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1. The Passive Isopotential Cell

s 1.1. Introduction

Modern neuroscience can be traced back to work of Camillo ol an

Italian physician and scientist who invented around the enaf the 19th

century a method allowing to stain randomly and sparsely neans, the

cells constituting the elementary building blocks of all n&ous systems.
This anatomical method is now called the Golgi stain in his hwor. The

Spanish neuroanatomist Santiago Ranon y Cajal rst took agtantage of
the Golgi method to systematically describe the di erent types of neurons
contained in the brain of many animal species (g. 1.1). His erk founded

modern neuroscience by showing that neurons typically cassof several
distinct compartments: the soma that contains the cell nuelus and its
genetic code, the axon that allows electrical signals to gsagate to other
downstream neurons and the dendrites where a neuron typibateceives in-
puts from other, upstream neurons through electrical or clmeical synapses.
The electrical signals that propagate along the axon are gerated at the

axon hillock whereas the dendrites of several types of neasocontain small
protuberances called spines where synapses are often lizeal (g. 1.2).

gc

Figure 1.1. Portraits of Camillo Golgi (top) and Santiago Ranon y Gyjal
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(bottom) and drawing of cortical pyramidal cells from Cajal(right).
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Figure 1.2. Schematic illustration of a pyramidal neuron and its ma
compartments.

The neuron is isolated from the extracellular space by the ikenembrane,
a lipid bilayer that acts simultaneously as an electrical isulator and as an
electrical capacitor, meaning that it is able to store elecical charge. A
fundamental property of neurons is that the concentration foions in the
acqueous solution that constitutes the cell intracellulamid, or cytoplasm,
is di erent from the concentration in the extracellular spae (g. 1.3). This
di erence is maintained by a battery of specialized protein embedded in
the cell membrane called exchangers and pumps. Exchangensl gumps
are able to shuttle ions in or out of the cell at the expense ofergy.
In addition, other proteins embedded in the membrane act ashannels,
allowing speci c ions, such as sodium, potassium or chlogdo move in
or out of the cell. The simplest ones that we will study rst exst in a
single, open state, always allowing ions to ow across thenMore complex
channels can be either closed or open, with their opening ¢aoiled either
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by the presence of speci c chemicals such as neurotransreits that bind
to them or by changes in the electrical potential across the @embrane ( g.
1.4).

rest

Figure 1.3. The lipid bilayer membrane is illustrated on the left abng
with ion concentrations (in millimoles per liter, mM) typical of the giant
squid axon, a neuron responsible for fast escape responsa&scordingly,
the diagram on the right illustrates the typical relative ianic concentrations
inside and outside a neuron.

chans

Figure 1.4. The lipid bilayer membrane contains exchangers (top)nd

pumps that maintain appropriate ionic concentrations by shttling speci c

ions in and out of the cell at the expense of energy (ATP). In alition,

the cell membrane contains channels that let speci c ions nae in or out
of the cell. These may be passive, meaning that they are stglmdpen over
time. Many channels are active, meaning that they can be eith closed
or open depending either on the potential across the cell mbrane or in
response to a ligand such as a neurotransmitter substancedgn disc).
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How does an electrical potential arise across the cell memabe? This can
be intuitively understood from the description given abovéy considering a
simple model. Assume that two compartments of a containerarlled with
an acqueous solution containing a chloride salt at di erentoncentrations.
Assume also that the two compartments are separated by an irating
membrane containing chloride channels, so that only chlai¢ ions can ow
across it. Initially, the membrane potential will be zero sice there is no
di erence in electric charge across the membrane. Howevehloride will
start to ow down its concentration gradient and, since catbns cannot pass
the membrane, this will result in an electrical charge imbaince and thus an
electrical membrane potential. Net ow will stop at equilitrium, when the
membrane potential gradient exactly compensates for the weentration
gradient across the membrane (g. 1.5).
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Figure 1.5. Schematic illustration of how electrochemical poteratls arise.
If the membrane is speci cally permeable taCl and not to associated
cations, then di usion of chloride across its concentratio gradient will

setup an associated electrical potential that will reach edjibrium when

the di usion and electrical gradients neutralize each othe

To formalize these arguments, we begin with the oversimpkd geometry
of a spherical cell and investigate the passive role its menalme plays as a
leaky dielectric layer separating two conductors in the psence of exoge-
nous current injection. To say that the cell isisopotential is to imply
that the transmembrane potential di erence,V = |, out, does not vary
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in space. Our goal here is to derive an equation for the evoloh of V of
with time.

We suppose our cell to have outer radiua with a membrane of thickness

. We will focus here on the consequences of a concentratioadjent of
charged particles across the membrane. For example, typicalues of the
inner and outer concentration of chloride, Cl, in the squid giant axon are
0.04 and 0.56 Molar respectively. (1 Molar denotes 1 mole péer). We
will use the symbolc(r) to denote the concentration of Cl at radiusr for
a roa

geo

Figure 1.6. A cross section of a spherical cell with raditssand membrane
thickness . The inner and outer concentrations are denoted,, and Cot
while the inner and outer potentials are denoted j, and . We have
also impaled the cell with an electrode ready to deliver theucrent | g, .

1.2. The Nernst Potential

As explained in the previous section, the gradients in bothoticentration
and charge trigger associated Fickian and Ohmic uxes thrgh the mem-
brane, respectively. Regarding the former, Fick's law stas that the ux
of matter across a surface is proportional to the concentrain gradient,
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- dC .
Jriek(r) = D (1) (1:1)«

where D (area/time) denotes di usivity. This di usivity is typica lly de-
composed intaD = kT whereT is temperature,k is Boltzman's constant
and denotes mobility. Ohm's law states that the ux of ions in salition
across a surface is proportional to the potential gradiento the charge
density, and to mobility, i.e.,

Jonm(r) = zec(r)g—r(r) (1:2)om

wherez denotes the ion's valencez(= 1 for Cl ) edenotes the elementary
electronic charge, and saecis a measure of charge density. The combined
or net ux is therefore

d d
)= kT d—f(r) zec(r) (1) (1:3)

This will now permit us to deduce the resting potential gradent from the
resting concentration gradient. At rest we expect the net &, J, to vanish.
As such, we note that (1.3) takes the form

d __d _
kKT a(Iog c(r)) = zea(r).

We next integrate each side through the membrane, i.e., from=a to
r = a, and arrive at

zg( (a ) (a)) = kTlog(c(a)=da )) (L:4)

In terms of in-out notation of Figure 1.6 andV in  out EQ. (1.4) takes

the form
KT Cout

V = e Ioga (1:5)w0
At T = 27°C the leading coe cient is kT=e= 25:8 mV. If cis indeed
pegged to chloride concentration then recallingthat = 1,¢, =0:04M
and ¢yt = 0:56 we nd

Ve = 68mV
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for the value of the chlorideNernst Potential
1.3. Membrane Conductance

Now when the transmembrane potentialV, is di erent from V¢ we expect
a ux of ions to cross the membrane and for an associated cunteto

ow. Our goal here is to establish an associated membrane @hrctance.
In fact the membrane is an insulating sheet perforated with gigni cant

number of channels through which chloride ions may pass figieasily. This
conductor/insulator composite presents an e ective bulk esistivity of

1
N §101° cm
to current ow. When scaled by the membrane thickness, e.g.= 10 nm,

we arrive at the e ective membrane conductance (per unit aeg

1
gcl = —— = 0:3 mS=cn¥
Cl

where S is for Siemens the reciprocal of . Next to V¢ it takes its place
in the simple circuit diagram below.

VCI
1
J

mcon

Figure 1.7 The equivalent circuit model of the cell's leaky biased em-
brane. We have labeled the intermediate potential solely falarity.

We may now use Ohm's law to represent the associated currentrsity.
We take potential di erences in the direction of the arrow, mmely, left to
right. As such,

in mid = Vi
and so
lci = 0ci( md  ou)=Gci( in Vo ouw)= GV Ve):  (1:6)a
The current density takes units of A=cm 2.
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~» 1.4. Membrane Capacitance & Current Balance

In addition to presenting signi cant resistance biologicamembranes form
good dielectrics between their conducting surfaces. Theextive dielectric
constant, in Farads per cm, is
"=10 **F=cm:

When scaled by the membrane thickness, = 10 nm, we arrive at the
membrane capacitance

Cn="= =1 F=cm?
The associated displacement current operates in paralleittvthe Ohmic
current.

mcap

Figure 1.8 The equivalent circuit model of the cell's leaky biasednd
dielectric membrane. These two currents will balance the jected current,
| stim -

The current density associated with a membrane capacitanaege propor-
tional to the rate of change of the potential across the capaor. That
IS

d av

lc(t) = Cma( in(t)  out(t)) = Cmﬁ(t) (1:7)c
Our interest is in tracking how these two membrane currentsespond to
an injected pulse of current. In order to apply Kirchho 's Curent law we
scale the membrane current densities by membrane surfacearA, and
nd
On substituting (1.6) and (1.7) this becomes an ordinary dierential equa-
tion for the membrane potentialV. Namely,

lsim (1) = ACmV{t) + Agai(V(t)  Vci): (2:9)p0e
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We solve this starting from rest, i.e.,V(0) = V¢, subject to a 10pA
stimulus that turns on at 2 ms and o at 22 ms, and for a cell of radius
a=10 m. InthiscaseA=4a?=4 10 % cm?
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Figure 1.9. The solution (left) to (1.9) and the associated membran
currents (right) for a cell of radius 10 m subject to a 20ms 10 pA current
injection.

This model is indeed rich enough to replicate the passive mmse of actual
cells. In coming chapters we shall spend considerable e adeveloping
detailed models of more complicated membrane conductanc¥ge shall see
that many postsynaptic receptors behave like biased dynamconductance
changes.

s 1.5. Synaptic Conductance

The chloride conductance is the simplest of the membrane ahrctances.
We shall see that there are many additional conductances thare either
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gated by ligands, e.g., neurotransmitters, or by voltage,rdoy a combina-
tion of both.

This section is devoted to a rst attack on the former. As theigand gated
membrane receptors bind and unbind neurotransmitter they noduce a
transient conductance change biased by an associated resarpotential.
This is modeled by adding a third parallel branch to the memlane circuit
of Figure 1.8

V g
fin ||C' A S
O I O /\/\/—0
| lci
¢ | |Cm )
e
\Y/ Osyn

synl

Figure 1.10. The circuit diagram for the passive cell with synapselhe
arrow through the synaptic conductance is there to indicatéhat its con-
ductance density varies with time.

Kirchho 's Current Law, in the absence of injected current,now reveals
that V must satisfy

CoVAD + goi(V(t) V) + Goyn(D)(V (L) Veyn) =0 (1:10)sn

Though we shall derive a number of functional forms fogeyn(t) it will
su ce here to note that Isys(t) typically rises faster than it decays and
that the stereotypical response can be achieved by choosigg, to be a
so{called "alpha’ function,

Goyn(t) = Omax(t= )exp(l t= ) (1:12)aona

where is the synaptic time constant (s), and gnax IS the maximal
conductance density fnS=cnr).
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If Vsyn > Vi then sy, will serve to increase depolarize ) V. In this case
we call the synapseexcitatory .

If Vsyn < V¢ then Iy, will serve to decreasehfyperpolarize ) V. In this
case we call the synaps@ahibitory
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Figure 1.11. Response to excitatory synaptic inputVsyn = 0, Omax =
0:01 (mS=cn¥) and =2 ms.
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« 1.6. EXercises

1. The stimulus used in Figure 1.9 is on long enough for the pseV
to level o. Deduce from Eq. (1.9) the maximum value ofV. Hint:

V{t) = 0 there.

2. Regarding thegsy, of Eq. (1.11), compute (i) its maximum value and
the time at which it attains this value, and (ii) its integral over all
time.

3. Most cells receive both excitatory and inhibitory input. Draw the
circuit diagram (analogous to Figure 1.10) and express KCLsaan
ordinary di erential equation (analogous to Eqg. (1.10)) inthe case that
our spherical cell receives both excitatory input with condgictancege (t)
and associated potentialVg and inhibitory input with conductance
g (t) and associated potentiaV, .
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2. The Active Isopotential Cell

The passive model constructed in chapter 1 provides a fairfccurate pre-
diction of the cell's response to "small' current and/or syaptic input. For

larger inputs this model however fails to reproduce the obsed "action
potential." For example, if we presume a stimulus of the form

lsim () = (t> 2)(t < 22)l0

and we adopt the membrane model of Hodgkin and Huxley we woudk-
pect the response to change abruptly as the amplitudés, exceeds approx-
imately 16 pA. We depict this scenario below.

1,15 pA 1,520 pA

-66 w w w 60

67 | 401

20}
-68

-69

v (mV)
v (mV)

-20

70 |
-40 |

-71 60

0 16 2‘0 ?;0 40 80 0 1‘0 2‘0 3‘0 40
t (ms) t (ms)

-72

vthresh

Figure 2.1 Response of the active cell to subthreshold (left) and@@thresh-
old (right) current stimuli.

Following Hodgkin and Huxley, the action potential is undestood as the
product of voltage{gated conductances that permit the coalinated in ux
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of sodium,Na™, and the e ux of potassium,K . As with chloride, the
respective concentration gradients beget associated Nstpotentials, and
we are compelled to consider a more complex circuit diagram.

\ g
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O O /\/\/—0
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| %
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hhcirc

Figure 2.2 The equivalent circuit model of the cell's active membree.

As these channels are not entirely closed at rest, the resgirpotential
Is not simply V. We shall eventually derive a formula for it, but for
now we suppose theesting potential to be some measured valuéy, .
It is very convenient, when deriving equations that start fom rest, to
choose variables with respect to rest. To wit, we denote ouew dependent
variable by

v=V V

and our three new membrane batteries by

VNa=Wa V5 W =W Vi, and vg = Ve Vi

2.1. The Potassium Channel

Hodgkin and Huxley observed that the potassium conductanearied with
time and voltage. At a xed voltage however they observed thathe con-
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ductance grew monotonically in time to a steady level (g. 2, right).
They therefore postulated a potassium conductance of therfo

gk = Ok n’(t;v) (2:1)w

wheregy is the conductance/area of opeiK * channelsn(t; v) is the prob-
ability that a K™ channel is open at timet.

hhres

Figure 2.3. Time course of the sodium (left) and potassium (right)an-
ductances measured by Hodgkin and Huxley in the giant squidkan as
the membrane potential was stepped to a constant value abokest (labels
in the middle). The points represent experimental data, thesolid lines
represent the ts of their model as explained in the text.

To say that n approaches a steady (voltage dependent) leve| (v(t)) at
the (voltage dependent) rate ,(v(t)) is to ask that

_ N (v(t) n(t)
M= T o)
Hodgkin and Huxley determined the exponent, 4, and the funiinal forms
of n; and , via an ingenious combination of theory and experiment. Re-
garding the latter, they could chemically and electricallyrig their (squid

(2:2)dn
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giant axon) preparation in such a way thatlx was the only current. This
meant doctoring the bath to eliminate other ions, insertinga long con-
ductor to thwart spatial e ects and, most importantly, using a voltage
clamp to simultaneously thwart the capacitive current and so mease
the K™ current over a range of physiological voltages. More preelg, they
could clamp the voltage toV, and record the current necessary to main-
tain the clamp (g. 2.4). As I was the only uninterrupted current their
measured current was indeetk .

hhschem

Figure 2.4. Schematic illustration of the voltage clamp setup of Hymkin
and Huxley. The giant axon is sealed at one end. Both the intraand
extracellular uids and ionic concentrations are controkd. An electrode
is placed inside the giant axon to measure potential with rpgct to the
extracellular uid (top, E9Y9. The potential is read on a voltmeter E).
An amplier ( FBA) is used to compare the measured potential with the
desired one (command pulse), the di erence determines thejected cur-
rent (19 necessary to compensate any changes. The resulting menm@a
current is measured using an ampmetet §.

then we can invert Ohm's law and nd
Ok (t;ve) = Ik (t)=(Ve W) J=1;::5;N

Now, in order to reconcile this with Eq. (2.1) we note that wih v(t) = v,
in Eqg. (2.2) that

n(t;ve) = Np (Vo) +exp( t= n(ve))(n1 (0)  nyp (vo)): (2:3)
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They rst eye-ball

Ok =24:31 and gk (0;v) =0:24
and then argue that

N1 (0) = (gk (0;ve)=Tk )™ and N1 (Vo) = (g (tn; V)= ) '~

This leaves only ,(vc) remaining. They determine it by minimizing

X
(=5 @l () +exp( 4= )m ) N1 () oe(t;w)’

=1

over at eachv.. They then parametrize these functionals in terms of
1
V) = and njp (v) = V) n(v
n( ) n(V)+ n(V) 1( ) n( ) n( )
where
:01(10 v
n(V) = ( )

exp(l v=10) 1 and ,(v) =exp( v=80)-8

=

L
)]

n, (v)
t (v) (ms)

N

\

‘ ‘ ‘ ‘ ‘ o
20 40 60 80 100 120
v (mV)

NO
IS
o

Figure 2.5. The gating functions that govern the potassium channel
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~a 2.2. The Sodium Channel

With sodium back in the bath the response is considerably derent. The
conductance rises and falls (g. 2.3, left). Hodgkin and HUry chose
to model this via two, independent, voltage driven processe At a xed
voltage however Hodgkin and Huxley observed that the condiance grows
and then decays. They therefore postulated a sodium condacice of the
form

Ona = Onam3(t; V)N(t;v) (2:4)ama
where the activation (growth) variable, m, and inactivation (decay) vari-
able, h, obey, as in (2.2)

_ ma (v(t))  m(t) _ ha (v(1))  h(t)
7 AN 73
As above if the membrane potential is held at. (with respect to rest)
then we may solve these fom(t;vc) and h(t;v;) and t Eqg. (2.4) to the
measured clamp current and arrive at
1

m(V) = A+ (V) and my (V)= m(v) m(Vv)
— 1 —
h(v) = O W) and hy (v) = (V) n(Vv)

where
m(V) = :1(25 v)=(exp(25 v=10) 1) and ,(v)=4exp( v=18)
h(V) =0:07exp( v=20) and n(v)=1=(exp(3 v=10)+1)

1

09r

0.8

071

0.6F

05r

m, v)

041
0.3r /
0.2r

0.1r

0 1
-20 0
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Figure 2.6. The gating functions that govern the sodium channel.

2.3. The Hodgkin{Huxley Equations

Adopting the squid parameters from Hodgkin and Huxley,

Vk = 77mV; 0 =36mS=cn?; Vya=56mV and gy, = 120mS=cn?

we may know calculate the rest potential. For, at rest, memlame current
G n*O)(Vr Vi) + Guam’(Oh(0)(V  Wna) + Goi(Ve Ver)

must vanish and so

_ G N*(0)Vk + Guam*(0)n(0)Via + Jei Ve
gk N*(0) + gyam3(0)h(0) + g¢

\ 71 mV:

It follows that
VK = 6, VNa = 127, and VC| = 2 8417 (25)newnernst

We now have all of the components of the (isopotential) HodgkHuxley
system,

CoVit) = Tuam®h(v  Wna) TNV W)

Oai(v  ven) + lsim=A (2:6)inm
nt)= (V)X n) n(v)n (2:7)wsn
M) = (M@ m) L(V)m (2:8)i
)= n(v)@ h)  w(vh (2:9)

With v;  v(jdt) the backward Euler scheme produces

Co(Vj Vi D)=dt= OnaMhi(vi  WNa) GV Vk)  Ga(v; Ve + 1=A
(m  ny )=dt=,(v;)@ n) n(Vj)n;
(M m )=dt=" V)T m)  m(v)m
(hy  hp o)=dt="n(vj)(X hy)  n(vjh
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One must solve thisnonlinear system to move from | 1)dtto jdt. This
can be relaxed by a seemingly small change, namely, \evaleahe gating
functions at the previous, rather than present, voltage." This produces

(m

and so nally

m 1):dt =

m 1+

m (Vj 1)(1

and so each gating variable may bexplicitly

m)

m(Vj 1)”1"

represented
m (Vj 1) dt

M= 150wV D+ mv; D)t

(2 : 10)mexact

_ CmVj 1+ (OnalfhyVna + Qe vk + Gogver + 1j=A)dt

Vj—

Crm + (GnaNfhy + Tc N’ + Ty dlt

We have code this mixed, or hybrid, Euler inheas.m If we deliver a 20
pA current for a few milliseconds it reveals

150
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Figure 2.7. The action potential and its gating variables.

This v is indeed the one foreshadowed in Figure 2.1. Its upstrokefeili-
tated by m while its downstroke comes thanks tmm and h. These variables
are fundamental components of the individual ionic curremst
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Figure 2.8. The associated membrane currents.
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= 2.4. EXercises

1. Let us attempt to simulate thevoltage{clamp experiments of Hodgkin
and Huxley. More precisely, suppose

v(t) =(t> 2)(t< 15)v

where v, is the desired clamp potential, and modifyheas.mto solve
for the associated gating variables and plot (as below)and

ge (1) = gen*(t) and  gua(t) = Guam>(t)h(t)
for a range of clamp potentials. Submit your code and your ge.

100 . T
> 50r ]
0 1 1
0 5 10 15
30
@x 201 =
10| =
O I
0 5 10 15
40 . T
©
Z 20 7
o
0
0 5 10 15

t (ms)

2. The next two exercises will help us understand the rate athich our
cell may re. To begin, modify heas.mto deliver two brief current
pulses. In particular, takely = 30 pA, deliver a 4ms pulse beginning
at 2 ms and deliver the second 4ns beginning att, ms. Find (to
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2 digits of accuracy) the time thresholdtg for which the cell spikes
twice whent, > tg. We call this time span, during which the cell is
insensitive to further input, its refractory period. = Submit your code,
your value oftg, and two voltage plots (corresponding td, on either
side oftg).

3. We notice that for sustained current input that our cell eters a regime
of periodic ring. For example, if s, = 100(t > 2) pA we observe
the response below (left).

100

90

80

70F

60

50

40

30

20

Number of Spikes per Second

101

.20 I . . . 0 . .
0 20 40 60 80 100 0 50 100

t (ms) lp (A)

. .
200 250 300

Your task is to modify heas.mto deliver sustained currents and to
count the number of spikes per second. Submit your code andurge
of the form above (right).

4. The ring rate diagram of the previous exercise may be modd by
the inclusion of additional channel types. There are multile types of
K channels. We proceed by studying one that inactivates,

a (V) a oo bi(V) b

la= 0.0V Va); alt) =

a(V) o(V)
where
o (v)= D0761exp(eD314y +94:22)) e
LA 1+ exp(0:0346{ +1:17))
1:158
a(V) = 03632 + e p(0:0497(/ + 55:96))
1 2:678

by (V)=

(V) =1:24+

(1 + exp(0:0688{ +53:3)))* 1 + exp(0:0624Y + 50))
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We also consider modi edNa and K functionals

:02(v + 45:7)

1 exp( (v+45:7)=10))
0:38(v +29:7)

1 exp( (v+29:7)=10))

h(V)=0:266exp( 0:05(v+48)) (V)=

n(V) = n(V) = :25exp( 0:0125{ + 55:7))

m(V) =

m(V) =15:2exp( 0:0556{ + 54:7))

38
1+exp( (v+18)=10))

With absolute reversal potentials, MV), Vk = 72,Va = 75,Vna =
55,V. = 17 and maximal conductances,niS=cn?), gx = 20, Oy, =
120,95 =47:7andg, =0:3we ndrestatV, = 68.

. Returning to Figure 2.8 we pursue a pair of simple observans. First,
m, the gating variable of sodium activation is so fast that pdraps we
can simply presume that it instantaneously reaches its stdg state
level, m; (v(t)). That is

m(t)  my (v(1)):
Second, we observe that + h is fairly at. In, particular.
h(t) 0:87 n(t):

With these approximation, the Hodgkin-Huxley system (2.6)2.9) re-
duces to

CoVAt) = Tuami (V)(0:87 n)(V wna) TN*(V  Vk)
Oci(v ver )+ lsim=A

no(t) = (VM@ n) n(V)n

whereve, = 3:1716 has been chosen so that rest remainsvat 0; n =
n; (0). Modify heas.mto solve this two{variable reduced system and
graph its response tolgim = 50(t > 2) pA in the ‘phase plane' as
depicted below.
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Submit your code and the resulting gure.
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