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One reason why Brownian motion and Johnson noise are difficult subjects to teach is that their
mathematical requirements transcend the capabilities of ordinary differential calculus. Presented
here is an exposition of the needed generalization of calculus, namely continuous Markov process
theory, in a form that should be accessible to advanced physics undergraduates. It is shown how this
mathematical framework enables one to give clear, concise derivations of all the principal results of
Brownian motion and Johnson noise, including fluctuation—dissipation formulas, auto-covariance
transport formulas, spectral density formulas, Nyquist’s formula, the notions of white and 1/f2
noise, and an accurate numerical simulation algorithm. An added benefit of this exposition is a -
clearer view of the mathematical connection between the two very different approaches to Brownian
motion taken by Einstein and Langevin in their pioneering papers of 1905 and 1908. © 1996

American Association of Physics Teachers.

I. INTRODUCTION

Two significant accomplishments of physics in the first
half of this century were the theoretical elucidations of
Brownian motion'~* and Johnson noise.*> Despite the exten-
sive theoretical advancements in our understanding made
since those classic works,®~!! the presentation of these topics
to students has always posed a challenge. Typical expositions
invoke some combination of a nonintuitive and complicated
partial differential equation named “Fokker—Planck,” and a
more plausible but disquietingly not-so-ordinary differential
equation named ‘“Langevin.” In the case of the latter, for
example, students are usually presented with a benign look-
ing equation of the form

dX(t)
dt

=—aX(t)+f(1),

then told to assume, for no compelling reason, that the driv-
ing function f(¢) on the right is “delta-correlated and Gauss-
ian,” and finally informed much later (if the teacher can mus-
ter the courage) that the derivative on the left side does not,
after all, really exist.

The purpose of this paper is to suggest a more palatable
and convincing way of presenting Brownian motion and
Johnson noise to students of physics. This approach avoids
the Fokker—Planck equation entirely and relies solely on the
Langevin equation, but not quite in the way just described.
The key is a careful and well-motivated exposition of the
underlying mathematics, namely, the theory of continuous
Markov processes. Section 11 gives such an exposition for
students who have only the usual background in ordinary
calculus. The scope of the exposition is limited to developing
only those results that will actually be required. This math-
ematical machinery is then applied to Brownian motion in
Sec. III and Johnson noise in Sec. IV, with all the standard
results being deduced in an efficient and transparent manner.
Among those results are fluctuation—dissipation formulas,
auto-covariance transport formulas, spectral density formu-
las, Nyquist’s formula, the notions of white noise and 1/f°
noise, and a numerical simulation algorithm that is simple
and accurate. A byproduct of this exposition is a clearer per-
spective of the relation between the two approaches to
Brownian motion originally advanced by Einstein' and

225 Am. J. Phys. 64 (3), March 1996

Langevin.’ It was their papers that gave birth to the “sto-
chastic generalization” of ordinary calculus that we know
today as continuous Markov process theory.

II. MATHEMATICAL FOUNDATIONS

A. The processes of ordinary calculus

Much of science and engineering is based on the presump-
tion that some physical quantity X evolves with time ¢ ac-
cording to a differential equation of the form

dX(r) Ax
———=A(X(1),t
- =AX(1),0),
where A is some smooth function of its two arguments. An
equivalent way of expressing this dynamical behavior is to
say that

X(t+dt)=X(t)+A(X(2),t)dt, (2.2)

where dt is a non-negative infinitesimal, i.e., a real variable
that is confined to some interval [0,€], with € taken so small
that any higher order dt terms on the right side of Eq. (2.2)
are rendered negligible. The nonnegativity of d¢ reflects the
fact that time is something we perceive to be always increas-
ing. We generally refer to any function X of time ¢ as a
process.

Although Eq. (2.2) might be held by some to be math-
ematically “less respectable” than Eq. (2.1), it evidently
plays the conceptually useful role of an update formula for
the process X: If we know the value of X at the current time
t, then Eq. (2.2) allows us to compute the value of X at any
infinitesimally later time ¢+ d¢. The fact that this update for-
mula gives X(t+dt) unequivocally prompts us to call the
process ‘“deterministic.” The fact that the update formula
implies that X(¢+d¢)—X(t) as dt—0 prompts us to call the
process “continuous.” And the fact that the update formula
does not require for the prediction of X(¢+dt) the value of
X at any time before t prompts us to call the process “memo-
ryless;” i.e., the process does not have to “remember”” any of
its earlier values explicitly in order to advance itself from
time ¢ to time t+dt. So Eq. (2.2), and hence also Eq. (2.1),
define a continuous memoryless deterministic process X(t).
Such processes are the traditional objects of study of ordi-
nary differential calculus.

(2.1)
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We shall be concerned here with generalizing Egs. (2.1)
and (2.2) so that theyidescribe a process X that is stochastic
rather than deterministic. A continuous memoryless stochas-
tic process is called a continuous Markov process. For such a
process, we can assign definite probabilities to all possible
values of X(¢+ dt) knowing the values of ¢, dt and X(¢), but
those probabilities cannot be “sharpened” by taking cogni-
zance of any values of X before time ¢.

We shall find that the evolutionary character of the vari-
able ¢ gives rise to some surprisingly strict limitations on
how Egs. (2.1) and (2.2) can be stochastically generalized.
Such limitations are in fact already implicit in those formu-
las. For instance, the formula

X(t+dt)=X(t)+A(X(2),t)(dt)? (2.3a)

might appear to define a continuous memoryless determinis-

tic process X quite as ably as does Eq. (2.2) (although cer--

tainly not the same process), but that is actually not so. The
problem with Eq. (2.3a) is not that there is some law against
taking the square root of an infinitesimal variable (because
there is not), nor that the process so defined would have no
derivative (for we need not insist a priori that all continuous
memoryless deterministic processes be differentiable). The
problem with Eq. (2.3a) is rather that, as an ‘“‘update” for-
mula, it is not self-consistent: Observe that Eq. (2.3a) would
update the process from time ¢ to time ¢+ 3dt as

X(t+3dt)=X(t)+A(X(2),t)(5dt)*?,
and from time ¢+ 3dt to time ¢+dt as

X(t+dt)=X(t+ bdt)+A(X(t+ 3dt),t+ 5de) (3d) "
(2.3¢)

By simply substituting Eq. (2.3b) into the right side of Eq.
(2.3c) and then invoking the hypothesized smoothness of the
two functions A and X, we obtain, to lowest order in dt,

X(t+di)=X(1)+22A(X(¢t),t)(dr)". (2.3d)

But this is inconsistent with Eq. (2.3a).

An acceptable process update formula, when applied first
from t to ¢+ adt (0<a<1) and then from ¢+ adt to t+dt,
must always give the same result, at least to lowest order in
dt, as when it is applied directly from ¢ to ¢+dt. In Sec. I1 C
we shall see that this self-consistency condition constrains all
continuous memoryless deterministic processes to evolve ac-
cording to equations of the form (2.1) and (2.2), and con-
strains all continuous memoryless stochastic processes (i.e.,
all continuous Markov processes) to evolve according to
generalizations of Eqs. (2.1) and (2.2) known as ““Langevin
equations.”

We remark that our restriction here to processes that are
“memoryless” is not quite so limiting as it might appear.
Many nonmemoryless processes are components, or func-
tions of one or more components, of multivariate memory-
less processes. In the deterministic case this is a direct con-
sequence of the fact that any nth order ordinary differential
equation for a variable u(t) can always be written as a first-
order ordinary differential equation for the r-dimensional
vector variable v(£)=[u(t),u’(t),....u"" " (r)]. An ex-
ample is the position x and velocity v=dx/dt of a classical
particle in a force field F(x,v,t): neither x nor v is in general
memoryless by itself, but the pair [v(t),x(¢)] satisfies time-
evolution equations of the forms (2.1) and (2.2), and hence
constitutes a bivariate continuous memoryless deterministic
process. Our focus in what follows will be exclusively on

(2.3b)
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univariate memoryless processes, but we should keep in
mind that many nonmemoryless processes in nature should
be treatable by extending our univariate results to the multi-
variate case.

B. Random variables

As will become clear in the sequel, a continuous Markov
process X(¢) is what is known as a “random variable.” Al-
though most students of physics have some knowledge of
random variables, that knowledge tends to be spotty and con-
fused, and occasionally even erroneous. We shall briefly
summarize here the minimum that one needs to know about
random variables in order to understand continuous Markov
process theory. All of this material is widely known and
treated in many introductory textbooks. The particular didac-
tic approach taken here is one that has been presented in
detail by the author elsewhere,'” but probably most students
will be content to accept these random variable results with-
out proofs. ‘

We say that Y is a random variable with density function
P if and only if P(y)dy equals the probability that a “sam-
pling” of Y will yield a value between y and y+dy; sym-
bolically, P(y)dy=Prob{Y e[y,y+dy)}. Notice that we
distinguish between the random variable Y and the possible
values y which that random variable may exhibit when it is
sampled. ‘

The density function P specifies the shape of the normal-
ized frequency histogram that one would get by plotting a
very large number of samples of Y. A random variable is
completely specified by its density function, and there are as
many different random variables Y as there are different his-
togram shape functions P. If P depends parametrically on
one or more variables a, so that P=P(y;a), then we may
write Y=Y (a).

The average of any function 4 with respect to the random
variable Y is denoted by (h(Y)), and is defined (when it
exists) by

M
1 :
(h(Y))=lim — 2, h(yD), (2.42)
Mo M i=1
where y() is the value obtained in the ith sampling of Y.
This average can also be computed as

(h(Y))= f_ h(y)P(y)dy. (2.4b)
The average (Y*) is called the kth moment of Y. The first
moment (Y) is also called the mean of Y, and is sometimes
written mean{Y}. The variance of Y is defined by

var{Y}=((Y =(Y))?)=(r*)—(¥)?, (2.5)

and, when it exists, is always nonnegative. The square root
of var{Y} is called the standard deviation of Y, and is written
sdev{Y}; it provides a usually reasonable measure of the
spread or dispersion of the sample values of Y about its
mean. If var{Y} happens to be zero, then every sampling of
Y will yield the same value, and we say that Y is a sure
variable; the density function of a sure variable is a Dirac
delta function centered at the (unique) sample value.

We say that n random variables Y,...,Y, have joint
density function P if and only if P(yq,...,y,)dy...dy,
=Prob{Y;e[y;,y;+dy;) for all i=1 to n}. Averages with
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respect to Y ,...,Y,, are defined analogously to the univariate
case; in particular, the covariance of two random variables
Y, and Y, is by definition the average

cov{Y |, Yo} =((Y 1~ (Y ) (Y,—(Y,)))
=(Y 1Y) —(Y 1 (Y>). (2.6)

We say that Y| and Y, are statistically independent if and
only if a knowledge of the result of sampling one will not
help us to predict the result of sampling the other. In that
case their joint density function P(y,,y,) factors into two
single-variate functions, and cov{Y;,Y,}=0.

Random variables can be functionally manipulated just
like ordinary sure variables. If Y,,...,Y, are n random vari-
ables with joint density function P, and if f is some ordinary
function, then Z=f(Y(,...,Y,) is defined to be the random
variable whose sample values z() can be computed from
simultaneous sample values of Y,...,Y, according to
2O=fy{,...,yDY. The trick lies in computing the density
function Q of this random variable Z. It turns out that'? Q is
given in terms of the two functions P and f by the formula

0= [ v [ ay,pwr,y

Xﬁ(z—f(yla”"yn))a (27)

where & is the Dirac delta function. This formula describes
the functional transformation of an n-variate random variable
Y to a univariate random variable Z, and it has a straightfor-
ward generalization to the case where the dimension of Z is
any positive integer m: One merely replaces the single delta
function with a product of m delta functions, one for each
component of Z. But the integrations in these formulas are
often quite difficult to carry out. Much of practical random
variable theory consists of obtaining and cataloging the
many specific consequences of such integrations. One easy
(and instructive) consequence of the one-to-one transforma-
tion formula is that the mean of the random variable
Z=h(Y) is identically equal to the average of the function 4
with respect to the random variable Y as given by Eq. (2.4b).
Happily, we shall not have to compute any integrals like Eq.
(2.7) here, but we shall quote below three widely known
results of such computations that we shall require later.

Of all possible random variables Y, the one that will be
most important for our work here is the normal (or Gaussian)
random variable Y=N(m,02). Its density function is given
by

. 2
(y—m) ) 28

1
POI= Gaetym exp("—z:?‘

and one can show by using the foregoing formulas that this
random variable has mean m and variance ¢”. The normal
random variable N(0,1)=N will be referred to as the unit
normal random variable. The normal random variable
N(m,0) is just the ““sure” variable m.

Three well-known functional transformation results in-
volving normal random variables that we shall need later are
the following: First, for any two numbers « and 3, we have

a+ BN(m,0?)=N(a+ Bm, B*c?). (2.9)

This is a straightforward consequence of Eq. (2.7) for the
case n=1. In particular, recalling our definition of the unit
normal random variable N=N(0,1), we have

a+BN=N(a,B?).
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(2.10) -

Second, if N(m, ,07) and N(m,,03) are statistically inde-
pendent, then

N(ml,U%)+N(m2,0'§)=N(m1+m2,a'%+0'%). 2.11)

This is a more complicated consequence of Eq. (2.7) for the
case n=2. Actually, the additivity of the means and vari-
ances expressed in Eq. (2.11) holds for statistically indepen-
dent random variables of any kind; however, among all
classes of random variables whose means and variances ex-
ist, only normal random variables preserve their class under
addition.

It follows from theorems (2.9) and (2.11) that any linear
combination of statistically independent normal random
variables is itself normal. (This statement is also true even if
the normal random variables being summed are not statisti-
cally independent, but the variances then do not combine so
simply.)

Finally we have the celebrated central limit theorem. This
theorem asserts that the sum of any K statistically indepen-
dent (but not necessarily normal) random variables with fi-
nite means and variances will become a normal random vari-
able in the limit K—oo. This theorem can be proved using
Eq. (2.7), but the proof is rather involved.'?

C. Continnous Markov processes and their Langevin
equations

A stochastic process X is a random variable whose density
function depends parametrically on time ¢; so if #; and ¢, are
two different instants of time, then X(#;) and X(¢,) are in
general two different random variables. We say that X is a
continuous memoryless stochastic process, or a continuous
Markov process, if and only if the following three conditions
obtain: '

(i) The increment in X from any time ¢ to any infinitesi-
mally later time t+dt is “memoryless,” in the sense that it
depends only on ¢, dt and the value of X at t; thus, we can
meaningfully define the conditional increment in X by

B(dt;x,t)=X(t+dt)—X(t), given that X(¢)=x.

(2.12)

(ii) The random variable E(dt;x,t) depends “smoothly”’
on the three variables dt, x, and .

(iii) X is “continuous” in the sense that 5(dt;x,t)—0 as
dt—0 for all x and .

The following theorem shows that the above three condi-
tions conspire with the earlier mentioned requirement of self-
consistency to impose a surprisingly rigid mathematical form
on S (dt;x,t). That form will give us the stochastic generali-
zations of Egs. (2.1) and (2.2).

Theorem. The defining conditions (i), (ii), and (iii) of a
continuous Markov process X imply that the conditional in-
crement (2.12) must have the analytical form

E(dt;x,t)=A(x,t)dt+DY(x,t)N(t)(dt)">. (2.13)

Here A(x,t) and D(x,t) can be any two smooth functions of
their arguments, with D(x,#) non-negative. And N(¢) is a
temporally uncorrelated unit normal random variable; i.e.,
N(£)=N(0,1), and N(¢) is statistically independent of N(¢')
if t#1¢'.

The proof of this theorem is given in the Appendix. In
brief, the proof divides the time interval [#,¢+dt) into n— o
equal subintervals, and then demands that the increments in
those subintervals sum to give the increment over the full
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interval. The normality of random variable N(#) then arises
from the central limit theorem. The peculiar square root of
dt, which we earlier found to be untenable in the context of
Eqs. (2.3), arises here because in adding statistically inde-
pendent random variables one must add variances rather than
standard deviations. i

If we insert into the left side of Eq. (2.13) the definition of
E in Eq. (2.12), which definition also allows us to replace x
with X(#), we immediately obtain

X(t+dt)=X(1) +A(X(¢),t)dr

+D2(X(1),t)N()(dt)"2 - (2.149)

This equation is called the (standard form) Langevin equa-
tion for the process X. It is evidently an “update” formula
for X, and so is the stochastic generalization of Eq. (2.2).
To actually use the Langevin equation as an update formula,
one would simply substitute for N(¢) a sample value of the
random variable N(0,1) and then carry out the indicated
arithmetic operations. But, as we shall see later, Eq. (2.14)
also has other uses. The function A(x,t) in Eq. (2.14) is
called the drift function of the process, and the function
D(x,¢) is called the diffusion function. '

That the process X defined by the update formula (2.14) is
continuous, memoryless, and stochastic is apparent from the
form of that equation. It follows from the constructive nature
of the proof given in the Appendix that the update formula
(2.14) satisfies the self-consistency condition mentioned just
after Eq. (2.3d), and moreover that it is not possible to alter
the form of Eq. (2.14) without violating that self-consistency
condition.

It might seem that we ought to drop the dt term from the
right side of Eq. (2.14) on the grounds that it will be vanish-
ingly small compared to the (dt)'/? term. But that would be
wrong; because, the (dr)? term is multiplied by the random
variable N(¢), which, being about as often negative as posi-
tive, greatly diminishes the effect of the ()" term over a
succession of many dt increments. The long-range effects of
the weak-but-steady d¢ term and the strong-but-erratic
(dt)"? term are comparable if the functions A and D are of
comparable magnitudes.

Clearly, the functional forms of A and D completely de-
fine the process X. A comparison of the two update formulas
(2.14) and (2.2) shows that the processes of ordinary differ-
ential calculus comprise the D=0 subclass of continuous
Markov processes; thus, all continuous memoryless deter-
ministic processes have update formulas of the form (2.2).

Although the process X defined by the Langevin equation
(2.14) is continuous, it is not in general differentiable. This
can be seen by rearranging Eq. (2.14) to read

X(t+dt)—X(1) D2(X(¢),t)N(¢)

dt :A(X(t)7t)+ (dt)1/2

(2.15)

Obviously, the dt—0 limit of this equation will not exist in
any conventional sense unless the diffusion function D van-
ishes identically, in which case X would be deterministic. A
truly stochastic continuous Markov process is an example of
a function that is everywhere continuous but nowhere differ-
entiable. In spite of this fact, the heuristic appeal of the no-
tion of the derivative is so great that it has become customary
to pretend that dX/dt exists even when D(x,t)>0. This is
accomplished through the following ruse: Since theorem
(2.9) implies that
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. N(1)
(dt)'?
then if we define the Gaussian white noise process I'(t) by

I'(1)= lim N(0,1/dt), (2.16)
dt—0

=(d)™'N(0,1) =N(0,(d) 1),

we may formally take the dfr—0 limit in Eq. (2.15) and
obtain

dX(t)
dt
We call Eq. (2.17) the (white noise form) Langevin equation.
It is obviously the stochastic generalization of the determin-
istic differential equation (2.1).

Two “averaged”* properties of Gaussian white noise, as
defined in Eq. (2.16), are

(I'(1))=0

=A(X(1),t)+DY2(X(¢),0)T(¢). (2.17)

(2.18a)
and
(T(OT(t+1"))y=8(t"). (2.18b)

The validity of Eq. (2.18b) for ¢’ #0 follows from the tem-
porally uncorrelated nature of the zero-mean process I'(¢).
The validity of Eq. (2.18b) for ¢' =0 follows from the vari-
ance of I'(¢) being 1/dt in the limit dz— 0, in which limit we
can write heuristically 6(0)dz=1, or 1/dt= 6(0).

We. shall more frequently use the following “average
properties of N(t), which hold because N(¢) is a zero-mean,
unit-variance random variable that is statistically indepen-
dent of N(¢') for all ¢/ #¢, and thus also statistically inde-
pendent of X(¢') for all ¢’ <t:

d”14

(N(1))=0, (2.19a)
(N*(1))=1, (2.19b)
(X(¢')N(£))=0 for all ¢'<t. (2.19¢)

It should be obvious from Eq. (2.16) that the white-noise
form Langevin equation (2.17) is on much shakier math-
ematical ground than the standard-form Langevin equation
(2.14), which is an ironic reversal of roles with respect to the
deterministic formulas (2.1) and (2.2). In fact, there is virtu-
ally nothing that can be done with the white-noise Langevin
equation that cannot be done with more mathematical rigor
using the standard-form Langevin equation; so, it might well
be argued that Eq. (2.17) is nothing more than a mnemonic
for Eq. (2.14). But old habits die hard, and for many physical
applications we find this mnemonic to be useful.

By means of a rather lengthy argument,'® it can be shown
that the density function P(x;¢) of the random variable X(¢)
defined by Egs. (2.14) and (2.17) satisfies the partial differ-
ential equation

19 . P (9 .
o P == —[A(x,)P(x;1)]

2

[D(x,t)P(x;t)]. (2.20)

T2
This is called the (forward) Fokker—Planck equation. Like
the Langevin equation, it serves as a time-evolution equation
for the continuous Markov process X with drift function A
and diffusion function D. We shall not discuss this equation,
since we do not require it for our work here.
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