
CAAM 553

Homework 9

1. 30 points = 5+15+10. The Frobenius norm of a matrix is defined as

‖A‖2F =
∑
ij

|Aij |2 ,

and the trace operation is defined as the sum of the diagonal entries of a matrix B ∈ Cm×n

tr(B) =

min(m,n)∑
i=1

Bii.

(a) Show that the Frobenius norm of a matrix can be written using the trace operation as

‖A‖2F = tr(A∗A)

(b) Let B ∈ Cm×m,C ∈ Cn×n be unitary matrices. Show that the Frobenius norm is invariant under
multiplication by unitary matrices

‖BA‖F = ‖A‖F , ‖AC‖F = ‖A‖F .

(c) Let A ∈ Cm×n have singular values σi. Show that ‖A‖2F =
∑n

i=1 σ
2
i (you may assume the result

of the previous problem).

2. 30 points = 5 each. Let A be a real 50 × 5 matrix and suppose that the (skinny) Singular Value
Decomposition of A is

A = USV T

where S = diag(5, 4, 3, 2, 1) and U ∈ R50×5 , V ∈ R5×5 have orthonormal columns U1,U2, ...,U5 and
V1,V2, ...V5, respectively.

(a) What are the values of ‖A‖2, ‖A‖F , and κ2(A)? These denote the 2-norm, Frobenius norm, and
2-norm condition numbers.

(b) Let B = U2S2V
T
2 , where U2 = (U1 U2) , V2 = (V1 V2) and S2 = diag(5, 4). What is the value

of ‖A−B‖2 and ‖A−B‖F ?

(c) What is the numerical value of

min{‖A−C‖2 : C ∈ R50×5, Rank(C) = 2},

and what matrix C achieves this minimum value?

(d) Suppose the last two diagonal entries of S are 0 so that S = diag(5, 4, 3, 0, 0). What would the
rank of A be in this case? Give an orthonormal basis for R(A).

(e) Again suppose that S = diag(5, 4, 3, 0, 0). Use the SVD information to construct an orthogonal
projector onto the range of A and an orthogonal projector onto the null space of AT .

3. 30 points = 10 each

(a) Suppose A is rank r. Let CA be some constant which depends on A. Prove that

‖A‖2 ≤ ‖A‖F ≤ CA ‖A‖2

and determine what the constant CA must be for the bound to be tight. Show that both upper
and lower bounds are tight by giving examples of matrices which attain them.



(b) Let A ∈ Rn×n now be a nonsingular matrix. One can define a Frobenius norm condition number
κF (A) = ‖A‖F

∥∥A−1
∥∥
F

. Show that

κF (A)

n
≤ κ(A) ≤ nκF (A),

where κ(A) = ‖A‖2
∥∥A−1

∥∥
2

is the 2-norm condition number.

(c) Show that Ar =
∑r

i=1 σiuiv
∗
i is the best rank r approximation to the A in the Frobenius norm.

In other words, show that
‖A−Ar‖F = min

rank(B)=r
‖A−B‖F

Note that the proof will differ from the one in class for the 2-norm.


