CAAM 453 - NUMERICAL ANALYSIS |

Problem Set 3 - Solutions
Posted Friday 25 September 2009. Due Monday 5 October 2009.
CAAM 453 students should complete 100 points worth of problems.

CAAM 553 students should complete 125 points worth of problems (4 and 5 strongly recommended).
Students are welcome to attempt more problems if they wish.

1. [25 points: (a)=10 points; (b)=7 points; (c)=8 points.]

Recall that for A € C™*"™, the linear system Ac = f has a unique solution for any f provided
Ker(A) = {0}, where Ker(A) denotes the kernel (null space) of A.

If the kernel of A is larger, i.e., if there is a nonzero vector z € Ker(A), then there are two possibilities:

o If f ¢ Ran(A), then there is no solution c to the linear system Ac = f.

e If f € Ran(A), then there are infinitely many solutions to the linear system Ac = f. In particular,
if € satisfies A€ = f, then any c of the form ¢ =€+ 7z is also a solution, where ~ is an arbitrary
constant.

With these facts in mind, please answer the following questions.

(a) Suppose we wish to construct a polynomial ps € P5 that interpolates a function f € C?[—1,1]
in the following (somewhat unusual) manner: ps(—1) = f(=1); ps(=1) = f'(=1); p5(0) = f(0);
pe(0) = f7(0); ps(1) = f(1); p5(1) = f'(1). Write down the linear system to determine the
coefficients c, ..., cs for p in the monomial basis: ps(x) = co + c10 + c22? + c32® + cpz + c52°.

(b) What is the kernel of the matrix A constructed in part (a)?

(You may use the MATLAB command null(A,’r’).)
What does your answer imply about the existence and uniqueness of the interpolant p5?

(¢) Consider the data: f(—1) = —1, f'(—=1) =0, f(0) =1, f"(0) = -2, f(1) =3, f'(1) = 4. Show
that there are infinitely many choices for the polynomial ps that interpolate this data. Plot six
of them. (Superimpose all on the same plot.)

Solution.
(a) We seek the coefficients ¢y, ..., c5 to the polynomial
ps(z) = co + 1z + cpr? + c3x® + eqzt + cxa®,
which will determined by the five constraints
Co + 1Ty + Co + ¢35 + ¢4 + c5x0 = f(2o)
) +2coxy + 3caxh 4 degxd + Besry = f(20)
Co + 1@y + o + ey} + oy + c5x7 = f(a1)
2y + begy + 12¢428 + 20cs25 = f' (1)
Co + 1Ty + Co + ¢35 + €475 + ¢513 = f(22)
) + 2¢ox0 + 3c3x3 4 deyxs + Sesry = f(20).

These equations can be written in the matrix form

1z, 2% 2} zg  xd [ o ] [ f(xo) ]
0 1 2z, 322 423 5z} 1 [/ (o)
1z, 23 a3 rt 3 ca | (1)
0 0 2 6x; 1227 20x9 es || f(x)
1oz, 23 a3 a2y 2} || oa f(a2)

| 0 1 2z, 323 4ad bBaj | | o | | f(x2) |




With our values for the nodes g = —1, 1 = 0, 22 = 1, we have

(1 -1 1 -1 1 =17[Te] [ flzo)]
0o 1 -2 3 —4 5 1 1 (x0)
1 0 0 0 0 0 o | | flx)
O 0 2 0 0 0 es || f(x)
1 1 1 1 1 1 s f(z2)

0o 1 2 3 4 5] ¢ | f(x2) |

Since the kernel is non-trivial, there are two possible situations: there will either be no polynomial,
or there will be infinitely many polynomials that satisfy the six interpolation conditions. Which
of the two depends on the actual interpolation conditions.

(¢) Note that the vector

[ f(zo) 1 [ 1]
f' (o) 0
_ (1) | 1
f= f//(l'l) - —92
f(x2) 3
RO

is in the range of the coefficient matrix, since we we can write

1T o a1 01 11 -1 [ ]
0 1 -2 3 —4 5 2
Lyt 0 o o o off -1
-2 (o 0o 2 0 0 o0 0
3 1 1 1 1 1 1 1
] Looro2os 4 s
Since f is in Ran(A), there are infinitely many choices for the coefficients cy, . . . , ¢5 that will satisfy

the six constraints. All solutions have the form

e r0
co
P 1
1
1 0
ca
= +
cs o] 7| =2
¢4 1 0
L &5 ] 0 1




for arbitrary ~.
The plot below shows polynomials for the above coefficients chosen with v = —16, —8, —4, 0, 4, 8, 16.

8

2. [25 points: (a)=10 points; (b)=15 points]
The Hermite interpolant h,, € Pap41 of f € Clla,b] at the points {z; }7_o can be written in the form

n

) = 3 (A3 (@) (@5) + Bya) f' () )

§=0
where the functions A; and B; generalize the Lagrange basis functions:
A5(@) = (1= 26)(a))(x — ;) £ ()
Bj(x) = (v —2;)65(x),

with () = [Ti_g ey (2 — 22) /(2 — 1),

(a) Verify that

Ajm):{(l) i;’; Al(z) =0,  Bjlay) =0, B;(m:{(l) ﬁ;l,z

(b) The above expression for the Hermite interpolating polynomial mimics the Lagrange form of the
the standard interpolating polynomial. Devise a scheme for constructing Hermite interpolants
that generalizes the Newton form. What are your new Newton-like basis functions for Po, 117

Solution.
(a) First consider A;(xy). If k # j, then
Aj(wp) = (1- 205 (x5) (g, — xj))éf(wk) =0
since ¢;(x) = 0 by construction. If £ = j, then

Aj(x) = (1= 20 () (x5 — )6 () = G (ag) = 1,



since ¢;(x;) = 1 by construction.
Next consider A’(xx). To begin with,

Al(x) = —25;-(30]-)65(%) +2(1- 205 (25) (x — x]))fj(x)ﬂg(ac)

For k # j, we have
Al(zy) = —2€;(mj)€?(xk) +2(1- 20 () (zr, — x]))ﬁj(xk)éé(xk) =0,
since both terms in this sum have ¢;(x) terms. When j = k, we have
Ali(ar) = =205(x;) 03 (5) + 2(1 = 205 (x;) (z; — 2;)) €5 (2;)0; ()
—2€;(I‘j)€?(5ﬂj) + 205(x4)

:O7

since £;(z;) = 1. Thus A; and A} both perform as required.
It is simple to see that Bj(zx) = 0 since £;(xy) = 0 if k # j, and (2, —x;) = 0if k = j. Note that

Bi(z) = 65(x) + 2(x — z;)l; ()l (x).
If k # j, then £;(z)) = 0 and so Bj(zy) = 0. If k = j, then
Bi(xr) = 0 (x;) 4+ 2(x — j — x;)l;(x;)0(x;) =1,

since £;(x;) = 1.
The principle behind the Newton basis for standard polynomial interpolation is: find some con-
stant function that interpolates at zo. Thus use this to find a linear function that interpolates at x
and 1, and so on. The Newton basis functions are {1,z —xq, (x —z¢)(x —21), . . ., H;L;Ol (x—xzj)}.
For Hermite interpolation, we will attempt to follow the same methodology. First, find py € Py
such that po(zo) = f(zo):

po(x) = co = f(xo).
Thus, po = cogo(x), where the basis function gg(z) = 1.
Next, find a linear polynomial that interpolates both f and f’ at xq: i.e., find p; € P; such that
p1(xo) = f(xo) and pj(xo) = f'(x0). In keeping with the Newtonian spirit, write p; in the form

p1(z) = po(z) + c1q1 ()

for some g1 € P;. Our challenge is to find ¢; and ¢; to satisfy the interpolation conditions. Since
po(xo) = f(zg), the interpolation condition p;(xg) = f(xo) implies q;(z9) = 0. Therefore, we
conclude that ¢; has a root at zg; this completely determines ¢, since it is a linear polynomial
and we are not concerned about scaling factors (which are absorbed by ¢;):

q1(z) =z — xp.

Now ¢; is determined so that pf(x0) = cog((x0) + c1¢i(zo) = f/(x0):

(o) — codp(@o)

C1 =
¢ (o)

So far, this basis is the same as the usual Newton basis. The next step introduces the critical
difference. We want to construct ps € P of the form

p2(x) = p1(z) + c2ga(x)



for some cs € R and ¢o € Po such that
p2(z0) = f(20), pa(z0) = f'(0), p2(w1) = f(a1).
The first two conditions are satisfied by p; itself, so we conclude that
g2(20) = g(20) = 0.
Thus ¢ € Py has a root at xg, and so does it’s first derivative. Hence
02(x) = (z — w0)?,

and the interpolation condition ps(z1) = f(x1) determines cs:

oy — f(z1) — cogo(21) — crqa(z1)
’ q2(71) )

A pattern is emerging, and the general procedure should be clear from one more step. Now we
seek p3 € P3 of the form

p3(x) = p2(z) + caqa(),
for some c3 € R and g3 € P3 such that

pa(zo) = f(x0), p3(x0) = f'(z0), pa(z1) = fx1), pilz1) = f'(21).

The first three conditions demand that ¢s(xo) = ¢4(z0) = ¢s(z1) = 0. Hence g3 has a double root
at xo and a single root at x;:
g3(z) = (z — z0)*(z — 7).

Similarly, q4(z) = (x — 2)?(x — 21)? and, in general,

1, 7 =0;
j/2—1
H (x — x1,)?, j > 0 even;
glx) =1 i
li/2]-1
(x—x5/2]) H (x — )2, j odd.
k=0

The expansion coefficients are thus available as the solution of the triangular linear system

[ qo(o) 17 e ] [ f(z0) ]
ao(ro)  q1(wo) C1 f' (o)
qo(r1) qi(z1) qa(z1) C2 f(z1)
a(z1)  qi(z1)  axlz1)  gs(zr) e || fll@) |

L qé)(gjn) ¢ (zn)  q5(wn) qg(xn) ql2n+1(zn) 4 L Cn+1 | L f'(xn) i

where derivatives are applied in the even rows.

3. [25 points: (a)=10 points; (b)=10 points; (c)=5 points]
The one-dimensional interpolation scheme studied in class can be adapted to higher dimensions. For
example, suppose we are given a scalar-valued function f(z,y), such as

f(z,y) = ¥ siny,
and wish to construct a function of the form
p(x,y) = co + 12 + coy + cary + ca2® + c5y?
that interpolates f(z,y) at (xo,v0), (z1,41), (X2,¥y2), (z3,y3), (x4,y4), (T5,Y5).



(a) Set up a linear system Ac = f to determine the coefficients cy, ..., cs.

(b) Write a MATLAB code to determine ¢ when f(z,y) = e*siny and the (x;,y;) pairs take the
values listed in the following table.

jl0 1 2 3 4 5
z; [0 0 1 1 2 2
v |0 2 0 2 1 3

Report your value for c.

(c) Plot your model function p(z,y) over z € [—1,3], y € [—1, 3] using MATLAB’s surf command.
Compare this plot to the similar plot for f(x,y), which can be obtained in the following manner.
f = inline(’exp(x).*sin(y)’,’x’,’y’);
[xx,yy] = meshgrid(linspace(-1,3,25),linspace(-1,3,25));
zz = f(xx,yy);
figure(1), clf
surf (xx,yy,zz)

Please submit plots of both p(x,y) and f(z,y).

Solution.

(a) The six interpolation conditions are

Co + €10 + Co¥ + CaoYo + CaTh + C5Y5 = €™ sinyg
CoF 1Ty + Gy + C3T Yy +eyxt + 5yt = e"lsingy
Co + C1X5 + CoYy + C3ToYy + C4x§ + c5y§ = "2 sin Yo
Co + €13 + Col + Cazy3 + 4T3 + c5y5 = €™ sinys

2 2 .
Co 1Ty + Coyy + C3T4Yy + CuTY + C5yy = €7 sinyy

2 2 X5 .
Co T C1X5 + CoYs + C3x5Ys + C x5 + C5ys = € 5sin ys.

These equations can be arranged into the matrix equation Ac = f:

(1 2 Yo Zovo 3 wo | [ o] [ e®osinyy |
Loay oy w2 yi c1 e”1 sin gy
L@y yy ayp 73 Y3 c2 e’? sinyy
1 @y ys 3y3 23 43 cs | | e"sinys
L oay yy ways i Y3 Ca e” sin yy

i L oas ys wsys 23 Y3 1 Lo | | e sinys |

(b),(c) The following MATLAB code solves the system and produces the desired plots.

X

y

o
S
k)
o
=
IN)
3

% x interpolation points
[0;2;0;2;1;3]; % y interpolation points

% set up coefficient matrix
A = [ones(6,1) x y x.*y X.*x y.*yl;

% set up a grid in two dimensions and evaluate the function there
f = inline(’exp(x).*sin(y)’,’x’,’y’);

[xx,yy] = meshgrid(linspace(-1,3,25),linspace(-1,3,25));

zz = £(xx,yy);

% plot the function f on the grid



figure(1), clf

surf (xx,yy,zz)

set(gca,’fontsize’,16)

xlabel(’x’), ylabel(’y’), zlabel(’f(x,y)’)

% find the coefficients c and plot the polynomial

figure(2), clf

c = A\f(x,y);

surf (xx,yy,c(1)+c(2)*xx+c(3) *yy+c (4) *xx . *yy+c (b) *xx. " 2+c(6) *yy. " 2)
set(gca,’fontsize’,16)

xlabel(’x’), ylabel(’y’), zlabel(’f(x,y)’)

% output coefficients

format long

fprintf (’coefficients, c:\n’)
disp(c)

% check error at interpolation points
pxy = c(1)+c(2)*x+c(3)*xy+c(4)*x.*y+c(5)*x. 2+c(6)*y. 2;
fxy = £(x,y);
fprintf (’\nmaximum error at interpolation points = %10.7e\n’, max(abs(fxy-pxy)))

The resulting output follows.

coefficients, c:
0
-0.94916310522349
5.05919300007085
0.78121462258957
0.94916310522349
-2.30227214332900

maximum error at interpolation points = 1.7763568e-15
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4. [25 points: (a)=5 points; (b)=5 points; (¢)=7 points; (d)=8 points]
When we have spoken about norms, projectors, and the like, we have usually been working with vectors

and matrices, but these concepts generalize to a much broader setting. In this problem, you will apply
these ideas to develop a bound on the accuracy of polynomial interpolation.

Let TI,, denote the linear operator that maps f € Cfa,b] to the polynomial p,, that interpolates f at
the distinct points xo,...,on, {7;}7_q C [a,b]. In other words, II,,f = p,, where p, is the unique
polynomial of degree n (or less) for which f(x;) = p,(z;) for j =0,...,n.

(a) Explain why II,, is a projector.
(What does II,,p,, equal if p, is a polynomial of degree n?)
For the rest of this problem, we use the following norm on g € Cla, b]:

gl = argggblg(x)h



()

This norm obeys the three familiar norm axioms (e.g., the triangle inequality). It also induces

the operator norm

Han||L°° o

II o = max ———— — max
1Tz feClap).f20 | fllee [l 1l oo =1

[Ty fll oo

Show that if z9 = a and 1 = b, then ||Ig||ze = |||z~ = 1.
Recall that we can write the polynomial p,, = II,, f in the Lagrange form
I f =Y fla)t(),
§=0
where ¢ denotes the kth Lagrange basis polynomial.

n
Prove that ||II,,||r~ = max £i(x)l.
= = s 31600

Let p. denote any polynomial of degree n (e.g., p, minimizes ||f — p|/p~ over all p € P,,).
Prove that [[f = pallzee < (14 [[Hnllzee)llf = pellzee.

(Optional) Computationally estimate ||IL, ||z~ for n =1,...,20 with (i) uniformly spaced points
xj = —1+42j/n and (ii) Chebyshev points z; = cos(jm/n) over [—1,1].

Solution.

(a)

()

Given any f € Cla,b], let p,, € P,, denote the polynomial that interpolates f at g, ..., x,. Hence,
by definition of IL,,:
I, f = pa.
Since p, € P, and the interpolating polynomial is unique, we must have that II,p, = p,. It
follows that
2 f =1L,IL,f = IL,py = p.

Since 112 f = p,, = I1,, f for all f € C[a,b], it follows that 112 = II,,. Hence, II,, is a projector.
The degree n = 0 interpolant to f at xq = a is given by po(z) = f(a). Hence

[0 f| £~ 1/ (@)l e [ fllge

Il = max —_ = max —_— < max =
1ol feClab),f20 || fllLee feClapl,f£0 || fllee fecClab), 120 || fll Lo

Equality it attained when f is any nonzero constant, so ||Ilg||p~ = 1.

Forn = 1, p1(z) is the line connecting (a, f(a)) with (b, f(b)). Hence ||p1(x)| p = max{|f(a)l,|f(b)|}
We conclude that

Woflle= _ maX{\f(a)l,If(b)\}S ax WMl _
feclablf20 ||fllLe  feclapl,f£0 £l Lo reclapl,r20 || fl L

M|z =

Again, equality it attained when f is any nonzero constant, so ||II; ||~ = 1.

We can write the interpolating polynomial p,, = II,, f using the Lagrange form,

n

P =Y flz)t;(x).

Jj=0



Hence, we can develop an upper bound:

1L = Hgf(xj)éj(x)HLw = max ]jiof(xj)ﬂj(z)\

< max E::|f zj)|[4;(2)] < Jmax 1£1lz Z\
from which it follows that
| max ||f||L°°Z|€
Hn Lo j=0
IL,|| L~ = max < max < max £(
1Tz feclapl.f20 | fllee FeCla.b], {0 Il fllze ze[a b]Z‘

We thus have shown that proposed formula for ||II,,||L~ is an upper bound; it reamins to show
that this upper bound is attained. Let Z € [a,b] be a point for which

ZM |—maxZ|€

Now define f to be any continuous function on [a, b] such that
f(z;) = sign(¢;(z)),
with f(z) € [-1,1] for all © € [a,b]. Thus ||f||z~ =1 and

= max ‘Zf(xj)éj(x)’
=0

HLco z€la,b]

Ml = |3 fa)ts (@)
=0

2 |3 s @] = S =y S

= z€[a,b]

Since || f|lz= = 1, we have proved the lower bound |[IL,,[| e > maxX,efap) D¢ |¢;(x)|. Hence

max Zw ) < |z < max Zw

z€la b]

so we have proved the required formula for ||IL, || e

We begin by noting that

I f —Pn — s + PillLoe

If = pnllze

Ilf = pellooe + |pn — psllzos-

Notice that since p, is a polynomial of degree-n (or less), we must have p, = I, p. (see part (a)).
Additionally, we have p,, = II,, f. From these two observations is follows that

Hpn_p>|<HLOO = ||an_an*||L°°
= [Hnllzee[lf = psellzee.

Inserting this result into our expression for ||f||L=, we arrive at

If = pnllee < (1 [MnflLe) [l f = pallz=,



as required.

What is the significance of this result? We often construct interpolants in an effort to obtain
polynomials that approximate f € Cla,b] throughout the interval [a,b], not just at the inter-
polation points. This result allows us to compare the accuracy of this interpolant throughout
[a,b] (measured by ||f — pnllLe) to the accuracy obtained by the best approzimating polynomial
p« € P, (measured by ||f — p«llre~). The scaling factor 1 + ||II,,||z~ bounds how much worse
the interpolant can be. The quantity ||II,| e~ is independent of f, but highly dependent on the
choice of interpolation points (see part (e)).

(e) It is not difficult to write a MATLAB code to estimate the constants ||I1,|| o~ for uniformly spaced
points and Chebyshev points. The results are shown in the plot below: the numerics indicate that
ITL,|| L grows exponentially for uniformly spaced points, but only logarithmically for Chebyshev
points. Google ‘Lebesgue constants’ for more details!

—e— uniform
[ —®— Chebyshev

10°F

10°

10°F

(ITL |

10°F

5. [25 points: (a)=7 points; (b)=4 points; (¢)=6 points; (d)=4 points; (e¢)=4 points]
Suppose the complex-valued function f(z) of the variable z € C is analytic in a region D of the complex
plane whose boundary C' is a simple closed contour. Furthermore, suppose the interpolation points
Zoy ..., Tn (n > 1) and the point z all lie in D.

(a) Let p, € P, denote the polynomial that interpolates f at zg,...,z,.
For any x € D, confirm the identity

n

1 f(z) T —x,
f@) =pnalz) = o= CmHz—ixde

by computing the integral on the right. (Hint: Consider the poles of the integrand, and use the
Cauchy integral formula.)

For the rest of the problem, suppose that the real number x and the interpolation points xg, ..., x, all
lie in the real interval [a, b], and define, for constant K > 0,

D={z€C:|z—t|l <K for some t € [a,b]}.

(b) Plot (or draw) the boundary C of D for [a,b] = [-1,1] and K = 1.



(c¢) Show that the length of the contour C is 2(b — a) + 27K, and that the integral formula in (a)
leads to the bound

b—a+7K)M (b - a)"+1

1) —puta)] < L0 O
where M is such that |f(z)] < M on C.

(d) Deduce that if f is analytic on D for some K > |b — al, then the sequence {p,} converges to f
uniformly on [a, b] as n — oo.

(e) Show that the requirements for the conclusion in (d) are not satisfied by Runge’s function, f(x) =
1/(1 + 2?) over [a,b] = [-5,5]. For what values of « are the conditions satisfied by this f over
[a,b] = [—a,a]?

[Sili and Mayers, Problem 6.11]

Solution.

(a) The integrand

fe) frez—=;

Z—.’Ej

J=0

has poles at z = z,zg,21,...,2,. If x = x; for any j € {0,...,n}, then f(z) — p,(xz) = 0 by
construction of the interpolant p,,, so the ultimate result (part (c)) is trivial. If x is not equal
to any of the interpolation points, then all the poles of the integrand g are simple. Hence, the
integral reduces to a straightforward residue calculation:

res(g,zx) = lim g(2)(z — zk)

22—

n

= —f) |1 Lot

AL a — s
§=0,j#k J
and

res(g,z) = lim g(z)(z — x)

Z—T
= f(x).
Cauchy’s integral formula then gives that

9(2)dz = res(g,z) + 3 res(g, 1)
k=0

n

= J@) =Y f@) [T 2
k=0 j=0,j£k kT
= f(z) - Z f(@r)l ()
k=0
= f(x) — Pn ‘T)7

where ¢; denotes the kth Lagrange basis polynomial.

(b) The specified region is an oval whose boundary is a curve C' that consists of two half-circles of
radius K centered at a and b on the left and right, with line segments connecting them; see the
figure below.



()

a-K a b b+K

The arc-length of C' is the sum of the perimeter of the circular arcs and line segments: 27K +
2(b—a).

We can now bound the error by coarsely approximating the integral for f — p,. (Note that for

any z € O, |t — z| > K and |z — 2| > K, and that |x — x| < b—a for all x € [a,b].) Letting L¢
denote the arc-length of C', we have

7)== |5 zf(_l 15
FACIRS » giank2]
§ 277 zee |z—x| H |z—a:j\

Lo M (b—a)"!
or K Kntl

IN

Substituting Lo = 27K + 2(b — a), this formula simplifies to

pn(z)] = (b—a+nK)M (b—a>”+1’

Fw) - — -

and, since K > b — a, this bound goes to zero as n — oo independent of our choice of = € [a, b].

If [a,b] = [-5, 5], the result requires that f be analytic on D with k > |b — a| = 10. Note that D
contains the imaginary segment (—10i,10i), but f() = (1 +2)~! has poles at z = +i, so f is not
analytic on D, and we cannot apply the bound in (c).

Now we seek an interval [—a, a] over which we can apply the bound in (c). That is, we must
select the interval [—a, «] such that the contour C' does not touch or enclose either pole =i, i.e.,
we must have K < 1. Recalling that K > b — a = 2« (to ensure that the ((b — a)/K)"*! term
goes to zero), we must have o < 1/2.

In conclusion, polynomial interpolants to Runge’s function for any interpolation points on the
interval [—1/2,1/2] must always converge.

For further details, see: P. J. Davis, Interpolation and Approzimation, Dover, 1975 (page 82) and the
treatise: J. L. Walsh, Interpolation and Approzimation by Rational Functions in the Complex Domain,
5th ed., American Mathematical Society, 1969.




6. [25 points: (a)=8 points; (b)=8 points; (c)=4 points; (d)=>5 points]

Splines in font design. The font in which this text is set was designed by Donald Knuth using his
remarkable METAFONT software. To make shapely letters, the font designer establishes fixed points
that guide Beziér curves, defined via Bernstein polynomials. These curves do not interpolate the guide
points, but a similar system based on spline functions, which do interpolate, has also been proposed.
Here you will try your hand at spline font design: design a stylized ‘K’ character using cubic splines
with natural boundary conditions. The craft would be the same if you were designing an airplane
fuselage or a new sports car.

Consider the following table of data. The (f;, g;) values specify the skeleton for our ‘K’, as shown on
the right. Our goal is to replace the straight lines by smooth curves generated from splines.

(a)

T i 9

0 .25 4 9
1 0 1

2 -1 0 8t
3| 15 0

4| 125 1 7L
5 1.5 35 gj

6| 35 1.25 6l
7| 3.75 0

8 6 0

9 5 05 St
10| 35 275

11 2.5 4 4t
12| 35 55

13 5 7.5 3t
14| 55 8

15 3 8 ol
16| 35 7

17| 1.25 45 n
18 1 7

19 2 8

20 | 05 8 Or
21 1 8

22 | —.25 7 -1 !
23 | .25 4 -2 0 2 4 6

i
Write a MATLAB routine

function S = cBspline(x, x0, h)

that computes the value of a natural cubic B-spline at a point x € R, given the initial knot x0 € R
and uniform grid spacing h, i.e., f; = ¢ + jh.

Using your code from part (a), or otherwise, construct two natural cubic splines, one, called Sy (z),
interpolating the (x;, f;) values, the other, called S2(x), interpolating (z;, g;). (Each spline should
be the linear combination of n + 3 = 26 B-splines. Further details will be provided in the lecture
and lecture notes; the variables f; and g; are defined in the MATLAB file Kdata.m on the class
website. )

Produce a plot showing S1(z) and Sy(x) for x € [0, 23], along with the points (z;, ;) and (z;, g;),
to verify that your splines interpolate the data as desired.

In a separate figure, plot (Si(x),S2(z)) for x € [0,23]. You should obtain a picture like the
skeleton above, but with the straight lines replaced by more interesting curves. Superimpose the
(f;,9;) points to verify that your splines interpolate the data points.

Solution.



(b)

function Sx = cBspline(x, x0, h)

% return the value of the cubic B-spline B_{0,3}(x)
% assuming xj = x0+j*h

Sx = Bspline(3, x, x0, h);

function Sx = Bspline(k, x, x0, h)
% return the value of the B-spline B_{0,k}(x)
% assuming xj = x0+j*h

if k==0,

Sx = (x >= x0) & (x < x0+h);
else

Sx = (x-x0)/(k*h).*Bspline(k-1,x,x0,h)
+ (x0+(k+1)*h-x)/(k*h) .*Bspline(k-1,x,x0+h,h);
end

% spline curve fit of the letter "k"

xj=[.26 0-1 1.6 1 1.5 4 4 6 5 3.5 2.5 3.5
5 5.5 3.5 3.6 1.26 1 2 .5 -1 -.25 .25]7;

yj=[4 100 135 .5 00 .5 25 4 5.5
7.5 8 8 7.25 4.5 7 8 8 8 7T 41’

n = length(xj)-1;

tj = [0:n]; % set up knots, tj = j

% Set up matrix that will determine spline coefficients.
% This matrix will be tridiagonal.

alpha = cBspline(1,0,1);

beta = cBspline(2,0,1);

A = zeros(n+3);

for j=0:n
A(j+2,j+1:j+3) = [alpha beta alpha];
end
A(1,1:3) = [3 -6 3]; % natural spline boundary conditions
A(end,end-2:end) = [3 -6 3];
cx = A\[0;xj;0]; % solve for spline coefficients
cy = A\[0;yj;0]; % for (tj,xj) and (tj,yj)

% Construct the spline at a fine mesh of points
tt = linspace(0,n,1000)’;
Sx = zeros(size(tt));
Sy = zeros(size(tt));
for j=1:n+3
Sx = Sx + cx(j)*cBspline(tt,j-4,1);
Sy = Sy + cy(j)*cBspline(tt,j-4,1);
end

% Plot the splines to show interpolatiomns: (t,Sx) (t,Sy)
figure(1), clf

plot(tt, Sx, ’k-’,’linewidth’,2), hold on

plot(tt, Sy, ’k--’,’linewidth’,2)

plot(tj, =xj, ’k.’,’markersize’,20)

plot(tj, yj, ’k.’,’markersize’,20)
set(gca,’fontsize’,16)

legend (’S_x(t)’, ’S_y(t)’,2)



xlabel(’t’)

% Now plot the letter (Sx,Sy)

figure(2), clf

£i111(Sx,Sy,[0.8 0.8 0.8]); hold on
plot(Sx,Sy,’b-’,’linewidth’,2); hold on
plot(xj,yj, ’r.’,’markersize’,20), hold on
plot(xj,yj, ’r-’,’linewidth’,1.5)

axis equal

axis([-2 7 -1 9])

set(gca, ’fontsize’, 16)
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