
CAAM 553

Homework 5

1. (10 points) Consider Runge’s function f(x) = 1
1+x2 on [−5, 5]. Construct interpolating polynomials

pn(x) and qn(x), where pn(x) uses equispaced interpolation points and qn(x) uses Chebyshev interpo-
lation points, which are defined over [−5, 5] as

xi = 5 cos

(
π

(
2i+ 1

2n+ 2

))
, i = 0, . . . , n.

Compute and plot the maximum error against the degree n = 1, . . . , 25 using stable (Lagrange or
Newton) polynomial bases.

2. 25 points = 7+8+10. Consider Hermite and Lagrange interpolation of some function f ∈ C(2n+2)([−1, 1])
at (n+ 1) points. The error formula for Hermite interpolation is

f(x)− p(x) =
f (2n+2)(η)

(2n+ 2)!
ψn(x)2, ψn(x) =

n∏
j=0

(x− xj),

while the error formula for degree n Lagrange interpolation is

f(x)− pn(x) =
f (n+1)(η)

(n+ 1)!
ψn(x)

Note that, for Chebyshev points,

max
x∈[−1,1]

|ψn| = max
x∈[−1,1]

|(x− x0)(x− x1) . . . (x− xn)| ≤ 2−n.

(a) Are Chebyshev points (defined as roots of the degree n + 1 Chebyshev polynomial) optimal for
Hermite interpolation in the same way that they are optimal for Lagrange interpolation? Justify
your answer.

(b) Let p2n+1 be constructed using Lagrange interpolation with 2n + 2 Chebyshev nodes, and let
q2n+1 be constructed using Hermite interpolation at (n + 1) Chebyshev nodes. Do you expect
p2n+1(x) or q2n+1(x) to be more accurate? Justify your answer.

(c) Consider the Hermite interpolation of sin(x) at Chebyshev points. Show that for only n = 3
points, the error is below 10−6.

3. (20 points = 5+5+10). This problem explores properties of Chebyshev polynomials used in class.

(a) Find at what values of x the relative maximum and minima of the Chebyshev polynomials Tn(x) =
cos
(
n cos−1 x

)
occur, for n = 0, 1, . . . on [−1, 1].

(b) Find the zeros of Tn(x) on [−1, 1].

(c) Show that Tn(x) satisfies the properties

Tn+1(x) = 2xTn(x)− Tn−1(x)

2Tm(x)Tn(x) = Tm+n(x) + T|m−n|(x)

and determine explicit expressions for Tn(−1), Tn(1), and Tn(0). Hint: use the trigonometric
identities

cos(a± b) = cos(a) cos(b)∓ sin(a) sin(b)

2 cos(a) cos(b) = cos(a+ b) + cos(a− b).



4. 30 points = 10 + 10 + 10. Let the B-spline basis be given for some knot vector {x0, . . . , xn} by

Bi,k(x) =
x− xi

xi+k − xi
Bi,k−1(x) +

xi+k+1 − x
xi+k+1 − xi+1

Bi+1,k−1(x).

Prove the following properties of B-splines:

(a) Bi,k(x) is a degree k polynomial over each interval [xi, xi+1), and has support [xi, xi+k+1].

(b) Bi,k are non-negative and satisfy
∑i

j=i−k Bj,k(x) = 1 on [xi, xi+1).

(c) Bi,k(x) has k − 1 continuous derivatives at every point in [x0, xn].


