
CAAM 553

Homework 4

1. 25 points = 15 + 10. Piecewise linear interpolation is straightforward in one dimension. Piecewise
linear interpolation can also be done in two dimensions using grids consisting of either triangular or
quadrilateral elements.

(a) Consider the triangle T with vertices vi = (xi, yi), i = 1, 2, 3. Any coordinate on T can be
represented in terms of λi(x, y) where

(x, y) =

3∑
i=1

λivi,

3∑
i=1

λi = 1.

Assuming λi is a linear polynomial in (x, y), e.g., can be represented as

p(x, y) = a+ bx+ cy, a, b, c, d = coefficients

Derive explicit formulas for λi(x, y). Explain how to construct a piecewise linear interpolant of a
function f(x, y) over T using λi and function values f(x1, y1), f(x2, y2), f(x3, y3).

(b) Consider the quadrilateral [−1, 1]2 with vertices ordered counterclockwise from the bottom left.
Construct similar “vertex” functions `1(x, y), . . . `4(x, y) which satisfy `i(vj) = δij and are “bilin-
ear” in that they can be represented as

p(x, y) = a+ bx+ cy + dxy, a, b, c, d = coefficients

Construct an interpolant of f(x, y) using `i and f(xi, yi).

2. 15 points. Verify that the Hermite basis functions Ai(x), Bi(x)

Ai(x) = (1− 2(x− xi)`′i(xi))`i(x)2, Bi(x) = (x− xi)`i(x)2,

satisfy the properties

Ai(xj) =

{
1 i = j

0 i 6= j
, A′i(xj) = 0, B′i(xj) =

{
1 i = j

0 i 6= j
, Bi(xj) = 0.

3. 20 points = 10 each.

(a) Consider the use of piecewise linear interpolation to approximate f(x) = e−x on [0, 1] with equally
spaced points. Using the error bounds in class, estimate the largest spacing for which it is possible
to achieve a pointwise accuracy of 10−8.

(b) Find the largest spacing which guarantees the same accuracy if instead piecewise cubic interpo-
lation is used. Approximately how much larger is this spacing than for the piecewise linear case?

Hint: The max of (x− x0)(x− x1)(x− x2)(x− x3) on [0, 1] with equal spacing is 9h4

14 .

4. 15 points. Find the line that best approximates
√
x in the minimax (L∞ ) sense over [0, 1], and report

the maximum error.


