
Chapter 6

Implicit Constraints

6.1 Introducton

Often one has to solve minimization problems

min
u
f̂(u), (6.1)

where the objective function is of the form̂f(u) = f(y(u), u) andy(u) is the solution of an implicit
equation

c(y, u) = 0, (6.2)

where
c : R

ny×nu → R
ny .

This is, for example, the case in the parameter identification problem studied in Section3.5. There,
u = p ∈ Rl and the evaluation of̂f(p) = 1

2
‖R(p)‖2 involves the computation of the solutiony(·; p)

of an ordinary differential equation. Thus, in this example, c(y, p) = 0 symbolizes the system of
ordinary differential equations. Sincec : Rny×nu → Rny the parameter identification in ordinary
differential equations as discussed in Section3.5 is not included. In the example in Section3.5, y
is a function inC(I,Rn). However, if the ordinary differential equation is discretized using, e.g., a
Runge Kutta method, we would obtain a systemc(yh, u) = 0 for the discretized solutionyh which
fits into our framework. We see more examples later in this chapter.

One purpose of this chapter is to study the computation of thegradient and the Hessian on
f̂ , and to discuss the solution of the system∇2f̂(u)su = −∇f̂ (u), all of which are important
ingredients in optimization methods for the solution of (6.1), (6.2). Another goal of this chapter is
to introduce some specific problems of the type (6.1), (6.2) and to make the gradient and Hessian
computation more concrete for these problems.

Note that (6.1), (6.2) can also be formulated as an equality constrained problem.In fact, since
y is tied tou via the implicit equation, we could just include this equation into the problem formu-
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6–2 CHAPTER 6. IMPLICIT CONSTRAINTS

lation and reformulate (6.1), (6.2) as

min f(y, u),

s.t. c(y, u) = 0.
(6.3)

In (6.3), the optimization variables arey ∈ Rny and u ∈ Rnu. In (6.1), (6.2) the constraint
c(y, u) = 0 is implicit. It is enforced by requiring thaty(u) is a solution ofc(y, u) = 0. In (6.3) this
constraint is exposed to the optimizer and the variablesy, u are decoupled. The formulation (6.3)
can have significant advantages over (6.1), (6.2) and we will discuss the solution of constrained
optimization problems of the type (6.3) later. It turns out, however, that most of the tasks that arise
in the computation of gradients∇f̂(u) and Hessians∇2f̂(u) for (6.1) also arise in the solution of
(6.3). Therefore it is useful to study (6.1) even if the optimization formulation (6.3) is preferred.

6.2 Gradient and Hessian Computations

Let

c : R
ny×nu → R

ny ,

f : R
ny×nu → R.

To make the formulation (6.1), (6.2) rigorous, we make the following assumptions.

Assumption 6.2.1

• For all u ∈ Rnu there exists a uniquey ∈ Rny such thatc(y, u) = 0.

• There exists an open setD ⊂ Rny×nu with {(y, u) : u ∈ Rnu, c(y, u) = 0} ⊂ D such that
f andc are twice differentiable onD.

• The inversecy(y, u)−1 exists for all(y, u) ∈ {(y, u) : u ∈ Rnu , c(y, u) = 0}.

Under these assumptions the implicit function theorem guarantees the existence of a differen-
tiable function

y : U → R
ny

defined by
c(y(u), u) = 0. (6.4)

We consider the problem
min

u
f̂(u), (6.5)

where
f̂(u) = f(y(u), u)
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6.2. GRADIENT AND HESSIAN COMPUTATIONS 6–3

andy(u) is the solution ofc(y(u), u) = 0.
The implicit function theorem guarantees the differentiability of y(·). The derivative can be

obtained by differentiatingc(y(u), u) = 0. This yields1

yu(u) = −cy(y(u), u)−1cu(y(u), u). (6.6)

The derivativeyu(u) is also called thesensitivity(of y with respect tou).
Sincey(·) is differentiable the function̂f is differentiable and its gradient is given by

∇f̂(u) = yu(u)
T∇yf(y(u), u) + ∇uf(y(u), u) (6.7)

= −cu(y(u), u)Tcy(y(u), u)
−T∇yf(y(u), u) + ∇uf(y(u), u).

If λ(u) ∈ Rny is the solution of

cy(y(u), u)
T λ(u) = −∇yf(y(u), u), (6.8)

then the gradient can be written as

∇f̂(u) = ∇uf(y(u), u) + cu(y(u), u)
Tλ(u). (6.9)

The system (6.8) are also called the adjoint equations.
The equations (6.7) and (6.9) suggest two methods for computing the gradient.

Algorithm 6.2.2 (Gradient Computation Using Sensitivities)

1. Givenu, solvec(y, u) = 0 for y.

2. Compute the sensitivitiesS = yu(u) by solvingnu linear systems
cy(y(u), u)S = −cu(y(u), u).

3. Compute∇f̂(u) = ST∇yf(y(u), u) + ∇uf(y(u), u).

Algorithm 6.2.3 (Gradient Computation Using Adjoints)

1. Givenu, solvec(y, u) = 0 for y.

2. Solve the adjoint equationcy(y(u), u)T λ = −∇yf(y(u), u) for λ.

3. Compute∇f̂(u) = ∇uf(y(u), u) + cu(y(u), u)
Tλ(u).

1We use the simplified expressionscy(y(u), u) and cu(y(u), u) instead ofcy(y, u)|y=y(u) andcu(y, u)|y=y(u),
respectively. Similar simplifications in notation are applied throughout this section.
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6–4 CHAPTER 6. IMPLICIT CONSTRAINTS

It is useful to introduce the so-called Lagrange function orLagrangian

L(y, u, λ) = f(y, u) + λT c(y, u). (6.10)

Using the Lagrangian, the equation (6.8) can be written as

∇yL(y(u), u, λ(u)) = 0. (6.11)

Moreover, (6.9) can be written as

∇f̂(u) = ∇uL(y(u), u, λ(u)). (6.12)

It will also be helpful to introduce the matrix

W (y, u) =

(
−cy(y, u)−1cu(y, u)

I

)
. (6.13)

If y = y(u) then

W (y(u), u) =

(
yu(u)
I

)
(6.14)

and the gradient of̂f can be written as

∇f̂(u) = W (y(u), u)T∇xf(y(u), u), (6.15)

cf., (6.8), (6.9).
Under the general assumption of this section, the Hessian off̂ exists. If we differentiate (6.12),

we find that

∇2f̂(u) = ∇uyL(y(u), u, λ(u)) yu(u) + ∇uuL(y(u), u, λ(u))

+∇uλL(y(u), u, λ(u))λu(u), (6.16)

Under the general assumption of this section, the partial derivatives ofL exist and the derivative
yu(u) exists and is given by (6.6). The existence of the derivativeλu(u) is also guaranteed under
the general assumptions of this section. In fact, the function λ(u) is implicitly defined by (6.9)
or, equivalently, (6.11). Under the general assumptions of this section, the differentiability of
this function follows from the implicit function theorem and the derivativeλu(u) is obtained by
differentiating (6.11):

∇yyL(y(u), u, λ(u)) yu(u) + ∇yuL(y(u), u, λ(u))

+∇yλL(y(u), u, λ(u))λu(u) = 0.

Using∇yλL(y(u), u, λ(u)) = cy(y(u), u)
T and (6.6) we find that

λu(u) = cy(y(u), u)
−T
[
∇yyL(y(u), u, λ(u)) cy(y(u), u)

−1cu(y(u), u)

−∇yuL(y(u), u, λ(u))
]
. (6.17)
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6.2. GRADIENT AND HESSIAN COMPUTATIONS 6–5

Now we insert (6.17) and (6.6) into (6.16) and observe that∇uλL(y(u), u, λ(u)) = cu(y(u), u) to
write

∇2f̂(u) = W (y, u)T

(
∇yyL(y, u, λ) ∇yuL(y, u, λ)
∇uyL(y, u, λ) ∇uuL(y, u, λ)

)
W (y, u)

= cu(y, u)
T cy(y, u)

−T∇yyL(y, u, λ) cy(y, u)
−1cu(y, u)

−cu(y, u)Tcy(y, u)
−T∇yuL(y, u, λ)

−∇uyL(y, u, λ) cy(y, u)
−1cu(y, u) + ∇uuL(y, u, λ). (6.18)

Many optimization algorithms require the computation of Hessian times vector products
∇2f̂(u)v. Using the equality (6.18) this can be done as follows.

Algorithm 6.2.4 (Hessian–Times–Vector Computation UsingAdjoints)

1. Givenu, solvec(y, u) = 0 for y (if not done already).

2. Solve the adjoint equationcy(y(u), u)T λ = −∇yf(y(u), u) for λ (if not done already).

3. Solve the equationcy(y(u), u)w = cu(y(u), u)v.

4. Solve the equation
cy(y(u), u)

T p = ∇yyL(y(u), u, λ(u))w−∇yuL(y(u), u, λ(u))v.

5. Compute
∇2f̂(u)v = cu(y(u), u)

Tp−∇uyL(y(u), u, λ(u))w+ ∇uuL(y(u), u, λ(u))v.

Hence, ify(u) andλ(u) are already known, then the computation of∇2f̂(u)v requires the
solution of two linear equations. One similar to the linearized state equation, Step 3, and one
similar to the adjoint equation, Step 4.

One can show the following result.

Theorem 6.2.5 Let cy(y(u), u) be invertible. The Newton equation

∇2f̂(u) su = −∇f̂(u). (6.19)

has a (unique) solution if and only if the problem

min

(
∇yf(y, u)T

∇uf(y, u)

)T (
sy

su

)
+ 1

2

(
sy

su

)T ( ∇yyL(y, u, λ) ∇yuL(y, u, λ)
∇uyL(y, u, λ) ∇uuL(y, u, λ)

)(
sy

su

)
,

s.t. cy(y, u)sy + cu(y, u)su = 0,
(6.20)

wherey = y(u) andλ = λ(u), has a (unique) solution. Ifsu solves the Newton equation(6.19),
thensy = cy(y(u), u)

−1cu(y(u), u)su, su solves(6.20).
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6–6 CHAPTER 6. IMPLICIT CONSTRAINTS

Similarly, one can show the following result.

Theorem 6.2.6 Let cy(y(u), u) be invertible. the Newton–like equation

Ĥ su = −∇f̂(u), (6.21)

whereĤ ∈ R
nu×nu is symmetric has a (unique) solution if and only if the problem

min

(
∇yf(y, u)T

∇uf(y, u)

)T (
sy

su

)
+ 1

2

(
sy

su

)T (
0 0

0 Ĥ

)(
sy

su

)
,

s.t. cy(y, u)sy + cu(y, u)su = 0,

(6.22)

wherey = y(u) and λ = λ(u), has a (unique) solution. Again, ifsu solves the Newton–like
equation(6.21), thensy = cy(y(u), u)

−1cu(y(u), u)su, su solves(6.22).
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6.3. SOLUTION OF A TIME–DEPENDENT LINEAR QUADRATIC OPTIMALCONTROL
PROBLEM 6–7

6.3 Solution of a Time–Dependent Linear Quadratic Optimal
Control Problem

The example in this section builds on Section??. Again, letΩ ⊂ R2 be an open convex set with
boundary∂Ω.

We want to minimize

min
u

1

2

∫ T

0

∫

Ω

(y(x, t) − ŷ(x, t))2dxdt+
ω

2

∫ T

0

∫

∂Ω

u2(x, t)dxdt, (6.23)

wherey is the solution of

∂
∂t
y(x, t) −∇ · (c(x, t)∇y(x, t)) + a(x, t)y(x, t) = r(x, t) (x, t) ∈ Ω × (0, T ),

n(x) · (c(x, t)∇y(x, t)) = u(x, t) (x, t) ∈ ∂Ω × (0, T ),

y(x, 0) = y0(x) x ∈ Ω,

(6.24)

wherea, c, r : Ω × (0, T ) → R, andy0 : Ω → R are given functions andn(x) denotes the unit
outward normal to∂Ω atx ∈ ∂Ω.

To discretize (6.23), (6.24), we first use a finite element discretization in space. We approximate
y andu by functions of the form

yh(x, t) =

ny∑

j=1

yj(t)ϕj(x) (6.25)

and

uh(x, t) =
nu∑

j=1

uj(t)ϕj(x). (6.26)

If we set
~y(t) = (y1(t), . . . , yny

(t))T and ~u(t) = (u1(t), . . . , unu
(t))T ,

then a discretization of the linear quadratic optimal control problem (6.24), (6.23) is given by

min
~u

∫ T

0

1

2
~y(t)TMh~y(t) + (gh(t))

T~y(t) +
ω

2
~u(t)TQh~u(t)dt, (6.27)

where~y(t) is the solution of

Mh
d
dt
~y(t) + Ah(t)~y(t) +Bh(t)~u(t) = rh(t), t ∈ (0, T ),

~y(0) = ~y0,
(6.28)

where~y0 is the solution of

Mh~y0 =





∫
Ω
y0(x)ϕ1(x)dx

...∫
Ω
y0(x)ϕny

(x)dx



 .
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6–8 CHAPTER 6. IMPLICIT CONSTRAINTS

In (6.27), (6.28) the vectors and matricesgh, Ah, Bh may depend on time because the functions
c, a, ŷ may depend on time.

To discretize the problem in time, let

0 = t0 < t1 < . . . < tN+1 = T

be a partition of the time interval and define∆ti = (ti+1 − ti) for i = 0, . . . , N . Using (6.28) we
obtain

Mh~y(ti+1) −Mh~y(ti) =

∫ ti+1

ti

d

dt
Mh~y(t)dt

=

∫ ti+1

ti

rh(t) −Ah(t)~y(t) −Bh(t)~u(t)

≈ ∆ti
2

(rh(ti) −Ah(ti)~y(ti) − Bh(ti)~u(ti))

+
∆ti
2

(rh(ti+1) −Ah(ti+1)~y(ti+1) − Bh(ti+1)~u(ti+1))

i = 0, . . . , N . This leads to the Crank-Nicolson method for the approximation of (6.28):

(
Mh +

∆ti
2
Ah(ti+1)

)
~yi+1 +

∆ti
2
Bh(ti+1)~ui+1 +

(
−Mh +

∆ti
2
Ah(ti)

)
~yi +

∆ti
2
Bh(ti)~ui

=
∆ti
2

(
rh(ti) + rh(ti+1)

)
, i = 0, . . . , N,

where~y0 is given by the initial conditions in (6.28). The objective function (6.27) is discretized
using the composite trapezoidal rule

∫ T

0

1

2
~y(t)TMh~y(t) + (gh(t))

T~y(t) +
ω

2
~u(t)TQh~u(t)dt

=

N∑

i=0

∫ ti+1

ti

1

2
~y(t)TMh~y(t) + (gh(t))

T~y(t) +
ω

2
~u(t)TQh~u(t)dt

≈
N∑

i=0

∆ti
2

(1

2
~y(ti)

TMh~y(ti) + (gh(ti))
T~y(ti) +

ω

2
~u(ti)

TQh~u(ti)

+
1

2
~y(ti+1)

TMh~y(ti+1) + (gh(ti+1))
T~y(ti+1) +

ω

2
~u(ti+1)

TQh~u(ti+1)
)

=

N+1∑

i=0

∆ti−1 + ∆ti
2

(
1

2
~yT

i Mh~yi + (gh)
T
i ~yi +

ω

2
~uT

i Qh~ui

)
,

where we have set∆t−1 = ∆tN+1 = 0.
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PROBLEM 6–9

Now the fully discretized problem is given by

min
~u1,...,~uN+1

N+1∑

i=0

∆ti−1 + ∆ti
2

(
1

2
~yT

i Mh~yi + (gh)
T
i ~yi +

ω

2
~uT

i Qh~ui

)
, (6.29)

where~y1, . . . , ~yN+1 is the solution of
(
Mh +

∆ti
2
Ah(ti+1)

)
~yi+1 +

∆ti
2
Bh(ti+1)~ui+1 +

(
−Mh +

∆ti
2
Ah(ti)

)
~yi +

∆ti
2
Bh(ti)~ui

=
∆ti
2

(
rh(ti) + rh(ti+1)

)
, i = 0, . . . , N,(6.30)

and~y0 is given by the initial conditions in (6.28). This problem is a DTOC of the form (??), (??).
We denote the objective function in (6.29) by f̂ .

The Lagrangian corresponding to (6.29), (6.30) is given by

L(~y1, . . . , ~yN+1, ~u0, . . . , ~uN+1, ~λ1, . . . , ~λN+1)

=
N+1∑

i=0

∆ti−1 + ∆ti
2

(
1

2
~yT

i Mh~yi + (gh)
T
i ~yi +

ω

2
~uT

i Qh~ui

)

N∑

i=0

~λT
i+1

[(
Mh +

∆ti
2
Ah(ti+1)

)
~yi+1 +

∆ti
2
Bh(ti+1)~ui+1

+
(
−Mh +

∆ti
2
Ah(ti)

)
~yi +

∆ti
2
Bh(ti)~ui

−∆ti
2

(
rh(ti) + rh(ti+1)

)]
. (6.31)

The adjoint equations corresponding to (6.8) or (??) are obtained by setting the partial deriva-
tives with respect toyi of the Lagrangian (6.31) to zero and are given by

(
Mh + ∆tN

2
Ah(tN+1)

)T
~λN+1 = −∆tN

2
(Mh~yN+1 + (gh)N+1),

(
Mh + ∆ti−1

2
Ah(ti)

)T
~λi = −

(
−Mh + ∆ti

2
Ah(ti)

)T
~λi+1

−∆ti−1+∆ti
2

(Mh~yi + (gh)i), i = N, . . . , 1.

(6.32)

(Recall that∆tN+1 = 0.) Given the solution of (6.32), the gradient of the objective function̂f
in (??) can be obtained by computing the partial derivatives with respect toui of the Lagrangian
(6.31). The gradient is given by

=





ω∆t0
2
Qh~u0 + ∆t0

2
BT

h
~λ1

ω∆t0+∆t1
2

Qh~u1 +BT
h (∆t0

2
~λ1 + ∆t1

2
~λ2)

...
ω∆tN−1+∆tN

2
Qh~uN +BT

h (∆tN−1

2
~λN + ∆tN

2
~λN+1)

ω∆tN
2
Qh~uN+1 + ∆tN

2
BT

h
~λN+1




. (6.33)
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6–10 CHAPTER 6. IMPLICIT CONSTRAINTS

(Recall that∆t−1 = ∆tN+1 = 0.)
We summarize the gradient computation using adjoints in thefollowing algorithm.

Algorithm 6.3.1 (Gradient Computation Using Adjoints)

1. Given~u1, . . . , ~uN+1, and~y0 compute~y1, . . . , ~yN+1 by solving
(
Mh +

∆ti
2
Ah(ti+1)

)
~yi+1 = −∆ti

2
Bh(ti+1)~ui+1 −

(
−Mh +

∆ti
2
Ah(ti)

)
~yi

−∆ti
2
Bh(ti)~ui +

∆ti
2

(
rh(ti) + rh(ti+1)

)
, i = 0, . . . , N.

2. Compute~λN+1, . . . , ~λ1 by solving
(
Mh +

∆tN
2
Ah(tN+1)

)T
~λN+1 = −∆tN

2
(Mh~yN+1 + (gh)N+1),

(
Mh +

∆ti−1

2
Ah(ti)

)T
~λi = −

(
−Mh +

∆ti
2
Ah(ti)

)T
~λi+1

−∆ti−1 + ∆ti
2

(Mh~yi + (gh)i), i = N, . . . , 1.

3. Compute∇uf̂(u) from (6.33).

We conclude by adapting Algorithms6.2.4and?? to our problem. Since the the objective func-
tion (6.29) is quadratic and the implicit constraints (6.30) are linear, most of the second derivative
terms are zero. The multiplication of the Hessian∇2

uf̂(u) times vectorv computation can be
performed using the the following algorithm.

Algorithm 6.3.2 (Hessian–Times–Vector Computation UsingAdjoints)

1. Given~u1, . . . , ~uN+1, and~y0 compute~y1, . . . , ~yN+1 by solving
(
Mh +

∆ti
2
Ah(ti+1)

)
~yi+1 = −∆ti

2
Bh(ti+1)~ui+1 −

(
−Mh +

∆ti
2
Ah(ti)

)
~yi

−∆ti
2
Bh(ti)~ui +

∆ti
2

(
rh(ti) + rh(ti+1)

)
, i = 0, . . . , N

(if not done already).

2. Compute~λN+1, . . . , ~λ1 by solving
(
Mh +

∆tN
2

Ah(tN+1)
)T
~λN+1 = −∆tN

2
(Mh~yN+1 + (gh)N+1),

(
Mh +

∆ti−1

2
Ah(ti)

)T
~λi = −

(
−Mh +

∆ti
2
Ah(ti)

)T
~λi+1

−∆ti−1 + ∆ti
2

(Mh~yi + (gh)i), i = N, . . . , 1

(if not done already).
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3. Compute~w1, . . . , ~wN+1 from

(
Mh +

∆ti
2
Ah(ti+1)

)
~wi+1 = −∆ti

2
Bh(ti+1)~vi+1−

(
−Mh +

∆ti
2
Ah(ti)

)
~wi−

∆ti
2
Bh(ti)~vi,

i = 0, . . . , N , where~w0 = 0.

4. Compute~pN+1, . . . , ~p1 by solving

(
Mh +

∆tN
2

Ah(tN+1)
)T

~pN+1 =
∆tN

2
Mh ~wN+1,

(
Mh +

∆ti−1

2
Ah(ti)

)T

~pi = −
(
−Mh +

∆ti
2
Ah(ti)

)T

~pi+1

+
∆ti−1 + ∆ti

2
Mh ~wi, i = N, . . . , 1.

5. Compute

∇2f̂(u)v =





ω∆t0
2
Qh~v0 + ∆t0

2
BT

h ~p1

ω∆t0+∆t1
2

Qh~v1 +BT
h (∆t0

2
~p1 + ∆t1

2
~p2)

...
ω∆tN−1+∆tN

2
Qh~vN +BT

h (∆tN−1

2
~pN + ∆tN

2
~pN+1)

ω∆tN
2
Qh~vN+1 + ∆tN

2
BT

h ~pN+1




.
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6–12 CHAPTER 6. IMPLICIT CONSTRAINTS

6.4 Optimal Control of Burgers’ Equation

We want to minimize

min
u

1
2

∫ T

0

∫ 1

0

(y(x, t) − ŷ(x, t))2 + ωu2(x, t)dxdt, (6.34)

wherey is the solution of
∂
∂t
y(x, t) − ν ∂2

∂x2 y(x, t) + ∂
∂x
y(x, t)y(x, t) = r(x, t) + u(x, t) (x, t) ∈ (0, 1) × (0, T ),

y(0, t) = y(1, t) = 0 t ∈ (0, T ),

y(x, 0) = y0(x) x ∈ (0, 1),
(6.35)

wherer : (0, 1) × (0, T ) → R, andy0 : (0, 1) → R are given functions andω, ν > 0 are given
parameters. The parameterν > 0 is also called the viscosity and the differential equation (6.35) is
known as the (viscous) Burgers’ equation. Burgers’ equation can be viewed as a simplified version
of the Navier-Stokes equations. It was introduced by Burgers [Bur40, Bur48] as a simple model to
investigate turbulence.

To discretize (6.34), (6.35), we first use a finite element discretization in space. For this pur-
pose, we multiply the differential equation in (6.35) by a functionv ∈ C1(Ω) which satisfies
v(0) = v(1) = 0; then we integrate both sides over(0, 1), and apply integration by parts. This
leads to

d

dt

∫ 1

0

y(x, t)v(x)dx+ ν

∫ 1

0

∂

∂x
y(x, t)

d

dx
v(x)dx+

∫ 1

0

∂

∂x
y(x, t)y(x, t)v(x)dx

=

∫ 1

0

(r(x, t) + u(x, t))v(x)dx (6.36)

for all v ∈ C1(Ω) with v(0) = v(1) = 0 andt ∈ (0, T ). We approximatey andu by functions of
the form

yh(x, t) =

ny∑

j=1

yj(t)ϕj(x) (6.37)

and

uh(x, t) =
nu∑

j=1

uj(t)ψj(x), (6.38)

whereϕj(0) = ϕj(1) = 0, j = 1, . . . , ny. We set

~y(t) = (y1(t), . . . , yny
(t))T and ~u(t) = (u1(t), . . . , unu

(t))T ,

If we insert these approximations into (6.36) and require (6.36) to hold for for v = ϕj, j =
1, . . . , ny, then we obtain the system of ordinary differential equations

Mh
d

dt
~y(t) + Ah~y(t) +Nh(~y(t)) +Bh~u(t) = rh(t), t ∈ (0, T ), (6.39)
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6.4. OPTIMAL CONTROL OF BURGERS’ EQUATION 6–13

whereMh, Ah ∈ Rny×ny , Bh ∈ Rny×nu, rh(t) ∈ Rny , andNh(~y(t)) ∈ Rny are matrices or vectors
with entries

(Mh)ij =

∫ 1

0

ϕj(x)ϕi(x)dx,

(Ah)ij = ν

∫ 1

0

d

dx
ϕj(x)

d

dx
ϕi(x)dx,

(Bh)ij = −
∫ 1

0

ψj(x)ϕi(x)dx,

(Nh(~y(t)))i =

ny∑

j=1

ny∑

k=1

∫ 1

0

d

dx
ϕj(x)ϕk(x)ϕi(x)dxyk(t)yj(t),

(rh(t))i =

∫ 1

0

r(x, t)ϕi(x)dx.

If we insert (6.37), (6.38) into (6.34), we obtain
∫ T

0

1

2
~y(t)TMh~y(t) + (gh(t))

T~y(t) +
ω

2
~u(t)TQh~u(t)dt+

∫ T

0

∫ 1

0

1

2
ŷ2(x, t)dxdt,

whereMh ∈ Rny×ny is defined as before andQh ∈ Rnu×nu, gh(t) ∈ Rny are a matrix and vector
with entries

(Qh)ij =

∫ 1

0

ψj(x)ψi(x)dx,

(gh(t))i = −
∫ 1

0

ŷ(x, t)ϕi(x)dx.

Since
∫ T

0

∫ 1

0
1
2
ŷ2(x, t)dxdt is a given constant we will omitt it from the objective function. Thus a

semi–discretization of the optimal control problem (6.34), (6.35) is given by

min
~u

∫ T

0

1

2
~y(t)TMh~y(t) + (gh(t))

T~y(t) +
ω

2
~u(t)TQh~u(t)dt, (6.40)

where~y(t) is the solution of

Mh
d
dt
~y(t) + Ah~y(t) +Nh(~y(t)) +Bh~u(t) = rh(t), t ∈ (0, T ),

~y(0) = ~y0,
(6.41)

where~y0 is the solution of

Mh~y0 =





∫
Ω
y0(x)ϕ1(x)dx

...∫
Ω
y0(x)ϕny

(x)dx



 .
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6–14 CHAPTER 6. IMPLICIT CONSTRAINTS

To discretize the problem in time, we proceed as in Section6.3. We let

0 = t0 < t1 < . . . < tN+1 = T

and we define
∆ti = ti+1 − ti, i = 0, . . . , N.

We also introduce
∆t−1 = ∆tN+1 = 0.

For the time discretization of (6.41) we use the Crank-Nicolson method and for the the discretiza-
tion of the integral in (6.40) we use the composite Trapezoidal rule. The fully discretized problem
is given by

min
~u0,...,~uN+1

N+1∑

i=0

∆ti−1 + ∆ti
2

(
1

2
~yT

i Mh~yi + (gh)
T
i ~yi +

ω

2
~uT

i Qh~ui

)
, (6.42)

where~y1, . . . , ~yN+1 is the solution of
(
Mh +

∆ti
2
Ah

)
~yi+1 +

∆ti
2
Nh(~yi+1) +

∆ti
2
Bh~ui+1

+
(
−Mh +

∆ti
2
Ah

)
~yi +

∆ti
2
Nh(~yi) +

∆ti
2
Bh~ui

−∆ti
2

(
rh(ti) + rh(ti+1)

)
= 0, i = 0, . . . , N, (6.43)

and~y0 is given by the initial conditions in (6.41). This problem is a DTOC of the form (??), (??).
We denote the objective function in (6.42) by f̂ .

Note that since the Burgers’ equation (6.43) is quadratic in~yi+1, the computation of~yi+1,
i = 0, . . . , N , requires the solution of system of nonlinear equations. This can be done using
Newton’s method, which we will discuss in Chapter9. The invertibility of the JacobianMh +
∆ti
2
Ah + ∆ti

2
N ′

h(~yi+1) typically requires a restriction of the spatial or temporalmesh which depends
on the solution~yi+1 and the viscosityν (see, e.g., [Vol97, pp. 103,104]). These conditions are
satisfied for the discretization used in our numerical example, Example6.4.3.

The Lagrangian corresponding to (6.42), (6.43) is given by

L(~y1, . . . , ~yN+1, ~u0, . . . , ~uN+1, ~λ1, . . . , ~λN+1)

=
N+1∑

i=0

∆ti−1 + ∆ti
2

(
1

2
~yT

i Mh~yi + (gh)
T
i ~yi +

ω

2
~uT

i Qh~ui

)

+
N∑

i=0

~λT
i+1

[(
Mh +

∆ti
2
Ah

)
~yi+1 +

∆ti
2
Nh(~yi+1) +

∆ti
2
Bh~ui+1

+
(
−Mh +

∆ti
2
Ah

)
~yi +

∆ti
2
Nh(~yi) +

∆ti
2
Bh~ui

−∆ti
2

(
rh(ti) + rh(ti+1)

)]
. (6.44)
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6.4. OPTIMAL CONTROL OF BURGERS’ EQUATION 6–15

The adjoint equations corresponding to (6.8) or (??) are obtained by setting the partial deriva-
tives with respect toyi of the Lagrangian (6.44) to zero and are given by

(
Mh + ∆tN

2
Ah + ∆tN

2
N ′

h(~yN+1)
)T
~λN+1 = −∆tN

2
(Mh~yN+1 + (gh)N+1),

(
Mh + ∆ti−1

2
Ah + ∆ti−1

2
N ′

h(~yi)
)T
~λi = −

(
−Mh + ∆ti

2
Ah + ∆ti

2
N ′

h(~yi)
)T
~λi+1

−∆ti−1+∆ti
2

(Mh~yi + (gh)i), i = N, . . . , 1,
(6.45)

whereN ′
h(~yi) denotes the Jacobian ofNh(~yi). (Recall that∆tN+1 = 0.) Given the solution of

(6.45), the gradient of the objective function̂f in (??) can be obtained by computing the partial
derivatives with respect toui of the Lagrangian (6.44). The gradient is given by

∇uf̂(u) =





ω∆t0
2
Qh~u0 + ∆t0

2
BT

h
~λ1

ω∆t0+∆t1
2

Qh~u1 +BT
h (∆t0

2
~λ1 + ∆t1

2
~λ2)

...
ω∆tN−1+∆tN

2
Qh~uN +BT

h (∆tN−1

2
~λN + ∆tN

2
~λN+1)

ω∆tN
2
Qh~uN+1 + ∆tN

2
BT

h
~λN+1




. (6.46)

(Recall that∆t−1 = ∆tN+1 = 0.)
We summarize the gradient computation using adjoints in thefollowing algorithm.

Algorithm 6.4.1 (Gradient Computation Using Adjoints)

1. Given~u1, . . . , ~uN+1, and~y0 compute~y1, . . . , ~yN+1 by solving

(
Mh +

∆ti
2
Ah

)
~yi+1 +

∆ti
2
Nh(~yi+1)

= −
(
−Mh +

∆ti
2
Ah

)
~yi −

∆ti
2
Nh(~yi) −

∆ti
2
Bh(~ui+1 + ~ui) +

∆ti
2

(
rh(ti) + rh(ti+1)

)
,

for i = 0, . . . , N .

2. Compute~λN+1, . . . , ~λ1 by solving

(
Mh +

∆tN
2
Ah +

∆tN
2
N ′

h(~yN+1)
)T
~λN+1 = −∆tN

2
(Mh~yN+1 + (gh)N+1),

(
Mh +

∆ti−1

2
Ah +

∆ti−1

2
N ′

h(~yi)
)T
~λi = −

(
−Mh +

∆ti
2
Ah +

∆ti
2
N ′

h(~yi)
)T
~λi+1

−∆ti−1 + ∆ti
2

(Mh~yi + (gh)i),

for i = N, . . . , 1.
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6–16 CHAPTER 6. IMPLICIT CONSTRAINTS

3. Compute∇uf̂(u) from (6.46).

We conclude by adapting Algorithms6.2.4and?? to our problem. Since the the objective
function (6.42) is quadratic and the implicit constraints (6.43) are quadratic iny and linear inu,
most of the second derivative terms are zero. The multiplication of the Hessian∇2

uf̂(u) times
vectorv computation can be performed using the following algorithm. In step 4 of the following
algorithm we use thatNh(y) is quadratic. Henced

dy
(N ′

h(~y)
T~λ)~w = N ′

h(~w)T~λ.

Algorithm 6.4.2 (Hessian–Times–Vector Computation UsingAdjoints)

1. Given~u1, . . . , ~uN+1, and~y0 compute~y1, . . . , ~yN+1 by solving
(
Mh +

∆ti
2
Ah

)
~yi+1 +

∆ti
2
Nh(~yi+1)

= −
(
−Mh +

∆ti
2
Ah

)
~yi −

∆ti
2
Nh(~yi) −

∆ti
2
Bh(~ui+1 + ~ui) +

∆ti
2

(
rh(ti) + rh(ti+1)

)
,

for i = 0, . . . , N (if not done already).

2. Compute~λN+1, . . . , ~λ1 by solving
(
Mh +

∆tN
2
Ah +

∆tN
2
N ′

h(~yN+1)
)T
~λN+1 = −∆tN

2
(Mh~yN+1 + (gh)N+1),

(
Mh +

∆ti−1

2
Ah +

∆ti−1

2
N ′

h(~yi)
)T
~λi = −

(
−Mh +

∆ti
2
Ah +

∆ti
2
N ′

h(~yi)
)T
~λi+1

−∆ti−1 + ∆ti
2

(Mh~yi + (gh)i),

for i = N, . . . , 1 (if not done already).

3. Compute~w1, . . . , ~wN+1 from
(
Mh+

∆ti
2
Ah+

∆ti
2
N ′

h(~yi+1)
)
~wi+1 = −

(
−Mh+

∆ti
2
Ah+

∆ti
2
N ′

h(~yi)
)
~wi+

∆ti
2
Bh(~vi+~vi+1),

i = 0, . . . , N , where~w0 = 0.

4. Compute~pN+1, . . . , ~p1 by solving
(
Mh +

∆tN
2
Ah +

∆tN
2
N ′

h(~yN+1)
)T

~pN+1 =
∆tN

2
Mh ~wN+1 +

∆tN
2

N ′
h(~wN+1)

T~λN+1,

(
Mh +

∆ti−1

2
Ah +

∆ti−1

2
N ′

h(~yi)
)T

~pi = −
(
−Mh +

∆ti
2
Ah +

∆ti
2
N ′

h(~yi)
)T

~pi+1

+
∆ti−1 + ∆ti

2
Mh ~wi +N ′

h(~wi)
T
(∆ti−1

2
~λi +

∆ti
2
~λi+1

)
,

for i = N, . . . , 1.
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5. Compute

∇2f̂(u)v =





ω∆t0
2
Qh~v0 + ∆t0

2
BT

h ~p1

ω∆t0+∆t1
2

Qh~v1 +BT
h (∆t0

2
~p1 + ∆t1

2
~p2)

...
ω∆tN−1+∆tN

2
Qh~vN +BT

h (∆tN−1

2
~pN + ∆tN

2
~pN+1)

ω∆tN
2
Qh~vN+1 + ∆tN

2
BT

h ~pN+1




.

Example 6.4.3 For the spatial discretization we subdivide[0, 1] into nx subintevals of length
∆x = 1/nx and we define

ϕi(x) =






(∆x)−1(x− (i− 1)∆x) x ∈ [(i− 1)∆x, i∆x],
(∆x)−1(−x+ (i+ 1)∆x) x ∈ [i∆x, (i+ 1)∆x],
0 else

i = 1, . . . , ny
def

= nx − 1,

ψi(x) =






(∆x)−1(x− (i− 2)∆x) x ∈ [(i− 2)∆x, (i− 1)∆x],
(∆x)−1(−x+ i∆x) x ∈ [(i− 1)∆x, i∆x],
0 else

i = 1, . . . , nu
def

= nx + 1.

This choice yields

Mh =
∆x

6





4 1
1 4 1

. . . . . . . . .
1 4 1

1 4




∈ R

ny×ny , Ah =
ν

∆x





2 −1
−1 2 −1
. . . . . . . . .

−1 2 −1
−1 2




∈ R

ny×ny ,

Nh(~y(t)) =
1

6





y1(t)y2(t) + y2
2(t)

−y2
1(t) − y1(t)y2(t) + y2(t)y3(t) + y2

3(t)
...

−y2
i−1(t) − yi−1(t)yi(t) + yi(t)yi+1(t) + y2

i+1(t)
...

−y2
ny−2(t) − yny−2(t)yny−1(t) + yny−1(t)yny

(t) + y2
ny

(t)

−y2
ny−1(t) − yny−1(t)yny

(t)





∈ R
ny

and

Bh = −∆x

6





1 4 1
1 4 1
. . . . . . . . .

1 4 1
1 4 1




∈ R

ny×nu , Qh =
∆x

6





2 1
1 4 1
. . . . . . . . .

1 4 1
1 2




∈ R

nu×nu.
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The matrixN ′
h(~y(t)) ∈ Rny×ny is shown in Figure6.1. To approximate the integrals arising in the

definition ofrh(t) andgh(t) we apply the composite trapezoidal rule. This yields

(rh(t))i = ∆x r(i∆x, t),

(gh(t))i = ∆x ŷ(i∆x, t).

We consider the optimal control problem (6.34), (6.35) with dataT = 1, ω = 0.05, ν = 0.01,
r = 0,

y0(x) =

{
1 x ∈ (0, 1

2
],

0 else,

and ŷ(x, t) = y0(x), t ∈ (0, T ) (cf. [KV99]). For the discretization we usenx = 40 spatial
subintervals and 40 time steps, i.e.,∆t = 1/40.

The solutiony of the discretized(6.43) of Burgers’ equation (6.35) with u(x, t) = 0 as well as
the desired state are shown in Figure6.2.

The solutionu of the optimal control problem (6.34), (6.35), the corresponding solutiony(u∗)
of the discretized Burgers’ equation (6.35) and the solutionλ(u∗) of (6.45) are plotted in Figure6.3.

The convergence history of the Newton–CG method with Armijo-line search applied to
min f̂(u) is shown in Table6.1. Here

f̂(u) =

N+1∑

i=0

∆ti−1 + ∆ti
2

(
1

2
~yT

i Mh~yi + (gh)
T
i ~yi +

ω

2
~uT

i Qh~ui

)

(see (6.42)), where~y1, . . . , ~yN+1 is the solution of (6.43). In this version of the Newton–CG method
the Newton system is solved using the conjugate gradient method such that the inexact Newton step
sk satisfies

‖∇2f̂(uk)sk + ∇f̂(uk)‖2 ≤ ηk‖∇f̂(uk)‖2,

whereηk = min{0.01, ‖∇f̂(uk)‖2}.

Table 6.1: Performance of a Newton-CG method applied to the solution of (6.34), (6.35)

k f̂(uk) ‖∇f̂(uk)| ‖sk‖ αk #CG iters
0 −8.500121e− 02 6.080307e− 03 6.969352e+ 01 0.5 7
1 −1.785521e− 01 1.434887e− 03 1.757575e+ 01 1.0 10
2 −1.891822e− 01 1.366862e− 04 1.798857e+ 00 1.0 17
3 −1.892868e− 01 1.853288e− 06 2.274169e− 02 1.0 24

�
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Figure 6.1: The matrixN ′
h(~y(t))

N ′
h(~y(t)) =

1

6





y2(t) y1(t) + 2y2(t)
−2y1(t) − y2(t) y3(t) − y1(t) y2(t) + 2y3(t)

. . . . . . . . .
−2yi−1(t) − yi(t) yi+1(t) − yi−1(t) yi(t) + 2yi+1(t)

. . . . . . . . .
−2yny−2(t) − yny−1(t) yny

(t) − yny−2(t) yny−1(t) + 2yny
(t)

−2yny−1(t) − yny
(t) −yny−1(t)




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Figure 6.2: Solution of Burgers’ equation withu = 0 (no control) (left) and desired statêy (right)
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6.4. OPTIMAL CONTROL OF BURGERS’ EQUATION 6–21

Figure 6.3: Optimal controlu∗ (upper left), corresponding solutiony(u∗) of Burgers’ equation
(upper right) and corresponding Lagrange multipliersλ(u∗) (bottom)
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