
CAAM 553

Homework 7

1. 15 points = 10 + 5

(a) Extend the trapezoidal rule to integrate the weighted integral∫ 1

0

f(x)x dx.

Derive an error bound (stating any assumptions you need to make on f(x)) for this weighted
trapezoidal rule.

(b) How would the implementation of a composite quadrature based on this weighted trapezoidal rule
differ from a composite quadrature based on an un-weighted trapezoidal rule? (You do not have
to explicitly write down either quadrature rule, just discuss major implementational differences).

2. (20 points = 10 + 5 + 5)

(a) The orthogonal Legendre polynomials Pn(x) over [−1, 1] are defined by the recurrence

P0(x) = 1, P1(x) = x, (n+ 1)Pn+1(x) = (2n+ 1)xPn(x)− nPn−1(x).

Show that Pn(x) is even or odd if n is even or odd.

(b) Let f ∈ C[−1, 1]. For n even and f(x) = f(−x), show that the best L2 approximation from the
space span{P0(x), P2(x), P4(x), . . . , Pn(x)} is the same as the best polynomial L2 approximation
of degree n. You may use that the best L2 approximation is given by

pn(x) =

n∑
j=0

(f, Pn)L2([−1,1])

(Pn, Pn)L2([−1,1])
Pn(x)

(c) Compute the best linear approximation p1(x) to xM (assuming M is some positive integer) in the
L2([−1, 1]) norm using the orthogonal basis

φ0(x) = 1, φ1(x) = x.

3. 25 points = 10 + 10 + 5

(a) Gaussian quadrature points are defined using orthogonal polynomials, which can be computed
using Gram-Schmidt orthogonalization. Consider the weighted integral∫ 1

−1

f(x)(1 + x). (1)

Apply Gram-Schmidt to 1, x to compute formulas for the orthogonal polynomials P0(x), P1(x)
with respect to the weight (1 + x).

(b) Applying Gram Schmidt to 1, x, x2 in part (b) gives that the third orthogonal polynomial is
P2(x) = 5x2− 2x− 1. Compute the 2-point Gaussian quadrature points for the weighted integral
(1) and provide formulas for computing the weights (you do not have to compute them explicitly,
but be as precise as possible). For what integrals is this quadrature exact?

(c) Let wi, xi denote weights and points of an (n+ 1)-point Gauss quadrature rule∫ b

a

f(x)w(x) ≈
n∑

j=0

f(xj)wj .

Prove that the weights of any Gauss quadrature rule are positive if w(x) > 0. Hint: consider
`2i (x).


