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Abstract

We consider the question of how to solve inverse problems of the form e**z(0) = z(t) for an unkown
matrix A, given measurements of x(t) at different time points. Problems of this form have applications in
reverse engineering gene networks. In particular, we examine the cases where A is circulant and Toeplitz.
We are also able to extend our findings of the circulant case to some generalizations of circulant matrices.

INTRODUCTION

DNA Microarrays can be used to determine measurements of cellular gene products at a given point
in time. These concentrations of gene product provide clues to the overall interaction of the genes in the
gene network being studied. We can measure the perturbations z1,...,x, of the gene mRNA expression
concentrations from the steady state, which are governed by the equation

dx(t)
= Azt 1
" ) (1)
where x(t) = (21(t),...,2,(t))T. In other words, the rates of change of the gene product concentrations are

determined by the deviations from the steady state of all the gene products present. If A is unstructured,
then A contains n? degrees of freedom, so we would expect that n? concentration measurements would suffice
to determine A uniquely. However, measuring the given gene product concentrations at a particular time
is both time consuming and expensive. Gene networks can be on the order of 10,000 genes, so taking 10%
measurements is impossible. Hence, we would like to impose some structure on A that will allow us to take
fewer gene concentration measurements, enabling us to determine A more easily. This will provide a solution
to our gene network which is easy to find and can provide a starting point for determining the exact structure
of the gene network. In particular, we will first study the case where A is circulant and the case where A is
Toeplitz. It is expected that if A is circulant, then A can be uniquely determined from a measurement of the
n gene products at a single point in time. This seems intuitive since a circulant A contains only n degrees
of freedom. If A is Toeplitz, we expect A may be determined by the measurement of the n gene products



at two points in time since Toeplitz A contains 2n — 1 degrees of freedom. Once A is determined, the gene
product concentrations for any time t are given by

x(t) = e xo, (2)

where z¢p = z(0) is the vector of gene product deviations from the steady state caused by a perturbation to
the system at ¢t = 0.

CIRCULANT MATRICES

Circulant matrices are those square matrices C' of the form

4] C2 C3 - Cn

Cn C1 C2 o Cp—1
C =circ(ci,cay...ycp) =] =1 & €1 0 Cn—2
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It is instructive to consider what a graph of a four gene network represented by equation (1) looks like when
A is a circulant. Let A = cire(a, b, ¢, d). Then equation (1) becomes

x)(t) a b ¢ d x1(t)
)| _|d a b ¢ x2(t)
x4 (t) ¢c d a b x3(t)
x)(t) b ¢ d a x4(t)
Figure 1 below represents the graph of a 4 gene network. Genes z1,...,z4 are represented by the circles

numbered 1 through 4. Interactions between genes are indicated by arrows drawn between the genes, with
weights to describe the amount of effect one gene has on another. We say, for example that gene 1 “feels”
itself with a weight of a, gene 2 with a weight of b, gene 3 with a weight of ¢, and gene 4 with a weight of d.
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Fic. 1 Graph of a four gene network with circulant A
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Circulant matrices have nice properties that provide an elegant solution to our problem. In particular,
all circulant matrices of order n are diagonalizable by the Fourier matrix F;,, where
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and w = e"» [1]. From now on we will simply use F' to denote the Fourier matrix of order n. Hence, if A
is circulant, we have that A = F*AF, where A = diag(\1,...,\,) and Aq,..., A\, are the eigenvalues of A
repeated according to multiplicity. Also, we have that F' is unitary [1], ie. FF* = F*F = 1.

Let us consider the matrix exponential in (2), utilizing its Taylor series representation. We have that
At Lo 1,33
e = I+At+§At+§At +...
1 1
= F*F+F*AFt+ 5(F*AF)%2 + 5(F*AF)%3 +...
1 1
= F*(I+At+ 5A2t2 + §A3t3 +..)F
= F*ME (3)

Now, let us suppose that we take a measurement of the mRNA concentrations at a specific time ¢, > 0.
This means that we know xz(t,,) and would like to show that we can solve for A in (2). Hence, from (3) we
have that

z(ty) = ettmag
Freltm Fa.

Multiplying both sides by F, and defining Z(t) = Fz(t) to be the Discrete Fourier Transform of z(t), we get

i(tm) = FF*eMmFa
= €Atmi0. (4)
Since At,, is a diagonal matix, e = diag(eMtm ... e’?'=) and we obtain that
e>\1tm 0 . O
. 0  eletm : .
(tm) = . Lo
0
0 0 etnim
In other words,
@j(ty) = e 2;(0) for all j € {1,...,n}. (5)

Equation (5) can be solved for each \;, and a circulant matrix A = F*AF satisfying z(t,,) = e xq can
be determined since A is circulant for any values of A1, ..., A,. We would like to show that A is unique since
we desire to determine A with only one measurement. Assume that edttm g = eA2tm gz, for two circulants
A; and As. Suppose that A1 = F*A1F and Ay = F*AoF for diagonal matrices Ay = diag(\1,...,\,) and
Ao = diag(py, . .., jtn). We get that F*eMin Fxg = Frel2tm Fag. Hence eMtmig = ef2tmig. It follows that

Aitm — ghitm for all j € {1,...,n}. (6)

e
Let j € {1,...,n} be given. Let A\;t,, = a + bi and p;t,, = c+di, a,b,c,d € R. From (6) we get that
eab = ectdi This implies e%e” = e‘e®. In other words, e%(cosb + isinb) = e°(cosd + isind). Equating
the real and imaginary parts, we obtain e®cosb = ecosd and e?sinb = e“sind. Since sinb? + cosb? =
sind? + cosd? = 1, we have that e2® = e2¢. Thus, a,c € R implies a = ¢. Also, it can be seen that b and
d must differ by a multiple of 27 since cosb = cosd, and sinb = sind, ie. d = b+ 27k;, k; € Z. Hence,

Witm = a+ (b+ 27k;)i. Dividing by t,,, we get p; = atbi 4 Tiz We conclude that

tm

27k
i =X+ Li, for some k; € Z. (7)

tm



In other words, solving equation (5) for each A; does not necessarily produce a unique solution. Hence, one
time measurement will not suffice to determine A1, ..., A, due to the periodicity inherent in the exponential
function. However, in the case that each e*i*= is real valued, we can solve for A; uniquely. Whenever
A is symmetric, we are guaranteed real eigenvalues [2]. Thus, when A is a symmetric circulant, one time
measurement will suffice to determine A uniquely. This leads to the following statement.

THEOREM 1: Let g = x(0) be given. When A is a symmetric circulant, e4*xy = x(t) can be solved
uniquely for A with a value of z(t) at a single time &y,

In order to assure that we are able to determine Aq,..., A, uniquely in the non-symmetric case, it is
necessary to take a second measurement of x(t) at a later time. However, there are restrictions on when the
second time measurement can occur.

Suppose that we take measurements of z(t) at different times ¢; and ¢2. Then we know that Z;(t1) =
ert13;(0) and 3 (t2) = eN*24;(0), for j = 1,...,n. Suppose that we find two different values p and o that
satisfy both equations for A\;. We have that et = ¢7"1 and e*'2 = ¢“*2. From the results of equation (7),
we see that p = o+ 2”"2 and w=0-+ 2’””1 for some n, m € Z. Since y # o, m and n are nonzero integers.

Thus, 2:—1" = 2’;’” Wthh implies

t
2= m, for nonzero integers m, n. (8)
tl n

Hence, if t2/t1 ¢ Q, then p = o and we have that A\; may be solved for uniquely with values of z(¢;) and
x(t2). We obtain the following theorem.

THEOREM 2: Let 29 = 2(0) be given. When A is a general circulant, e“*zq = z(t) can be solved uniquely
for A with values of z(t) at two distinct times ¢; and ¢o, provided that the ratio of 5 to ¢; is an irrational
number.

The question remains whether taking more than two time measurements of x(t) will allow us to de-
termine A uniquely without taking a measurement of x(t) at an irrational time. Suppose that we know
x(t1),z(t2), ..., x(tm), where t1,...,t, € Q. Let A = F*AF, where A = diag(A1,...,\,). Let \; €
{M, ..., A} be given. Then eN*13;(0) = 3;(t1),eN*23;(0) = 3;(t2),...,eNtm3;(0) = &;(tm). Suppose
that there exist two complex numbers p and o that satisfy these equations for A;. Then by equation (7)
U:u—i—z’;—fli:u—l— %i: .= u+ 2:27"1', ki,....km € Z. Let t; = a;/b;, aj,b; € ZT, for j=1,....n
Then we have that o = u + %i = pu+ %z’ =...=pu+ %i. Let v = lem(aq, ..., an) be the
27Ky b
T’Lv
where k4 € ale ford=1,...,m. Let § = lcm('yb1 c 'Vb ). Then these m equahtles reduce to the equality

least common multiple of aq,...,an. We have that o = p + Mz’ =pu+ Mi =...=p+

o = u+ Zki, where k € (5Z is arbitrary. Hence, the m measurements at rational times tq,...,%,, do not
determine \; uniquely. Therefore, we may revise Theorem 2.

THEOREM 2': Let 9 = x(0) be given. In order to uniquely solve the inverse problem e#tzq = z(t) for

circulant A, it is necessary and sufficient take measurements of xz(t) at two distinct times ¢; and o, such
that the ratio of t5 to ¢; is an irrational number.

Thus, by taking one time measurement in the case that circulant A is symmetric or two time measure-
ments in the general case, we are able to determine A uniquely. As said before, this solution to equation
(1) for A circulant can provide a starting point from which to determine a better model for the gene network.

Brock CIRCULANT MATRICES WITH CIRCULANT BLOCKS

An interesting and similar result to our solution for A circulant holds when A is assumed to be a block



circulant matrix with circulant blocks. These are matrices of the form

c, Cy -+ Oy
Cm Ol T Omfl
Amn = : c- : ’
Co C3 -+ O
where each Cj, j =1,...,m, is a circulant matrix of order n. For notational ease we will say that an mxm

block circulant matrix with nxn circulant blocks is of the class BCCB,, ,[1].

It is important to note that a matrix in BCCB,, , is not necessarily circulant, and the topology of a
general four gene network with A € BCCB,, ., differs from the topology of the circulant case in Figure 1.
Consider the matrix

a b ¢ d
b a d ¢

A= c d a b € BCCBs 3.
d ¢ b a

Figure 2 below shows the graph of the four gene network determined by A from equation (1).

Fic. 2 Graph of a four gene network with A in BCCBa 2

Also, suppose that matrix A has order p. When solving equation (2) for a matrix A that is block circulant
with circulant blocks, we must take into consideration both the number of blocks and the size of the circulant
blocks. Suppose that p = mn and p = qr, m,n,q,r € Z*. We can find different solutions for A based on
whether we take A € BCCB,, n, or A € BCCB,,,. For example, the matrices

S BCCB?,,Q and Ay = S BCCBQ,B

QOO
O QU HQ
~ 0O N L0
D O K
TR QO SO
QO QU
o w0 2
QA0 0 2 o
QOO O
ST 0 QO =
0O a0
SIS RS UIN S TG

are both 6 x 6 block circulant matrices with circulant blocks. However, they are clearly not equivalent and do
not represent the same gene network. This fact may prove useful when reverse engineering the gene network
using a number of measurements of the gene product concentrations. One type of BCCB matrix may serve
as a better model to start from than another when reverse engineering the gene network.

Let us suppose that A € BCCB,, . Thus, A is a matrix of order mn. Then, we know that A is in



BCCB,, » if and only if it may be diagonalized by the unitary matrix

. F, @k, @?F, e o™ 1E,
~2 —4 52(m—1)
F,QF, = — F,, w*F, w*F, w F,,
¥ \/ﬁ . . : . :
FoomDE  g2mDp L gmeDm-lp

where F, and F), are the Fourier matrices of order m and n respectively, F,, ® F), is their direct or
Kronecker product, and w = e* as defined above [1]. Hence, we have that A = (F,, ® F,)*A(F,, ® F,)
where A = diag(A1, Aa, ..., Amn). We can now obtain an analog to equation (3) for A € BCCB,, ., namely

et = (F, ® F,) eM(F, @ F). (9)

Now, consider the equation z(t) = eA*zg. When A € BCCB,y,.,, we have x(t,,) = (F, @ F,)*eM(F, @ F,).
Left multiplying both sides by (F,,, ® F,) and defining Z(t) = (F,, ® F,)x(t), we get (F,, ® Fp)*x(t) =
(Frn @ Fp)(Fp @ Fp)*e™(F,, @ Fy)xg. Since Fy, ® F, is unitary,

#(t) = Mg, and (10)
T;(t) = eM'3;(0) for all j € {1,...,mn}. (11)

By the same argument as in the case where A is circulant, we have the following two corollaries to
Theorem 1 and Theorem 2'.

COROLLARY 1: Let zy = z(0) be given. When A is a symmetric block circulant matrix with circulant
blocks, etz = x(t) can be solved uniquely for A with a value of x(t) at a single time t,,.

COROLLARY 2: Let xyp = z(0) be given. Suppose that A is a block circulant matrix with circulant
blocks. In order to uniquely solve the inverse problem ez = x(t) for A, it is necessary and sufficient take
measurements of x(t) at two distinct times ¢; and t2, such that the ratio of 5 to #; is an irrational number.

LEVEL-N CIRCULANTS

We can make a further extension of our circulant case, considering matrices A that are level-/N circulants.
A level-1 circulant is just an ordinary circulant. A level-2 circulant is one that is in BCCB. A level-3 circulant
is a block circulant whose blocks are level-2 circulants. In general, a level-N circulant is a block circulant
whose blocks are level-(N — 1) circulants. The following matrix C' is an example of the smallest level-3
circulant.

a b ¢ d e f g h
b a d ¢ f e h g
c d a b g h e f
C:dcbahgfe
e f g h a b ¢ d
f e h g b a d c
g h e f ¢ d a b
h g f e d ¢ b a



Fi1G. 1 Graph of the eight gene network represented by C above, the smallest level-3 circulant.

We will use C(N)m,,....my to denote the class of level-N circulants consisting of an muy x my block
circulant whose blocks are m(y_1y X my_1) block level-(N-1) circulants and belong to C(N — 1), my_,)-
For example, the matrix C' above belongs to the class of level-N circulants denoted by C(3)2,2,2.

Suppose that matrix A in equation (1) belongs to C(IN)m,, .. ,my. Similar to the circulant and level-2
circulant case, A may be diagonalized by the matrix Fy,,, ® Fp, ® -+ ® Fi, [1]. Hence, we have that

(N-1)
A:(FmN®”'®Fm1)*A(FmN®"'®Fm1)' (12)
Defining Z(t) = (Fny ® -+ @ Fip, )x(t), we see that

i(t) = eMio and hence, (13)
Ti(t) = €'%;(0). (14)

Hence we have the following generalizations for Theroem 1 and Theorem 2'.

THEOREM 1’: Let 29 = 2(0) and a positive integer N be given. When A is a symmetric level-N circulant
matrix, eA*zy = 2(t) can be solved uniquely for A with a value of x(t) at a single time t,,.

THEOREM 2”: Let o = x(0) and a positive integer N be given. Suppose that A is a level-N circulant
matrix. In order to uniquely solve the inverse problem etz = x(t) for A, it is necessary and sufficient take
measurements of x(t) at two distinct times ¢; and t2, such that the ratio of 5 to #; is an irrational number.

When reverse engineering a gene network with n genes, it will prove useful to consider the various level-N
circulants which have the order n. Suppose that we have a gene network with 100 genes. Then, we can
solve our inverse problem for level-3 circulants belonging to various classes, including, C(3)22,25,C(3)2,25,2,
C(3)5,5,4, and C(3)2,5,10. We could also solve our problem for a level-4 circulant of the class C(4)55,2,2. Also,
suppose that n has a prime factorization given by n = p;*1ps%2 ---p;*. We see that the largest number of
levels our level-N circulant could have would be N = a; + as + ...+ a;. In the case where n = 100, 4 is the



largest possible value for V.

TOEPLITZ MATRICES

Toeplitz matrices are those m x n matrices T' of the form

an al ag tee (079

a—1 ao ai o Qn-1)

T=1] @2 a—1 ag Tt Qn—-2)
A-m G_(m-1) A—(m-2) "°° ao

Before preceding to the general Toeplitz case, we will first consider the solution to equation (2) when A
is an n X n upper triangular Toeplitz matrix. Define A = utoeplitz(ay,as,...,a,) to be the upper triangular
Toeplitz matrix given by

ap a2 Qn
0 a Gn—1
A =
0 --- 0 a
We assert that e’ is also an upper triangular Toeplitz matrix. Consider the expansion e’ = I +
At + 3 A%? 4+ 5 A% + ... Given two upper triangular Toeplitz matrices, B = utoeplitz(by, ..., by)

and G = utoeplitz(gi,...,gn), their product BG is the upper triangular Toeplitz and given by BG =
utoeplitz(bi1g1,b192 + bagi, ..., bpg1 + bn_192 + ... + b1g,). Hence A7 is upper triangular Toeplitz for all
positive integers j. The sum of upper triangular Toeplitz matrices is again upper triangular Toeplitz. This
implies e“* is an upper triangular Toeplitz matrix. Let a discrete time ¢, > 0 be given. Then, let T' = eAtm
be the upper triangular Toeplitz matrix T' = utoeplitz(uy, usg, ..., u,). Assuming we know z(t) at ¢ = 0 and
t = t,,, we wish to solve the inverse problem eA*=x(0) = x(t,,) for A. We can easily solve the equation
Tz(0) = 2(t,,) for T = eAt=. Using T we will be able to calculate et at any time ¢,,. We have

wup Uy o Uy x1(0) 21 (tm)
T(0) = ? S @:(0) - " (:tm> , and hence

0 - 0w/ \u0) n(t)

u121(0) + uaz2(0) + . .. + upxy(0) 21 (tm)

u122(0) + u2z3(0) + ... + up—_12,(0) x2(tm)

s -1 | (15)
U1Tn—1 (O) + U2y (tm) Tn—1 (tm)
ulxn(O) xn(tm

It is easily seen that uy = Zzltm)

Thus, we can solve for u; whenever z,(0) # 0. Suppose z,(0) is

xn(o) :
nonzero. Once we obtain u;, we are able to calculate uy = z"’l(t’"z);(%;x"’l(o). In general,
up = Zn(tm) and
z,(0)
1
Ty—j+1(0) I
u; = — ULTr—j+1 (16)
7 2, (0) 2, (0) 1; J



whenever z,,(0) # 0. Thus, we can obtain the full matrix 7' = e?tm.

We would like to show that there exists a unique A such that e**» = T and provide a method for de-

termining A. Suppose that et = T where A = utoeplitz(ai,az,...,a,) and T = utoeplitz(ui, ua, ..., up).
Let V = At,, = utoeplitz(vi,vs,...,v,). We would like to solve the problem e = T for V. We have that
I+V+ %VQ + %V3 +...=T. Consider the element u; of T'. We see that 1 + v; + %v% + %v% + ... =uq,

so u; = e”'. Since u; = x;(zg)) is real, we may solve for v; uniquely. We will need the following lemma.

LEMMA 1: Let V be the n x n upper triangular Toeplitz matrix given by V' = utoepliz(vi,va, ..., vy,).
Define Vj, to be the submatrix of V' given by Vi = utoeplitz(vy,va,...,vk), where k < n. Then, [er]iyj =
[€V]ij fori,5 € {1,... k}.

Proof: We have that

Ul PR Uk Uk+l PR Un
0
] Uk}-‘rl e Un
V= v V2 Uk+1 Vi W , where W =
0 0 V1 Un—k 0 Va—k
V2 e 'Uk+1
0 -~ 0 - 0

For j € Z, _
vi (Vi VeV W)
o v, )

where V¥ is some function of Vi, Vn — k, and W. Thus, we see that

1 Vi
eV:I+V+5V2+...: <€ * Q(Vkvvnkaw)),

0 eVn—r

where (2 is some function of Vi, Vn — k, and W. Thus, for 1 < k <n, [e"];; = [eV*];; for i,j € {1,...,k}.

We now return to our question of determining vy, vs, ..., v, in matrix V. Consider ¢V = T'. From Lemma
1 we see that eV* = (e")y, for 1 < k < n. In other words, e¥* = T}, = utoeplitz(us,...,u). We would like
to show that uy = f(v1,...,vk—1) + vge’?, where f is some function of vq,...,vE_1.
2 3
/l)l DY vk vl DY vk /l)l DY vk
r=erF =1+ - +5 S +§ - +...
0 1 0 1 0 V1

Let us consider only the value of u, = [Tk]1 k-

(17)

1 1 1
up = vp+ 5(2’01’1}]@ + fi(vr, .oy v6-1)) + 5(3?)12?% + fo(vr, ..o vk—1)) + 1(41)131);@ + fa(v1, .., v6-1)) - -
L, 14
= v(14+v + T + 3V + .0+ fvr, .., v6-1)
= f(v1,...,0p-1) + vge”t.
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