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A novel derivation of the Langevin equation that was recently presented in this journal for a
univariate continuous Markov process is generalized here to the more widely applicable multivariate
case. The companion multivariate forward and backward Fokker—Planck equations are also derived.
The derivations require just a few modest assumptions, and are driven by a self-consistency
condition and some established theorems of random variable theory and ordinary calculus. The
constructive nature of the derivations shows why a multivariate continuous Markov process must
evolve according to equations of the canonical Langevin and Fokker—Planck forms, and also sheds
new light on some uniqueness issues. The need for self-consistency in the time-evolution equations
of both Markovian and non-Markovian stochastic processes is emphasized, and it is pointed out that
for a great many non-Markovian processes self-consistency can be ensured most easily through the
multivariate Markov theory. © 1996 American Association of Physics Teachers.

I. INTRODUCTION

A recent article in this journal! presented a derivation of
the Langevin equation for a univariate (scalar) continuous
Markov process. Here we generalize that derivation to the
multivariate case in which the process has M =1 compo-
nents, and we also derive the companion forward and back-
ward Fokker—Planck equations. We shall presume here an
acquaintance with certain parts of Ref. 1, specifically its
Secs. I A-II C, so that we may avail ourselves of several
important definitions and theorems introduced there; also, a
familiarity with the comparatively simple derivation of the

univariate Langevin equation given in the Appendix of Ref.

1 will afford a helpful perspective on our analysis here of the
more complicated multivariate case.

We begin with a quick review of the univariate resulis
obtained in Ref. 1. If a function X of time ¢ is continuous,
memoryless, and stochastic—i.e., if X is a continuous Mar-
kov process—then its time evolution will be governed by an
equation of the form

X(t+dt)=X(t) +AX(¢),t)dt

+DY2(X(1),ON(£)(dt) 2. (1.1
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This is the (univariate) standard form Langevin equation. In
it, dt is to be regarded as a real variable that is confined to
the interval [0,e], where € is an arbitrarily small positive
number; A and D can be any two smooth functions, with D
being non-negative; and N(¢) is a normal random variable
that has a mean 0 and variance 1, with N(¢) and N(¢") sta-
tistically independent if t#¢'.

Equation (1.1) is essentially an ‘‘updating formula’’: Once
the functions A and D have been specified, Eq. (1.1) tells us
how to compute, from the value of the process at time ¢, ifs
value at any infinitesimally later time 7+ dt. As was shown
in Ref. 1, the functional form of this updating formula is a
consequence of requiring X to be not only continuous, in the
sense that X(¢+dt) —X(t) as dt—0, and memoryless, in the
sense that the right side does not depend on the value of X at
any time before ¢, but also self-consistent: It should make no
difference (statistically and to first order in dt) whether we
compute the increment from ¢ to ¢+dt by a single applica-
tion of the updating formula, or by successive applications
thereof to successive subintervals of [¢,7+dt]. The Langevin
equation can be used to derive time-evolution equations for
the moments of X, and it can also be used to construct nu-
merical simulations of X.

The appearance of the factor (dt) 12

in the random term of
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Eq. (1.1), which will seem quite bizarre if viewed from the
restricted perspective of ordinary deterministic calculus,’ re-
flects the fact that when D is not zero, the continuous func-
tion X is not differentiable. For heuristic reasons, though, it
is often convenient to pretend that dX/dt exists. As was
shown in Ref. 1, Eq. (1.1) can then formally be brought into
the form

dXx(t)
dt

Here, with N(m,o?) denotiorg the normal random variable
with mean m and variance

I'(¢)= lim N(0,1/dt)
dt—0

=A(X(2),t)+ DX (), (¢). (1.2)

(1.3)

is called ‘‘Gaussian white noise.”” Equation (1.2) is the
(univariate) white-noise form Langevin equation. A careful
examination of its derivation suggests, however, that it may
be little more than a mnemonic for the standard form Lange-
vin equation (1.1).

If P(x,t|xq,t0)dx gives the probability of finding X(r)
between x and x+dx, given that X(ty)=x,, for any #,<t¢,
then as was stated (but not proved) in Ref. 1, the function P
satisfies the partial differential equation

a 7
:9_{ P(x>tlx0 ’tO): - b—; [A(x,t)P(x,t|x0 7t0)]

32
5 3.;6'_2 [D(x,t)P(x,fle,to)]. (14)

This is called the (univariate) forward Fokker—Planck equa-
tion. It can be used to derive time-evolution equations for the
moments of X, although the Langevin equation (1.1) is usu-
ally handier for that task. It can also be used to compute the
stationary or ‘‘equilibrium’’ probability density function
P(x,t—|xg,t,), which for some functions A and D exists
independently of ¢, x,, and ¢,,.

Not mentioned in Ref. 1 was the fact that the function P
also satisfies the partial differential equation

J Jd
— = P(x,t|xq,t9)= A(x[)st()) P(x t|xg,t0)

dty
1 3?
+ = D(xo,to) 2 P(x,t|xg,t0).

(1.5)

This equation, which is not a simple corollary of Eq. (1.4), is
called the (univariate) backward Fokker—Planck equation. It
turns out to be crucial for calculating the statistics of the time
it takes the process to first exit a given interval [a,b] that
contains the initial point x.

Our goal in this article will be to derive the forms of the
Langevin and Fokker—Planck equations when the process X
has any fihite number M of components. Of course, those
multivariate equations are ‘‘well known,””*” having been de-
duced, in a slightly restrlcted form, at least as early as 1945
by Wang and Uhlenbeck.® But physics students often find the
derivations of those equations to be intimidating and uncon-
vincing, and there is even a tendency to suppose that those
equations simply have to be ‘‘accepted’’ in the same way
that we have to accept, say, the Schrodinger equation. We
shall endeavor here to derive the multivariate Langevin and
Fokker—Planck equations in a very careful way from just a
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few modest assumptions, and thereby show why those equa-
tions have the forms that they do. In the course of our deri-
vation, we shall illuminate the little-known fact that the cor-
respondence between the Langevin and Fokker—Planck
equations is not quite one-to-one.

Our work here will of course be quite mathematical, and a
busy physicist may rightfully ask what is the payoff. It turns
out that a component of a multivariate continuous Markov
processes is often not by itself Markovian; hence, the multi-
variate generalization greatly enriches the theory by intro-
ducing processes that ‘‘have memory.”” From a slightly dif-
ferent perspective, it is fair to say that an M -variate Langevin
equation is the stochastic generalization of an Mth order or-

. dinary differential equation. Since most dynamical systems

in physics find their deterministic descriptions in terms of
ordinary differential equations of order greater than 1, a
physicist simply cannot be content with the restriction to first
order that is imposed by the univariate Langevin equation.

There is also an aesthetic payoff for going through all the
mathematics: Once we have set down in clear terms what we
should reasonably expect of a process that is ‘‘multivariate,
continuous, and memoryless,’” it is somehow very satisfying
to watch how sheer mathematical necessity shapes the forms
that the fundamental time-evolution equations must take.

The plan of this article is as follows. In Sec. Il we define a
multivariate continuous Markov process and derive the mul-
tivariate Langevin equation. That derivation is easily and
quickly accomplished by invoking a certain theorem. The
proof of that theorem, however, is not so easy and quick, and
will occupy us in Sec. III. In Sec. IV we derive the compan-
ion forward and backward Fokker—Planck equations. In Sec.
V we give examples of two simple bivariate continuous Mar-
kov processes. Finally, we conclude in Sec. VI by summa-
rizing our results and pointing out some interesting implica-
tions for non-Markovian stochastic processes.

II. THE MULTIVARIATE LANGEVIN EQUATION

For a general M -variate stochastic process
X()=[X1(2),....Xu(1)], (2.1)

whether Markovian or not, each process component X; is
presumed to be a real random variable that depends on time
t, a real sure variable. The fact that the independent variable
t represents fime, and not something else, is important. Time
is something we perceive as being divided into a past and a
present, which we can in principle know, and a future, which
we can only speculate about. The overarching goal of sto-
chastic process theory is to predict, as accurately as possible,
future values of the process X from a knowledge of its
present and past values.

The defining feature of a Markov process is that any
knowledge of past values of X, beyond what is already im-
plied by its present value, is of absolutely no help in predict-
ing future values of X. With that in mind, we now define an
M -variate continuous Markov process to be any M-variate
process X that satisfies the following four conditions:

(i) The conditional increment in each component X; from
time ¢ to any infinitesimally later time ¢+d¢, namely, the
random variable

Ei(dt;x,t)=X(t+dt)—X,(t) given that X(¢)=x
(i=1,..,M), (22
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depends only on the values of df, x=(x,...,x) and ¢

(ii) The dependence of each random variable E; on its
arguments dt, x, and ¢ is ‘‘smooth.”’

(iii) For all x and ¢,
(2.3)

(iv) Each random variable E; has a well-defined (finite)
mean and variance.

E,(dt;x,t)—0 as dt—0.

Notice that condition (i) is what makes X memoryless or
Markovian, since it ensures that future values of X depend
on its past values only through its present value. And condi-
tion (iii) is what makes X continuous, since it ensures,
through definition (2.2), that X,(t+dt)—X(t) as dt—0.
The other two conditions (ii) and (iv) are essentially ‘‘tech-
nical’’ requirements that force the random variables =; to be
well behaved. The smoothness condition (ii) basically re-
quires that all probability density functions for Z;, in which
dt, x, and t will naturally appear as independent parameters,
shall be continuously differentiable with respect to those pa-
rameters. Condition (iv) is arguably unnecessary on the
grounds that the infinitesimal nature of dt should ensure,
through condition (iii), that sample values of Z;(d#;x,t) will
be so close to O that the first and second moments of
E(dt;x,t) will inevitably be finite; however, to guard
against any surprises on that point, we call out condition (iv)
explicitly.

With the foregoing definition of a multivariate continuous
Markov process, we can derive the multivariate Langevin
equation almost trivially by appealing to a certain theorem.
But the proof of that theorem is not trivial, which is to say
that this way of deriving the multivariate Langevin equation
merely relegates all the detailed reasoning, all the hard work,
to proving the theorem. We shall undertake that proof in Sec.
I1I. For now, we simply want to state the theorem, clarify its
assertions, and examine its implications. [The simpler
univariate version of this theorem is given in Ref. 1 at Eq.
(2.13).] '

Theorem: The defining conditions (i)—(iv) of an M -variate
continuous Markov process X imply that the conditional in-
crements =; defined in Egs. (2.2) must have the analytical
forms

M
B(dt;x,0)=A(x,1)dt+ 2, b (x,)N;(t)(dt)*?
j=1

(i=1,...M). (24)

Here, the M functions A; and the M 2 functions b; ; are all
smooth in the variables x and ¢, and N{(1),...,N(f) are M
statistically independent, temporally uncorrelated, unit nor-
mal random variables. Furthermore, any two different sets of
the M? functions b; ; that yield the same SM(M+1) func-
tions

M
Di(x,t)Ezl bA(xt)  (i=1...,M), (2.52)
f=

M

C,-j(x,t)EkE::l bu(X0bj(x,1)  (i<j=1,.,M),  (2.5b)

will yield, through Egs. (2.4), identical conditional incre-
ments 2 ,(dt;x,t).

In the theorem, the assertion that N ;(¢) is a “‘unit normal”
random variable means that N;(¢) is normal with mean 0 and
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variance 1: N;(#)=N(0,1). The assertion that N(?),...,
N,,(t) are “‘statistically independent’” means that our ability
to predict the value of any one of those random variables will
not be altered by our learning the value of any of the others.
And the assertion that N (¢) is ‘‘temporally uncorrelated”
means that N;(f) and N (") are likewise statistically inde-
pendent whenever ¢#¢'. These stipulated statistical indepen-
dencies imply that the (ensemble) average (N;(t)Ny(t"))
vanishes if either j#k or t#t'. Of course, (N;(t)N;(1))
=(N7(t))=1, since N(¢) has mean 0 and variance 1.

We shall comment on the assertions of the theorem re-
garding Eqs. (2.5) in a moment. But now let us take the final
short step from the theorem to the multivariate Langevin
equation: We substitute into the left side of Eq. (2.4) the
definition (2.2) of E,, replace x everywhere by X(¢) as re-
quired by that definition, and so obtain

X,(t+dt)y=X;(£)+A;(X(1),t)dt
M .
+21 b (X(0),ON () (dD)*  (i=1,....M).
=

(2.6)

This is the standard form multivariate Langevin equation,
the M -variate generalization of Eq. (1.1).

Equation (2.6) is evidently an ‘‘updating’” formula for the
process X: Given specific forms for the M functions A; and
the M? functions b;;, Eq. (2.6) allows us to compute, from
the values of all the components of the process at time #, the
component values at any infinitesimally later time ¢+d¢. It is
obvious from the form of Eq. (2.6) that the prescribed updat-
ing procedure is memoryless, since no reference is made to
values of the process at times earlier than ¢; and also con-
tinuous, since X;(t+dt) clearly approaches X (t) as dt—0;
and also stochastic, since we can never predict with certainty
what the values of the M unit normal random variables N ;(¢)
will be. What is not obvious from Eq. (2.6) is why, as is
clearly implied by the theorem, every continuous Markov
process must evolve according to an updating formula with
this specific structure—i.e., with d¢ entering in precisely the
termwise manner indicated, and the N;(¢) all statistically in-
dependent, temporally uncorrelated unit normals. The an-
swer to that question can only be inferred from the detailed
proof of the theorem, which is given in Sec. IIL

The M -variate Langevin equation (2.6) points up a subtle
ambiguity in the univariate Langevin equation (1.1): Since
the functions b;; are not subject to any sign restrictions, we
could have chosen the negative square root of the function D
in Eq. (1.1), i.e., for M=1, by,=D"? can be negative. This
minor ambiguity for M =1 is really inconsequential; how-
ever, it is a hint of a much more substantial ambiguity that
occurs for M >1, and which is directly addressed by the last
part of the theorem: Changes in the M 2 b;; functions that
leave the M (M +1) functions D; and C;; defined in Egs.
(2.5) unchanged have no effect on the conditional increments
E;. That such changes in the b;; functions are possible is
due in part to the fact that there are 3M (M —1) more b;;
functions than D; and C;; functions. Since such changes will
not change the updating formula (2.6), then they will not
change the continuous Markov process X that is defined by
that updating formula. Put another way, although an
M -variate continuous Markov process is completely speci-
fied by the forms of the M functions A; and the M 2 functions
by; , that specification will be nonunique in that all sets of b;;
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functions that yield the same D; and C;; functions through
Egs. (2.5) will describe the same continuous Markov process

On the other hand, whereas every set of smooth functions
A; and b;; will yield a legitimate Markov process, not every
set of smooth functions A;, D, , and C;; will be acceptable. It
turns out that we can have for D; and C;; only those smooth
functions that satisfy the M (M + 1) conditions

Di(x,)=0 (i=1,.,M), (2.72)

CA(x)=Dx,0Dj(x,0) (i<j=1...M).  (27b)

That the inequality (2.7a) must hold follows immediately
from the definition (2.5a). That the inequality (2.7b) must
hold follows the fact that
D(x,)D(x,1) = CF(%,1)
[P
= 2 [ba(x0bj(x0) = bu(x0bu(xn,
(k<)

2.8

a relation that can be deduced through straightforward alge-
bra from the definitions (2.5).

As with the univariate Langevin equation, the reason why
the M (dt)l/z-terms in Eq. (2.6) do not render the usually
much smaller d¢-term there ‘‘negligible’’ is that each of the
(dt)"?~terms is multiplied by a random variable N(0,1),
which, being about as often negative as positive, greatly di-
minishes the effect of those (dt)/*-terms over a succession
of many dt increments. The cumulative, long-range contri-
butions of the weak-but-steady d¢-term and the strong-but-
erratic (dt)"-terms on the right side of Eq. (2.6) turn out to
be comparable if the functions A; and b;; are of comparable
magnitudes.

Another way of writing the Langevin equation (2.6),
which is frequently encountered in the literature, can be ob-
tained by appealing to the well-known'® result in random
variable theory that, for any two numbers « and S,

a+ BN(m,o?)=N(a+ Bm,B*a?). (2.9)

The implication of this result that (dt)2N(0,1)=N(0,d¢) al-
lows us to write Eq. (2.6) as

M
X, (t+dt)=X,(t) +A;(X(2),t)dt + 21 b (X(2),t)dW(t)
=

(i=1,...,M), (2.10)

where the M normal random variables

AW ()=N(0dt) (j=1,....M) (2.11)

are stipulated to be statistically independent and temporally
uncorrelated. These stipulations imply that the (ensemble)
average (dW;(1)dW(t')) vanishes if either j#k or t#t'.
Of course, (dW,(1)dW;(1))=(dW;(1))=dt, since dW;(?)
has mean 0 and variance d¢. Equations (2.10) and (2.6) are
entirely equivalent to each other. Either can be used to derive
time-evolution equations for the moments of the components
of X(¢), and either provides a basis for numerically simulat-
ing X(¢). Equation (2.6) is arguably more convenient for
those tasks, since it renders the dt dependence explicitly.

A third way of writing the multivariate Langevin equation
is obtained by first algebraically rearranging Eq. (2.6) to read
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)i(tji;)t;{i(_t)zm(x(t),t)

M
+ 21 by (X(£),ON(£)(dt) ™2
P

(i=1,...,.M). (212)

Then, noting from the result (2.9) that (df)~'?N(0,1)
=N(0,1/dt), we can formally take the limit dt—0 of Eq.
(2.12) to obtain

dx(1) &
=AX(1),0)+ 2, by (X(1),0T(2)
dt j=1
(i=1,..,M), (2.13)
where the M random variables
[;(1)=lim N(0,1/dt) (j=1,..M) (2.14)

dt-—-0

are stipulated to be statistically independent and. temporally
uncorrelated. I';(¢) is of course the Gaussian white noise
process mentioned in Eq. (1.3). And Eq. (2.13) is the white
noise form multivariate Langevin equation, the M-variate
generalization of Eq. (1.2). The statistically independent,
temporally uncorrelated nature of the I';(¢)’s implies that the
(ensemble) average (I';(¢)['y(¢')) vanishes if either j#k or
t#t'. But note that ( j(t)Fj(t)>=(F2(t)>= 8(0), where 8
is the Dirac delta function; because, l‘zj(t) has a mean of 0
and variance of 1/dt in the limit d¢— 0, and in that limit we
can write from the definition of the Dirac delta function
8(0)dt=1, or 1/dt= &(0).

Some people with strict mathematical sensibilities will
maintain that Egs. (2.13) and (2.14) are nonsense, and that
the proper inference to be drawn from Eq. (2.12) is that X;(¢)
simply has no derivative unless b;; vanishes for all j=1 to
M. But it would be wrong to criticize continuous Markov
process theory on the grounds that Eq. (2.13) is of dubious
mathematical legitimacy, because the theory can be fully de-
veloped using either of the Langevin equations (2.6) or
(2.10), without ever invoking the mathematically question-
able notion of ‘“‘white noise.”” We shall adopt here a middle
ground position, viewing the white noise Langevin equation
as a sometimes convenient way of expressing the standard
form Langevin equation.

If all the b;; functions vanish identically, then it is clear
from Eq. (2.13) that the M -variate continuous Markov pro-
cess [Xy,...,Xp] would be the solution of a set of M
coupled first-order ordinary differential equations. Since any
Mth-order ordinary differential equation can be written as a
set of M coupled first-order ordinary differential equations,
then it follows that multivariate continuous Markov process
theory encompasses, as the special case b;;=0, all of ordi-
nary differential equation theory.

Finally, we note that a component X; of the M-variate
continuous Markov process X will itself be Markovian only
in the very special circumstance that none of the M +1 func-
tionsA;, b;q,...,b;, depends on any of the other components
of X. To prove this, we need not only the random variable
result (2.9), but also another well-known'® result: If two nor-
mal random variables N(m, ,0%) and N(m,,03) are statisti-
cally independent, then

N(m, ,O'%) +N(m2,(r%) =N(m, +m2,cr%+0§). (2.15)
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Using these two random variable results, we may write the
summation in Eq. (2.6) as

3 b;iN;=3b; N(0,1)=3;N(0,b7)=N(0,% b},
=(3,;b7)*N(0,1)=D""N,

where D=3, jbiz]- and N is a unit normal random variable.
Therefore, if the M +1 functions A;, b;;,...,b;, all depend
only on the component X;, then Eq. (2.6) will take the form
of the univariate Langevin equation (1.1), implying that X is
itself Markovian.

III. PROOF OF THE THEOREM

To prove the theorem at Egs. (2.4) and (2.5), the theorem
that made our derivation of the M -variate Langevin equation
s0 easy, we begin exactly as in the univariate proof in Ref. 1:
We divide the interval [¢,t+dt] into n=2 subintervals of
equal lengths df/n by means of the points t;=¢+k(dt/n),
(k=0 to n). We then have, for each i from 1 to M,

X(t+dt)—X(6)=X,(t,) —X (o)

:/;1 [X;(t) —Xi(te—1)],

n

Xl-(r+dt>—X,<<z:>=;1 (Xt +dt/n) =X (1 1)].
3.1)

This relation shows that the conditional increment £, de-
fined in Eq. (2.2) must satisfy

n
Ei(dﬁx(t),t):;l Hi(dt/n;X(t—1) 1)

(i=1,..,M). (32

Equation (3.2) expresses the self-consistency condition, that
the conditional increment of the process over any infinitesi-
mal time interval must be equal to the sum of the conditional
increments over any set of successive subdivisions of that
interval. The Markovian or ‘‘past-forgetting’’ nature of the
process is embodied here in the fact that each increment
depends only on the value of the process at the beginning of
the associated interval, and not on any earlier process values.

Condition {(ii) in our definition of a continuous Markov
process tells us that Z; is a smooth function of its arguments
x and ¢, and condition (iii) tells us that X is continuous in ¢.
So, since dt can be made so small that all the ¢;’s are arbi-
trarily close to ¢, then we can replace in Eq. (3.2)

X(tg-1)—X(£)=x%, (3.3)

and thereby introduce only inconsequential errors of order
>1 in dt. Thus, at least to lowest order in dt, and for all
n=2,

b1,

B.(dux,0)= 2, Exldt/n;xt) (i=1,.,M). (3.4)
k=1

The terms =;q,...,5;, in Eq. (3.4) are n copies of the
random variable = ;(dt/n;x,t). These copies are statistically
independent of each other, since, as was mentioned earlier,
the process increment over any interval depends only on the
process value at the beginning of that interval. And condition
(iv) assures us that these n statistically independent random
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variables have well defined means and variances. Now, the
central limit theorem tells us'® that the sum of n statistically
independent, identically distributed random variables with fi-
nite means and variances becomes normal in the limit #n— .
So, since n here can be taken arbitrarily large, then it must be
the case that

2(dt;x,t) is normal (i=1,....M). (3.5)

Next we turn to a consideration of the means, variances,
and covariances of the M normal random variables H;. A
well known result in random variable theory is that the mean
and variance of the sum of any set of statistically indepen-
dent random variables are equal to the sums of the respective
means and variances. It thus follows from Eq. (3.4) that

n

mean{ = (dt;x,1)}= >, mean{= ;(dt/n;x,1)}
=1

=n mean{ 2 ,(dt/n;x,1)}, (3.6a)
var{ 2 (dt;x,0)} = >, var{E ;(dt/n;x,1)}
=1
=n var{B;(dt/n;x,1)}. (3.6b)

We now assert that the covariances of =, and =; for i<
satisfy a like relation, namely,

COV{El(dt’X,t)7E](dtax7t)}

:kE cov{ By (dt/n;x,t), B y(dt/n;x,t)}
=1

=n cov{E(dt/n;x,t),E ;(dt/n;x,t)}. (3.6¢)

The justification for asserting the first line of Eq. (3.6¢) is a
result in probability theory that, if

n

X=2 X, (3.72)
k=1

n
Y= Z Yl »
=
where X, and Y, are statistically independent when k#I,
then

cov{X,Y}= kz, cov{X,, Y} (3.7b)
=1

This result is easily proved by first noting that
cov{X, Y} =((Z X )(ZY ) — (2 XiXZ /Y ))
=23 (XY ) — (XY 1))
=33 cov{X;, Y},

and then observing that cov{X,,Y;}=0 when k# ! because
of the hypothesized statistical independence of X; and Y,
when k#!. In applying this result to deduce Eq. (3.6c), we
have used the fact that H;(dt/n;x,t) and E ;(dt/n;x,t) are
indeed statistically independent of each other whenever k# 1,
since the two component increments then occur in different
dt/n subintervals. But of course, statistical independence is
not assumed when k=1, and the two component increments
occur in the same dt/n subinterval.

To extract the important implications of Egs. (3.6), we
next invoke the following result from ordinary calculus:
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