Chapter 6

Implicit Constraints

6.1 Introducton

Often one has to solve minimization problems

-~

muin fuw), (6.1)

where the objective function is of the forfitu) = f(y(u), u) andy(v) is the solution of an implicit
equation
c(y,u) =0, (6.2)

where
c: R™WXM — R™,

Thisis, for example, the case in the parameter identifingtfoblem studied in SectidhS. There,
u = p € R'and the evaluation of(p) = 3| R(p)||» involves the computation of the solutig(y; p)
of an ordinary differential equation. Thus, in this example, p) = 0 symbolizes the system of
ordinary differential equations. Sinee R™v*"+ — R" the parameter identification in ordinary
differential equations as discussed in Secfidhis not included. In the example in Secti8rb, y
is a function inC'(1, R™). However, if the ordinary differential equation is disézet using, e.g., a
Runge Kutta method, we would obtain a syst€m,, «) = 0 for the discretized solutiog, which
fits into our framework. We see more examples later in thiptdra
__ One purpose of this chapter is to study the computation ofythdient and the Hessian on
f, and to discuss the solution of the syst&hf(u)s, = —V f(u), all of which are important
ingredients in optimization methods for the solution ®flf, (6.2). Another goal of this chapter is
to introduce some specific problems of the typel), (6.2) and to make the gradient and Hessian
computation more concrete for these problems.

Note that 6.1), (6.2) can also be formulated as an equality constrained prohliefact, since

y is tied tou via the implicit equation, we could just include this eqoatinto the problem formu-
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6-2 CHAPTER 6. IMPLICIT CONSTRAINTS

lation and reformulateg( 1), (6.2) as

min - f(y, u),

s.t. c(y,u) =0. (6-3)

In (6.3), the optimization variables arg € R"™ andu € R™. In (6.1), (6.2) the constraint
c(y,u) = 0isimplicit. Itis enforced by requiring that(«) is a solution of:(y, «) = 0. In (6.3) this
constraint is exposed to the optimizer and the variablesare decoupled. The formulatiof.@)
can have significant advantages overl), (6.2) and we will discuss the solution of constrained
optimization problems of the typ€ ) later. It turns out, however, that most of the tasks thateari

-~

in the computation of gradients f (u) and Hessian¥? f (u) for (6.1) also arise in the solution of
(6.3). Therefore it is useful to study (1) even if the optimization formulatior6(3) is preferred.

6.2 Gradient and Hessian Computations
Let

. Ty X M n
c:  RwXm R,

f: RWX™ R,
To make the formulationg( 1), (6.2) rigorous, we make the following assumptions.

Assumption 6.2.1
e For all u € R™ there exists a uniqug € R™ such thate(y, u) = 0.

e There exists an open sBt C R™*™ with {(y,u) : v € R™, ¢(y,u) =0} C D such that
f andc are twice differentiable o).

e The inverse,(y, u)~"! exists for all(y, u) € {(y,u) : v € R™, c(y,u) = 0}.

Under these assumptions the implicit function theorem gnutaes the existence of a differen-
tiable function

y:U—R™
defined by
c(y(u),u) = 0. (6.4)
We consider the problem R
min f(u), (6.5)

where
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6.2. GRADIENT AND HESSIAN COMPUTATIONS 6-3

andy(u) is the solution of:(y(u), u) = 0.
The implicit function theorem guarantees the differeritigbof y(-). The derivative can be
obtained by differentiating(y(u), u) = 0. This yields

-1

cu(y(u), u). (6.6)

The derivativey, (u) is also called theensitivity(of y with respect ta.).
Sincey(-) is differentiable the functiotf is differentiable and its gradient is given by

Yu(u) = —cy(y(u), u)

Vi) = yu(u)'Vyf(y(u),u) + Vaf (y(u),u) (6.7)
= —culy(u),u) ey (y(u), w) "V f (y(u), u) + Vaf (y (), u).

If A(u) € R"™ is the solution of
ey(y(u), w)" Au) = =V, f(y(u), ), (6.8)

then the gradient can be written as
VF(u) = Vuf(y(u),u) + cu(y(u), u) Au). (6.9)

The system@.8) are also called the adjoint equations.
The equationsf.7) and 6.9) suggest two methods for computing the gradient.

Algorithm 6.2.2 (Gradient Computation Using Sensitivities)
1. Givenu, solvec(y,u) = 0 for y.

2. Compute the sensitivities = y,, (u) by solvingn,, linear systems
Cy(y(u)v U) S = _Cu(y(u)v U)

-~

3. ComputeV f(u) = STV, f(y(u),u) + V. f(y(u), u).

Algorithm 6.2.3 (Gradient Computation Using Adjoints)
1. Givenu, solvec(y,u) = 0 for y.

2. Solve the adjoint equation) (y(u), u)” X = =V, f(y(u), u) for A.

o~

3. ComputeV f(u) = V., f(y(u),u) + cu(y(u), u)"A(u).

'We use the simplified expressiong(y(u), u) andc,(y(u), ) instead ofc, (y, u)|y—y ) andcu(y, w)|y=y(w),
respectively. Similar simplifications in notation are apglthroughout this section.
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64 CHAPTER 6. IMPLICIT CONSTRAINTS

It is useful to introduce the so-called Lagrange functiohagrangian
L(y,u, A) = f(y,u) + N e(y, u). (6.10)

Using the Lagrangian, the equatidgh&) can be written as

V,L(y(u),u, \(u)) = 0. (6.11)
Moreover, 6.9 can be written as
VF(u) = Vo L(y(u), u, A(w)). (6.12)
It will also be helpful to introduce the matrix
Wy, u) = ( _Cy(y’“);cu(y’“) ) . (6.13)
If y = y(u) then
W (y(u), u) = ( y“}“) ) (6.14)

and the gradient ofcan be written as

V() = Wy(u),w)" V. f(y(u), w), (6.15)
cf., (6.9), (6.9). R
Under the general assumption of this section, the Hessigrenists. If we differentiateq.12),
we find that

~

Vif(u) = Vi L(y(u), u, Mw) yu(u) + Vau L(y(w), u, AMu))
FVurL(y(u), u, A(w)) Adu(u), (6.16)

Under the general assumption of this section, the partiavateses of L exist and the derivative
y,(u) exists and is given by6(6). The existence of the derivativg, (u) is also guaranteed under
the general assumptions of this section. In fact, the foncti«) is implicitly defined by 6.9)
or, equivalently, §.11). Under the general assumptions of this section, the éfffiability of
this function follows from the implicit function theorem @dnhe derivative\,(u) is obtained by
differentiating ¢6.11):

Vi L(y(u), u, A(w)) yu(u) + Vi L(y(u), u, A(w))
+VoaL(y(u), u, A(w)) Ay(u) = 0.

Using V. L(y(u), u, A(u)) = ¢,(y(u), w)” and 6.6) we find that

Ma(w) = ¢, (y(w), u) [V Ly (u), u, Aw)) ey(y(u), u) eu(y(u), u)
—VyuL(y(u), u, AM(w))|. (6.17)
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6.2. GRADIENT AND HESSIAN COMPUTATIONS 6-5

Now we insert 6.17) and ©.6) into (6.16) and observe tha¥ ,,L(y(u), u, A(u)) = c,(y(u),u) to
write

~ Vi L(y,u, A) Vo Ly, u, A
Vi = Wi (g S ) wi
0T (5, ) TV L, N) 6y, 0) ey, )
—euly, ) ey (0,0 Ty Ly, 0, )
~Vuy L(y, u, X) ey (y, w) " eu(y, u) + Viu L(y, u, A). (6.18)

Many optimization algorithms require the computation ofskian times vector products

~

V2 f(u)v. Using the equality§.18) this can be done as follows.

Algorithm 6.2.4 (Hessian—Times—Vector Computation Usingidjoints)

1. Givenu, solvec(y, u) = 0 for y (if not done already).

2. Solve the adjoint equation, (y(u), u)” A = =V, f(y(u), u) for X (if not done already).
3. Solve the equation, (y(u), u) w = ¢, (y(u), u)v.
4

. Solve the equation
ey(y(u),u)"p = Vi L(y(u), u, Aw))w — Vyu Ly (u), u, A(u))v.

5. Compute
V2 f(u)v = cu(y(u), u)"p — Vi L(y(w), u, AMw))w + Vi L{y(w), u, Au))v.

Hence, ify(u) and A(u) are already known, then the computationset/ (u)v requires the
solution of two linear equations. One similar to the lingad state equation, Step 3, and one
similar to the adjoint equation, Step 4.

One can show the following result.

Theorem 6.2.5Letc,(y(u), u) be invertible. The Newton equation

-~

V2f(u) sy = =V f(u). (6.19)

has a (unique) solution if and only if the problem

min vyf<y7 u)T ! Sy + 1 Sy ! Vny(y, u, )‘> vyuL(ya U, >\) Sy
Vuf(y,u) Su 2\ s, Vg L(y,u, A) Vo L(y,u, ) Su )
s.it. ¢y (y,u)sy + culy, u)s, =0,
(6.20)

wherey = y(u) and A\ = \(u), has a (unique) solution. K, solves the Newton equati¢é.19),
thens, = ¢, (y(u), u) e, (y(u), u)sy, s, solves6.20).
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66 CHAPTER 6. IMPLICIT CONSTRAINTS

Similarly, one can show the following result.

Theorem 6.2.6 Letc,(y(u), w) be invertible. the Newton—like equation

-~

Hs,=-Vfu), (6.21)
whereH € R™*™ s symmetric has a (unique) solution if and only if the protle
T T
o (W ) () +3(2) (o a)(2)
Vuf(y,u) Su Su 0 H Su (6.22)
st ¢y, u)sy + culy, u)s, =0,

wherey = y(u) and A = A(u), has a (unique) solution. Again, i, solves the Newton—like
equation(6.21), thens, = ¢, (y(u), u) ‘e, (y(u), u)sy, s, solves6.22).
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6.3. SOLUTION OF A TIME-DEPENDENT LINEAR QUADRATIC OPTIMALCONTROL
PROBLEM 67

6.3 Solution of a Time—Dependent Linear Quadratic Optimal
Control Problem

The example in this section builds on Secti®@h Again, letQ2 ¢ R? be an open convex set with
boundaryos.
We want to minimize

mgn% /0 : /Q (ol 1) — i 1))t + /0 ' /a (o t)dat, (6.23)
wherey is the solution of
Dy(x,t) — V- (c(z, ) Vy(z, 1)) + a(z, t)y(z, t) = r(z,t) (z,t) € Qx (0,T),
n(z) - (c(z,t)Vy(z,t)) = u(z,t) (z,t) € 0Q x (0,T), (6.24)
y(x,0) = yo(x) x €l

wherea,c,r : 2 x (0,7) — R, andy, : 2 — R are given functions and(z) denotes the unit
outward normal t@<) atx € 952.

To discretize .23, (6.24), we first use a finite element discretization in space. Weafmate
y andu by functions of the form

yn(z,t) = Zyj(t)%'(fc) (6.25)
and .

up(z,t) = Zuj(t)%‘(x)- (6.26)
If we set

gt) = ), e, ()" and d(t) = (ui(t),- .., un, ()",
then a discretization of the linear quadratic optimal coljproblem 6.24), (6.23) is given by

min [ STOT M) + (000 570) + 70 Qi (627)

u

| &

wherey/(t) is the solution of

My Lg(t) + Ap(t)g(t) + By (t)u(t) ru(t), te(0,T),
?7(0) = gOa

(6.28)

whereyy, is the solution of
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6-8 CHAPTER 6. IMPLICIT CONSTRAINTS

In (6.27), (6.28 the vectors and matriceg, A,, B;, may depend on time because the functions
¢, a,y may depend on time.
To discretize the problem in time, let

0:t0<t1<...<tN+1:T

be a partition of the time interval and defidg; = (¢;.; — ¢;) fori = 0,..., N. Using 6.28 we
obtain

tit1 d
Myy(tivr) — Mpy(ts) = / — My, (t)dt
t;

Q

S ((ti1) = An(tie)lti2) — Bi(ti0)(ti11)

1 =0,...,N. This leads to the Crank-Nicolson method for the approxiomadf (6.29):

At; . At . At
TBh(tHl)UiH + ( - ( )) 2 ( )
A

22 (Th(ti) +7’h(ti+1)), i=0,...,N,

( At;

B (t 2+1))yi+1 +

whereyj, is given by the initial conditions in6(28. The objective functionq.27) is discretized
using the composite trapezoidal rule

/o %g(t)Tth(t)+(gh(t)) ) + () Qui(t)dt

2
= 3 [ STan + )+ a0 o

At,-
2

Q
[]= L

(500 Mt + (gn 0 3(0) + S ()" Quii)

1=0

+1y( tiv1) Mpgf(tivr) + (gn(tir)) F(tisr) + ﬁ(tz’+1)TQhﬁ(tz’+1)>

2

~—— ]| &

N+1
At; 4 + At
- M 4 i _»i 5
;:0 5 (2% Wi + (9n)7 G + = 5 i} Qni

where we have sekt_; = Aty = 0.

CAAM 454 (©2002 M. HEINKENSCHLOSS



6.3. SOLUTION OF A TIME-DEPENDENT LINEAR QUADRATIC OPTIMALCONTROL

PROBLEM 6-9
Now the fully discretized problem is given by
N+1
At; 1 + At
i _— My, ; i), 6.29
oy i ; 5 (2 wGi + (9n); Ui + ] Qnil; ) (6.29)
wherey, ..., yn.1 IS the solution of
Atl 7 At Atl N Atz 5
( 5 (ti+1>) ; 5 (tip1)Uiys + (— 5 (h))?ﬁ + 5 By (t)i;

At; .
= 9 (Th(ti) + Th(tﬂ-l)), 1= 0, RN N,(630)
andy is given by the initial conditions in6(28. This problem is a DTOC of the forn?®), (??).
We denote the objective function i6.¢9 by f.

The Lagrangian corresponding .29, (6.30) is given by

L(glv"'yg'N-i-lvﬁOv"' ﬁN+laxla'-'7XN+l)
N+1
At;_1 + At;
i zlf(z s+ s S0

1=0

gxm(
+(-

Ay

. At; .
)) Yit 5 (tig1) Uit

5 4n00) 5+ S B,

( w(ti) + rh(tm)ﬂ : (6.31)

The adjoint equations correspondlng 6od) or (??) are obtained by setting the partial deriva-
tives with respect tg; of the Lagrangiang.31) to zero and are given by

T
(Mh + AzﬂAh(tN+1)) A = =2 (Mg + (90)x+1),
T, s
(Mh + At;lAh(fi)> Ai = _< — M+ %Ah(m) Aitt 3
_%(thi +(gn)i), i=N,..., 1.

(Recall thatAty,; = 0.) Given the solution of@.32), the gradient of the objective functioﬁ
in (??) can be obtained by computing the partial derivatives watdpect ta.; of the Lagrangian
(6.31). The gradient is given by
AtOQ Uy + to BTAl
wAtO;—AhQ _'_ BT(Ato )\1 + Atl )\2)
— . (6.33)
wAtN—1+AtNQh + BT(AtN 1)\ + N)\N+1)

W—QhUNH + Alx Bij;)‘N—‘rl
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6-10 CHAPTER 6. IMPLICIT CONSTRAINTS

(Recall thatAt_; = Aty =0.)
We summarize the gradient computation using adjoints iridth@wving algorithm.

Algorithm 6.3.1 (Gradient Computation Using Adjoints)
1. Givenuy, ..., uyy1, andy, computeyy, . .., yy.1 by solving

At; . At; . At; .
5 Ah(ti—l-l))yi—i-l = - By (tig1) Uiz — (— My, + 5 Ah(t,-))yi
At; At;

Ba(t:)@i + S (k) + raltis) ), i =0, N.

(v +

2
2. ComputeXNH, cee M by solving
At T At .
<Mh + TNAh(tN—H)) ANl = _TN(MhyN-i-l + (gn)N+1),
Ati_l T, . Atl T,
(Mh+ ; Ah(ti)) N o= —(—Mh+ > Ah(ti)> b
_Ati_l + At

9 (Myy; + (gn)i), 1=N,..., 1

o~

3. ComputeV,, f(u) from (6.33).

We conclude by adapting Algorithn@s2.4and??to our problem. Since the the objective func-
tion (6.29 is quadratic and the implicit constraint 80 are linear, most of the second derivative
terms are zero. The multiplication of the HessRf(u) times vectorv computation can be
performed using the the following algorithm.

Algorithm 6.3.2 (Hessian—Times—Vector Computation UsingA\djoints)

1. Givenuy, ..., uyy1, andy, computeyy, . .., yy.1 by solving
At; . At; . At; .
(M + S Ant) )in = = Bultos)iie — (= Mo+ Anlt) )
At; At;

Ba(t:)s + S (ra(t) +raltin) ), i =0, N

2
(if not done already).

2. ComputeXNH, N by solving

At T, At .
(Mh + —2N Ah<tN+1>) ANt1 = ——2N (Mpyn+1 + (gn)N+1)s
At T, At; T,
<Mh + lAh(ti)> ANi = —< — My, + 5 Ah(ti)> i1

_ Ati_l + Atl

2 (Mhy_;«_'_(gh)Z)? Z:N771

(if not done already).
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6.3. SOLUTION OF A TIME-DEPENDENT LINEAR QUADRATIC OPTIMALCONTROL

PROBLEM 6-11
3. Computedy, . .., Wy from

Atl 5 Atl R Atl 5 Atl R

(Mh+ 5 Ah(ti+1)>wi+1 =3 Bh(ti+1)vi+1—(—Mh+ 5 Ah(ti)>wi_ 5 By, ()0,

1=0,...,N,wherew, = 0.

4. Computepy 1, ..., p; by solving

At T At .
(Mh + TNAh(tN+1)> PN41 = TNthN+17
At; T, At; T,
<Mh + lAh(ti)> pi = —< - My + 5 Ah@i)) Di+1
At + A
—|—712+ thi7 Z:N,...71.
5. Compute
W%Qhﬁo + %Bgﬁl
RSB 0,5, + B (B85, + 3 )
V2f(u)v = :

Atny_1+AtNn — T/AtN_1 = Atrn —
WEET=E QRN + By (55D + S PN41)
At S Aty T~
wEEQRUN1 + S5 B P
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6-12 CHAPTER 6. IMPLICIT CONSTRAINTS

6.4 Optimal Control of Burgers’ Equation

We want to minimize

T 1
mgn z /0 /0 (y(x,t) — §(x,1))* + wu?(z, t)dzdt, (6.34)

wherey is the solution of

(6.35)
wherer : (0,1) x (0,7) — R, andy, : (0,1) — R are given functions and,» > 0 are given
parameters. The parameter- 0 is also called the viscosity and the differential equati®’9) is
known as the (viscous) Burgers’ equation. Burgers’ equatan be viewed as a simplified version
of the Navier-Stokes equations. It was introduced by B feur40 Bur4g as a simple model to
investigate turbulence.

To discretize §.34), (6.395, we first use a finite element discretization in space. Ferphr-
pose, we multiply the differential equation i6.85 by a functionv € C'(Q) which satisfies
v(0) = v(1) = 0; then we integrate both sides ov@x, 1), and apply integration by parts. This
leads to

d (! 4 o, d o 1o J
pm i y(z, t)v(zr)dr + V/O %y(x,t)d—xv(x) T +/O %y(x,t)y(x,t)v(x) x

— /O (r(z,t) + u(z, t))v(z)ds (6.36)

forall v € C*(Q) with v(0) = v(1) = 0 and¢ € (0,7). We approximate andu by functions of
the form

Yn(w,t) = Zyj(t)%'(fc) (6.37)
and -
up(x,t) = Zuj(twj(x), (6.38)

wherey;(0) = ¢;(1) =0,57=1,...,n,. We set

gt) = ), e, ()" and d(t) = (ui(t),. .., un, ()",
If we insert these approximations int6.86 and require §.36) to hold for forv = ¢;, j =

1,...,n,, then we obtain the system of ordinary differential equzio
d . . ,
Mhay(t) + Apg(t) + Np(y(t)) + Bpi(t) = rn(t), t€(0,7), (6.39)
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6.4. OPTIMAL CONTROL OF BURGERS’ EQUATION 6-13

whereM,,, A, € R B, € R™*"™ r,(t) € R™, andN,(y(t)) € R" are matrices or vectors
with entries

M)y = [ e,
s = v [ et >di ().

(Bn)iy = /?/)g z)pi(x

(NN = 323 / i ()i 2y (1) ),

(ra(t))i = /Or(sc,t)%(:c)d:c.

If we insert 6.37), (6.38) into (6.34), we obtain

[ 350 a0+ )0 + Sy Quiyir - [ [ L5t

where)M,;, € R"*" is defined as before ar@, € R"*", g,(t) € R" are a matrix and vector
with entries
1

(Qn)ij = Vi (2)Y(x)d,

0

(gn(t)); = —/0 g(z, t)p;(x)dz.

Since " [\ 13%(x, t)dxdt is a given constant we will omitt it from the objective furani Thus a
semi—discretization of the optimal control probletn34), (6.35 is given by

min [ ST M) + (90 07 70) + 5 0) Qu(0, (6.40)

u

2

wherey(t) is the solution of

MpLg(t) + Apy(t) + Na(§(1)) + Bpti(t) = ra(t), te€(0,7), (6.41)
g(O) = g()a '

whereyy, is the solution of

Jo vo(z @1( )dx
Mpyo = :

fQ yO Sony( )d
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6-14 CHAPTER 6. IMPLICIT CONSTRAINTS

To discretize the problem in time, we proceed as in SediiGnWe let
0:t0<t1<...<tN+1:T

and we define
Ati:t“_l—ti, ZIO,,N
We also introduce
At_l - AtN+1 - 0

For the time discretization o6(41) we use the Crank-Nicolson method and for the the discretiza
tion of the integral in §.40 we use the composite Trapezoidal rule. The fully disceetigroblem
is given by

N+1
min E ——— | =y’ Myy; + F U = Quu; | 6.42
orniin 1 £ 2 (2% i+ (o) 5 T On (6.42)
wherey, ..., yn,1 IS the solution of

At; . At;
Ah) Yir1 +

5
Ah)y: +

. Aty
N (1) + TBhui—H

9
— M
+< nt 9 2

At .
-5 (rh(ti) +rh(ti+1)> —0, i=0,... N, (6.43)

andy is given by the initial conditions in6(41). This problem is a DTOC of the forn?®), (??).
We denote the objective function if.42) by f.

Note that since the Burgers’ equatiob.43 is quadratic iny;,;, the computation ofj;_ 1,
1 = 0,...,N, requires the solution of system of nonlinear equationsis Tan be done using
Newton’s method, which we will discuss in Chapter The invertibility of the Jacobiad/, +
A;Z‘ Ap+ %N,Q(gji+1) typically requires a restriction of the spatial or tempangish which depends
on the solutiony;,; and the viscosity (see, e.g.,\ol97, pp. 103,104]). These conditions are
satisfied for the discretization used in our numerical eXarfxamples.4.3

The Lagrangian corresponding .42, (6.43 is given by

<Mh +

Ni(¥i) + By,

L(:Jl? s 73?]\7—}-17 ﬁ()? s 7ﬁN+17 Xlu EEE XN—FI)
N+1
Ati_ + Atl 1 5 5 W 5
- Z 1# (§@rMhyi + (9n)7 G + §U?Qhui>
=0
al At; At; At
+ ; A [(Mh + 22Ah>gi+1 + 5 “Ni(Fig1) + 22Bhﬁi+1
At; L A o At;
—|—< — Mh -+ 5 Ah>yz + TNh(yl) + 7Bhu2
At;
=S (ralt) + maltien)) | (6.44)
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6.4. OPTIMAL CONTROL OF BURGERS’ EQUATION 6-15

The adjoint equations corresponding €d] or (??) are obtained by setting the partial deriva-
tives with respect tg; of the Lagrangiang.44) to zero and are given by

T—»
(Mh + S A+ A—;NN;L(:JN+1)> Avir = =52 (Mygiver + (9)v),
T TS
(M + 2524 + 22N (7)) K = —( = My+ B4, + 25N (7)) Koo
_Ati,12+Ati(Mhy—’i_‘_(gh)i)’ 'L':N,...,l,

(6.45)
where N, (;) denotes the Jacobian of,(7;). (Recall thatAty,, = 0.) Given the solution of

(6.49, the gradient of the objective functiqﬁin (??) can be obtained by computing the partial
derivatives with respect to; of the Lagrangian.44). The gradient is given by

W%Qhﬁo + %ngl
wAELL Q7 + Bg(%xl + %Xz)
Vuf(u) = : ) (6.46)
wiAtN712+AtN Qhﬁ]\/ + BE(Atg71 XN + A—;]VXN+1)
WA Qi1 + MBI Xy

(Recall thatAt_; = Aty =0.)
We summarize the gradient computation using adjoints iridth@wving algorithm.

Algorithm 6.4.1 (Gradient Computation Using Adjoints)

1. Givenuy, ..., uyy1, andy, computeyy, . .., yy.1 by solving
At; . At; .
<Mh + 5 Ah) Yir1 + 5 Nu(¥ig1)
At; LA . At; . . At;
= —( — My, + 5 Ah)yi - 7Nh(yi) 5 By (U1 + ;) + 7(7%(15@') + Th(tz'—i-l))a

fori =0,...,N.

2. Compute\y.1, ..., \; by solving

At At . T At L
<Mh + —2N Ap + —2N N;L(ZJNH)) AN+l = ——2N (Mpgin1+ (gn)n41),
Ati_l Ati_l /= T . Atz Atl /- TS
(Mh + 5 Ay + 5 Nh(%)) Ai = —( - M), + 5 Ap + > Nh(%‘)) Aig1
Aty + At; .
— S (Mg + (9n)),
fori=N,..., 1.
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6-16 CHAPTER 6. IMPLICIT CONSTRAINTS

3. ComputeV,, f(u) from (6.46).

We conclude by adapting Algorithn&2.4and ?? to our problem. Since the the objective
function 6.42) is quadratic and the implicit constraint.43 are quadratic iry and linear inu,
most of the second derivative terms are zero. The multifdineof the HessiarV? f(u) times
vectorv computation can be performed using the following algorithmstep 4 of the following
algorithm we use thaV, (y) is quadratic. Hencel (N ( PNt = N (@)X

Algorithm 6.4.2 (Hessian—Times—Vector Computation UsingA\djoints)

1. Givenuy, ..., uy41, andy, computey, . .., yy1 by solving
At At; .
( >y2+1 + 5 — N (Fis1)
At At; o At . At;
= —( — M, )yz 5 (Gi) — 5 By (41 + ;) + o <7’h(tz’) + Th(tz”rl))»

fori=0,...,N (|f not done already).

2. ComputeXNH, N by solving

At At T, At
<Mh QNAh QNNh(yN—i-l)) ANl = _TN<MhyN+1+<gh)N+l)
At,;_ At;_ S\ To At At; SO\ T-
(Mh+ LA+ 5 1Nfll(yz‘)> Ai = —(— 5 Nﬁ(%)) Ait1
At "‘Ati .
BB R g+ (),
fori = N,..., 1 (if not done already).
3. Computedy, ..., Wy from
At; At; . . At; At; 0 L At L.
<Mh+ 5 h""TNi/z(yi—i-l))wi—i-l = —<—Mh+ 5 Ah"‘TN;l(yi))wi+TBh(Ui+Ui+l>a
1=0,...,N,wherew, = 0.
4. Computepy 1, ..., p; by solving
JAN At T JAN At o
(Mh+—NA + 2NNh(yN+1)> PNyl = TNMh'wN-i-l“‘ 2NNh(wN+1) AN+1,
At At _N\T At; At; 0N\,
<Mh+ SA+ 1Ni€(%)> Di = < —N}/L(yl)> Dit1
2 2 2 2
At + At . . Ati1- At
++thi+Nf2(wi)T( 5 X+ 5 i+1),

fori=N,..., 1.
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6.4. OPTIMAL CONTROL OF BURGERS’ EQUATION 6-17

5. Compute
wBR QT + 22 Bl
Ato+At1Q Ul —I—BT(%]? _‘_%ﬁz)
V2 f(u)o = :
N + BI( ”; Lpn + Sy 1)

W—QWNH + £ Bh PN+1

Example 6.4.3 For the spatial discretization we subdivifle 1] into n, subintevals of length
Az = 1/n, and we define

(Az) Yz — (1 —1)Ax) =z €[(i—1)Az,iAx],
wi(r) = (Az) Y=z + (i +1)Az) x€[ildr,(i+1)Az], i=1,....,n,=n, —1,
0 else
(Az)" Mz — (i — 2)Az) = € [(i — 2)Az, (i — 1)Ax],
vi(z) = (Ax) Y=z + iAx) x € [(i —1)Ax,iAx], i=1,...,n, = n, + 1.
0 else
This choice yields
4 1 2 —1
A 1 4 1 -1 2 -1
x 14
M, = —~ .. .. .. Ty XNy - .. .. .. Ty XNy
h 6 . . . eR . A N . . . eR ,
1 41 -1 2 -1
1 4 -1 2
y1(t)ya(t) +y5(t)
—yi(t) — 1 (8)ya(t) + y2(t)ys(t) + y3(t)
4 1 ' n
Ni(#(t) = 3 Y1 (t) = Yim1 (Owi(t) + yi(Oyin (t) + y7a(t) e R™
~Yn —2(t) = Yny—2(O)Yny 1 () + Yn,—1 ()Y, () + 2 ()
~Yn,—1(6) = Y1 ()Y, (1)
and
1 4 1 2 1
A 1 4 1 A 4 1
Bh:_?Jj ERnyxnu’ Qh— 6$ € RMuXnu,
1 4 1 1 4 1
1 4 1 1 2
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6-18 CHAPTER 6. IMPLICIT CONSTRAINTS

The matrixV; (y(t)) € R™*™ is shown in Figureés.1. To approximate the integrals arising in the
definition ofr;,(¢) andgy,(t) we apply the composite trapezoidal rule. This yields

(rn(t)); = Az r(iAzx,t),
(gn(t)); = Az giAx,t).

We consider the optimal control problei®.84), (6.39 with data7 = 1, w = 0.05, v = 0.01,

r =0,
[ 1 ze(0, %],
Yo(x) = { 0 else

andy(x,t) = yo(x), t € (0,T) (cf. [KV99]). For the discretization we use, = 40 spatial
subintervals and 40 time steps, i.A% = 1/40.

The solutiony of the discretized{.43) of Burgers’ equation.35 with u(z,t) = 0 as well as
the desired state are shown in Figéré.

The solutionu of the optimal control problent(34), (6.35, the corresponding solutiayu.)
of the discretized Burgers’ equatiof 85 and the solution (u,.) of (6.45) are plotted in Figuré.3,

The convergence history of the Newton—CG method with Ar#iije search applied to

o~

min f(u) is shown in Tablé.1. Here

N+1

-~ At,_ 1+ At; (1 . LW .
fluy=>" — 5 (5?7@-TMhyi + (gn)i Ui + EUZQhui)
i=0

(see 6.42), wherey/, . . ., i1 IS the solution of §.43). In this version of the Newton—CG method
the Newton system is solved using the conjugate gradierttadetuch that the inexact Newton step
s, satisfies R R R

IV f (ur)sie + V f (w2 < mellV f (w2,

-~

wheren, = min{0.01, ||V f(ug)||2}-

Table 6.1: Performance of a Newton-CG method applied todhgien of (6.34), (6.35
S (ug) [V f (u)] IEA o | #CG iters
—8.500121e — 02 | 6.080307¢ — 03 | 6.969352¢ + 01 | 0.5 7
—1.785521e — 01 | 1.434887¢ — 03 | 1.757575e¢ 4+ 01 | 1.0 10
—1.891822¢ — 01 | 1.366862¢ — 04 | 1.798857¢ 4+ 00 | 1.0 17
—1.892868¢e — 01 | 1.853288¢ — 06 | 2.274169¢ — 02 | 1.0 24

W N~ O
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Figure 6.1: The matrixV; (y(¢))

Y1 (t) + 2ya(t)
ys(t) — v (?) Ya(t) + 2y3(t)

oy —wlt)  en(t) — ()

2, () — oy (8)

Yi(t) + 2yiy1(t)

U (8) = Y2(t) Yy 1(8) + 2, (1)

~2Yn,1(t) = Yn, (1)

_yny—l(t>
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Figure 6.2: Solution of Burgers’ equation with= 0 (no control) (left) and desired staggright)
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6.4. OPTIMAL CONTROL OF BURGERS’ EQUATION 6-21

Figure 6.3: Optimal control.. (upper left), corresponding solutiaf{u.) of Burgers’ equation
(upper right) and corresponding Lagrange multipligfs.) (bottom)

Computed optimal control u,

Corresponding state y(u,)

Corresponding adjoint A(u,)

0.15
0.1
0.05

-0.05
-0.1
-0.15

-0.2
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