
CAAM 553

Homework 1

1. 15 points (5+5+5). Explain why you should expect cancellation when performing the following
calculations, and show how to rewrite the expressions to avoid this.

(a) Evaluate
√
x + 1− 1 for x ' 0.

(b) Evaluate 1−cos(x)
sin(x) for x ' 0.

(c) Evaluate one root from the quadratic formula −b+
√
b2−4ac
2a when |4ac| � b2 and b > 0.

2. 20 points (5+5+10). Consider the polynomial p(x) = (x − 2)9 = x9 − 18x8 + 144x7 − 672x6 +
2016x5 − 4032x4 + 5376x3 − 4608x2 + 2304x− 512.

(a) Plot p(x) for points x = 1.920, 1.921, 1.922, . . . , 2.080 (i.e. x = [1.920 : 0.001 : 2.080];) evaluating
p via its coefficients.

(b) Produce the same plot again, but evaluate p(x) via the expression (x− 2)9.

(c) Explain any differences or discrepancies you see. If the plots are different, which is correct?

3. 30 points = 5 + 10 + 10 + 5. Suppose b > 0. One can compute the reciprocal 1/b without using
divisions (which are more expensive to compute than multiplications) by applying Newton’s method
to f(x) = b− 1/x.

(a) Write out Newton’s method applied to f(x) = b− 1/x and simplify the resulting iteration.

(b) Compute results for Newton’s iteration with b = 3 and starting point x0 = .5 and x0 = 1. Display
the results of a convergent iteration in a table with two columns, the first for the iterates xk and
the second for the actual error ek = |xk − x∗|. Perform enough iterations to reach a relative error
of 10−15.

(c) Show that if Newton converges, then the relative error

ẽn =
xn − 1/b

1/b

converges quadratically.

(d) Derive xmin, xmax such that the relative error in the previous part is guaranteed to decrease for
x0 ∈ (xmin, xmax). What happens if x0 = xmin or x0 = xmax?

4. 15 points. Suppose that f(x) is continuous and has a root x∗ with multiplicity m > 1. Newton’s
method typically converges linearly to x∗. However, it is sometimes possible to factor out higher
multiplicity roots and rewrite such a function f(x) as

f(x) = (x− x∗)mg(x), g(x∗) 6= 0

for some continuous g(x). Consider the following modification of Newton’s method

xn+1 = xn −m
f(xn)

f ′(xn)
.

Show that, if xn → x∗, the modified Newton’s method converges quadratically to x∗.


