
CAAM 453 Fall 2009 Test 1 Review 
Dr. Mark Embree 
Typing courtesy of Charles Lena 
 
1 MATRIX FACTORIZATIONS 
BASIC MATRIX FACTS 

• Ranges, Kernals 
• Fundamental Theorem of Linear Algebra (You should know it. And be able to 

derive it) 

o 

 

Ran A( ) ! Ker A*( ) = !m
,Ran A( ) " Ker A*( )

Ran A*( ) ! Ker A( ) = !n
,Ran A*( ) " Ker A( )

 

• Norms 
o Vector norms 

!  Positivity: x ! 0, x = 0 iff x=0  

!  Scaling: ! x = ! x  

!  Triangle Inequality: x + y ! x + y  

o Matrix norms A = max
x!0

Ax

x
= max

x =1
Ax  

!  Submultiplicativity: For all induced matrix norms and others 
(Frobenius), AB ! A B  

o Unitary Invariants of 2-norm (basically only in inner product spaces) 
!  Q is unitary if 

 
Q !! n"n ,Q*

Q = I  
!  Qx

2
= x

2
, QA

2
= A

2
= AQ

2
 

!  All this really implies is that QÕs columns are in combinations with 
x 

!  

!
1

= max
k" 1,m[ ]

Aki
i =1

n

#

!
$

= max
i " 1,n[ ]

Aki
k=1

m

#
 

• Projectors and Reflectors 
o P is a projector IFF P2 = P 
o P is an orthogonal projector IFF P = P

* ,P2
= P  

• Householder reflectors 
o Reflects across the span v{ } !  

H v( )x = I ! 2P( )x = I ! 2
vv*

v*v

"

#$
%

&'
x  

o Orthogonal Projector onto span{v}: P =
vv*

v*v
 



 

 
• H(v) is Hermitian "   

H(v) is Unitary "  H(v)*H(v) = I 
 

• Givens rotations 
 

o G*G=I 

o 
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Applications of Householder Reflections and Givens Rotations 
• QR Factorizations 

o Write 

 A ! !m" n  as A=QR,Q*Q = I ,R! !m" n upper triangular( ),Q ! !m" m

 



• Householder QR: Reflect 1st column of A = a
1
... an

!
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Repeat this step on the (m-1) x (n-1) lower right submatrix of H
1
AÉ  

• Givens QR: Applies one Givens rotation to zero out each subdiagonal 
entry of A 

• Gram-Schmidt QR 
-Gram-Schmidt process:  Given a basis 

 
a
1
,...,an{ } ,aj ! ! m , this 

gives you an orthogonal basis through: 

q1 = a1

a1 2

 

 

öqk = ak ! qjqj
*( )

j=1

k ! 1

" ak

qk =
öqk

öqk 2

# a1 ... an$
%

&
' = A = QR = q1 ... qn$

%
&
'

Q( ! m) n
" #$ $ %$ $

R[ ]
n ) n
&

 

-Modified Gram-Schmidt process: Same, but instead of addingÉ 
(see the notes online).  You just have a different vector ak  
-Reduced Skinny QR is utilized primarily to reduce the amount of 
memory that one would have to utilize. One reason to use the full 
QR is that it constructs bases for Kernals and Ranges: ÒGram 
Schmidt QR is triangular orthogonalization, whereas Householder 
and Givens are orthorgonal triangularizationsÓ Ð Trefethen and 
Baue 

• Applications of QR (continued) 
o Solve Ax=b,  A !! n"n ,  invertible 

A = QR

! QRx = b

! Rx = Q" 1b = Q*b

 

Solve via back substitution 

o Cost of Householder QR: 2mn2 !
2
3

n3 

o Cost of back substitution: n2  
• Discrete Least Squares problems 

 
min

x
b ! Ax

2
,A " ! m#n,m $ n 



• Floating Point Arithmetic 
o Basic axioms & implications:  fl(x+y) = x + y( ) q + !( ), ! " #mach  

Nothing on the Floating Point Format (DonÕt commit these to memory!) 
ÒIf something is sensitive to floating point error, then when computed in 
floating point format, weÕd expectÉÓ 

• Stability & Conditioning 
o Condition Number for solving linear systems: 

 

Ax = b, A +! A( ) x + ! x( ) = b "
! x

x
# A A$1

Condition number
of A

! "# $#
! A

A
 

You can expect that log10 cond(A)( )  will be the number of digits of 
accuracy lost when you solve the system Ax=b. (e.g., if cond(A) = 10^-6, 
in double precision 10^-16, we can only expect 16-6=10 digits of accuracy 
when solving Ax=b). This is just a bound, but itÕs a pretty good rule of 
thumb. 

o Stability example: Classical Gram-Schmidt vs Modified Gram-Schmidt Ð 
Classical is unstable compared to Modified, and both of these can use the 
reorthonormalization. We havenÕt said much on thisÉ but like on the 
Homework, ÒIÕm prone to ask some qualitative questionsÉ IÕm giving 
you a chance to show the extent of your insightÓ 

o The distance to singularity of a matrix A is 
1

A! 1
 

2. INTERPOLATION 
Basic problem: Given f !C a,b[ ] , find p

n
! P

n
 s.t. pn xj( ) = f xj( )  at the prescribed 

points x0,...,xn  
SIDENOTE: I want to show you the conditions before giving you the systems to 
apply the conditioning to in order to look at some concrete problems in linear algebra 
problems. Something different here, is that IÕm going to use an arbitrary basis to solve 
the interpolation ie this all together. 
 

Given a basis: ! 0,! 1,...,! n
 for p

n
 write pn x( ) = cj! j x( )

j =0

n

" , 

 

pn xk( ) = cj! j xk( )
j=0

n

" = f xk( ), k = 0,...,n

! 0 x0( ) ! 1 x0( ) ! ! n x0( )
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What if I wanted to come up with a basis from a completely different branch of 
polynomials? What changes? Only the basis will change. ItÕs almost boring that so 
many things fit into this template, but here it is: Ac = f É. So we talk about some 
particular basis... 
 
Some notable bases for P

n
: 

! j x( ) = xj monomial Vandermonde" ill-conditioned

! j x( ) = x # xl( )
l =0

j #1

$ Newton Lower Triangular

! j x( ) =
x # xl( )
xj # xl( )l =0

l % j

n

$ Lagrange Identity Matrix

 

ERROR FORMULA:   If f !Cn+1 a,b[ ] , then for each x! a,b( )  there exists some 

! " a,b( )  such that f x( ) ! pn x( ) =
f
n+1( ) "( )
n +1( )!

x ! x j( )
j=0

n

#  (MEMORIZE THIS) 

f ! pn L
" #

f
n+1( )

L
"

n +1( )!
x ! x j( )

j=0

n

$
L

"

 

Remember the RungeÕs Function: f x( ) =
1

1+ x2 , x! "5,5[ ]  and the problem with its 

lack of analyticity. ÒIÕve asked a few questions involving complex analysis, and I 
know everyone doesnÕt have an even learning in this, so if I do include a question 
involving this, it will be an either/or choiceÓ 
 
KEY POINT: HIGH DEGREE INTERPOLATION AT UNIFORMLY SPACED 

POINTS CAN FAIL TO CONVERGE. [CHEBYSHEV POINTS ARE 
MUCH BETTER. However, there is no reason to memorize the places 
where Chebyshev points would fail.] 

 
HERMITE INTERPOLATION (DonÕt memorize the formulas! If you need them I 

will provide them Ð e.g. the Aj , Bj ) 

hn !P
2n+1

hn xj( ) = f xj( )
"hn xj( ) = "f xj( ), j = 0,...,n

 

ItÕs very much in the realm of something I can ask you Ð that is, to provide a basis 
and have you create the matrix with all the proper conditions. Given the interpolants 
of degree 2n+1, write the system Ac = b where solving the system gives the 
coefficients c 
 
PIECEWISE POLYNOMIAL APPROXIMATION 



• Piecewise linear (matches f xj( )  which implies C 0 ) 

• Piecewise cubic Hermite (matches smoothness, i.e. f xj( ), !f xj( )  implies C1 ) 

• Splines   -  match f x j( )   and use extra degrees of freedom to achieve 

maximum smoothness. The more elegant way to derive these things is to use 
basis-splines, aka B-splines. If I was to ask something of you for B-splines, I 
would provide the recurrence formula. I will try and spare you from technical 
details as much as possible, but have some idea of the basis splines in the 
large Ð for instance, that these guys have compact support. This is to say that 
they are zero except at some interval that depends on j and k for basis-spline 
of degree k centered at j - Bj ,k x( ) .  For instance, [constant spline], [linear 

spline Ð hat function],[2nd degree spline],[3rd degree spline]. 
 
TRIGONOMETRIC INTERPOLATION: 
Find tn ! span e0x,eix,e" ix,...,einx,e" inx{ }  such that tn x j( ) = f x j( ) j = 0,...,2n , where x j  

are uniformly spaced on 0,2![ )  and the function f is 2! - periodic 

The coefficients of tn  are the discrete Fourier coefficients of f x0( ),..., f x2n( ) . IÕm not 
going to ask you questions about Fourier Analysis, I just think its such a beautiful idea. 
 
3. APPROXIMATION THEORY Ð (THERE WILL BE AT LEAST ONE QUESTION 
ON SVD) 

• Discrete Least Squares 

 
A ! ! m " n ,m # n, min

x ! ! n

b $ Ax
2
 

Now because minimizing this is the same as minimizing its square, sometimes its 
more effective to do thatÉ 

 

b = bR + bK , bR ! Ran A( ), bN ! Ker A*( )

b " Ax
2

2
=

bR

! Ran A( )
! " Ax + bK

! Ker A*( )
!

orthogonal by FTLA
" #$$$$$$$$$$$$

2

2

= bR " Ax
2

2

Pick Ax=bR

+ bK 2

2

Untouchable
    by x

!
 

We want Ax = bR .   Note that 
 
A
*
b = A

*
b
R

+ b
K( ) = A

*
b
R

+ A*b
K

0

! = A
*
b
R

 

Normal Equations: A* Ax = A*b ,  A
*
A ! ! n" n , invertible IFF A is full rank 

Alternative: A = QR= Q
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Find x such that R1x = Q1
*b  [Pseudo Inverse] 

• Singular Value Decomposition Ð we can view SVD as a way of doing Matrix 
Approximation Theory.  

 

A ! ! m" n,A =U#V* ,

U ! ! m" m U*U = I m

# ! ! m" n # = diag $1,...,$ min m,n( )( )
V ! ! n" n V*V = I n

where$1 %$ 2 %...%$ min m,n( )

A = $ jujvj
*

j =1

r

& dyodic formof SVD

r = Rank A( )
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Fundamental Subspaces:

Ran A( ) = span u1,...,ur{ }
Ran A*( ) = span v1,...,vr{ }
Ker A8( ) = span ur +1,...,um{ }
Ker A( ) = span vr +1,...,vn{ }

 

 
Pseudoinverse:  

A
+ =

1
! j

v ju j

*

j=1

r

"

= A
*
A( )#1

A
*  if A is full rank

 

ÒWe proved it in class, but donÕt memorize this Ð I donÕt expect you to memorize that 
big long complicated proofÓ 

 
Best Low Rank Approximation: 

 

min
x!! m"n

rank X( )#K

A$ X
2
= % k+1  

 
Continuous Least Squares + Orthogonal Polynomials 



Problem: min
p! Pn

f " p
L2

=min
p! Pn

f x( ) " p x( )( )2 dx
a

b

#( )1/2  

Inner product f ,g = f x( )g x( )w x( )dx
a

b

!  

 
Optimal polynomial:  

 

p* x( ) = cj! j x( )"
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Best choice for ! 0,...,! n : orthogonal polynomials: ! j  has exact degree j 

! j ,! k = 0 if j! 0

" cj =
f ,! j

! j ,! j

 

We can build these orthogonal polynomials using Gram-Schmidt THREE TERM 
RECURRENCE 


