CAAM 453 Fall 2009 Test 1 Review
Dr. Mark Embree

Typing courtesy of Charles Lena

1 MATRIX FACTORIZATIONS
BASIC MATRIX FACTS
e Ranges, Kernals
e Fundamental Theorem of Linear Algebra (You should know it. And be able to
derive it)

Ran(A)! Ker(A')=C",Ran(A)" Ker(A’)
Ran(A")! Ker(A)=C",Ran(A’)" Ker(A)

e Norms

o Vector norms
I

(0]

=0 iff x=0

I Triangle Inequality]x +y||! x| +]|y]
0 Matrix norms| A= ma ”” ”” n Ha>1<||Ax||
! Submultipllcatlwty. For all induced matrix norms and others
(Frobenius) |AB| ! |A]||B]
o Unitary Invariants of zhorm (basically only in inner product spaces)
I QisunitaryifQe! ™,00=1
b floxl, =, leal, =[Al, = |Agl,

I All this really implies is that QOs columns are in combinations with
X

14, = # Al

K" [l m]
I, = e 1A,
k=1
e Projectors and Reflectors
o P is a projector IFFP? =P
o P is an orthogonal projector IFF=P",P* =P
e Householder reflectors
o Reflects across thspan{ v}

H(v)x=(1"! 2P)x ﬁl ! ZWZ"

W*
o Orthogonal Projector onto span{vlP = —
A,
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e H(v) is Hermitian"
H(v) is Unitary" H(V)*H(v) = |

e Givens rotations

o G*G=lI
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Applications of Householder Reflections and Givens Rotations

¢ QR Factorizations
o Write

sn!

A! R™" s A=QR,Q'Q=1,R! R™"(uppe triangular),Q! R™ ™

3.5

o

Y a Ve VT T T Ve Ve Ve VN ] 20

'_\



e Householder QR: Reflect'Tolumn ofA:[ a . a, }to

t[a,
tlae=| O
0
Repeat this step on the {b) x (n-1) lower right submatrix of,A E
e Givens QR: Applies one Givens rotation toaeut each subdiagonal
entry of A
e GramSchmidt QR
-GramSchmidt process: Given a bagi.....a,}.a ! ! ™, this
gives you an orthogonal basis through:
a,

o]
k1

@=a! I" (Qﬂ;)ak

K 4@”2

# §70a1 e a, &—A—QR—&%SS#.SBC%%.&L’%]
o( ™"
-Modified GramSchmidt process: Samayt instead of addingE
(see the notes online). You just have a different vegtor
-Reduced Skinny QR is utilized primarily to reduce the amount of
memory that one would have to utilize. One reason to use the full
QR is that it castructs bases for Kernals and Ranges: OGram
Schmidt QR is triangular orthogonalization, whereas Householder
and Givens are orthorgonal triangularizatioBS®efethen and
Baue
e Applications of QR (continued)
0 Solve Ax=b,Ae! ", invetible

A=0QR

I QRx=hb

I Rx=Q'b=Qb

Solve via back substitution

G =

2
0 Cost of Householder QRRmn? ! §n3
o Cost of back substitutiom?
e Discrete Least Squares problems
min[b! Ax|,,A" ! ™" m$n



¢ Floating Point Arithmetic
o Basic axioms &implications: fl(x+y) =(x+y)(q+!))/|" #ua
Nothing on the Floating Point Format (DonOt commit these to memory!)
OIf something is sensitive to floating point error, then when computed in
floating point format, weOd expectEO
e Stability & Conditionirg
o Condition Number for solving linear systems:

e LA

”X” Condtlon nunber ”A”
of A

You can expect thdbg,, (cond(A)) will be the number of digits of

accuracy lost when you solve the system Ax=b. (e.g., if cond(A) 610"
in double precision 1016, we can only expect 16=10 digits of accuracy
when solving Ax=b). This is just a bound, but itOs a pretty good rule of
thumb.

o Stability example: Classical GraBchmidt vs Modified Grarschmidtb
Classical is unstable compared to Modified, and both of tteseise the
reorthonormalization. We havenOt said much on thisE but like on the
Homework, OIOm prone to ask some qualitative questions 1Om giving
you a chance to show the extent of your insightO

Ax=b,(A+1 A)(x+1x)=b" L

. . . o1
o0 The distance to singularity of a matrix Ad4s—

[A7]
2. INTERPOLATION
Basic problem: Giverf e C[a,b], find p, ! P, s.t. pn(xj): f(xj) at the prescribed
points x,...,x,

SIDENOTE: | want to show you the conditions before giwou the systems to

apply the conditioning to in order to look at some concrete problems in linear algebra
problems. Something different here, is that IOm going to use an arbitrary basis to solve
the interpolation ie this all together.

Given a basis!,/,,...,/, for p, write p,(x) =

p”(x"):', L (x)=f(x), k=0

Y o(xo) ’1(x0) ! !n(‘xO) <(§g(';-,; & ﬁjof(x) ((g
% v (% (_%7(x) ¢
2B g (% (TR
% (% % (
OOIO(xn) Il(xn) ! In(xn) (%{Ocn ( égf(xn) {



What if | wanted to come up with a basis from a completely different branch of
polynomials? What change&nly the basis will changeltOs almost boring that so
many things fit into this template, but here it#s:= f E. So we talk about some

particular basis...

Some notable bases f@y:

¢, (x)=x mononia  Vandemonde— ill-conditioned
j-1
0, () =]T](x-x) Newton Lower Triangular
1=0
¢, (x) = f[ (X ) Lagrange |dentity Matrix

ERROR FORMULA: Iff e C"™*[a,b], then for eactx & (a,b) there exists some

(n+1) ()
1" (a,b) such thatf (x)! p,(x)= LA )# (x! x,) (MEMORIZE THIS)

(n+1)!
(n+1) n
), (1 x)

(n + 1)' =0

Remember the RungeOs Functib{x) =

1%

x e[-5,5] andthe problem with its

+x2'
lack of analyticity. OlOve asked a few questions involving complex analysis, and |

know everyone doesnOt have an even learning in this, so if I do include a question
involving this, it will be an either/or choiceO

KEY POINT: HIGH DEQREE INTERPOLATION AT UNIFORMLY SPACED
POINTS CAN FAIL TO CONVERGE. [CHEBYSHEV POINTS ARE
MUCH BETTER. However, there is no reason to memorize the places
where Chebyshev points would fail.]

HERMITE INTERPOLATION (DonOt memorize the formulas! If you needth
will provide thembe.g. theA, , B;)

h,eP,

2n+1

hn(xj):f(xj)
h(x)=t(x). i=o0.

1tOs very much in the realm of something | can askybat is, to provide a basis
and have you create the matrix with all the praqperditions. Given the interpolants
of degree 2n+1, write the system Ac = b where solving the system gives the

coefficients ¢

PIECEWISE POLYNOMIAL APPROXIMATION



e Piecewise linear (matche‘s(xj) which impliesC®)
e Piecewise cubic Hermite (matches smoothnessf (Jq) f!(xj) implies C")

e Splines - matchf(xj) and use extra degrees of freedom to achieve

maximum smoothness. The more elegant way to@énese things is to use
basissplines, aka Bplines. If | was to ask something of you foesplines, |
would provide the recurrence formula. | will try and spare you from technical
details as much as possible, but have some idea of the basis spiivees in
largeDfor instance, that these guys hawenpact support This is to say that
they are zero except at some interval that depends on j and k fesflass

of degree k centered at Bj'k(x) . For instance, [constant splindlngar

splineDhat function],[2? degree spline],[3degree spline].

TRIGONOMETRIC INTERPOLATION:
Findt ! spen{e‘)x,e‘x,e" Le™ e '“X} such thah‘n(xj)zf(xj) j=0,....2n, wherex,
are uniformly spaced of9,2/ ) and the function fiQ/ - periodic

The coefficients ot, are the discrete Fourier coefficients ffx, ), .., f (X,, ). 1Om not
going to ask you questions about Fourier Analysis, | just thirduith a beautiful idea.

3. APPROXIMATION THEORYD(THERE WILL BE AT LEAST ONE QUESTION
ON SVD)

Discrete Least Squares

AVl ™" m#n, mip||b $A)c||2

Now because minimizing this is the same as minimizing its square, sometimes its
more effective to do thatE

b=bs+b,. b! Ran(A), by ! Ker(A')

2

R ! AX+ K
Io* A, =1 $é%$$$$$$‘§é%) =l

orthogonal by FTLA

+ el

Untouchable
by x

We wantAx=b,. NotethatA'b=A"(b, +b,)= A'b, + 4'b, = A'b,
0

Normal EquationsA'Ax=Ab, A’A! | ™" invertible IFF A is full rank

. ! R #
Alternative: A=QR=1} Q Q, g% &= QR
%0 §

Ib— Ax]: =|b- QR = |QQ"b— QR =




2
Qb! Rx :‘
Qb
Find x such thaRx = Qb [Pseudo Inverse]

e Singular Value Decompositiddwe can view SVD as a way of doingjizrix
Approximation Theory.
Al T ™M A=U#V,

2
2

Qb! Rx +|Q:b

urymm uu=1,
#g1mn #=dia9($1,---,$mm<m,n>) whee $, %%, %...%8 i\
VAR VvV=l,

A=& $,uyV; |dyodic formof S\D
j=1

r = Rank(A)

m=n=r=2

AZUZV*:[ u, u, }[ (Z)l O(_) ] VZ 2[ O,u, O-zuz:| Vl
2

= 0-1”1";k + Gz”zvz
Fundanental Subpaces:

Ran(A) = span{u,,...,u}
Ran(A') = span{v,...v,}
Ker(AS) = pan{u,,,,....u,}
Ker(A) = span{v,,,,...,}

Pseudoinverse:
A+ — n iv.uf
/ JJ
=L
=(a’A)" A" if Aisfull rank
OWe proved it in class, but donOt memoriz®thimnOt expect you to memorize that
big long complicated proofO

Best Low Rank Approximation:
P}ﬂgl ”A_ X”z =0y,

raﬁk(X)sK

Cortinuous Least Squares + Orthogonal Polynomials



Pl‘Oblem:rr'lin”f p” |1 (#b(f (X) .\ p(x))2 dx)l/z

Optimal polynomial:
p-(x)=" Cj"j(x)

#e & 7 (F1) &

ﬁ;()(!o,!()) <!n1!0> <(g,o/oco ( z)<f ,0> g
0

0o i e (i) g
ollod ) o (L)t (% o
%o %C, ( ‘f$/o< 1) ¢
Best choice for ...,/ | : orthogonal polynomials!; has exact degree |
< P k> 0ifjlo

.- (£.1))
i
<" j "’i>
We can build these orthogonal polynomials using Gg&atnmidt THREE TERM
RECURRENCE




