiplicity two and the dimension of N (2] — A) is two.
We have

2 00 10 0 10 0 2 0 0
011 01 —-1/2] =01 —-1/2 02 0
020 0 1 0 1 0 0 —1
—A -V -V A
and V' is invertible. Hence,
2 00 10 0 20 0 1 0 0
01 1)]=(01 —-1/2 02 0 0 2/3 1/3
020 01 1 0 0 —1 0 —2/3 2/3
~ > ~ —~
o
Example 11 Consider
2 1
A=10 1 1
01
We compute the row reduced form of A\ — A,
A—2 -1 -1 A—2 -1 —1
0 Xx—-1 -1 | — 0 Xx—-1 -1
0 -1 -1 0 0 A—=1-1/(A-1)

to determine the characteristic polynomial of A,

pa(A) =det( A — A) = (A =2)(A =12 —1) = (A — 2)2\.
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Hence the eigenvalues are \; = Ay = 2 and A3 = 0.
To compute eigenvectors we compute bases for V(2 — A) and N (—A):

1
0 is a basis for N'(2] — A)
0
and
0
-1 is a basis for N'(—A).
1

Clearly, the eigenvectors (1,0,0)” and (0,—1,1)7 are linearly independent. Note that in this
example, \; = A\, = 2 is a double eigenvalue of A but that the dimension of A/(2/ — A) is one. In
this case there does not exist an invertible matrix V' with AV = AA, where A = diag(2,2,0). <

A simple consequence of Theorem 9 is that if all n eigenvalues of A € R™*" are distinct (i.e.,
are all simple roots of the characteristic polynomial p4())), then the matrix A has a complete set
of n linearly independent eigenvectors. This is the case in Example 1 (see also Example 4) and in
the following example.

Example 12 Consider the matrix

The row reduced form of A\ — A is given by

A+1 0 0 A+1 0 0 A+1 0 0
M-A)=| -1 x=1 0] 0o rx—10]|=| 0 rx=10
0 -1 A 0 -1 A 0 0 A

Hence
pa(\) = det(M — A) = XA+ 1)(A = 1)

The eigenvalues of A are Ay =0, Ay = 1, A3 = —1.
To compute eigenvectors corresponding to an eigenvalue A; of A, we have to compute the
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null-space N'(\;I — A). We obtain

1 00 0
ol —A=1[ -1 -1 0 :>/\/(OI—A):span{ 0 },
-1 0 1
0 0 0
U—-A=| -1 00 |=N1l-A)= span{ 1 }
0 -1 1 1
0O 0 0 2
(—-D)I-A=[ -1 =2 0 | =N((-1)I-A4A)= span{ -1 }
0 -1 -1 1

Thus, v; = (0,0,1)7 is an eigenvector corresponding to the eigenvalue \; = 0, v, = (0,1,1)7
is an eigenvector corresponding to the eigenvalue A\, = 1, and v3 = (2, —1,1)7 is an eigenvector
corresponding to the eigenvalue A3 = —1.

Note that if v is an eigenvector corresponding to the eigenvalue \, then for any scalar ¢ # 0 the
vector tv is also an eigenvector corresponding to the eigenvalue A. Therefore we often normalize
eigenvectors v such that they satisfy v7v = 1, i.e., given a nonzero vector v € N'(A — A) we
set v = 0/|0]|2, where [|9]], = 4/>_"_; 0;0;. Note that in general eigenvalues are complex and
eigenvectors are vectors in C”, even if the matrix A is real.

If we normalize the previously computed eigenvectors we find that v; = (0,0, 1)7 is an eigen-
vector corresponding to the eigenvalue \; = 0, vy = (0,1,1)7/ /2 is an eigenvector corresponding
to the eigenvalue A\, = 1, and vs = (2, —1,1)7 /1/6 is an eigenvector corresponding to the eigen-
value A3 = —1.

We can compute eigenvalues and corresponding eigenvectors using MATLAB function eig.

>> A =[-100; 110; 01 0]
A:

-1 0 0

1 1 0

0 1 0

>> [V, Lambdal= eig(A)

v:
0 0 0.8165
0 0.7071 -0.4082
1.0000 0.7071 0.4082
Lambda =
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0 0 0
0 1 0
0 0 -1

In this example, [V, Lambda]= eig (A) returns a3 x 3 matrix V" and 3 X 3 diagonal matrix
A such that the diagonal entries in A are the eigenvalues A\; = 0, Ay = 1, A\3 = —1 of A and the
columns of V" are the corresponding normalized eigenvectors v; = (0,0,1)7, v, = (0,1,1)7/V/2,
vz = (2,—1,1)7/V/6.

The eigenvalues - eigenvector relationships give

10 0 010% 010%1;. 00 0

110 5 a2 l=10 % % 01 0

010\1%%/\1%%\0{—11
~v ~r =

(We use the normalized eigenvectors, but the same relation hold if do not normalize.) The matrix
V is invertible. If we multiple both sides by V! from the left, we obtain

|
—

1.0 0 0 0 % 00 0 0 0 %
110 |=[0 5 % 01 0 0 % =
1 1 _ 1 1
010 \17576)00 1)\l &5 %
~ =A
0 0 =% 00 0 -1 -1 1
V6
=0 5 % 01 0 7 V2 0
1L — 6
\1\/5‘/6)00v1 %00/
:‘;/ =A :;/cl

<

In many physical applications of matrix theory, the matrices that arise are symmetric. This
typically arises due to some kind of physical invariance or conservation law. We have already
shown in Theorem 8 that eigenvalues and eigenvectors of symmetric matrices are real. We next
show a few more important properties of symmetric matrices. First, we show that eigenvectors
corresponding to distinct eigenvalues of symmetric matrices are not only linearly independent
but even orthogonal. We have observed this already in Example 1. Then we will show that for
symmetric matrices we can always find n linearly independent eigenvectors. In fact, we will show
that for symmetric matrices we can always find n orthogonal eigenvectors.

Theorem 13 Let \ and . be two distinct eigenvalues of a symmetric matrix. If x and y are eigen-
vectors corresponding to \ and ji, respectively, then x and y are orthogonal, x*y = 0.
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Proof: Since A and y are eigenvalues of A with eigenvectors © € R™ and y € R",
Ax =z, Ay = puy.
We multiply the first equation by y” and the second by x7".
yTAr = yTz, 2T Ay = paly.
Since A is symmetric, we have
yTAr = (yF Azx)! = 2T ATy = 27 Ay.
Hence, \y’z = paTy, which implies
A —py'z=0.

Since \ # y this proves yTx = 0. O
Example 14 Consider the matrix
1 11
A= 11 1
1 11

The row reduced form of A\ — A is given by

A—-1 -1 -1 A—1 ~1 —1
MN-A)=| -1 Xx—1 -1 |— 0 A-1-75 -1-+35
-1 -1 Xx-=1 0 -1-5 A-1-15
A—1 —1 ~1
~ 0 AMA=2)/(A=1) R
0 0 AN =3)/(A—2)

Hence,
pa(A) = det(Al — A) = X\*(\ — 3).
The eigenvalues of A are A\; =0, \y =0, A3 = 3.

To compute eigenvectors corresponding to an eigenvalue \; of A, we have to compute the
null-space NV (\;1 — A). We obtain

1 -1 -1 1 1
0l—A=| -1 -1 —1 :N(OI—A)zspan{ 1. o }
1 -1 -1 0 1
2 —1 —1 1
3Jr—A=| -1 2 -1 :>N(31—A):span{ 1)}
1 -1 2 1
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Thus, v; = (—1,1,0)7 and v, = (—1,0,1)7 are eigenvectors corresponding to the eigenvalue
A = Xy = 0and v3 = (1,1,1)7 is an eigenvector corresponding to the eigenvalue \3 = 3. It is
easily verified that v] v3 = 0 and vl v3 = 0.

The eigenvalues - eigenvector relationships give

111 -1 -1 1 -1 -1 1 000
111 1 01 ]= 1 0 1 000
111 0 11 0 11 00 3

—v —v —A

The matrix V is invertible. If we multiple both sides by V! from the left, we obtain

-1

111 1 -1 1 000 1 -1 1
111])=( 1 01 000 1 01
111 0 11 00 3 0 11
-V A
1 -1 1 000 ~1/3  2/3 —1/3
= 0 000 ~1/3 —1/3  2/3
0 11 00 3 1/3  1/3  1/3
-V A e

o

We now state the result on diagonalizability of symmetric matrices A € R™*". The proof of
this result requires a few more preparations and will be given later.

Theorem 15 (Diagonalizability of Symmetric Matrices) For any symmetric matrix A € R™*",
AT = A, there exists an orthogonal matrix Q € R™™ (QT = Q~!) and a diagonal matrix
A € R™" such that

A=QAQ"

Note that in Example 14 we have computed three linearly independent eigenvectors vy, vy, v3.
The eigenvectors v, v, corresponding to the eigenvalue O are both orthogonal to the eigenvector v
corresponding to the eigenvalue 3. However, v; and v, are not orthogonal. Thus we need to find a
way to extract from the eigenvectors vy, vy two orthogonal eigenvectors. This can be accomplished
using Gram-Schmidt orthogonalization, which will be introduced in the following section.
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4 Gram-Schmidt Orthogonalization

Given a basis {vy,...,v,} of a subspace S C R”", the Gram-Schmidt process constructs an or-
thonormal basis {q1, ..., ¢x}, i.e., basis where the basis vectors satisfy

1 ifi=y
T I
%9 = { 0 otherwise ,

of the same subspace S. More precisely, for k = 1, ..., m the Gram-Schmidt process successively
computes an orthonormal basis {q, ..., g} from {vq, ..., v} such that both bases span the same
subspace. The idea is to use orthogonal projection to remove components along the existing basis
vectors, leaving an orthogonal set. The geometric idea is illustrated in Figure 2.

A

PN(qT):L"/

Figure 2: The projectors Pr(y) = qq" /(¢"q) and Py vy = I — P, decompose the vector v into
the component Pr ;v along ¢, and the orthogonal component Pyq(,ryv.

The steps of the Gram-Schmidt process are described next.
k = 1. If k = 1, then we need to find a vector ¢; with ¢7 ¢; = 1 such that
span{q,} = span{u,}.

The vector ¢ is obtained by normalizing vy :
q1 = vi/lv1]la-
k = 2. Given q; we want to compute ¢, such that ¢7 ¢, = 0, ¢Z ¢, = 1, and

span{q, g2} = span{vy, vs}.

First note that since span{q; } = span{v;} we have span{v;, v2} = span{qy, v, }. Moreover,
by the Fundamental Theorem of Linear Algebra we can write v, as the sum of vector in
span{q; } = R(Q1), where Q) is the matrix Q; = (¢q;) € R™*!, and a vector in the orthogo-
nal complement of R(()1). We can use projections to express these vectors. The projection
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onto R(Q1) is given by Pr(g,) = Q1(Q1Q1) Q7. Since ¢f ¢ = 1, QT Q1 = 1 and the
projection is given by
Pr(q,) = QiQ7.

Hence,
vy = QiQ1 vy + (I — Q1Q7 )vs
Since Q;QT v, € R(Q1) = span{q, } we have

span{qi, v2} = span{qy, (I — Q1Q7 )vs}.
The vector
G = (I — Q1Q1T)U2 =2 — (qlTvz)Ch
is orthogonal to ¢;. We just need to normalize it to obtain

G2 = E13/”52”2.

We have
Span{vla U2} = span{ql, Uz} = Span{qh ([ - Q1Q1T)Uz} = span{ql, Q2}

k > 2. Given qq, ..., q._1 With

1 ifi=9
T - _ I
G 95 = { 0 otherwise .

and span{qi, . .. ,qk 1} = span{vy,...,vx_1}, We want to compute ¢ such that quqk =0,
j=1,....,k—1,¢lq =1, and

Span{(.ha e Qk—1, Qk} = Span{vla ces Ug—1, Uk}‘

Since span{q, ..., qx_1} = span{vy, ..., vx_1} we have

span{vy, ..., vk 1,V } = span{qi, ..., qk_1, Uk }-

By the Fundamental Theorem of Linear Algebra we can write v as the sum of vector in
span{qi, ..., qr_1} = R(Qx_1), where Qy_1 is the matrix Qy_1 = (q1, ..., qr_1) € RVkL
and a vector in the orthogonal complement of R((Q;_1). We can use projections to express
these vectors. The projection onto R(Qy_1) is given by Pr Qk ) = Qr-1(QL_1Qr—1) ' Q.
Since the columns ¢, ..., gx_1 of QQx_; are orthonormal, Qk_le 1 = I and the projection
is given by

P R(Qk-1) = Qi 1Qk 1+

Hence,

v = Qr1Qf vk + (I — Qr Q7 )y,
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Since Q;QT v, € R(Q1) = span{q, } we have

span{qy, ..., qr—1,v2} = span{qi, ..., qr—1, (/ — Qk—ng—l)Uk}.

The vector -
G = (I — Q@1 )ok = v — Y _(q] v)g
j=1
is orthogonal to ¢y, . . ., qx_1. We just need to normalize it to obtain
@ = @/ || qrl2-
We have

Span{vlv ey Ug—1, ’Uk} = Span{Q17 <oy qE—1, Uk} = Span{qu <oy qe—1, (I - Qk’—lQZ—l)vk}
=span{qi, ..., qk—1,qr}-

We use the Gram-Schmidt method to compute orthonormal eigenvectors, i.e., to compute or-
thonormal bases for the eigenspaces N'(\;I — A).

Example 16 In Example 14 we have shown that the matrix
111
A= 1 1 1
1 11

has eigenvalues \; = 0, A\ = 0, A3 = 3. The corresponding eigenspaces, i.e, the nullspaces
N(0I — A) and N'(3] — A) are

-1 -1
N(O]—A):span{ 1], 0 },
0 1
1
N(3I—A):span{ 1 }
1
Furthermore, we have shown that
1 11 -1 -1 1 0 00 -1/3  2/3 —-1/3
111 )= 1 01 0 00 -1/3 —-1/3  2/3
1 11 0 11 0 0 3 1/3 1/3 1/3
-V A _y-1
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The matrix V' of eigenvectors is invertible, but not orthonormal. This is due to the fact that we have
computed bases of the eigenspaces N (0] — A) and N/ (3] — A), but not orthonormal bases.

We can do this now using Gram-Schmidt. To compute an orthonormal basis for N'(0] — A) we
proceed as follows. Letv; = (—1,1,0)” and v = (—1,0,1)”. An orthonormal basis is obtained
by computing

—1
a=v/|uil=1]/V2
0
S =y
G=vo— (@) =10 —3 1| =1-1/2],
1 0 1
1 —1
@ =q¢/|el=—71]-1
AW

To compute an orthonormal basis for V(3] — A) we just need to normalize the original basis
vector. The normalized basis vector is

Ly
qf = -_—
3 /3 X
It is easy to verify that the vectors ¢1, ¢2, ¢35 are orthogonal.

The vectors ¢, go are eigenvectors corresponding to the eigenvalue 0 and the vector ¢z is an
eigenvectors corresponding to the eigenvalue 3. Hence

111 -1/v/2 —1//V/6 1/V/3 —1/v/2 —1//V/6 1/V/3 000
111 1/vV2 —1//v/6 1/V/3 | = 1/vV2 —1//v/6 1/V3 00 0
111 0 2/V/6 1/V/3 o 0 2/V/6 1/V/3 . 00 3
-Q —Q A
Since the matrix () is orthogonal, Q' = Q7 and we have
111 —1/vV2 —1/vV6 1/V/3 000 —1/V2  1/V2 0
111 ]= 1/vV2 —1/V/6 1/V3 000 —1/V/6 —1/v/6 2/v6 |.
111 0 2/V6 1/V3 '\0 03 1/v3  1/V3 1/V3
3 A 5 }

If we use Matlab to compute the eigendecomposition of A we obtain

CAAM 335 Spring 2011 updated May 5, 2011



25

>> A = ones(3,3);
>> [Q,Lambdal=eig(A);

>> Q

Q =
0.4082 0.7071 0.5774
0.4082 -0.7071 0.5774
-0.8165 0 0.5774

>> Lambda

Lambda =
-0.0000 0 0
0 0 0
0 0 3.0000

Note that the first column in the matrix Q computed by Matlab is —¢g, and the second column in
the matrix Q computed by Matlab is —g;. Thus, the first two columns in the matrix Q computed by
Matlab are just another orthonormal basis for N'(0 — A). o
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S5 Diagonalization of Symmetric Matrices

5.1 Diagonalization of Symmetric Matrices

For any symmetric matrix A € R™ ", AT = A, there exists an orthogonal matrix ) € R™*"
(QT = Q~!) and a diagonal matrix A € R™ " such that

A=QAQ".

One example of the diagnalization of a symmetric matrix was presented in Example 16. (Ex-
ample 4 is another example, but in Example 4 we have not normalized the eigenvectors, and there-
fore the matrix V' of eigenvectors in Example 4 is not orthonormal.)

If the columns of () are denoted ¢, .. ., g,, and the diagonal entries of A, (the eigenvalues of
A) are denoted by Aq, ..., A\,, then the rules of matrix-matrix multiplication imply

A=QAQ" = Ndq/q;.
j=1

Example 17 In Example 16 we have shown that

111 —1/vV2 —=1/v6 1/V3 000 —1/V2  1/V2 0
111 ]|= 1/vV2 —1/V/6 1/V/3 000 —1/v6 —1/v6 2/V6
111 0 2/vV6 1/V3 A0 03 1/vV3  1/v3 1/V/3
-0 A "
—1/V2 —~1/v6
—0 1/v/2 (—1/@,1/ﬂ,o)+ VNG (—1/\/6,—1/\/6,2/\/6)
0 2//6
1/V3
3| 13 (1/@,1/\/3,1/\/5)
1/v3
2/3 —1/3 —1/3 1/3 1/3 1/3
=0 | -1/3 2/3 —1/3 | +3 | 1/3 1/3 1/3
~1/3 —1/3  2/3 1/3 1/3 1/3
The matrices
2/3 —1/3 —1/3 1/3 1/3 1/3
—-1/3  2/3 —1/3 and 1/3 1/3 1/3
-1/3 —1/3  2/3 1/3 1/3 1/3

are the orthogonal projections onto the eigenspaces N (0 — A) and NV (3] — A), respectively. ¢
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Example 18 In Example 4 we have shown that

LG )-E6 )
——" 7 N——

A =V _y —A

Since the eigenspaces N (0] — A) and N (5] — A) are both one dimensional, we only need to
normalize the eigenvectors vy, v5 to obtain an orthonormal basis:

(1) G e (o ) (s v

2 4)  \1/V/5 2/V5 5/ \ 1/v5 2/V5
- ~  N—S N~
o
Aqy
q2
a1

Figure 3: xxx

5.2 Proof of Theorem 15

For completeness, we re-state Theorem 15.
Theorem 15 (Diagonalizability of Symmetric Matrices For any symmetric matrix A € R"*",
AT = A, there exists an orthogonal matrix Q € R™" (QT = Q') and a diagonal matrix
A € R™ " such that

A=QAQT
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Proof: The proof uses induction over the size of the matrix.

The result is trivially true for 1 x 1 matrices.

Assume that for every symmetric matrix A,, € R"*" there exists an orthogonal matrix ),, €
R™" (QT = @,;!) and a diagonal matrix A,, € R™*" such that

We will show that for every symmetric matrix A € R(+1)*(+1) there exists an orthogonal matrix
Q € RO+Dx(+1) (QT = Q1) and a diagonal matrix A € R(+Dx(+1) gych that

A=QAQ".

Let A € R("Dx("+1) be any matrix. Let \ be an eigenvalue of A with to eigenvector ¢ € R™*!,
such that ¢”¢ = 1. Consider the subspace

S:{xER” ; qT:c:O}.

Note that S = N(¢7). Since g7 € R>*®™+D dim(S) = n.

Let {p1,...,pn} be an orthonormal basis for S (it can be computed using Gram-Schmidt).
Then {q,p1,...,p,} is an orthonormal basis for R"*'. We define P = (pi,...,p,) € RFxn,
The matrix

(¢ p1 oo pa)=(¢ P)
is an orthogonal matrix.
T gt Aq ¢TAP
(4 P)" Alg P):<PTAq PTAP)‘

Since Aq = A\¢q and Tq = 1, we have ¢ Aq = ). Furthermore ¢" AP = (Aq)TP = \'P = 0,
since the columns of P are basis vectors of S and therefore satisfy ¢” p;. Thus, we obtain

T T
T (d"Ag g AP\ [A 0
(¢ P) Ale P)= (PTAq PTAP) - (0 PTAP)
The matrix PTAP is of size n x n. Therefore by induction hypothesis, there there exists an
orthogonal matrix Qn R (QT Q 1) and a diagonal matrix A,, € R™ " such that

PTAP = Q.\,QF.

10\ /A 0 1 0Y) /A 0 (N0
(o @n) (0 PTAP) (0 @) - (o QZPTAP@n) - (o An>'
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and
(076 a) (096 a)=6a) 6w a)
(o )
—A
The matrix
o= A, g
is orthogonal, since
(096 ¢) (@26 a)=Ga) (5 556 a)
“Ga) b6 a)

Thus we have shown that A = QAQ? with an orthogonal
matrix A € RHDx(n+1)
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6 Diagonalization of Matrices and the Solution of Linear Sys-
tems

6.1 Symmetric Matrices

Let A be a real symmetric matrix, A € R™" A = AT, We are interested in the solution of the

linear system
Ax =b.

For any symmetric matrix A € R™ " there exists an orthogonal matrix Q € R (Q~! = Q7)
and a diagonal matrix A = diag(\y, ..., \,) € R™*" such that

A=0QAQT.

Let q1, ..., q, be the columns of () and let A, ..., \, be the diagonal entries of A (the eigen-
values of A). Then

A=0QAQ" =) Ngq) -
j=1

implies that the range space of A is the span of all orthonormal eigenvectors corresponding to
non-zero eigenvalues,

R(A) =span{g; : A; # 0},
and the null space of A is the span of all orthonormal eigenvectors corresponding to zero eigenval-
ues,

N(A) =span{q; : \; =0}.

Note that this representation of the range and the null space shows that R(A) L N (A), which we
of course already know from the Fundamental Theorem of Linear Algebra.
Using the diagonalization A = QAQ7, the linear system Az = b becomes

QAQTx = b.

If we multiply both sides by Q7' from the left and define the new unknown z = Q”x we obtain

Az = Q7b.
While in Ax = b every equation generally depends on every unknown x4, ..., z,, the equations
Az = QTb are

>\1 21 = Q{b7

AnZn = qg b.
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If an eigenvalue ), is zero, the corresponding equation is solvable if and only if qub = 0.
The matrix A is invertible if and only if all eigenvalues are nonzero. In this case the inverse is

AT =QATQT.

If an eigenvalue of A is zero, we can define the pseudo inverse of A. For a real symmetric matrix

A the pseudo inverse is given by
AT = QATQT,

where for a diagonal matrix
A =diag(\y, ..., \)

the pseudo inverse is defined as
AT = diag(\l, ..., A

with /
/A, it #0 .
T J J ) —
/\j—{0 it A, =0, 17=1,...,n.
That is, .
AT=QNQT =) a0
A0 7Y
Example 19 In Example 17 we have shown that
111 —1/V2 —1/v6
111 ]=0 Ve | (=1v2, 1V, 0) + | —1E | (<1VB L —1/V6 , 2/V6)
111 0 2//6
1/V3
3| 13 (1/\/§,1/\/§,1/\/§).
1/vV3
The pseudoinverse of the matrix above is
11 1\ Nane 1/9 1/9 1/9
P11 = | 1/v8 (1/v3. V3, 1v3) = | 1/9 1/9 1/9
1 11 1//3 1/9 1/9 1/9
In MATLAB the pseudoinverse of a square matrix A can be computed using pinv (2). o
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6.2 Nonsymmetric Matrices

Let A be a real matrix, A € R™*" and assume that A is diagonalizable, i.e., assume there exists a

nonsignular matrix V' € C™*" and a diagonal matrix A = diag(\;, ..., A,) € C"*" such that
A=VAV

Note that not every non-symmetric matrix is diagonalizable (see, e.g., Examples 3 and 6).
We can use the diagonalization of A to solve the linear system Az = b. Using the diagonaliza-
tion A = VAV 1, the linear system Az = b becomes

VAV lz =b.
If we multiply both sides by V! from the left and define the new unknown >z = V~'z we obtain
Az =V"1b.
Define d = V~'b. While in Az = b every equation generally depends on every unknown
T1,...,T,, the equations Az = V~1b are
A1z = dy,
Ann = dyp.

If an eigenvalue ), is zero, the corresponding equation is solvable if and only if the j component
of d = V' satisfies d; = 0.
The matrix A is invertible if and only if all eigenvalues are nonzero. In this case the inverse is

Al =vATlvL

If an eigenvalue of A is zero, we can define the pseudo inverse of A. We will define the pseudo
inverse of non-symmetric (and even non-square) matrices later.

Example 20 The eigenvalues of

020
A= -2 0 0
011
are \; = 1, \y = 24, \3 = —2i with corresponding eigenvectors v; = (0,0,1)7, v3 = (=2, —2i, —1)7,
and vz = (—2,2i, —1)T. The eigenvectors are linearly independent. Hence A is diagonalizable
020 0 —2 -2 1 0 0 0 -2 -2\
-2 00 ])=10 =20 2 0 2 0 0 —2i 2
011 1 -1 -1 0 0 —2 1 -1 -1
0 -2 =2 0 0 0 —1/2 0 1
= 0 -2t 2 0 2 0 —-3/4  3i/4 0
1 -1 -1 0 0 —2 —-3/4 =3i/4 0
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We can also write

020 0 —2
-2 00 |=1|0])(=1/2,0,1)+2i| —2i |(—3/4,3i/4,0)
010 1 -1

—2
—2i| 2 | (—3/4,=3i/4,0).
~1

The inverse is given by

-1

020 0 -2 -2 1 0 0 ~1/2 0 1
—2 0 0 =10 —2i 2 0 1/2i 0 —3/4  3i/4 0
01 1 1 -1 -1 0 0 —1/2 —3/4 —3i/4 0

0 1/2 0

= -1/2 0 0

~1/2 1/4 1
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7 Diagonalization of Matrices and the Solution of Dynamical

Systems
Given A € R™*", we are interested in the solution of the dynamical system

Z'(t) = Az(t), t>0,

The solution of the scalar differential equation
') =A8(t),  t>0,
£(0) =&

is given by

&(t) = M.

(7a)
(7b)

(8a)
(8b)

(€))

We will show that the diagonalization of A, i.e., the spectral decomposition of A can be used to
transform the dynamical system (7) into a set of n independent scalar differential equations of the

form (8).

Suppose there exists a nonsingular matrix V' € C™*™ of eigenvectors and a diagonal matrix
A € C™" of eigenvalues. (Note that we are guaranteed to find n linearly independent eigenvectors
if A is symmetric or if A has n distinct eigenvalues. Note also that there exist matrices A that cannot
be diagonalized and we will will discuss later what to do in that case.) Since V' is invertible, we

have
A=VAV~L

If we insert (10) into the dynamical system we obtain
2'(t) = Ax(t) = VAV (1)
def
= (1)

If we multiply this equation by V" and use 4 (V~'z(t)) = V~'2/(t), we obtain

2 (t) = %(V‘lx(t)) =V () =V IVAz() = Az().

At ¢t = 0 we have

def

20 = 2(0) = V1 z(0) = Via.
Using the diagonalization of A we have transformed (7) into the system

2 (t) = Az(t), t >0,

2(0) = 2.

(10)

(11a)
(11b)
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Since A = diag(\q, ..., \,) is a diagonal matrix, (11) is equivalent to n independent scalar differ-

ential equations.

Z(t) = M=), t>0,

21(0) = 210,

21 (1) = A\uza(t), t>0,

2, (0) = 2y, 0.

Each of these scalar differential equations is of the form (8) and the solutions of these scalar

equations are

2(t) = e’\ltzLo,

In vector notation,

6)\1t 6)\1t
Z(t) = 20 = V_ll’o.
At oAt
Since z(t) = V~tx(t), the solution of the system (7) is given by
6)\1t
w(t) =Vz(t) =V Vg
At
Note that for a diagonalizable matrix A,
exp(4) = i Ly i l(VAV—l)k = i Lyary
PV =207 = g VAyy
k=0 k=0 k=0
eM
_ — 1 k -1 -1
=V (Z A ) Vili=v 1%
k=0 oA
Hence,
e>\1t
xz(t)=V Vtzy = exp(At)xo.
Ant

(12)

(13)
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Note the similarity between the solution formulas (9) for scalar equations and (13) for systems.
In MATLAB the matrix exponential defined in (12) can be computed using expm (A) . Note that
this is very different from the output of the MATLAB command exp (A) which simply applies the
scalar exponential function to every matrix entry of A.

We can extend our technique to dynamical systems
2 (t) = Az(t) + f(¢), t>0, (14a)
x(0) = xo. (14b)

with inhomegeneous right hand sides f : [0,00) — R™. The solution of the scalar differential
equation

§'(t) = X(t) + g(t), t >0, (15a)
£(0) =& (15b)
is given by
E(t) = eMéy + / Mg () dr. (16)
0

If we insert (10) into the dynamical system with inhomogeneous right hand side, then
7' (t) = Az(t) + f(t) = VAV 2(t) +f(t)
N——

()
If we multiply this equation by V! and use 4 (V~'x(¢)) = V~'2/(t), we obtain
d
Zt) = —(Vx@) = V12 (t) = VIIVAZ() + VTIF(t) = Az(t) + g(t).
dt ——
def
=g(t)
Att = 0 we have
20 = 2(0) = V7z(0) = V.
2'(t) = Az(t) + g(t), t >0, (17a)
2(0) = 2. (17b)
Since A = diag(Aq, ..., \,) is a diagonal matrix, (17) is equivalent to n independent scalar differ-

ential equations.
Zi(t) = )\12’1(15) + gl(t), t >0,

21(0) = 21,

21 (1) = Anzn(t) + gn(t), t>0,

Zn (0) = Zn,0,
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and the solutions are .
zi(t) = 6/\jt2j,(] —i—/ e’\j(t_T)gj(T)dT.
0

If we insert this into x(t) = V 2(t), we arrive at

6,\1t . 6/\1 (t—T)
x(t)=Vz(t) =V Vlzg + V/ g(T)dr
Ant 0 eAn(t=7)
e)qt . e)q(t—’r)
=V Vleo-i-/ Vv Vf(r)dr
ex\nt 0 e>\n(t_7—)
t
= exp(At)z + / exp(A(t — 1)) f(r)dr.
0
Again, note the similarity between the solution formulas (16) for scalar equations and
t
x(t) = exp(At)zo + / exp(A(t — 7)) f(T)dr (18)
0

for systems.

Before we return to circuit and truss examples, we consider a few simple dynamical systems.

Example 21 The symmetric matrix

-3 1
=35
has eigenvalues A\; = —2, Ay = —4 and corresponding orthonormal eigenvectors v; = (1 1)T /V2,
Vg = (1 —1)T/\/§. In this case

S el ) e o )

[ [ S/ AN
-~ -~

:VA =V = — VT; V*l

We have

v 1 [ exp(—2t) +exp(—4t) exp(—2t) — exp(—4t)
exp(Af) = Vexp(A)VT = 3 (ex;)(_zt» ol 4) exg<—2t)+exg(—4t)>'
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Let o = (2,3)”. The solutions z of 2/(t) = diag(—2, —4)z(t) and = of 2/(t) = Ax(t) decay
exponentially. See Figure 4. Since V' is orthogonal,

lz@)3 = V@)l = 2(0) ' VIVz(t) = 2(6)"2(t) = [|2(t)Il2-

Since ¢ +— ||z(t)||> decays exponentially, t — ||z (t)]|» also decays exponentially. o

—Il zIl

Figure 4: The solutions z of z of 2/(t) = Az(t) (top left plot) and z of 2'(t) = Ax(t) (top right
plot) for the matrix in Example 21 decay exponentially since all eigenvalues of A are negative.
Since the matrix V' of eigenvectors is orthonormal ||z(t)||2 = ||2(¢)]|2 (bottom plot).
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Example 22 The matrix
8§ —10
A= <12 —14) '
has eigenvalues \; = —2, \y = —4 with corresponding to eigenvectors v; = (1 1)T and vy =

(5 6)T. Since the eigenvectors are linearly indepdent,

(2 0)-( 96 D)

(.
-~

— A vV =A _ -

We have

exp(At) = Vexp(A)V ! = (6 exp(—2t) — bexp(—4t) —bexp(—2t) + 5exp(—4t)) |

6 exp(—2t) — 6exp(—4t) —5exp(—2t) + 6 exp(—4t)

Let o = (2,3)T. The solution z of 2/(t) = diag(—2, —4)z(t) decays exponentially. Since the
eigenvectors v; and v, are not orthogonal,

l= ()12 # 12112

The solution x of z'(t) = Ax(t) no longer decreases monotonically for small ¢, For large ¢ the
solution = decays exponentially. See Figure 5. o
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\\ _21
)
0. T e e e e e e e e e e e =
_1-
_2-
3 05 1 15 >
t
4
BT
\ xll

Figure 5: The solution z of 2/(t) = Az(t) (top left plot) for the matrix in Example 22 decay expo-
nentially since all eigenvalues of A are negative. Since the eigenvectors of A are not orthogonal,
the solution x of z’(t) = Ax(t) (top right plot) is not monotonically decreasing. For large ¢ the
solution = decays exponentially, at the same rate as the solution z. The norms of the solutions z
and x are shown in the plot in the center of the second row.
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Example 23 The matrix
0 —1
=17

has complex eigenvalues \; = 7, A\, = —¢ and corresponding eigenvectors v; = (1 —z')T , Vg =
(1 i)T. See Example 5. Since V is invertible,

(Lo)=(3 1) 0 5) (L 1a)
/1 v T ox oo

We have

exp(At) = VeXp(At)V_l - (Z?r?((i)) _C(S)ISIES)) ‘

Let xo = (2, 3)T. Since the eigenvalues of A are purely imaginary (the real parts of the eigenvalues
are zero), the solution to the dynamical system 2’(t) = Az (t) is oscillatory. See Figure 6. o

Figure 6: The solution z of 2/(t) = Axz(t) for the matrix in Example 23 oscillates since all eigen-
values of A are complex and have zero real parts.
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Example 24 The matrix

A= (igﬁ —51/2> '

has complex eigenvalues \; = —2 + i,\s = —2 — ¢ and corresponding eigenvectors v; =
(—2+1 5)T g = (—2—1i 5)T. Since V is invertible,

(7 —a) = (5 ) (07 250 (s o).

N J/ / \\ / \\
~ ~~ ~ ~

=A =V = A :Vfl

We have

exp(At) = Vexp(A)V ! = ((cos(t) + %sin(t))e—% sin(t)e2 )

—(5/4)sin(t)e™*  (cos(t) — 1sin(t))e

Let xo = (2,3)T. Since the eigenvalues of A are complex, the the solution to the dynamical system
x'(t) = Ax(t) is oscillatory. Since the real parts of the eigenvalues of A are negative, the solution
decays. See Figure 7. o

Figure 7: The solution = of 2/(t) = Ax(t) for the matrix in Example 24 oscillates since all eigen-
values of A are complex and decays, since the real parts of the eigenvalues are negative.
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8 Dynamical Systems: Mechanical Systems

Earlier, we have derived equations for static mechanical systems such as planar trusses. The vector
x € R" of displacements of the nodes is the solution of the system

Sx=f

of linear equations, where S is a symmetric matrix and f is the force vector. Now we allow the
displacements to vary with time. The governing equations are derived from ‘force equal mass
times acceleration’ and are given by

Mz"(t) + Sx(t) = f(1),

where M is a diagonal matrix with diagonal entires given by the masses m; > 0, 7 = 1,...,n,
of the nodes. The right hand side f(¢) is the vector of external forces, which can vary with time.
To compute the displacements, we need to specify the initial displacements z(0) and the initial
velocities 2/(0). The displacements of a time varying truss are computed as the solution of the
second order dynamical system

Ma"(t) + Sz(t) = f(t), t >0, (19a)
z(0) = z, (19b)
2'(0) = 2. (19¢)

Since M is invertible, (19) is equivalent to

o' (t) = —M'Sz(t) + M f (1), t>0, (20a)
z(0) = xo, (20b)
2'(0) = z;. (20c)

We will use the diagonalization of —M ~1S to solve (20). Although S and M are symmetric,
the matrix —M 1S is in general not symmetric. Therefore, it is not obvious that —M 1S can be
diagonalized. We will show next that —A ~1S is similar to a symmetric matrix and therefore can
be diagonalized.

The matrix M is diagonal with diagonal entires m; > 0, j = 1,...,n. We define
m}?
M1/2 —
ml?

Clearly, MY/2M'Y% = M. We set M~Y/2 = (MY/2)~1 = (M—1)/2,
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If ) is an eigenvalue of M ~1S with corresponding eigenvector v, then
M™'Sv = v,

This is equivalent to
MTYESMTY2AM 2 = M2,

Thus, ) is an eigenvalue of M ~1.S with corresponding eigenvector v if and only if \ is an eigenvalue
of M~12SM~'/? with corresponding eigenvector A/'/?v. (Note that M '/2 is invertible and there-
fore M'/?v # 0 if and only if v # 0.) Since S and M ~'/? are symmetric the matrix M ~'/25M~1/?
is symmetric. Hence, M ~'/2SM~'/2 has n real eigenvalues and n orthonormal eigenvectors. Con-
sequently, —M 1S has n real eigenvalues and n linearly independent eigenvectors. That is there
exists a nonsingular matrix V' € R™*" of eigenvectors and a diagonal matrix A € R™*" such that

M8 =VAVL 21)

We will show that for the matrices M and S arising in trusses, the eigenvalues of M 1S are
positive.
If we insert this into (20a) and define z(¢) = V ~'z(¢) we obtain

2"(t) = =VAV z(t) + M7 f(t), t>0

Z(t) = s (V7'z(t) = V2" (t) = —Az(t) + VTIM T (1), t>0
dt? ————
=g(t)
Hence (20) is equivalent to
2"(t) = —Az(t) + g(t), t>0, (22a)
2(0) = 20 = V1, (22b)
20) =2 =V iz (22¢)

Since the the eigenvalues of M ~1S are positive, A is a diagonal matrix with positive diagonal
entries.
The system (22) is a collection of scalar second order differential equations of the type

'(t) = =X(t) +(t),  t>0, (23a)
£(0) = &, (23b)
€0) =&, (23¢)

where A > 0. If v(¢) = 0, the solution of (23) is given by
£(t) = sin(VAt) & + cos(VAE) & (24)
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We can now apply the solution formula (24) to the n differential equations (22) to obtain z(t¢). The
solution z of (20) is then given by z(t) = V z(t).

Alternatively, we can convert (20) into a system of first order equations and then apply the
techniques introduced in the previous section. We convert (20) into a system of first order equations
by introducing the auxiliary unknown

y(t) = 2/(1).

Inserting this variable into (20) we arrive at

2'(t) = y(t), t>0, (25)
y(t) = —M1Sxz(t) + M f(1), t>0, (26)
z(0) = zo, 27
y(0) = 21, (28)
or, in matrix-vector notation,
d (x(t)\ _ 0 I\ (z(t)
di (y(t)) = <—M15 o) (y(t)) ) £>0, (292)
j,B_/

(‘; Eg) _ (i‘i) . (29b)

To solve (29) with the techniques we have discussed, we need to diagonalize B € R*"*?", We
will show that the eigenvalues and eigenvectors of B are closely related to those of M ~1S. Let p
be an eigenvalue of B. Since B is a block 2 x 2 matrix, it is useful to write the eigenvector of B

corresponding to /. as
w
z
where w and z are vectors of length n. By definition of eigenvalues and eigenvectors we obtain

(arssn) = (s o) (2) = (%) = C2)

g

If we insert the first equation z = pw into the second equation —M ~*Sw = pz we obtain

—M'Sw = jitw.

Thus we have shown that if x4 is an eigenvalue of B with eigenvector (z)’ then y2 is an eigen-

value of —M~1S with eigenvector w. Since —M 'S is diagonalizable and has negative eigen-
values — Ay, ..., =\, (A1,..., A\, > 0) with corresponding eigenvectors vy, ..., v, (see (21)), the
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eigenvalues of B are

H1 = \/A_1277:U’n: \/A_n/[:7un+1 :_\/)\_11.7"‘7/'6271:_\/)\_711.7

with corresponding eigenvectors

Example 25 As an example we consider the mass-spring system studied in Section 2.2 of the
lecture notes. For this system

kl + k2 —]{72 0 ma 0 0
S = —kg ]{ZQ + ]{?3 —]{33 s M = 0 mo 0
0 —]{?3 kg + k’4 0 0 ms
We assume that at rest, the masses are positioned at 1, 2 and 3, respectively. The solution of (19)
for masses m; = 2,ms = 1, mg = 1, spring stiffnesses k& = ... ks = 1, initial displacements
zo = (0,0.5,0)7 and initial velocities z; = (0,0,0)7 is shown in Figure 8. o
60
5071
401
[}
£ 30f
201
101
0 T )
0 1 2 3 4
position

Figure 8: The positions 1 (t) + 1, x2(t) + 2, 2:3(t) + 3 of the three masses over time, where the
displacements are computed by solving (19) with initial displacements 2o = (0, 0.5,0)” and initial
velocities 71 = (0,0, 0)7.
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We can extend the techniques above to damped systems with certain damping matrices. A
damped system corresponding to (19) is given by

Mz"(t) + D2/ (t) + Sz(t) = f(¢t), t>0, (30a)
2(0) = o, (30b)
2'(0) = 24 (30c)

where D € R™*" represents the damping term. We assume that
D =aM + 3S (€2

with some real coefficients «, 5 > 0.
Write (30) as a system of first order differential equations

d (x(t) 0 I\ [z(t)
— = t>0 32
i (o) = (00 00), ’ 2
de;
=B
x(t) xg
— . 32b
(i) = () .
What is B for the damped system? Compute the eigenvalues and eigenvectors of B.

Example 26 We consider the mass spring system of Example 25 and add damping of the form
D = 0.01M + 0.01S. The solution of the damped system (30) is shown in Figure 9. o
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0 1 2 3 4
position

Figure 9: The positions x(t) + 1, xo(t) + 2, x3(t) + 3 of the three masses over time, where the dis-
placements are computed by solving (30) with damping D = 0.01M +0.01.5, initial displacements
zo = (0,0.5,0)7 and initial velocities z; = (0,0, 0)7.
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8.1 Positive (Semi-)Definite Matrices

Earlier, in this section we have claimed that the matrix M 'S has positive eigenvalues. This is due
to the structure of the stiffness matrix .S.
A symmetric matrix S € R"*" is called symmetric positive definite if

vT'Sv >0 for all vectors v # 0.
A symmetric matrix S € R"*" is called symmetric positive semidefinite if
vI'Sv >0 for all vectors v.

The positive [semi-]definiteness property of a symmetric matrix S is closely related to the
properties of the eigenvalues of S: If A is an eigenvalues of a symmetric positive [semi-]definite
matrix S with corresponding eigenvector v, then Sv = vA. Hence

< Ta, 2
O[<]U Sv = ||U||2)\7

which implies that the eigenvalues of a symmetric positive [semi-]definite matrix are positive [non-
negative].

On the other hand if all eigenvalues \q,..., A, of the symmetric matrix are positive [non-
negative], then there exists an orthonormal matrix () € R"™ " and a diagonal matrix A =
diag(Aq, ..., \,) such that

S = QAQ".

Hence for a nonzero vector v,

m >
TSv=vTQ AQT :E .22 0.
vSv=0v"QAQ v > JZJ[Z]

That is, if all eigenvalues Ay, ..., A\, of the symmetric matrix are positive [non-negative], then the
matrix is positive [semi-]definite.

Thus we have shown that a symmetric matrix S is positive [semi-]definite if and only if its
eigenvalues are positive [non-negative].

The stiffness matrices arising in mechanical systems are given by

S = ATKA,

where K = diag(ky, ..., k). For a vector v we find

vI Sy =vTATK Av, = (Av)T K Av, = 2T Kz = Z ka? > 0.
j=1

= Z T = Z
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Thus, the stiffness matrix .S is always symmetric positive semidefinite. If the truss is stable, then
N (A) = {0}. In particular, 2 = Av # 0 for v # 0. Hence, for a stable truss

ISy =vTATKAv = (Av)T K Av, = 2TKz = Z ka? > 0 for all v # 0.
" =z Jj=1
=z
Thus, the stiffness matrix .S for a stable truss is always symmetric positive definite and therefore has
only positive eigenvalues. If S is symmetric positive definite, then M /25 M ~1/2 is also positive
definite and therefore has only positive eigenvalues. Since M ~'/2SM -2 and M~'S have the

same eigenvalues, all eigenvalues of M 1S are positive and the truss is stable.
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9 Dynamical Systems: Electrical Circuits

Consider the RC circuit shown in figure 11 with two resistors and two capacitors. Ohm’s Law tells
us that the current through a resistor is proportional to the potential drop across it, i.e. y = ¢/R.
A capacitor consists of a pair of charged plates, separated by a gap, often filled with a dielectric
material. The charges create an electric field between the plates, and a corresponding voltage drop
e = x1 — Iy, shown in figure 10. Since the time derivative of the charge @)’ (¢) is equal to the current

Y

—

x1.+—Q{ }j.xz

Figure 10: The capacitor obeys the equation () = Ce, where e = 1 — x5 is the voltage drop across
the capacitor, and C' is the capacitance (measured in Farads), which depends on the geometry of
the plates, and the properties of the material in the gap.

y(t), the current through a capacitor is proportional to the time rate of change of the potential drop
across it, i.e.

y(t) = Ce'(t),

where C' is the capacitance of the capacitor, and the prime notation denotes differentiation with
respect to time. Furthermore, the current stimulus V'(¢) is now a function varying in time. Thus,
we have moved from the static arena (constant in time) to the dynamic arena (varying in time). We
now use the four steps outlined in Chapter 1 of the Course Notes to model the RC circuit.

Ry Ry

— E—

yi(t) ya(t)
V(D) (D)

=1 =1
\—glff Ch ﬁ;lff Cy
Db =

Figure 11: A Simple RC Circuit

Step 1. Potential Drops
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Step 2.

Step 3:

CAAM 335 Spring 2011

The convention is to measure the potential drops across each element in the circuit as “tail-

minus-head”. Thus, we have the equations

61:V(t)—371
€2 = T1 — T2
63:1’1—0

es =9 — 0

These equations can be written in the form of e(t) = b(t) — Ax(t) where

1 0 V(t)

-1 1 0
A= 1 0 and b(t) = 0

0 -1 0

Resistance and Capacitance

For the resistors, we apply Ohm’s Law:

Yy = R
Yo = Ry
For the capacitors, we have:
?JSZCleé
y4=O2621
Thus, we have y(t) = Ge(t) + Cé/(t) where
1/R, 0 0 0 00 0 O
- 0 1/Ry 0 0 100 0 O
G=1 o o oo ™M C=1g0¢ o
0 0 00 00 0 O

Kirchoff’s Current Law

At each node, we balance the current going in with the current going out. Thus,
Yy1—Yy2—ys =10
Yo —ys =0
or ATy(t) = 0.
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Step 4: Assemble previous steps.
We have
0=Ay(t)
= AT [Ge(t) + Ce'(t)]
= AT[G (b(t) — Ax(t)) + C (W (t) — Az'(t))]
= ATGb(t) — ATGAx(t) + ATCV (t) — ATC A (1)
which is equivalent to

ATCAZ (t) = —ATGAx(t) + ATGb(t) + AT OV (t).

Simple matrix multiplication gives

ATGA — (1/1%1 +1/R, —1/32) ATG(1) = (V(t)/Rl)

—1/R, 1/ Ry 0
C; 0 0
T _ 1 Ty _
AC’A—(O 02> ACb(t)—<O>.
We can easily compute
_ 1/C 0
ATCA 1 _ 1 ) ‘
( ) ( 0 1/C
So
2'(t) = Ba(t) + g(t), (33)
where
T e L (L n L) 1L
B=—-(A"CA) " (A"GA) = G LRlL Ry _ClRi
Ca Ry Cy Ro
and

9.1 Inductors

The present framework can easily be extended to include inductors. An inductor is made with a
coil of wire, often surrounding a magnetic material. With constant current, it creates a magnetic
field. Changes in the current cause the magnetic flux through the coil to change with time, which
induces a back EMF (a potential difference, measured in volts) in the wire due to Faraday’s law. It
is shown in figure 12.

The steps for the Strang Quartet must be modified as follows to account for a circuit with
inductors.
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Y

—

Figure 12: The inductor obeys the equation e(t) = Ly/(t), where e(t) = x1(t) —x2(t) is the voltage
drop across the inductor, y/(¢) is the time derivative of the current through the inductor, and L is
the inductance (measured in Henrys), a property determined by the geometry of the inductor, the
number of coils, and by the magnetic properties of the material enclosed by the coils.

Step 1. Potential Drops
No change from the previous description; one still computes the voltage drop across inductor
elements using “tail-minus-head.” The result is e(¢) = b(t) — Az(t), as usual.

Step 2. Inductance

Recall that we obtained for an RC circuit a matrix equation for the current of the form
y(t) = Ge(t) + Ce'(t).

If circuit element j is an inductor, we have e;(t) = L;y;(t). Since

y;(t) = ;(0) + / y(7) dr = 3,(0) + - / . (r) dr.

J
Thus, we can write
Y (t) = Ge'(t) + Ce"(t) + Le(t),
where L is a diagonal matrix whose jth diagonal entry is 1/L; if circuit element j is an
inductor, and O otherwise.
Step 3: Kirchoff’s Current Law
Since ATy(t) = 0, we also have that ATy/(t) = 0.

Step 4: Assemble previous steps
We have
0=A"y'(t)
= AT [Ge (t) + Ce"(t) + Le(t)]
=AT[G (¥ (t) — A2/ (t)) + C (b'(t) — Az"(t)) + L (b(t) — Az(t))] .
This is a second-order system in z. We can go about solving it using techniques similar to

those used in section 8. See the next section for an example using the Laplace transform, a
technique that we will learn later in the course.
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9.2 Application to Power Transmission

Consider the following simple model of a transmission line:

Rio L "
o Y
40 | =R

The component on the far left is an AC voltage source. Its functional form is
V(t) =V, cos(wt).

In the U.S., w = 1207 rad/s since our AC power operates at a frequency of 60 Hz. R; and L,
represent the impedance of the transmission line. Later we will assume that we have a 200 km
transmission line, whose resistance is 0.05 €2/km and inductance is 0.001 H/km (so that R; = 102
and L; = 0.2H). Finally, R, represents the load that the voltage source has been built to power. It
could represent the electricity demands of a town, for instance.

The above system may be represented as

7'(t) = Bx(t) + g(t),

with
B = —(ATGA)_I(ATLA), g(t) = (ATGA)_I(ATGb'(t) + ATLb(t)).
As usual,
V() 1 0
et)=1 0 | —|—-1 1 |
0 0 -1
b(t) A

Now with the currents we must account for the inductor along with the resistors. Since y(t) =
y2(0) + 7 fot e(t)dt we have:

/Ry 0 0 0 0 0\ .
w@ =1 0 0 0 ew+[wo)]+{0 170 0 /e(t)dt.
0 0 1/R 0 0 0 0 0
o b

Now, Kirchoff’s current law gives
ATy(t) = 0.
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Taking the derivative of both sides and substituting in for y and then e we get:

Aly'(t)
ATGe'(t) + AT Le(t)
ATGY (t) — ATGAZ'(t) + ATLb(t) — AT LAz(t)

0
0
0

ATGAZ' (t) = —ATLAz(t) + ATGY (t) + AT Lb(t)

and we are done as long as ATG A is invertible. In fact,

o (1R 0
AGA—( 0 1/3)

which is certainly invertible for physically reasonable values of ?; and Ry (> 0 and < 00).

We will analyze this circuit using the Laplace transform; see sections 6.1-6.4 in the course
notes. Upon application of the Laplace transform to this first-order system of ODE’s, we obtain
the resolvent matrix (sI — B)~!. The poles of the resolvent are the values s for which the resolvent
matrix does not exist. These values are the eigenvalues of B.

- —Ri/Li  Ri/L
B=—(ATGA)'ATLA = ( R;/Lll _ég/il)

o o S+R1/L1 _Rl/Ll
sl B= ( _RQ/Ll S+R2/L1

_ 1 SL1 + RQ Rl
[-B) =
(s ) s(sLi + Ry + R») ( Ry sLi + Ry

Here, we have

det(s[ — B) = (S + Rl/Ll)(S + RQ/L1> — RlRQ/L%

such that the eigenvalues of B are |0 and —RlLLIRQ .

Next, we calculate the Laplace transform Lz, assuming that
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We have everything except Lg(s) ...

ﬂﬂZ(

Now assemble ...

Lx(s) =

1

Vi(t)

0

)

() (3

1

8L1 + RQ Rl
s(sL1 + Ry + Ry) Ry sLi+ Ry

VpR2(sL1+R2) . w2Vp(sL1+R2)

+

52 4w?

V,R1 Ro

Ri+R>

Ri1+R2 52 4w?

Ry +1§2 ) s2tw?
s(sLi+ R+ Rp) \ iz — wbefe g Lol bih)

VpRa
S(Rl +R2)

(

1
1

)_

w2V, sLi+ Ry
s(sL1+R1+R2)(s%24+w?) R,

)

WV A 1
0 Ri+R2 \ 1

)

The solution z(t) can be calculated using Matlab’s symbolic toolbox and the i 1aplace function.

See the code below:

%% No capacitor system.

syms R1 L1 R2 Vp om y20

syms t s

Vp*cos (omxt) ;
[V; 0; 01;

0 = [0; y20; 0];

B QP og

Q @
I

%% Transform.

diag ([0 1/L1 0]);

[1 0; -1 1; 0 -171;
= diag([1/R1 0 1/R2]);

—1inv (A’ *G*A) *A’ xL*A;
inv (A’ *G*A) * (A’ xGxdiff (b, ’'t’) + A’ xLxb);

Set—-up.

R = inv(s*xeye(2) - B);

Lg = laplace(qg);

x0 = (Vp*R2/(R2 + R1))=[1; 11;
Lx = R* (Lg+x0);

o\°
o\°
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x1 ilaplace (Lx) ;

el = b — Axx1;

yal Gxel + y0 + L*int(el,’t’);
Pl el (3)xy1(3);

xla = maple(’eval’,x1,’”[R1 = 10, L1 = 0.2, R2 = 250, Vp = 100000,

ezplot (x1a(2),[0,11);

Now, consider adding a capacitor in parallel with the load:

R L,
T v o
V) IT éRz
Y3 | Ya

This system may be represented as
HZ(t) = Bz(t) + g(t),

where
I 0 0 I

2(t) = (x,(t)) , H = (0 ATCA) , B= <_ATLA —ATGA)

and

0
9(t) = ( ATCV'(t) + ATGU (t) + ATLb(t)) '

Now, we have four voltage drops:

V(t) 10
0 -1 1

e(t) - 0 0 -1 [E(t),
0 0 -1
b(t) A

and a capacitor in addition to our inductor and two resistances:

1Ri 0 0 0 000 0 0 0 0 00
0 00 0 000 0 0 0 1/L; 0 0
vO=1 o o0 o |OF|[g o ¢ o|¢OF y2(())+0 /0100
0 0 0 1/Rs 000 0 0 0O 0 00

G C L

om =

2xpix60]1");

/O eyt
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Again we use ATy/(t) = 0:
ATy (t) =0
ATCE" (t) + ATGe (t) + AT Le(t) = 0
ATCY'(t) — ATC A" (t) + ATGY (t) — ATG A/ (t) + ATLb(t) — ATLAx(t) = 0

ATC A" (t) = —ATG AL (t) — ATLAz(t) + ATOV"(t) + ATGV (t) + AT Lb(t)

To transform this into a first-order system, set z1(t) = x(t), 2o(t) = 2/(¢). Then we can write

<é ATOC’A> @@ - (—AgLA —A£GA> Q@* (ATCb”(t) + AT?Jb’(t) + ATLb(t)> ‘

H 2 (t) B z(t) g(t)

e {00
AOA_<O O),

which is not invertible. This is what prohibits us from putting this system into the form 2'(¢) =
Bzx(t) + g(1).

Next, we compute the Laplace transform Lz(s), given that Hz'(t) = Bz(t) + g(t). We start by
taking the Laplace transform of both sides and applying the properties discussed in class:

Note that

L(HZ(t)) = L(B=(t) + g(t))
H(sLz(s) — z(0)) = BLz(s) + Lg(s)

Now solve for Lz(s):
(sH — B)Lz(s) = Lg(s) + Hz(0)

L(s) = (sH — B) " (Lg(s) + H=(0))

We can once again use Matlab’s symbolic toolbox to calculate the Laplace transform of z and
then the value of z(t) for this system, assuming that

V,R
P2 2(0)=0, i=1,2.

(0) = 2=, 7
n(0) = R

See the code below:

%% System with capacitor.

syms R1 L1 R2 C Vp om y20
syms t s

V = Vp+*cos (omx*t) ;
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b = [v; 0; 0; 0];

A (1 0; -1 1; O -1; O -11;

G = diag([1/R1 0 O 1/R2]);

Cm = diag ([0 O C 01]);

y0 = [0; y20; 0; 0];

L = diag ([0 1/L1 0 01);

H = [eye(2) zeros(2,2); zeros(2,2) A’ *Cmx*A];

B = [zeros(2,2) eye(2); -A"*LxA —-A’xGxA];

g = [zeros(2,1); A'*Cmxdiff (diff(b,’t”),’'t’) + A'+«Gxdiff(b,’t’) + A’ *xLxb];
%% Transform.

R = inv(s+*H - B);

Lg = laplace(qg);

z0 = [(Vp*R2/(R2 + R1)); (Vp*R2/(R2 + R1)); 0; O0];
Lz = R+ (Lg + H=%zO0);

%% Invert and analyze.

z = ilaplace(Lz);

x2 = z(1:2);

e2 = b — Axx2;

y2 = Gxe2 + Cmxdiff(e2,’t’) + y0 + Lxint(e2,’'t’);
P2 = e2(4)*y2(4);

We will now analyze the power dissipated by R, (the amount consumed by the load we aim
to supply), with some given values for the circuit parameters: V,, = 100 kV, R, = 1012, L, = 0.2
H, Ry = 25012, w = 1207 rad/sec. We then plot the result for the first system for 5 sec < t <
(5 + 1/20) sec, and make three plots for the second system over the same interval, one each with
C = 1uF, C = 10uF and C' = 50uF. This is done by the following code:

x2a

Vp = 100000,
ezplot (x2a(2),[0,11);

%% Plot power

Pla = maple(’eval’,P1l,’"[R1 = 10, L1 = 0.2, R2 =
P2a = maple(’eval’,P2,’"[R1 = 10, L1 = 0.2, R2
figure

ezplot (Pla, [5,5+1/20]);

maple ("eval’,x2,’ [R1

10, L1 = 0.2,
2xpix60]1");

om

title (' System 1 Power through R_2'");

xlabel ('t (s)’);
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ylabel ("P_1 (W)');

figure

h = ezplot (maple(’eval’,P2a,’C=1E-6"), [5,5+1/201]);
title(’System 2 Power through R_2, C = 1E-6 F’);
xlabel ("t (s)');

ylabel ("P_2 (W)');

set (h,"Coloxr’,’k");

figure

h = ezplot (maple('eval’,P2a,’C=10E-6"), [5,5+1/201);
title (' System 2 Power through R_2, C = 10E-6 F');
xlabel ("t (s)’);

ylabel ("P_2 (W)');

set (h,"Coloxr’,’k");

figure

h = ezplot (maple(’eval’,P2a,’C=50E-6"),[5,5+1/201);
title (' System 2 Power through R_2, C = 50E-6 F');
xlabel ("t (s)’);

ylabel ("P_2 (W)');

set (h,"Coloxr’,"k");

Pavg = 20E6;
Pavgl = int (60%Pla,’t’,5,5+1/60);
Pavg2_1 = int (60*maple(’eval’,P2a,’'C=1E-6"),’'t’,5,5+1/60);

Pavg2_10 = int (60*maple(’'eval’,P2a,’C=10E-6"),'t’,5,5+1/60);
int (60*maple ("eval’,P2a,’'C=50E-6"),'t’,5,5+1/60);

Pavg2_50
Pavgl/Pavg
Pavg2_1/Pavg
Pavg2_10/Pavg
Pavg2_50/Pavg

with the plots shown below:
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<107 System 1 Power through R2 <107 System 2 Power through Rz, C=1E-6F

PL(W)
P, W)

5 5.01 5.02 5.03 5.04 5.05 5 5.01 5.02 5.03 5.04 5.05
t(s) t(s)
7 System 2 Power through Rz, C=10E-6F

% 10 <107 System 2 Power through Rz, C =50E-6 F

P, (W)

5 5.01 5.02 5.03 5.04 5.05 5 5.01 5.02 5.03 5.04
t(s) t(s)

5.05

Average power dissipated by each system: P, = 17.0MW, Pi,pae = 17.9MW,
PZ,lOuF,avg = 291MW, and P2,50uF,avg =51.9MW.

Ratio of average power dissipated to P, for each system: %Zg = 0.853, PZ’}%VF;@ = 0.896,
P 10uFavg P s0uFave
# == 146, # = 2.59.
Adding a capacitor in parallel with the load counteracts the effects of impedance (resistance and
inductance) in the transmission line, at least in terms of the amount of power available to the load.
In fact, if the capacitance is large enough, the amount of power available can be amplified to values
significantly greater than what would be available if there was no impedance in the transmission

line. However, we suspect that such amplification is not free (with regards to the input energy
required to maintain the amplitude of V(%)) ...
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10 The Leontief Input-Output Model and Eigenvalues of the
Consumption Matrix

Let C' € R™*" be a diagonalizable matrix with nonzero entires.
C=VAV L

We want to know under what conditions the inverse (I — C)~! exists and has nonnegative entries.
The eigenvalues of C', more precisely the largest eigenvalue of C' will give us the answer.

If C has eigenvalues Ay, ..., \,, then [ — C has eigenvalues 1 — \{,...,1 — \,. In particular,
I — C'isinvertible if and only if 1 — Ay, ..., 1 — A\, # 0, i.e., if one is not an eigenvalues of C.
Let A1, ..., A, € C be the eigenvalues of C' and assume that they are ordered such that

(Al > Ao >0 > Al
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11 The Jordan Normal Form

11.1 Computing the Jordan Normal Form

In the previous sections, we have studied several applications of the diagonalization of matrices
A € R"™". Unfortunately, not all matrices can be diagonalized as we have seen already in Exam-
ple 6.

Example 27 The matrix

5 4 3
A=1[-1 0 -3
1 -2 1
has eigenvalues \; = —2, Ay = A\3 = 4. The corresponding eigenspaces are
-1
N (=21 — A) = span 1
1
1
N(4I — A) =span¢ | —1
1

Since the dimension of the eigenspace N (4] — A) (= the geometric multiplicity of the eigenvalue
4) is less than the algebraic multiplicity of the eigenvalue 4, the matrix A is not diagonalizable. ¢
In Example 27, we had only two linearly independent eigenvectors, so it was impossible to come

up with a diagonal form for A via
A=VAV

as we are “missing” a third vector for V. It turns out that we can always find vectors that can put
A in an almost diagonal form if we are willing to relax our notion of the eigenvector. The rest of
this section briefly develops these ideas into the Jordan Normal Form, which can also be seen as a
consequence of the spectral representation developed in chapter 9 of the course notes.

Let \; be an eigenvalue of A with algebraic multiplicty m,. Eigenvectors of A corresponding
to \; are elements of

N(A—=\I).
The dimension dim N (A — X, 1) is the geometric multiplicity of the eigenvalue \;. Note that

N(A = NI) C N(A— NI,

Non-zero elements of the set on the right-hand side are called generalized eigenvectors of A,
corresponding to the eigenvalue \;. Thus, eigenvectors are also generalized eigenvectors. Suppose
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that v # 0 satisfies (A — AI)™v = 0, and that m > 0 is the smallest integer such that this equation
holds. From the vector v, we obtain a cycle of generalized eigenvectors

v, (A= X)v,...,(A=X)""1
—_—

only eigenvector

The next theorem gives linear independence of this cycle. These cycles will turn out to contain
the missing basis vectors required to complete the matrix V', and render A into an almost diagonal
form.

Theorem 28 (Linear Independence Generalized Eigenvector Cycles) Let (A—\I)"v =0, i.e.,
let v be a generalized eigenvector of A with eigenvalue ). Then the cycle of generalized eigenvec-
tors

{v,(A=X)v,..., (A= XI)""v}
is linearly independent.
Proof: By induction. Suppose that
m—1
{(A=AD)v} ",

is linearly independent, and that

a;(A = X)Tv = 0.

j=k—1
Multiply by (A — AI) to obtain
m—1 m—1
0=(A—\) (A= M)Yv= )" (A=At
j=k—1 j=k—1
m—1
= (Z aj_1(A— AI)%) + Ay (A =A™
Jj=k =0
Thus, a1 = ... = o,,—2 = 0, and therefore,
m—1
0= (A=) v=amu 1(A=X)""1v = a,_; =0.
j=k—1

O
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For any matrix A € R™*", it can be shown (see chapter 9 of the course notes) that a basis for
R™ can be constructed that is composed of generalized eigenvectors of A. When the generalized
eigenvectors are appropriately chosen, the matrix

VtAv
can be reduced to Jordan Canonical Form or Jordan Normal Form.

Theorem 29 (Jordan Normal Form) For any square matrix A € R™*" there exists a nonsingular
matrix V€ C"*" such that

Jo 0 ... 0
0O J, ... 0
vilav= | 7 “y, (34)
0 O gy
where
A 10 0 O
0 N 1 0 O
J; = eCv™  i=1,...k,
0O 0 0 ... N\ 1
0O 0 0 ... 0 N
are the so-called Jordan blocks, \1, . .., \, are eigenvalues of A, and Zle n; = n. Moreover, let
Ay O 0
0 A, 0
A= ,
0 0 .V
where
AN 0 0 0 O
0 N O 0 O
A, = eCv*™ g=1,....k
0O 0 0 ... N\ O
0O 0 0 ... 0 N

Then A = S + N, where S = VAV~ is diagonalizable, and the matrix N is nilpotent of order k
(NF =0, Nk1 = 0) for some k < n. Furthermore, NS = SN.
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From
Jp 0 0
0 J 0
VLAY = ?
0 0 Ji
we find that
J; 0 0
0 Jy 0
AV =
0 0 ... Jg

To see how we can use this to compute the columns of V', we partition the columns of V' according
to the blocks in J. We set

V = (Ul,la-"7vl,n1a ...... ,ka,...,vk,nk).

Note that vy ; is the first column of V.
If we insert this and use the rules for matrix-matrix multiplication, we see that

A('Ui’l, s 7Ui,ni> = (U’i,la s 7Ui,ni> Jz

for: =1,..., k. Using the structure of the Jordan block J; we find that

A’Ui,l = )\z‘Ui,h

Avis = Nvia+ i1,

AVip, = AiVin, + Vin,—1-

The first identity states that v;; is an eigenvector of A corresponding to the eigenvalue );. The
others are part of a generalized eigenvector cycle.

Computation of the Jordan Normal Form (in the case of real eigenvalues) can be summarized by
the following procedure. We assume that \; € R is an eigenvalue of A with algebraic multiplicity
m;. Let

S = dim N (A — AI)".

1. Compute a basis {vq,v,...,vs } for N(A — A\;I). The geometric multiplity of A; is d;.
Arrange the basis as the columns of the matrix V:

V:(vl Vg - ’U(gl).
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2. If 61 < 0o, find a basis {07, Us, . .., s, } for N(A — \;I), with
V=(01 6a - ) =VC,

(C € R¥** is an invertible matrix), such that there are d; — &; linearly independent solutions
Wi, ..., Wey—g, tO

This leads to a matrix of generalized eigenvectors
( Uy w1 V2 Wy --- U52—51 w52—51 052—51-1—1 e 1)(51 ) .

3. If 95 < 43, repeat the process...

4. Continue until the matrix V' contains a complete set of m; generalized eigenvectors. Note
that at each step where 0, < dx41, this will involve recombining the basis vectors in V/, as
described in step 2.

We illustrate the computation of the Jordan Normal Form in the following two examples.

Example 30 Consider the matrix A in Example 27. The eigenvalue —2 is simple. The eigenvalue
4 has a geometric multiplicity of 1 that is less than its algebraic multiplicity of 2. Therefore, the
Jordan normal form of A is given by

5 4 3 -1 1 =« -1 1 =« -2 0 0

-1 0 =3 1 -1 x]=11 -1 =« 0 4 1

1 -2 1 1 1 «* 1 1 % 0O 0 4
~A _V _V _J

The missing column, denoted by v5 > in the notation used above, is obtained from

5 4 3 1
-1 0 -3 V22 = 4@272 + | -1 s
1 -2 1 1
:VA = V2,1

i.e., (4[ — A>/0272 = —U271.
Solving (41 — A)vy s = —vg gives

1+« 1 1 1
Vg9 = —Q =10l 4+al-1|=(0] + U2y, € R.
« 0 1 0
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Note that (41 — A) is singular and span{vy;} = N (4] — A), which can be seen from vy 5 =
(1, 0, O)T + QUg 1. We find

5 4 3 -1 1 2 -1 1 2 -2 00

-1 0 =3 1 -1 —-1])] = 1 -1 -1 0 4 1

1 -2 1 1 1 1 1 1 1 0 0 4
~A Y _V _J

The second example indicates why the computation of the Jordan Normal Form is involved.

Example 31 The matrix
2 1 0
A=1(0 2 0
0 —1 2

has eigenvalue A\ = 2 with algebraic multiplicity 3. The eigenspace is

1 0
N(ZI—A):span{ 0],(0 }
0 1

Since the dimension of the eigenspace N (2] — A) (= the geometric multiplicity of the eigenvalue
2) is less than the algebraic multiplicity of the eigenvalue 2, the matrix A is not diagonalizable.

From the geometric and algebraic multiplicity of the eigenvalue 2 we can deduce the structure
of the matrix ./ in the Jordan normal form

2 1 0 * ok % ¥ % 2 00

0O 2 0 * x| = | x x* 0 2 1

0 —1 2 * % * % 0 0 2
_A _V _V _J

We also know that the first column v, ; of V' is an eigenvector corresponding to the eigenvalue 2
and that the second column vy ; of V' is an eigenvector corresponding to the eigenvalue 2 that is
linearly independent of v, ;. However, the columns v; ; and v ; are in general not equal to the
basis vectors v; and vy for the eigenspace N (21 — A).

Since vy is an eigenvector corresponding to the eigenvalue 2, vy = 101 + U2 for some
scalars c;, co. We need to find ¢y, co as well as a vector v; 5 such that

(2[ — A)UZQ = 0151 + 0252,
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1.e.,
0 -1 0 c1
0 0 0 V2,2 = 0
0 1 0 Co
This system only has a solution if ¢; = —c» and in this case the solutions are
0 1 0
vgo=|—ca|+al0]+8|0], o Bck
0 0 1

Hence, we obtain
Vg1 = C1V1 — C1V2,

for any ¢; # 0 and

0 1 0
V2,2 = —C + « 0+ 5 0
0 0 1
forany o, 5 € R. We set ¢c; = 1 and o = 8 = 0, which gives
1 0
V2,1 = 0 y  U22 = -1
—1 0

The vector vy ; 1s an eigenvector corresponding to the eigenvalue 2 that is linearly independent
of vy 1. That is we need to find
0
o]}
1

with vy 1 # vy for some v € R. The vector v1; = (1, ,O)T satisfies these criteria. (There are
other choices, such as v; ; = (0,0,1)7.)
Thus, the Jordan Normal Form of A is given by

1
v EN@2I-A) = span{ 0
0
0

21 0\ (1 1 0\ /200\/1 0 1
02 0o)=[0o 0o —1)fo21)[0 0 -1
0 -12) \o-10/\0o0z2 \o-1 0

— 4 =V =7 — !

<

The computation of the Jordan Normal Form can be complicated and, except for special cases,
we will not compute the Jordan Normal Form. We use the existence of the Jordan Normal Form
and basic properties of the Jordan blocks to learn about the behavior of solutions of dynamical
systems and other problems. Next we will study the matrix exponential of Jordan blocks J; and of
A, which are important quantities for the solution of dynamical systems with constant coefficients.
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11.2 Computing the Matrix Exponential using the Jordan Normal Form

The Jordan Normal Form

Jg 0 ... 0
%S IR
0 0 ... Jg
_J

can be used to compute powers of A and evaluate matrix functions, such as exp(A). For example,
the /th power of A is

A =vJvtvgv=t. . vVt =vJivh

Since J is block diagonal,

Jb0o ... 0
- 0 J& ... 0
0 0 ... Jf

To compute powers of a Jordan block we write

A 1L 0 ... 0 0 O
N 1 ... 0 0 O
J; = = NI+ N,
0O 0 O Ao 10
0O 0 O 0 N 1
0O 0 O 0 0 N
where
01 O 0 0O
0 0 1 0 0O
Ni: ERWXM.
0 0 O 010
0 0 O 0 0 1
0 0 O 0 0O
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One computes

00 1 ... 00O 00 0 ... 001
00 0 ... 00O 00 0 ... 00
Ni2 — c Rnixni’“.?Ninifl _ e Rnixni,
00 O 0 0 1 0 0 O 0 00
00 0 ... 00 00 0 ... 00O
00 0 ... 00O 00 0 ... 00O

and N/ = 0 € R™*™. For example if n; = 4,

01 00 0010 0 001 0000
10010 > |0 0 01 3 [0 0 00 4+ |0 0 0 O
Nl*OOOl’Ni*OOOO’NiioOOO’Niit)OOO
0000 0000 0000 0000
Therefore
¢ min{¢,n;—1} / o
J=NI+N) =) ( ) NOND = > () ATINY (35)
§=0 3=0 J
where

If we use the fact that for two matrixes A, B that commute, i.e., AB = BA, it holds exp(A +
B) = exp(A) exp(B), then the expression for exp(J;t) can be derived easily (of course we have
avoided the difficulty of actually showing that exp(A 4+ B) = exp(A) exp(B) for two matrices
A, B that commute). Since the matrices A\;/ and N; commute we have

exp(Jit) = exp((\I + N;)t) = exp(Ait]) exp(N;t)

= exp(\it) exp(N;t) = exp(\it) (Z N])

n;—1 j

= exp(\it) (Z %NJ) . (36)

J=0

(In Section 11.3 we will derive (36) without using the identity exp(A + B) = exp(A) exp(B) for
two matrixes A, B that commute.)
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For example if

A1 0 O
10 X 1 0 Axd
Ti=lo o 1|E
0 0 0 N
then
1t t3/2 t3/6
— 0 1 t t2/2 4x4
exp(Jit) = exp(A;t) 00 1 ¢ | € R*.
00 O 1
The functions that appear in the entries of exp(.J;t) are shown in Figure 13 for \; = —1. The func-

tions exp(—t)t, exp(—t)t*/2, and exp(—t)t3/6 grow initially until the term exp(—t) dominates
the powers of ¢ and the functions decrease monotonically.

1 —t
- e
- -e—t t
0.8 -- e 22
e 't%6
0.6}
0.4}

10

Figure 13: While the function exp(—t) decreases monotonically, the functions exp(—t)t,
exp(—t)t?/2, and exp(—t)t3/6 grow initially until the exp(—t) term dominates the powers of ¢
and the functions decrease monotonically.
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If (34) holds, the matrix exponential of At for a scalar ¢ is given by

exp(Jit) 0 . 0
0 exp(Jot) ... 0
exp(At) =V : L) .
0 0 exp(Jyt)
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Example 32 Suppose that the concentrations as a function of time for three chemical species are
given by x1(t), z2(t), z3(t). Furthermore, suppose the rate of the reaction x; — x5 is proportional
to z; and the rate of the reaction x5 — x3 is proportional to z5. Finally, suppose that the initial
concentrations are x1(0) = 1, 25(0) = 23(0) = 1.

The mathematical model for the chemical reaction is

2y (t) = —kiz1(t),
fL‘/Q(t) = ]{31$1(t) — ]CQI’Q(t),
25 (t) = kowa(t),

and z(0) = (1,0,0)7, where k1, k are the rate constants for the reaction. In matrix vector form,

xé(t) = k?l —k‘g 0 Jfg(t) y

The solution of the differential equation 2'(t) = Ax(t)x(t), t > 0, with initial conditon z(0) =
To 1S given by
x(t) = exp(At)xo.

We study two cases, k; = ko and ky # ko.
ky = ko: If ky = ko # 0, the eigenvalues of

-k 0 0
A= ki -k O
0 Ey 0

are —k; with algebraic multiplicity 2 and 0 with algebraic multiplicity 1. The corresponding
eigenspaces are

0
N(=kiI—A)=spanq [ —1
1

0

N(—A) =spang | 0

1

Since the dimension of the eigenspace N (—k;I — A) (= the geometric multiplicity of the
eigenvalue —k) is less than the algebraic multiplicity of the eigenvalue —k1, the matrix A is
not diagonalizable.

CAAM 335 Spring 2011 updated May 5, 2011



11.2  Computing the Matrix Exponential using the Jordan Normal Form 76

The previous calculations show that the Jordan normal form is

-k 0 0 0 % 0 0 % 0 -k 1 0
kl —kl 0 -1 % 0 = -1 % 0 0 —k'l 0
0 ki O 1 % 1 1 % 1 0 0 0
_A _V Y _J
The missing column, denoted by v, » in the notation used above, is obtained from
-k 0 O 0
ki =k O0|vig=—-kvio+ | —-1],
0 ki O 1
:VA ="V11
i.e., (—kll — A)ULQ = —U1,1.
SOlVng (—]ﬁ[ — A)’Ul’z = —U11 gives
—1/k —1/k 0 —1/k
V12 = 1/]61—@ = 1//{51 +al| -1 = 1/]{31 +Oé?)171, a € R.
o 0 1 0

Choosing o = 0, we find
-k 0 O 0 —1/k O 0 —1/k O -k 1 0
ki -k O -1 1/ky 0)=1|-1 1/k O 0 -k O
0 kL 0 1 0 1

—A = =V = J
or, equivalently,
-k 0 O 0 —1/k O -k 1 0 -1 -1 0
ki =k O0)=|-1 1/kx 0 0 —k O -k 0 O
0 ki 0 1 0 1 0 0 0 1 1 1
—A —V = J _p-l
We have
-k 0 O
exp kk =k O]t
0 ki 0
0 —1/k'1 0 exp(—klt) exp(—klt)t 0 -1 -1 0
= —1 1/1{31 0 0 exp(—klt) 0 —/{?1 0 0
1 0 1 0 0 1 1 1 1
ey = eXE;(Jt) _
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The right plot in Figure 14 shows the solution z(t) = exp(At)x, of the differential equation
2'(t) = Az(t), t > 0, where A s constructed with k1 = ko = 1, and with initial condition
o = (1,0,0)7. The left plot shows the solution z(¢) = exp(Jt)z, of of the differential
equation 2'(t) = Jz(t), t > 0, with initial condition zy = V 1.

o
©

0.5¢

o
o

o
~

concentrations

Figure 14: The solution z of 2/(t) = Jz(t) (left plot) and the solution z of 2'(t) = Axz(t) of with
ky = ky = 1 and initial value z, = (1,0, 0)7.

ky # kot If ky # ko and ky # 0, ko # 0, then eigenvalues of

-k 0 0
A=\ ki —ky O
0 ky 0

are —ky, —ko, 0, each with algebraic multiplicity 1. The corresponding eigenspaces are

(k1 — k2)/ks
N (=kiI — A) = span —k1 /Ky ,
1
0
N(=kol — A) =spang [ —1
1
and
0
N(—A) =span | 0
1
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Since A has three distinct eigenvalues, it is diagonalizable. In particular,

k0 0 (i—ko)/ks 0 O\ [=k1 0 O\ [ ko/(kiehs) 0 0

Fioo—ks 0 = —ki/ks 1 0| 0 —k O] [—ki/(ki—ks) -1 O

0 ko 0 1 1 1 0 0 0 1 1 1
:VA :VV :VA :“;71

The right plot in Figure 15 shows the solution z(t) = exp(At)x, of the differential equation
2'(t) = Ax(t), t > 0, where A s constructed with k; = ko = 1, and with initial condition
zo = (1,0,0)T. The left plot shows the solution z(t) = exp(At)zy of of the differential
equation 2'(t) = Az(t), t > 0, with initial condition 2y = V ~'xz.

4
\
\\ 1
2k
. 0.8/
.

o B T e s
'EO.G*
=
[0]

-2 S 0.4
(o]

(&)
A —Z 0.2
__.22
‘23 0
% 2 4 6 8 10 0 2 4 6 8 10

Figure 15: The solution z of z/(t) = Az(t) (left plot) and the solution z of 2'(t) = Az(t) of with
ki = 0.8, ko = 1 and initial value zo = (1,0,0)7.

11.3 Computing the Matrix Exponential of a Jordan Block

In the previous section we have computed the matrix exponential of a Jordan block, exp(J;t), using
the identity exp((\;I + N;)t) = exp(\;t]) exp(IV;t). This identity is true, but it relies in the fact
that for two matrixes A, B that commute, i.e., AB = BA, it holds exp(A + B) = exp(A) exp(B),
which we haven’t proven. For completeness, we show (36) using elementary computations.
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Using the expression for J! derived in (35) we obtain

0o 00 min(¢,n;—1)
1 1 14 i
()= =D % ()

=0 =0 §=0
00 1 min(¢,n;—1) / ,
_ £ —JnrJ
_ZE TEY ())\ N:
=0 j=1
0o 00 min(4,n;—1)
1 1
= ZEAfIJr i ( ¢ ) XN
£=0 =0 j=1 J
o —— f! J v 0 4 J v
=0 j=1 =0 {=n j=1
o] n;—1ln;—1 —q n;—1 oo Y/
A DY | A1
SR TED 5) SESITHD D) piecaL et
| A I — ) g1t
/=0 j=1 t=j (6 j) j=1 f=n; (E .]) J
oo n;—1ln;—1—j 1 n;,—1 oo /\E 1
_ M Zi = aTd Zi N
ALY e S s My
=0 j=1 ¢=0 j=1 l=n;—j
[e'e) )\g n;—1 oo )\ 1
_ A i J
=D G g
(=0 j=1 ¢=0
—exp(\s) —exp(Mi)
n;—1 1
_ A L oard
= exp(\;) Z; E!NZ
J:
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12 The Singular Value Decomposition

12.1 The Singular Value Decomposition

For any matrix A € R™*" there exist orthogonal matrices U € R™*™, V' € R"*" and a ‘diagonal’
matrix

01 0O ... 0
5= r 0 eR™"™  ifm<n
0 .0
or
01
o,
0
Y= . e R™*" it m >n,
0 0
0 0
with diagonal entries
012 ...20,>0p41 = ... = Opin{mn} = 0
such that
A=UxVT, (37)
The decomposition (37) is called the singular value decomposition (SVD) of A € R™*". The
scalars oy, ..., Owmin{m,n} are called the singular values of A. The SVD can be computed using the
MATLAB command svd.
If the columns of V are vy, . . ., v,, and the columns of U are u, . . ., ,,, then the SVD (37) can
also be written as .
A= Z O_Z'Ui’UZ-T. (38)
i=1

12.2 The SVD and the Fundamental Theorem of Linear Algebra

From the SVD (38) we can easily determine the range and null-spaces of A and A7
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e The range space of A is R(A) = span{uy,...,u,}.
(R(A) = {0} if r = 0, i.e., if all singular values of A are zero (i.e., A is the zero matrix).)

Proof: Since Az = >, u;(o;v] x) € spanf{uy, ..., u,} forany z € R", we have R(A) C

span{uy,...,u,}. On the other hand, the orthogonality of the vectors vy, ..., v, implies
AU]'/O'J' = Z::l O'i(O'i'UZ-TUj/O'j) = Uy forj = 1,...,7“, i.e, Uj € R(A) fOI'j = 1,...,7’.
Consequently, span{uy, ..., u,} C R(A). O

e The null space of A is N (A) = span{v,41,...,v,}.
(W (A) = {0} if r = n, i.e., if all singular values of A are positive and m > n.)

Proof: 1If x € N(A), then Az = >/  oi(osw]z) = 0. If we multiply by u],

j e {l,...,r}, then 0 = uj Az = >/ uj u(o;v]z) = ojvjx. Since o; > 0 for

j€{1,...,r}, we obtain UJ-TJ: =0,5 = 1,...,r. By orthogonality of the vectors vy, ..., v,,

x € span{v,1,...,U,}. On the other hand, the orthogonality of the vectors vy, ..., v, im-

plies that for j > r, Av; = >0 oi(ov]v;) = 0ie, v; € N(A) forj =r+1,...,n.

Consequently, span{vy, ..., v} C N(A). O
e Since

r T r r
T } : T 2 : ™T } : T
A = O;U;V; = (Jiui’l)i ) == 0;0;U;
i=1 =1 =1

the same arguments as above can be used to show that
R(AT) = span{vy, ..., v}

and
N(AT) = span{ur-i-la s 7um}'

12.3 The SVD and Data Compression

A black and white image can be represented as a m X n matrix of pixels, where each entry a;; of

the matrix is the grey value of the pixel 75. (A color image can be stored stored as three m x n

matrices, where the ¢jth entry of the first matrix is the “red” value of the pixel 77, the ijth entry

of the second matrix is the ”green” value of the pixel 77, and 7jth entry of the second matrix is the

“blue” value of the pixel ij.) If stored this way, the representation of a matrix requires mn reals.
We can compute the singular values decomposition

min{m,n}

A=UsV" = > o]
=1
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Recall that the singular values are ordered
012 ... 2> Omin{m,n} > 0.

If a singular value oy, is much smaller than the first £ singular values, then the contributions
of Ops1Uk10L, 1, OpiollpraV} o, ..., are smaller than the contributions of oyuivy, ..., opu,vy.
Therefore we may approximate

min{m,n}

k
def
A= UZVT = E UZ"U/Z"UZ-T ~ E O'Z'Uﬂjér = Ak
=1 =1

Although Ay is also an m x n matrix, we only need to store k vectors u; is size m, k vectors v; is
size n, and k scalars o;. Hence, the storage of Aj, requires (m +n+ 1)k reals. If £ is small relative
tom and n, (m +n + 1)k < mn.

See implot .m for an example.

How well does the compressed image approximate the original one? We can provide a simple
expression for the error A — A;, in the Frobenius norm.

Recall that the Frobenius norm of an m x n matrix A with entries a;; is given by

n m 1/2
|AllF = (Zza?j) :
j=1 i=1

Before we analyze the error ||A — Ay ||r, we prove a few properties of the Frobenius norm of a
matrix.

o If ) € R™ ™ is an orthogonal matrix, then ||QA|/r = || A||r.

Proof: If A € R™*" has columns aq, ..., a,, then the square of the Frobenius norm of A is
equal to the sum of the squares of the 2-norms of the columns of A4, i.e.,

n 1/2
[AllF = <Z ||%H§> :
j=1

Since the columns of QA are Qay, ..., Qa, we have

n 1/2
QA = <ZHQ%H%> :
j=1

Since Q is orthogonal, ||Qv||3 = vTQTQuv = vTv = ||v||3 for any vector v € R™. Hence,

1/2

n 1/2 n
IQA|[F = (Z !IQ%\E) = (Z H@;-H%) = [|AllF.
j=1 j=1
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e If P € R™ " is an orthogonal matrix, then ||AP||r = || A||r.

Proof: Note that the Frobenius norm of the transpose of a matrix is equal to the Frobenius
norm of the matrix, i.e., || M||r = | M”||r for any matrix M. Therefore,

IAP|p = |PTAT|[F = [A"[[F = [|Allp-

([
o If 0y,..., Omin{m,n} are the singular values of A € R™*", then
1/2
||AHF = (O-% +..+ O-I2nin{m,n})
Proof: Let A = UXVT be the singular value decomposition of A. Then
1/2
1Al = 1USV e = ISV |r = ISlr = (0F + ... + 0hinmmny)
O

Now we can provide an estimate for the error A — A;. We consider the case m > n,butm < n
can be handled the same way. We have

A=USVT =) o]
i=1

and i
Ap =) o] =US VT
i=1
where
o1 01
O Ok
Ok+1 0 mxn
Y= . ) Ek = . eR :
0 On 0 0
0 0 0 0
Hence,

1A = Al = U =SV e = | = Sille = (0741 + -+ Pingmm) -
{m,n}
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12.4 Linear Least Squares Problems and the SVD

Let A € R™*™ and b € R™. We are interested in the solution of the linear least squares problem
min || Az — b||3.
xT

We assume that m > n, but everything can be easily adjusted for the case m < n.
Recall that for an orthogonal matrix (), we have

Q=113 = 2"QTQz = 272 = 12|13

that is multiplication of a vector by an orthogonal matrix preserves the length of the vector. Now,
using the orthogonality of U and V' we find that

JAz =3 = [[U"(Az - B)|I
— UV - b)]
— |=VTz - U

m

= Y (o —ulb? + > (ufb)?,

i=1 i=r+1

where we have set z = V7 z. Thus,

T m
min || Az — b||3 = min Z(al-zi —ulb)? + Z (ulb)?.
* =Vie i i=rt1
The solutions are obviously given by
Ty
z;, = i , 1=1,...,m7,
g;
z; = arbitrary, i=r+4+1,...,n.
and
n
r=Vz= Z Vi 2.
i=1
Moreover,
m
min [ Az — b = Y (uFb)*
i=r+1
Since V' is orthogonal, we find that
|zlle = [[VV Tzl = [V ]2 = ||2]2
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Hence, the minimum norm solution of the linear least squares problem is given by

=V,
where 2T € R™ is the vector with entries
T
ur b
zj = —/—, i=1,...,r
0;
zj = 0, 1=r+1,...,n,

1.e.

zf = Z Uy (39)

i=1

Given the singular value decomposition A = UXV? =377 oyu;v] of A € R™™, the pseudo
inverse of A is given by

,
At =vSiuT =3 o v,
i=1

where

o 1

o, !
0
¥ = , € R™™ ifm<n

0 0

0 0
or

ot 0 0
0.71
nh = r 0 e RMm ifm>n

The SVD approach to solving a linear least squares problem gives valuable insight into the
solution (39) of the linear least squares problem. Suppose that the data b are

b= b + b,
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where b°* is the exact data and Jb represents the measurement error. In this case (39) can be written

as
T T T T 1.ex T
t_ u; b o u; b u; (6b) ' 40
x Z o v; ; ( o + -, Vj. (40)

i=1

We are really interested in

but because of the presence of measurement errors can only compute (40). The error

. ul'(6b " (uF(6b))?
IR S UHCO NN IS SICAGD)
i=1 v

o
=1 g

depends not only on the size ||Jb||» of the measurement error, but also on the singlar values. If a
singular value o; is small, then u} (6b)/o; could be large, even if u! (6b) is small. This shows that
errors 60 in the data can be magnified by small singular values o;.
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Example 33

% Compute A
= 10.7(0:=1:-10)";
[ ones(size(t)) t t.”2 t.”3 t.’"4

>
Il

% compute SVD of A
[U/ D/V] = svd (A) 7
sigma = diag (D) ;

% compute exact data
xex = ones (6,1);
bex = Axxex;

for i = 1:10
% data perturbation

deltab = 10" (-1)* (0.5-rand (size (bex))) .*bex;

= bex+tdeltab;
= U’ +b;

5 O

% solution of perturbed linear least squares problem

b

=V * (w(l:6) ./ sigma);
errx (i+l) = norm(x - xex);
errb (i+1) norm(deltab) ;

end

loglog(errb,errx,’x")
ylabel ( || x"{ex} — x ||_2 ")
xlabel(’ || \delta b |]|_2 ")

The singular values of A are given by

o1 ~ 3.4 oy~ T72%107%
oy~ 2.1 o5 ~ 6.6 %1077
o3 ~ 8.2% 1072 o6~ 5.5% 1071

The error ||z — x|, for different values of ||0b]|, are shown in Figure 16. Figure 16 shows that
small perturbations ¢b in the measurements can lead to large errors in the solution x of the linear

least squares problem if the singular values of A are small.
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10"
*
>*
*
_« *
o 10° "
3
x *
- *
¥
0 >k
10°
0

10

-10 5
10 Il g% II2

Figure 16: Dependency of the least squares solution on data perturbations
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13 Fourier Series and the DFT

Let f : R — R be a 27 periodic function. i.e, f(t) = f(t + 2x) for all ¢. The Fourier series of f is
given by

a = :
50 + Z ay cos(kt) + by sin(kt), (41a)
where
/ f(t) cos(kt)d k=0,1,..., (41b)
bk:— f( ) sin(kt)dt k=1,2,.... (41c)

T Jo
We will study the truncated Fourier series
% + ; ay cos(kt) + by sin(kt).

Lemma 34 i. If we define the complex numbers

1 = 1

Ek:§(ak—ibk), 5_k :Ek:§(ak+2bk), kZO,...,TL, (42)
then

+ Z ay, cos(kt) + by sin(kt) Z cpe® (43)

k=1 k=—n
and
1 27 -
Ck—% f®e "™dt, k=0,...,n. (44)

ii. If we define N = 2n + 1 and the complex numbers

Ek = %(ak—ibk), k:O,...,n,
_ - , 45)
Nk = Cp=glap+iby), k=1,...,n,
then
a n N—
50 + 2 ay, cos(kt) + by sin(kt) = kz: (46)
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Now, we find approximations for the Fourier coefficients

~ 1 <
Cr = 5 f()mtdt, k=0,...,n.

We sample f at N = 2n + 1 points

Let
fj:f<tj)7 j:O,,N—l

Using the fact that f is 27 periodic, we find that f = fy. Applying the composite trapezoidal rule
to approximate ¢, we obtain

N—1
1
Cp = _/ f 71kxd$ ~ N Z f —ijk2m/N
7=0

We set
]- — —1jk2m
Ck—N}_:fje /N | =0,...,N. (47)

Given (47) approximations of the Fourier coefficients (41b,c) are given by

ME) k=0,....n=(N—1)/2
“23(G) k=1,....n=(N—1)/2,

Qg
by

~
~
~
~

(48)

see Lemma 34.
We note that the approximate Fourier coefficients defined by (47) maintain the property that
cn_k=¢, k=0,...,N—1(cf. Lemma 34).

Lemma35s Let f; € R, j =0,..., N —1be given. If ¢y, k = 1,... N, are defined by (47), then
CN_k:a, /{Z:O,...,N—l.

Proof:
CN_h = 2 f e*’L] (N—k)2m/N _ § f] ’L_]k2Tl'/N 71327r =7

W—/W—/

o—ijk2n /N =1
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13.1 The Discrete Fourier Transform (DFT)

Given N real numbers

fO?"':fN—l

we want to compute

1 -
Cr = — Z fje_”k%/N, k=0,...

N — 1. (49)

The mapping of f;, j =0,..., N — 1, into ¢y = Zj.\f:gl fie k2N | =0, ..., N —1,is called

the Discrete Fourier Transform (DFT).

Im(2)

Figure 17: 8th root of unity

Let
wy =N ¢ C
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13.1 The Discrete Fourier Transform (DFT) 92

be the Nth root of unity. With this notation we can write

1 —ijk2m /N
o= L
7=0
N-1
1 —jk
- N : fiwy",
7=0
Jo
. hi
= N(l,ka,wNz , ,w;[(N_l)k) f2 , k=0,....,n—1
fn-1
Thus,
co ! 1_1 1_2 o —(]1\/—1) fO
Co = — Wi Wy S Wy (=0 f2 (50)
N .
CN-1 1 w;,(N_l) wX,Q(N_I) e w;,(N_l)2 In-1
The matrix
1 1 1 1
1wk w3 wh !
2(N—1
Fy=1]1 w3 Wi w]\; ) (51)
1 w%‘l ZQV(NA) w](VNfl)Q
is called the Fourier matrix. Since
the matrix in (50) is equal to Fly, the conjugate complex of Fy. We can write (50) as
Co 1 Jo
= —Fy : . 52
NI : (32)
CN-1 N1

Thus, the application of the DFT (49) to a vector f is a matrix-vector multiplication ¢ = Fiy.
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Lemma 36 Let Fy be Fourier matrix given by (51). It holds that
FyFy = NI,
Le.,
41 —; 1
Fy = NFNa (FN)" = <Fn
Proof: Forl ke {0,...,N —1},
N—-1 o
(FnEN)w = W;/l]w%g
j=0
N-1
_ o ili2n /N jikj2m/N
7=0
N—-1
_ piltk=0)j2m/N
7=0
N—1
_ (ez(kfl)Zﬂ/N)]
j=0
{ N ifk =1,
= _(¢i(k=1)2m /NN .
llgei(kfl)%/l\; =0 ifk 7é l.
O
The inverse discrete Fourier transform maps c into f and is given by
Jo Co
: = Iy (33)
N1 CN-1
or, equivalently,
N-1
fo=Y e N k=0, N1 (54)
j=0

In a straight forward implementation, the computations of matrix-vector products

— 1
FNC and NFNf

require N2 multiplications. However, using the special structure of Fy, these multiplications can
be done much more efficiently using the so-called Fast Fourier Transform (FFT). This will be
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13.1 The Discrete Fourier Transform (DFT) 94

discussed in Section ??. Matlab’s £ft (f) uses the fast Fourier transform to compute Fy f and
Matlab’s 1 £t (c) uses the fast Fourier transform to compute (1/N)Fyc. (Warning: Note the
difference in scale by N: ££t (£) computes Fy f, not +Fy f and 1 ££t (£) computes (1/N)Fyc,
not Fiyc.)
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13.2 Application: Modal Analysis

We consider a mass-spring system with three masses and four springs. The displacement of the
ith mass at time ¢ is denoted by z;(¢). It can be shown that the displacement obey the following

second order differential equation

Mi(t) + Ka(t) = 0,

#(0) = x(U,
2(0) = 20,
where
K:ATCA,
with
1 0 0 cgc 0 0 O
B -1 1 0 _ 0 o 0 O
A= 0 —1 1 , C= 0 0 ¢g O ’
0 0 -1 0 0 0 ¢«
and
ma 0 0
M = 0 mo 0
0 0 ms

The stiffnesses c; are positive numbers and we assume that the mass matrix M = I.

The solution of (55) is given by
3
z(t) = Z[ak cos(wt) + by, sin(wyt)]vg,
k=1

where
K =VAVT

is the spectral decomposition of K, vy, is the kth column of V', wy = /A,
a= VTx(O), b= VTa:(l),

and bk = l;k/wk, k= 1,2,3.
For ¢; = ... = ¢4 = 1000, the frequencies w1, w9, w3 are given by

wy = 24.2030, we =44.7214, w3 = 58.4313.

(55)

(56)

Now, suppose we do not know the frequencies wy, ws, w3. We want to determine the frequencies

from measurements of the displacement of the first mass.
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We sample the displacement of the first mass at times
ti=U—-1At, j=1,...,N

where
N =2 p=11.

This gives a vector # € R?". See Figure 18.

X,
:

0.06

0.04

-0.02

-0.04 -

-0.06 -

time

Figure 18: Measurements

Next, we take the Fast Fourier Transform of & to get the Fourier coefficients c;. The absolute
values |cy| are shown in Figure 19. The first 2! /2 = 1024 values in Figure 19 correspond to the
the Fourier coefficients co, . . ., c1g24, the last 21! /2 = 1024 values correspond to the the Fourier
coefficients c¢_1924,...,C_1,

Next, we want to match the coefficients ¢, to the frequencies. By definition of the DFT:

N—1 N-1
z;=x1((j — 1DAL) = Z creIN = Z cpeUADNEE
k=0 k=0

On the other hand, (56) shows that

3 3
x1(t) = Z apvy j cos(wit) + brvy i sin(wit) = Z Cret Rt 4 G iwnt
k=1 k=1
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Magnitude of the FFT of X,

30+

25

0 L—‘* J_J

L L L L L f
0 200 400 600 800 1000 1200 1400 1600 1800 2000
k

Figure 19: The absolute values |c;| of the Fourier coefficients

for some ¢j. In particular,

Q
=
)

To identify the frequencies wy, w2, w3 we plot the absolute values of the computed Fourier co-
efficients cg, ..., c1024. againts against %. See Figure 20. In the bottom plot of Figure
20 we focus on the frequencies w between 0 and 70. This plot shows three peaks around

wi = 24.2030, wy = 44.7214, w3 = 58.4313.
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14 Laplace Transform

Example 37

(a) We compute the Laplace transform of e’.

oo 00 R
[,(et)(s) = / ete Stdt = / e(l—s)tdt — lim 6(1_S)tdt
0 0

R—o 0

1 R 1
= lim ——eU™9 = lim —(e(l_s)R - 1)
R—ool —s 0 R-oocol—3s
1
s —1

if Re(1 — s) < 0, i.e, Re(s) > 1.

(b) We compute the Laplace transform of te™".

[e) 00 R
L(te™)(s) = / te~fe"dt = / te1igt = Lim [ et
0 0

R—o0 0

R
T B e / L oy
R—oo \ 1+ s 0 o l+s
= lim -1 telT1mt ;e(_l_s)t )
R—oo \ 1+ s 0o (1+s)? 0

if Re(—1 — s) <0, i.e, Re(s) > —1.
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15 Complex Functions
Every complex function f : C — C with argument z = = + iy can be written as
[l +iy) = u(z,y) +iv(z,y).

Definition 38 A complex function f : C — C is differentiable at zy if the limit lim,_,q %ﬁézo)
exists. In this case the derivative of f at 2y is given by

(eo) = tiy L= L8]
Example 39

1. Let f(z) = Re(z) = xand zy = xo+iyo. We consider the difference quotient with z = zp+h
and the difference quotient with z = zy + ¢h. We find

f(z0+h) — f(20) o+ h —xg

and "
lim LG0T = flz0) w020
h—0  zg+1th — 29 h—0  1h

Since the two limits do not coincide, lim,_. [(Z)=10) qoes not exist and, consequently, the

zZ—20

function f(z) = Re(z) is not differentiable at any z € C.

o

The previous example hints at conditions that need to be satisfied when f is differentiable at
2o. In this case for every sequence {z,} of points converging to zy the limits lim,, ., %:fézo)
must coincide. In particular if we look at sequences of points converging to z, along the real axis
and sequences of points converging to z, along the imaginary axis, their limits must coincide. That

is, if the function f is differentiable at the point 2, then

mf(ZO‘i‘h)—f(Zo) f(zo+h) — f(20)

h—0 Zo + h — 20 - }llliil) h - f (ZO)
and
lim f(20 + Zh) — [(%0) ~ lim f(z0 + ’Lh) — [(%0) i —i f(z0+ih) — f(20) — ()
h—0  zg+1h — 2 h—0 th h—0 h
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If we insert f(z + iy) = u(z,y) + iv(x,y), 20 = xo + 1Yo, We obtain

f(z0 + 1) — f(z)

f/(Zo) = lim

h—0 h
_ }llim u(xo + h, yo}z — u(wo, Yo) 1 v(zo + h, yoli — v(20,%0)
—0

0 C 0
= %U(ﬁo, Yo) +1 8_xv(x0’ Yo)

and
. f(zo+1ih) — f(20)
/ — —
f(20) = }lllir(l) i ;
= lim — u(@o, yo + 1) — ulzo, yo) 4 v(xo, Yo + h) — v(x0, Yo)
h—0 h h

= —i 3u(az: )+ 2U(JC )
= By 0> Yo By 0,Y0)-

Comparing the real and imaginary parts, we conclude that

8_:(:“(1'7 y) = a_yv(xa y)7 (573)
0 0

hold at 2y = x¢ + 1yo. The equations (57) are the Cauchy-Riemann equations. Thus we have
proven the following result.

Theorem 40 If the function f(x +iy) = u(x,y) +iv(x,y) is differentiable at zy = xo + iyo, then
the Cauchy-Riemann equations (57) hold at zy = x¢ + 1Yo.

Note that the Cauchy-Riemann equations are a necessary condition for differentiability. If a
function is differentiable at a point, then the Cauchy-Riemann equations must be satisfied at that
point. Conversely, if the Cauchy-Riemann equations are not satisfied at a point, then the function
is not differentiable at that point. However, just because the Cauchy-Riemann equations hold at a
point, does not allow one to conclude that the function is differentiable at that point. We illustrate
this using some examples.

Example 41

1. In Example 39 we have already shown that the function f(z) = Re(z) = z is nowhere
differentiable. Here we derive the same result using the Cauchy-Riemann equations. The
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partial derivatives of the real and imaginary part of f are

3} 0
axu(x’y) = 17 ay/U(x?y) = 07
0 0
—ayu(x, y) =0, _8xv<x’y) = 0.

Hence the Cauchy-Riemann equations are nowhere satisfied and the function f(z) = Re(z)
is nowhere differentiable.

2. Consider f(z) = (z* 4+ y) + i(y* — x). We have

0 0
%U(CC,Z/) - 21"7 a_yv(xvy) - 2y7
0 0
@u(may) - 17 %U(.ﬁf,y) =-L

Hence the Cauchy-Riemann equations are only satisfied at z = x + ¢z. The function f(z) =
(x2 4+ y) +i(y* — x) is not differentiable at any point z ¢ {z +ix : x € R}.

What about the differentiability at points z € {x + iz : = € R}? The Cauchy-Riemann
equations are only a necessary condition for differentiability. Thus, we cannot conclude
that because the Cauchy-Riemann equations are satisfied the function is differentiable. In
particular, Theorem 40 does not tell us anything about the differentiability at points z &€
{z+ix : x € R}.

To check the differentiability of f at zo = x( + 2z we have to consider difference quotients
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with z = 2z + h + ik, i.e., we have to consider
lim f(zo +h+ik) — f(z0)
(hk)—(0,0) 2o+ h+1k — 2z
(2o + h)? + (zo + k) +i((zo + k)2 — (w0 + h)) — [(22 + 20) +i(x2 — 30)]

= lim .
(h,k)—(0,0) h+ ik

b 220h + h? 4+ k + i(2x0k + k* — h)
(h,k)—(0,0) h + ik

_ oy 2%o(h k) + (h* + k*) + (k — ih)
(h,k)—(0,0) h+ ik

C tm 2xo(h + ik) + (B* + k*) — i(h + ik)
(h,k)—(0,0) h + ik

. h* + k?
=2x9—1+

I
(h,k)IE%O,O) h + ik
) ) (h? + k2)(h —ik)
= 25 — |
To— o (h,k)IE%O,O) h? + k2
= 223() —1+40.

Thus, the function f(z) = (22 + y) + i(y* — z) is differentiable at zy = x( + iz and the
derivative is
fl(Zo) = 233'0 — i, for 20 = To + iLCO

3. Consider s s/ P
GBI LS IBA
f
f(z) = 21 , ifz#£0,
0 if z =0.
At z = 0, we have
) . u(h,0) —u(0,0) . 1AV
55 (0,0) = lim ———— =m0

and, similarly,
0 0 0

The Cauchy-Riemann equations are satisfied at z; = 0, however, the function is not differ-
entiable at 2, = 0. To see this consider the difference quotient with z = 2, + h and the
difference quotient with z = z5 4+ h + ¢h. We find that

_ 4/30\5/3 | +1.5/304/3
i TGO 1) = Go) _ TIPS iRt
h—0 h—20 h—0 h h*+0
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and

 flzo+h+ih) = f(z) . 1 WYPRS iRt
lim - = lim , CI—
h—0 h +ih h—0 (1 +1i)h h*+h
1 B +ih® 1

= lim S )
h—01+1 2h 2

Since the two limits do not coincide, f is not differentiable at z; = 0.

o
A sufficient condition for the differentiability of a function is given in the following theorem.

Theorem 42 Let f(x+1iy) = u(x,y) +iv(x,y) be defined on some open set G including the point
20 = To+1Yo. If the partial derivatives of u and v exist in G, are continuous at (g, yo), and satisfy
the Cauchy-Riemann equations (57) at zy, then f is differentiable at z.

Example 43

1. Consider f(z) = (z* +y) + i(y* — ). In Example 41 we have established that f is differ-
entiable at any z = x + ix. We will argue that f is differentiable at any z = = + ix using
Theorem 42. We have

0 0
%U(ﬂv,y) = 2z, a—yv(ft,y) =2y,
0 0

The partial derivatives of u and v exist in C, are continuous at any point in C. Since the
Cauchy-Riemann equations are satisfied at z = x + ¢z, Theorem 42 implies that f is differ-
entiable at any z = x + .

2. Consider 4/3. 5/3 5/3, 4/3
Ty 4y if 2 £ 0

f(z): $2+y2 ) 127é )

0 if z=0.

In Example 41 we have shown that f is not differentiable at z; = 0. Compute the partial
derivatives of v and v and show that they are not continuous at (g, o) = (0, 0).

CAAM 335 Spring 2011 updated May 5, 2011



105

The following well-known identities for the differentiation of real functions also hold for the
differentiation of complex functions.

(f +9)(20) = f'(20) + ¢ (20),
(af) (20) = af'(20) for a constant a € C,
(f9)'(z0) = f'(20)9(20) + f(20)9'(20),
(f '(ZO) _ J(=0)9(20) — f(Zo)g’(Zo)‘
g 9*(20)
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16 Partial Fraction Expansions

The solution of dynamical systems

using the Laplace transform leads to
(Exﬂs):(sl—aAY4<xo+(£hX3».

The inverse (sI — A)~! can be computed using Gaussian elimination and executing Gaussian
elimination shows that (sI — A)~! is a matrix with entries given by rational functions of the type

fij(s)
det(sl — A)’

where pa(s) = det(s/ — A) is the characteristic polynomial of degree n of A and f;;(s) is a
polynomial of degree less than n.

Example 44

e Consider
2 —1
=1 5)
1 s —2 -1
J— 71:—
(sT=4) 52—45+3< -1 s—2>‘

The characteristic polynomial of A is p4(s) = det(s] — A) = s* —4s+3 = (s —1)(s — 3).
Consequently, the eigenvalues are given by \; = 3 and A\ = 1.
e Consider
-1 00
A= 1 -1 0
0 10
This is matrix in the reaction kinetics ODE (see Example 32) with ky = ky = 1.

1 s(s+1) 0 0
(s —A)"' = ——5 s s(s+1) 0
s(1+s) 1 (s+1) (s+1)

The characteristic polynomial of A is p4(s) = det(sI — A) = (s + 1)?s and the eigenvalues
of A are given by \; = —1 (with algebraic multiplicity 2) and Ay = 0.

CAAM 335 Spring 2011 updated May 5, 2011



107

<

To compute the inverse Laplace transform we have to compute complex integrals with inte-
grands of the type f;;(s)/det(s] —A) or f;;(s)h;(s)/ det(s] —A), where h; is a component of the
right hand side function A in the dynamical system. To compute these complex integrals, it will be
beneficial to expand the rational functions f;;(s)/ det(s/ — A) in a partial fraction expansion. We
first consider the case in which all roots of the denominator polynomial are simple.

Let g : C — C be a complex polynomial of order m with roots A4, ..., A\, of multiplicity one,
ie.,

g(z) =cn(z = A1) ... (2 = \p)

Furthermore, let f : C — C be a complex polynomial of order at most n — 1. The rational function
f/g has a partial fraction expansion of the form

f(Z) q1 q2 qn
OIS VT WA

To compute the coefficients ¢, . . ., ¢, we proceed as follows. Multiply f/g by z — A;. This gives

f(Z) 0 qn
—Nj)—=—==(z—); .. — A .
(z ])g(z) (2 J)Z_)\1+ +qi+...+ (2 J)Z_)\n
If we take the limit
: f(Z) _ 1 41 an .
zlirglj(z—A])g(z) _zlin;\lj(z_)\])z—)\l +...—|—qj—{—...—|—(z—)\])z_)\n = qj,
we obtain the jth coefficient.
Example 45 Consider
1 __ 4 n 42
(z—i)(z—1) 2—i z-—1
Multiply by z — 4:
r zZ—1 B N @ N 2 N
2—1_(2—1')(,2—1)_(2 Z)z—i+(z Z>z—1_(h+(z Z)z—l'
Evaluate at z = i:
—1—1 (—i—1) 1
= ; = - = {q1-
2 (t—1)(-i—1) -1

Multiply by z — 1:

1 z—1 q1 42 q1
z—1i  (z—1)(z—1) (2 )z—i+(2 )2—1 (2 )z—i+q2
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Evaluate at z = 1:

L+i 1+414) 1
2 (-i(l+i) 1-i *
Thus, the partial fraction expansion of 1/((z —i)(z — 1)) is
| EFRE PRGNS

C_)Ge=1) =-—i -1

Example 46 Consider
2 -1
=(15)
The inverse (sI — A)~! can be computed using Gaussian elimination or using Matlab.

>> syms s
> A = [ 2 -1; -1 271;
>> inv( sxeye (2)-A)

ans =

[ (s — 2)/(s72 — 4xs + 3), -1/ (s"2 = 4xs + 3)]
[ -1/(s"2 — 4xs + 3), (s — 2)/(s"2 — 4%xs + 3)]
>>

1 5—2 -1
— _1:—
(sT—A) 32—4s+3( —1 S—2>'

The characteristic polynomial of A is pa(s) = det(s] — A) = s> —4s+3 = (s — 1)(s — 3) and
the eigenvalues are given by A\; = 3 and \; = 1.
We now compute partial fraction expansions of the entries of (s — A)~!.

s —2 __n X 42
(s—=3)(s—1) s—-3 s—1

Multiply by s — 3 to obtain (s —2)/(s — 1) = ¢; + (s — 3)q2/(s — 1). Evaluate at s = 3 to

getqr = 1/2.
Multiply by s — 1 to obtain (s — 2)/(s — 3) = (s — 1)q1 /(s — 3) + ¢o. Evaluate at s = 1 to
getqp = 1/2.
* 1
_ @ X 42
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Multiply by s — 3 to obtain —1/(s — 1) = ¢; + (s — 3)ga/(s — 1). Evaluate at s = 3 to get

Multiply by s — 1 to obtain —1/(s — 3) = (s — 1)q1 /(s — 3) + ¢. Evaluate at s = 1 to get

Insert partial fraction expansion into (sI — A)~!

1 5—2 —1 1 % —% 1
Ry —— = T 1]+t :
s?2 —4s+3 -1 s—2 s—3\ —3 3 s—1

We can compute this partial fraction expansion also using Matlab. For example the partial
fraction expansion of

INJEE NI
NI

5—2
s2 —4s+3
can be computed using

>> [r,p,k]l=residue ([0,1,-2]1,[1,-4,3])

r =
0.5000
0.5000

p =
3
1

k =
(]

>>

p contains the roots of s> —4s -+ 3 and r contains the scalars g, corresponding to the roots \;. Thus

s—2  1/2  1)2
$2—4s+3 s—3 s—1’

which is of course identical to what we have computed by hand. o

Next we consider the case in which the denominator polynomial has multiple roots. Let g :
C — C be a complex polynomial of degree n with roots Ay, ..., \; of multiplicities my, ..., my,
1.e.,
g(z) =z = A)™ o (2= M)

and Zle m; = n. Furthermore, let f : C — C be a complex polynomial of degree at most n — 1.
The rational function ¢(z) = f(z)/g(z) can be written in the form

CAAM 335 Spring 2011 updated May 5, 2011



110

We first consider an example on how to compute the coefficients g; .. Let

2
S 11 q1,2 41,3

GH1P s+l G+12  GriE

We multiply by (s + 1)? and take the limit s — —1. This gives

1= lim s* = Jim qua(s + D? + qra(s +1) + 13 = qus.

s——1

To compute the other coefficients, we note that s? = q11(s + 1)? + ¢1 2(s + 1) + ¢1.3 must hold for
all s and therefore

d d
25t = (aals 12+ aials + 1) + g )
and
d? 9 d? 9
725 T g <Q1,1(8 + 1"+ qra(s+1)+ Ch,s)
Thus,
—2 = lim 25 = lim i52 = lim i( (5+1)*4qra(s+1)+q3) = lim 2q11(s+1)+qio =
P o s o s q1,1 q1,2 q1,3 S 41,1 q12 = 412
and
. . 2 2 . d2 2 .
2= 81_1)11_11 2= 81_1)11_11 @S = Sli}{ll 12 (91,1(5 + 1"+ qra(s+1)+ Q1,3) = 811}111 2q11 = 2q1,1-

The partial fraction expansion is

s 1 -2 1

GHIP s+l r1E  Grip

More generally, the rational function ¢(z) = f(z)/g(z) can be written in the form

where

Example 47 Consider
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This is matrix in the reaction kinetics ODE (see Example 32) with k; = ky = 1. We have

1 s(s+1) 0 0
(sT—A)'=——— | s s(s+1) 0
s(1+35) 1 (s+1) (s+1)

The characteristic polynomial of A is p4(s) = det(sI — A) = s + 1)?s and the eigenvalues of A
are given by \; = —1 (with algebraic multiplicity 2) and A\ = 0.
We compute the partial fractions of the entries of (sI — A)~!. For

1 _qn 42,1 q2,2
s(s+1)2 s +s+1 * (s +1)%
we find
1\’ -1
21 = (g) ’s:fl = 8_2‘5271 = —1.
1
Q2= —|s=—1 = —1L
S
Check:
1+ —1+ -1 (s+1)?2 s(s+1) s (P 2s41)—(sP4s5)—s 1
s s+1 (s+1)2 s(s+1)2 s(s+1)2 s(s+1)2 s(s+1)2 Cos(s+ 1)

We can compute this partial fraction expansion also using Matlab

>> [r,p,k]l=residue([0,0,0,1],[1,2,1,01)

r =
-1
-1
1

p =
-1
-1
0

k =
(]

>>
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For ]
Q11 q1,2 (58)

(s+1)2 s+1 (s+1)2

we find
@11=(1)|s=—1 =0]s=—1 =0,
qi2 = ]-|s:—1 =1

Of course, we could have read off these coefficients directly from (58).
The partial fraction expansions for the other entries of (s/—A)~! can be computed analogously.
Inserting the partial fraction expansion into (sI — A)~! gives

(sI — A)~!
1 000 1 1 00 1 000
=—1 000 |+ 1 0 10 +ﬁ 1 00
s\111) s+t s o) GFDPL 1 0 0
=P ;gz ;62
NotethatPf:Pl,szPQ,P1P2:O,P1D2:D2P1:O,P2D2:D2P2:D2. &
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17 Complex Integration
Let
C={z(t) : t€[t1,ta]}

where z is continuously differentiable and one-to-one. Such a set C' is called a directed smooth
curve. The integral of a continuous function f : C — C on the directed smooth curve is defined as

[ [ s

Example 48 Let C = {t +it* : t € [0,1]} and f(z) = 2% Then

1
/ f(2)dz = / (t 4+ it*)*(1 + 2ti)dt
C 0
1
- / (#* — t* + 2£%0) (1 + 2ti)dt
0
= /1@2 — 5t%) + (4t — 26°)dt
0

= (/3 =) +i(t' = 1°/3)] = -2/3+2/3i.

1
0
The orientation of the curve matters. Changing the orientation switches the sign of the integral.
LetC_ ={(1—t)+i(1—1t)? : t€]0,1]} and f(z) = 2% Then
1
f(z)dz = / (1=t +i(1 =) (=1 —2(1 —t)i) dt
c- 0

_ /1 (1= )2 = 5(1— 1)) — i(4(1 — 1)* — 2(1 — £)%)dt

=((1-t)?*B3-1-t))+i(1—t)* = (1-1)5/3)| =2/3—2/34.

1
0
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Example 49 Let C(a,7) = {a +re' : t € [0,27]} be the circle around a with radius r.
27 ) )
/ (z—a)"dz = / (a+re —a)™rietdt
C(a,r) 0
27
_ Tm+l/i/ ei(m-‘rl)tdt
0

ity ( /0 " cos((m + 1))t 4 i /0 " in((m 1 1)t)dt)

) 2m iftm=-1
10 else.

Theorem 50 (Cauchy’s Theorem) If the function f is differentiable on and inside the closed
curve C, then
/ f(z)dz =0.
c

Theorem 51 (Curve Replacement Lemma) Ler C' and Cy be two closed curves with the same
orientation such that C1 lies in the inside of Cs. If the function f is differentiable on the curves C'
and Cy and in the region between the curves Cy and Cs, then

f(z)dz= [ f(z)d=.
Ci Cs

Example 52 In Example 47 we have computed the partial fraction expansion

[ B S
2(z4+1)2 2 +1 (24 1)%

If C'is a closed curve encircling the points 0 and —1, then, by the Curve Replacement Lemma

/ L / LI / L
——dz = ——dz ——dz,
o 2(z+1)? c.1/3) 2(z + 1) c(-1,1/3) 2(z + 1)

where C'(0,1/3) and C(—1,1/3) are the circles with center 0 and —1, respectively, and radii
1/3. The integrals can be computed using the partial fraction expansion, Cauchy’s Theorem, and
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Example 49. We have

/ L / L s / L g
- dz= - dz - dz
o z(z+1)? c.1/3) #(z + 1) c(-1,1/3) 2(z + 1)

1 —1 —1
= / —dz + / dz + / —2dz
C(0,1/3) ? co3) 2+ 1 coay3) (2 +1)
— — v

=2mi by Ex.49 =0by Calzrchy’s Thm = 0 by Calarchy’s Thm.

1 -1
+ / —dz + / dz —{—/ 5 dz
C(-1,1/3) # (-1 1/3) z+1 o(-1173) (2 +1)
M—/ (. ~ v
= 0 by Cauchy’s Thm. = —2m by Ex. 49 = 0 by Ex. 49

=2m — 2m = 0.
o

The previous example indicates how to integrate rational functions in partial fraction expansion.
Let

h mj
_ 45,k
a=)=>_> (z — A )F
j=1 k=1 J
and let C' be a closed curve encircling all poles Ay, ..., A, of the rational function ¢. If C} is the

circle around \; with radius small enough so that all other poles are outside C; and the circles
C1, ..., CY do not intersect, see Figure 21, then

h my

/ dz_/zz QJk

jlkl

h mj h 1 &
= ;;;q]k /Ce —<z_>\j)kdz :2m;q]yk

=2miif { = jand k = 1;
= 0else

Theorem 53 (Cauchy’s Integral Formula) If the function f is differentiable on and inside the
closed curve C, then
f
fla) = = [ L%

2mi cZ— a
for each a lying inside C.
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Figure 21: The poles Ay, ..., A, of the rational function ¢, the curve C' and the circles used to
compute [, q(z)dz.

Proof: Let a be a point inside C' and let » > 0 such that C'(a,r) is inside C. By the Curve
Replacement Lemma

f(2) . (2)
e [
= lim f(a) —dz —i—/ Mdz
r—0 Cl(a,r) zZ—aQa Cla,r) z—Q
a) 2mi 4 lim f(z) ~ f(a) = dz.

r—0 C(a,r) zZ—a

fz

F)-f(a) ) fa) &
—a

Since f is differentiable at a, lim,_,, === = f'(a). In particular, is bounded for all 2

sufficiently close to a, i.e., there exists M > 0 and € > 0 such that

'fz_a()<A{

for all z with |z — a| < e. This implies

/ —f(z) — fla) dz| < M2nr
C(a,r) Z—a
for all » < e. Hence,
/(z) dz = lim /) dz = f(a)2mi+ lim Mdz = f(a) 2mi.
cc—a r—0 C(a,r) = a r—0 C(a,r) <= a
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O

The Cauchy Integral Formula provides an alternative representation of f inside the circle. For
any a lying inside C' we have
1 [ f()

= — dz. 59
/@) 2me Cz—az (59
The right hand side in (59) can be differentiated with respect to a:
A1 e, L [dfE, L[ e
da2mi Joz —a 210 Jodaz —a 211 Jo (2 — a)?

Therefore, because of the identity (59), f is differentiable and

Fla) = —— /C QNS (60)

T 2mi (z —a)?

The right hand side in (60) can be differentiated with respect to a:

d 1 [ f(2) dZ_L/i f(2) dz_l/ @ g,

da2mi Jo (z—a)? 27 Joda(z—a)? 2w Jo (z—a)?

Therefore, because of the identity (60), f is twice differentiable and

. 2 f(z)
= dz. 61
/@ 27 /c (z —a)? : )
We can repeat this process to obtain
|
(n) _m f(2) d 62
/) 27i /C (z —a)rt! - (62)

for any integer n and any a inside the curve C. In particular, we have shown that if the function
f is differentiable on and inside the closed curve C, if is infinitely often differentiable inside the
closed curve C'!

In the next example we will use curve Replacement Lemma and Cauchy’s Integral Formula,
Theorem 53, to compute complex integrals.

Example 54

1. Let C = {3¢e : t € ]0,27)}. Compute the integral
p g

sin(m2?) + cos(mz?)
LRy
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Let 'y be the circle around a = 1 with radius » = 1/2 and let C'; be the circle around a = 2
with radius = 1/2. By the Curve Replacement Lemma

sin(nz?) + cos(wz?) . [ sin(nz?) + cos(mwz?) X sin(m2?) + cos(mz?) X
/C -D(-2) dz_/cl G- De-2 " +/(,2 G- De-2

The function f(z) = Mw is differentiable on C and inside C;. Hence, by the

Cauchy Integral Formula (59),

sin(mz?) +cos(n2®) -, sin(@l®) +cos(ml?) mi(sin(m) 4 cos(m)) = 2mi
/01 dz = 2ri = —2mi(sin(r) + cos(w)) = 2mi.

(z—=1)(z—2) (1-2)

The function f(z) = % is differentiable on C, and inside C5. Hence, by the

Cauchy Integral Formula (59),

: 2 22 22
/ sin(m2?) + cos(rz” )d =27 zsm(ﬁ ) + cos(n2’) = 2mi(sin(4m) + cos(4m)) = 2mi.
Ch

(z—1)(z—2) (2-1)
Consequently,

dz = 2mi + 2mi = 4.

/ sin(7rz?) + cos(mz?)
c (=1(z-2)

2. LetC = {3¢" : t € [0,27m)}. Compute the integral

€2Z
_C 4
/C(z—i- 1

We use equation (62) with @ = —1, n = 3, f(z) = €?*. We can apply this formula, since
a = —1lisinside C and f(z) = €2 is differentiable on C' and inside C.

f(Z) — 622, f/(Z) — 2622, f”(Z) — 462Z7 fm(Z) _ 8623.

/ ( e* _ 27m8 21 167m'€_2 _ 8w,

cGri T 6 ¢ T3¢

o

Our approach to compute integrals shown in the previous examples can be generalized. This
will lead to the so-called Residue Theorem, which is an immediate consequence of the Curve
Replacement Lemma and Cauchy’s Integral Formula, Theorem 53. Next, we derive the Residue
Theorem.

Let g be a polynomial with roots Ay, ..., \x of degree my, ..., my, respecively, i.e., let

g(z) =cA —2)" ... (A —2)"™
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with come constant c¢. Furthermore let C' be a closed curve encircling each of the roots Ay, ..., \x
and let the function f be differentiable on and inside C'. We want to compute

(=)
S

We proceed as in the computation of the integral of the partial fraction expansion of a rational
function. Let C; be a circle around \; with radius small enough so that all other roots are outside

C; and the circles (1, . . ., Cj, do not intersect. By the curve replacement lemma
h
f(z)dz:Z/ f(z)dz
¢ 9(2) =17 9(z)

h
_ f(z)
; /Cj c(A = z)m (A = 2)M (A — 2)™ (A — 2)M (A — )

h
f(2) 1
= dz.
; /Cj c(A—z)™ (Ao = )M (N — 2)Mr (A = 2) ™ (A — 2)™

If we define
Ai def f(Z> _ L m; f(Z)
L R S W T S Vs ey W reeumy s W il O Rt o s
then , . _
f(z) f(z) fi(2)
EAAp P —dz = dz.
c 92" Z/c 9(=)"" Z/ Oy =2
Furthermore,
£i(2) 2w ATV 2m o dmit m f(2)
/Cj (Aj — 2)md = (m; —1)! dszlf‘j()\j) ~ (my —1)! Zlig\lj dzmi—t ((z ) 9(2)> '

Thus we have proven the Residue Theorem.

Theorem 55 (The Residue Theorem) If g is a polynomial with roots \i,...,\r of degree
my, ..., my, respecively, and C' is a closed curve encircling each of the roots A1, ..., \; and f
is a differentiable on an inside C, then

(2)

c 9(2)

h
dz = 2mi Z res(\j; f/9),
j=1

where 1 dmi—1 f(2)
. ’ i Z
res(\j; f/g) = Zlir{\lj (m, — 1)l dzmi1 ((2 — )™ g(z))

is the residue of f/g at \;.
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Example 56
1. Let C' = {3¢" : ¢ €[0,2m)}. In Example 54 we have shown that

sin(mz?) + cos(wz?) »
L e

We apply the Residue Theorem directly to recompute the integral The residues are

L sin(mz?) + cos(mz?)  sin(m) + cos(w)
res(1) _BE%(Z_ 1) C-DG-2 — =1
e sin(mz?) + cos(wz?)  sin(4w) 4 cos(4mw)
res(2) = i{g(z —2) oDy N =1
Hence ) ) )
/c Sln((:z_)l;—(;o_s(;r)z )dz =2mi(1+ 1) = 4mi.

2. Let C = {3¢" : t €0,27)}. In Example 54 we have shown that

eI

We apply the Residue Theorem directly to recompute the integral. The residue is

3
res(—1) = Zli ) ﬁjz?’ e — Zlirg é2362z _ 26—2.
Hence 2 S
/Omdz =2mires(—1) = Te’Q
o
Example 57

1. Let C(1,3) = {1+ 3e™ : t €[0,27r)}. Compute

/0(1,3) (z+1)(z—1)>

We apply the residue theorem. The roots of (2 + 1)(z — 1) are \; = —1 with multiplicity
my; = 1 and Ay = 1 with multiplicity ms = 2. Both roots are inside C'(1,3). We apply the
residue theorem with

flz)=2% g(z) = (z+1)(z = 1)"
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The residues are

_ 1 22
res(—1) = lim, 7, ( T TES 1)2>

. (2,2(,2—1—1);,22) _3i

z—1 (z+1)

Hence

/ & omit +2mis — omi
= ZT1— Tl— — 2ZT1.
C(1,3) (z+1)(z—1)2 4 4

2. Now, let C'(1,1) = {1 +¢" : t €]0,27)}. Compute

/cm) (z+D(z=-1)*

Again, we apply the residue theorem. The roots of (z + 1)(z — 1)? are Ay = —1 with
multiplicity m; = 1 and A\ = 1 with multiplicity ms = 2. ONLY the root A\, = 1 is inside
C(1,1). Hence we apply the residue theorem with

1
res(1) = lim d

21 (2 )| dz (( - 1)2(z+ 1)2(22 - 1)2>

i
_zalz z+1

—L1< fz—:-ll)) ):3/4'

(The calculation is identical to the computation of res(1) in the previous part.) Hence

)i
/ 22 - 3 3.
=2~ = T—1.
can (2 +1)(z—=1)? ! 2
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18 The Inverse Laplace Transform

An important application of the Residue Theorem is the computation of the Inverse Laplace Trans-
form. The inverse Laplace transform of a function ¢ is given by

1 [t
(L7 ')(t) / el (a + iy)dy.

:% N

We compute the inverse Laplace transform of rational functions

f(z
q(z) = ( )7
9(2)
where g : C — C is a complex polynomial of order n with roots Ay, ..., A\, with multiplicities

mq, ..., Mg, 1.€.,
g(z) =z = A)™ (2 = M)

and Zle mj; =n, and f : C — C be a complex polynomial of degree at most n — 1.
We will show that the inverse Laplace transform of a rational function can be computed from

h
(L7'q)(t) =) res(\j;e'q(z)) fort > 0. (63)
j=1

Before we indicate why this identity is true, we apply it to compute the inverse Laplace transform
of a few functions.

Example 58

(a) We compute the inverse Laplace transform of ¢(s) = (s—1)7*. We have L7 ((s—1)71)(¢) =
res(1; e%"q(s)) and res(1; e*'q(s)) = e'. Hence,

L ((s—=1)N({t)=¢€" fort>0.
Note that in the Lecture on the Laplace transform we have computed £(e?)(s) = (s — 1)7L.

(b) We compute the inverse Laplace transform of ¢(s) = (1+s)72. We have L7 ((s+1)72)(t) =
res(—1; eq(s)) and
d st

res(—1;e"q(s)) = 75°

Hence,
LY 1+s)H({t)=te". fort>0.

Note that in the Lecture on the Laplace transform we have computed £(te')(s) = (1+ s)~2
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(c) We compute the inverse Laplace transform of ¢(s) = s/(s*> + 1). The roots of s* + 1 are
s =1,—i. We have L71(s/(s* + 1))(t) = res(7; e*lq(s)) + res(—i; e*’q(s)) and

res(i; eq(s)) = lim(s — i)e*'s/(s* + 1) = e*'s/(s + 1)

S—1

~+

res(—i; e*'q(s)) = lim (s +i)e*'s/(s* + 1) = e*s/(s — i)

S——1

1 _—i
= 32€
S=—1

Hence,
L7+ 5)72)(t) = 5(e" + ™) = cos(t). fort > 0.

Note that in the Lecture on the Laplace transform we have computed £(cos)(s) = s/(s*+1).

o

Im(z)

A0

O\

a

Re(z2)

—iR\

Figure 22: The roots Ay, ..., Ay of g and the curve Cg.
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Now we prove (63). Consider the curve Cr depicted in Figure 22. The integral

L f(Z) eztdz
21 Jo,, 9(2)

can be computed using the Residue Theorem 55:

1 [/

21 Joy g0 7 2 0(2)

Furthermore, since all poles of ¢ = f/g are inside Cg, the value of the integral does not change
when the curve increases. In particular,

. 1 Z zt zt
lim — B dz = Zres f(2)/g9(2)). (64)

R—co 271 Jop, g

We split C', into the line
vr={a+iy : y € [-R R}

and the semi-circle ‘
Ir={a+Re" : yen/2,3n/2]}.

We have

1 1 1
— 1) etdz = — f(z)ethz + — /(z) e*tdz (65)
21 J oy, 9(2) 2mi ). 9(2) 2mi Jr, 9(2)
By definition of the complex integral

R . R .
f(Z) eztdz _ 1 f(a + Zy) e(a—i-iy)t . f(CL + Zy) e(a—i-iy)t d

— - — . idy = . -
2mi )., 9(2) 2mi J_g g(a+iy) Y= on _r g(a+iy) Y
Hence,
: f ) = fla+1y) 1
lim — e*'dz = elatw)t dy = (L~ t). 66
RET;O 271 9(2) T om g(a +iy) ( q)( ) (66)
One can show that for ¢ > O,
1
m — MethZ = 0. (67)

R—oo 20 Jp,, g(2)

Combining equations (64) to (67) gives (63).
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