Supplementary Notes for Jack Cowan’s Lectures
The Fokker-Planck Equation
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Consider again the random walk defined by X;(At) = Zy + Zat + Zoat +
<o+ Znar where t = nAt and

7 Az with probability p
" | =Az with probability g =1 —p

To simplify the notation we shall leave out the dependence on At in the
following so X; = X;(At) until further notice. Consider the conditional proba-
bility Pr{X: = x| X, = xo}. There are two ways to get to position x at time ¢
namely from position x — Az at time ¢t — At by moving +Ax or from position
z + Az by moving —Axz. Thus we have

Pr{X; = z| X, = zo}
=pPr{Xi-at = o — Azx| Xy, = 20} + ¢Pr{Xi—a: = ¢ + Azx|X;, = 20}
Consider the conditional density ¢x, x, (|r0) = éx, x,, (7,20)/dx,, (z0). We

have Pr{X; = x + Az|Xy, = 2o} — Pr{X: = z[X¢, = 20} ~ ¢x,|x,, (z]z0) A
for Az small, because

d
Dxi |y, (@]T0) = ——Pr{X; = 2| Xy, = z0}

dx
. Pr{X;=a+ Ax| Xy, = xo} — Pr{X: = 2| Xy, = 20}
= lim
Az—0 Az

We write ¢(z,t; zg,tg) for DX, |X,, (z|xo). Then we have

d(z,t; o, to) Az = Pr{X; = x + Az|Xy, = zo} — Pr{X: = z| Xy, = 0}
=pPr{Xi—a: = x| Xt, = 20} + ¢Pr{Xi—a: = v+ 2Az| X = 0}

— (pPr{Xi—ar =z — Azx| Xy, = zo} + ¢Pr{Xi—a = v + Ax| X}, = 20}
= p(Pr{Xi—ar = x| Xy, = w0} — Pr{Xi—at = ¢ — Az| Xy, = x0})
—q(Pr{Xi_at = v+ 2Az| Xy, = 20} — Pr{Xi—ar = ¢+ Ax| Xy, = x0})

= po(x,t — At; xg, to) Az + qdp(x + Ax, t — At; xg,t0) Az



Hence cancelling Az we get the formula
¢(‘T7 t7 Zo, tO) = pqs(x - A.’IJ, t— At7 Zo, tO) - q¢($ + A$7t - At7 Zo, tO)

Recall the Taylor series expansion of a function of two variables:

(x4 Az, t + At) =

o oY
¥(x, t)—&-Axa——l-At 5t

Now substituting this into our previous equation we get
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ot

2 2
+5 (A )? gf'i‘ Az Atgzgt —(At)2 =+ - -+terms of higher order

¢(x,t; 20, t0)

Using p + ¢ = 1 we get
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Substituting the expressions for p,q, Az: p = %(1 + N\(/TE)’ g = %(1 -

) and Az = oV At, we get
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Dividing through by At and letting At — 0 we get the partial differential
equation:
dp 09 1 ,0%
O = —— — — — -
Mor ~ ot 727 0a2
This is the Fokker-Planck (also called the forward) equation and the conditional
density function ¢x,|x,, (z|xo) is a solution.
This partial differential equation can be solved using the Fourier transform.

Assume for simplicity that ¢ = 0. We first change variables y = x — xg — ut,
0p 090y  090s _ 0¢ oo

s = o%t. By the chain rule we have e 8y Iz + == 95 91— ay and n
00y  0¢ Os ¢ 509

ot Tasar - Moyt s
Substituting into the partial differential equation we get
W0 200 1,070 06

8y to 9s 27 Oy? 8y



or
op  10%¢
ds 2 0y>
The Fourier Transform
Let f be a function. The Fourier transform of f is given by Ff(u) =
[ f(x)e™dx. Recall the integration by parts formula: [ f'g = fg— [ fg'.
This formula is an immediate consequence of the product rule for differenti-
ation, (fg)' = f’g + fg’. We shall assume that f(x ) — 0 for T — Zoo.
Consider Ff'(u) = [0 f'(z)e™®dx = f(x)e™|= — [ f(z)(e"™*) dz. The
term f(z)e Z“”3|_OO is 0 since f(:l:oo) = 0 and [e"®| = 1. The integral equals
iu [ f(z)e™*dr = iuFf(u). Thus we obtain the formula Ff/'(u) = 0 —
wF f(u) = —iuF f(u).

Since we are looking for a solution that looks like a probability distribution
we want ¢ and all its derivatives to vanish at y = £o0.
Now let M(u,s) f é(y, s)e'dy, the Fourier transform of ¢ viewed

as a function in y. Differentiating under the integral sign we get — =

0s
o0 3¢ 52¢ : ¢>
zuy — _ muy [
9?¢ _ 6(;5 .9
Using our formula above we have Fa 5 (u,s) = —zuFa—(u, s) = (—iu)*Foé(u, s) =
Y
M 1
—u?M (u, s). Hence M satisfies the differential equation aa— = —§u2M(u, s).
s

1

2
It follows that M (u, s) = C(u)e 2" ", In order to specify the function C'(u) we
need a boundary condition at s = 0. So what is ¢(y,0)?. This is the density
function of the distribution Pr(Xo—xz¢ < ¢|Xo = z9) = ffoo d(x—x0, 0; 20, 0)dz.
But clearly
0ifec<O

PT(X()—(E0<C|X0:.’E0):{1ifc>0

It follows that ¢(z —xg, 0; xg, 0) (= derivative of the distribution) is 0 for z # xq
and [%_¢(x — 20,0;20,0)dz = 1. Thus ¢(z — z,0;20,0) = 6(z — xo), the
Dirac delta function at o (which of course is not a function at all) and so
¢(y,0) = d(y). For any function f we have ffooo f()dé(y)dy = f(0) and so
we get M(u,0) = [0 ¢(y,0)e™dy = [ 0(y)e™¥dy = e™® = 1. Hence

1

——u?s

M(u f o(y,0 dy =1 so C(u) is identically 1 and M (u,s) =e 2
( To prove f_oo Ff(W)d(y)dy = f(0) we could proceed as follows: look at
0 as the limit of the sequence of functions {d,}, where §, is the function
which takes the value n on the interval [0,1] and is 0 outside this interval.

Clearly [* 6, (z)dz = 1. ffo y)dy = lim [*_ f(y)dn(y)dy. To com-
n—oo
pute this integral let F(¢ f f )dy, then F'(x) = f(x) and we have



S F@)ony)dy = n Jb Fa)de = n(F(2)~F(0)). Hence lim [ f(y)dn(y)dy =
)

tim T O ) — g0

Consider now the the gaussian density with mean 0 and variance s: f(z) =
2

) —x
e 2s .
V2ms
We have
2
Ff(u) ! /Oo 25 g
u) = e e x
V2Ts J_oo
) o —22 + 2siu - x
= — e 25 dw
V4 2rs ~/—oo
) o (@ —ius)? +u?s?
= / e_ 2s dx
V2Ts J o
) o (@—isu)?  u’s u?s
= @7 2s ei 2 dx = @77
V4 271'5 /700
i
Thus Ff(u) = M(u, s) and so ¢(y,s) = f(y) = 5 e 2s . Substituting back
TS
1 T —To— put
in our expressions for y and s we end up with ¢(x, t; 29,0) = e 20%t

oV 2t

which is the density for a normal distribution with mean x¢ + ut and variance
2
o°t.

In general when t; is not necessarily 0 we get

x —xo — pu(t — to)

1 - 202(t —
z,t;xg,t)) = ———€ o?(t —to)
o 0. to) o+/2m(t — to)




