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Abstract

In this paper, a problem of shape design for a duct with
the flow governed by the one-dimensional Euler equa-
tions is analyzed. The flow is assumed to be transonic,
in the sense that we have a shock embedded in the flow.
The presence of the shock introduces analytical and nu-
merical difficulties that are overcome by introducing the
shock location as an explicit state variable. We justify
the use of adjoint variables by establishing conditions to
ensure that the linearized constraint is surjective. These
adjoint variables are used to state necessary optimality
conditions and to compute gradients. In addition, our
characterization of the adjoint variables is of interest for
comparison to adjoints associated with shock-capturing
formulations.

1. Introduction

In this paper we apply the shock-fitting framework de-
veloped in Cliff et al3 to an optimal duct design prob-
lem governed by the one–dimensional Euler equations.
The objective of this research is the rigorous mathemat-
ical justification of differentiability of the problem, sur-
jectivity of the linearized constraints, and the accurate
formulation of the adjoint equations for optimality. The
purposes of this analysis are two-fold: first, as the foun-
dation for the efficient numerical solution of the prob-
lem by an all–at–oncemethod, and; second, for compar-
ison to the behavior of adjoints arising from more formal
treatments, including those arising from shock-capturing
procedures.
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The following notation will be used:

� = density;

u = velocity;

e = specific total energy;

h = height of the channel;

q = hx=h logarithmic derivative of channel height;

 = specific heat ratio;

p = ( � 1)�(e�
u2

2
) pressure:

A quasi–one–dimensional inviscid steady state flow
can be described by the steady state Euler equations in
conservation form

�
F(U(x))

�
x
+ q(x)Q(U(x)) = 0; 0 � x � 1; (1)

where

U =

0
@ U1

U2

U3

1
A =

0
@ �

�u
�e

1
A ;

F(U) =

0
@ �u

p+ �u2

(�e+ p)u

1
A ; Q(U) =

0
@ �u

�u2

(�e+ p)u

1
A :

See e.g. Anderson.1 It should be noted that, thatF and
Q are homogeneous of degree one, i.e. F(tU) = tF(U)
and Q(tU) = tQ(U) for all t 2 IR. One can easily
deduce that

F(U) = A(U)U and Q(U) = S(U)U; (2)
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where

A(U) = dF(U)
dU

=

0
@ 0 1 0

�3
2 u2 (3� )u  � 1

�ue+ ( � 1)u3 e� 3�1
2 u2 u

1
A
(3)

and

S(U) = dQ(U)
dU

=

0
@ 0 1 0

�u2 2u 0

�ue+ ( � 1)u3 e� 3�1
2 u2 u

1
A :

(4)

It can be shown that A(U) has eigenvalues u � a, u,
u + a, where a is the speed of sound. Boundary con-
ditions for the system will be specified below. Subse-
quently we will often omit the argument x.

The problem we are interested in is the design of an
area function h generating a flow that best approximates
a desired pressure distribution pd in the least squares
sense. We assume that the area function h is fixed at
some point, say x = 0. This allows us to use the log-
arithmic derivative q of h as the design parameter. For
given q(x) = h0(x)=h(x) the area function can be com-
puted from

h(x) = exp

�
ln(h(0)) +

Z x

0

q(t) dt

�
: (5)

The mathematical formulation of our design problem
is as follows:

Minimize J(U; q) =
1

2

Z 1

0

(p(x) � pd(x))2 dx (6)

subject to the steady state Euler equations�
F(U)

�
x
+ qQ(U) = 0; 0 � x � 1; (7)

The flow is assumed to be transonic, with the shock im-
plicitly defined by the Rankine Hugoniot condition,

F(U(xs�)) = F(U(xs+)): (8)

We have boundary conditions at the inlet

Bi(U(0)) =

0
@ �

�u
�e

1
A�

0
@ �in

(�u)in
(�e)in

1
A = 0; (9)

and boundary conditions at the outlet

Bo(U) = p� pout = 0 (10)

= ( � 1)

�
U3 �

U2
2

2U1

�
� pout:

In addition, we impose bounds on the logarithmic deriva-
tive of the area function

0 � qlow � q(x) � qupp; x 2 [0; 1]: (11)

Iollo et al6 have studied this problem using an adjoint
method to formulate the optimality conditions. The ad-
joint system derived by them differs from that in the cur-
rent paper. The boundary conditions imposed on the ad-
joint variables at the shock by Iollo et al6 seem to be
incorrect, except in a special case. This will be discussed
in greater detail in Section 4. An extension of their re-
sults to the two–dimensional case is considered in Iollo
and Salas.7 Jameson8 has also used an adjoint method to
formulate a similar class of optimal design problems.

A similar problem has been studied by Frank and Shu-
bin.5 They point out that solutions of this simple model
exhibit phenomena quite similar to those in two dimen-
sional inviscid flow over an airfoil. They have shown
that under given assumptions, the continuity and energy
equations can be integrated out reducing the Euler sys-
tem to a single ODE. In their version of the problem,
a desired velocity profile is set as a target instead of
a pressure distribution. They discuss numerical solu-
tions for this problem, employing standard discretization
schemes, and using both a black–box method and a Se-
quential Quadratic Programming (SQP) method. They
have reported that the SQP scheme is not very robust,
as compared to the black–box scheme, though when it
does converge, it proves to be the superior method. Sim-
ilar results, using the SQP method, have been reported in
Sadchikova et al.11 The failure of the SQP method stems
from the existence of the shock in the flow. In partic-
ular, when Godunov–type schemes with low continuity
properties are used to capture the shock, we find that the
SQP method, which is designed for smooth problems,
performs poorly.

In previous research3 we discussed an approach to
overcome this problem by treating the shock location as
an explicit state variable and enforcing the shock condi-
tion as an additional state constraint. This was done in
the context of the single ODE model described by Frank
and Shubin.5 We found that this approach yields better
smoothness properties for the constraints. We provided
a rigorous mathematical analysis of the existence and
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nature of optimal solutions for the infinite–dimensional
problem, and studied the relation between the infinite–
dimensional and the discrete problem, which revealed
valuable insight into improving the performance of the
optimization algorithm.

Other aspects of this design problem and other meth-
ods for its solution have been studied by Borggaard,2

by Shenoy and Cliff12 and by Narducci, Grossman, and
Haftka.10 In Borggaard2 the flow variables are viewed as
functions of the design variables and a sensitivity equa-
tion approach is used to compute the gradient. An op-
timal control approach is used by Shenoy and Cliff.12

They assumed that the shock location is known. The
area and the flow velocity are the state variables. The
design problem is then formulated as an optimal control
problem governed by a system of ODEs and solved us-
ing a multiple shooting method for the two–point bound-
ary value problem which is obtained from the necessary
optimality conditions. In Narducci et al10 sensitivities
for various (semi–) discretizations are studied. Although
the shock location is treated implicitly, it enters the dis-
cretization scheme for the objective function. The de-
sign problem is solved numerically using the black–box–
approach with a steepest descent method.

2. The Design Problem in the Transformed Domain

For a rigorous mathematical treatment of the optimal
control problem we transform the design problem pre-
sented in the introduction. In this transformation, the
shock location is introduced as an explicit variable and
the regions left and right of the shock are transformed
onto the fixed interval [0; 1]:

[0; xs] �! [0; 1];

U(x) �! U(xs�);

and

[1; xs] �! [0; 1];

U(x) �! U(1� (1� xs)�):

With

Ul(�) = U(xs�);
Ur(�) = U(1� (1� xs)�);

(12)

we find that the Euler equations (7) , the Rankine Hugo-
niot shock conditions (8) and the boundary conditions
(9), (10) are transformed into the following system of
equations forUl andUr:�

F(Ul)
�
�
+ xsqlQ(Ul) = 0; � 2 [0; 1];

(13)�
F(Ur)

�
�
+ (xs � 1)qrQ(Ur) = 0; � 2 [0; 1];

(14)

with Rankine Hugoniot shock condition

F(Ul(1)) = F(Ur(1)); (15)

and boundary conditions

Bi(Ul(0)) = 0; (16)

at the inlet and with boundary conditions

Bo(Ur(0)) = 0 (17)

at the outlet. For convenience, we summarize these con-
ditions in a composite constraint function

C(Ul;Ur; xs; ql; qr) =0
BBBBBBB@

�
F(Ul)

�
�
+ xsqlQ(Ul)�

F(Ur)
�
�
+ (xs � 1)qrQ(Ur)

F(Ul(1))� F(Ur(1))

Bi(Ul(0))

Bo(Ur(0))

1
CCCCCCCA

:
(18)

With this formulation the system (13–17) can be written
as:

C(Ul;Ur; xs; ql; qr) = 0:

The systems (7–10) and (13–17) are equivalent. If U
is a solution of the original system (7–10) with shock
location xs, then the solution of the transformed system
(13–17) can be computed from (12). On the other hand,
if (Ul;Ur ; xs) is a solution to the transformed system
(13–17), then the solution U to the original system can
be computed from

U(x) =

8<
:
Ul

�
x
xs

�
; x 2 [0; xs);

Ur

�
1�x
1�xs

�
; x 2 [xs; 1]:

(19)

To formulate the control problem for the transformed
problem, we define the desired pressures

pdl (�;xs) = pd(xs�);

pdr(�;xs) = pd(1� (1� xs)�):
(20)

3
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With the transformations (12), (20) the objective function
(6) is given byZ 1

0

(p(x)� pd(x))2 dx =

Z xs

0

(p(x) � pd(x))2 dx

+

Z 1

xs

(p(x) � pd(x))2 dx

= xs

Z 1

0

(pl(�) � pdl (�;xs))
2 d�

+(1� xs)

Z 1

0

(pr(�) � pdr(�;xs))
2 d�:

The control problem we have to solve is given as fol-
lows:

Minimize J(Ul;Ur; xs; ql; qr)

=
xs
2

Z 1

0

(pl(�)� pdl (�;xs))
2 d� (21)

+
1� xs

2

Z 1

0

(pr(�)� pdr(�;xs))
2 d�

subject to the equality constraints

C(Ul;Ur; xs; ql; qr) = 0 (22)

and to the inequality constraints

0 � xs � 1; (23)

0 � qlow � ql(�); qr(�) � qupp; � 2 [0; 1]: (24)

The states are given by the triple (Ul;Ur ; xs) and the
controls are (ql; qr). The equations (13), (14), (15), (16),
(17) are the state equations. The flow solutions(Ul;Ur)
and the design functions(ql; qr) do not depend on the
shock location explicitly; they are coupled to shock loca-
tion xs only through the state equations(13), (14), (15).

For a complete description of the control problem, we
have to specify the control space and the state space. It
will be seen that an appropriate choice for the control
space is

Q = L1(0; 1)� L1(0; 1): (25)

The set of admissible parameters is defined by

Qad = f(ql; qr) 2 Q j qlow � ql(�); qr(�) � quppg
(26)

for � 2 [0; 1]. Recall that qlow � 0. A typical control

vector is denoted by

q � (ql; qr): (27)

The state space is chosen to be

V =W1;1(0; 1)�W1;1(0; 1)� IR; (28)

where W1;1(0; 1) = (W 1;1(0; 1))3 and a typical vec-
tor is denoted as

v � (Ul;Ur; xs): (29)

Defining the space

C = L1(0; 1)� L1(0; 1)� IR7; (30)

with L1(0; 1) = (L1(0; 1))3, the constraint, (18), is
viewed as a map from V �Q into C:

C : V �Q ! C:

For later purposes we also define the adjoint space

� =W1;1(0; 1)�W1;1(0; 1)� IR7: (31)

As usual, for a function f : [0; 1]! IR we set

kfk1 = ess sup[0;1]jf(�)j;

kfk1;1 = kfk1 + kf�k1:

For a vector valued functionFwe define kFk1; kFk1;1
analogously.

3. Differentiability and Surjectivity

The transformation of the design problem performed in
Section 2 allows us to establish the Fréchet differentiabil-
ity of the constraint functionC and of the objective func-
tion J . The proofs for Fréchet differentiability are very
similar to those presented in Cliff et al3 for the Frank and
Shubin model problem. In the following we make use of
the notation (3), (4) and (29).

Theorem 3.1 The nonlinear operatorC : V � Q ! C
is Fréchet differentiable at all(v;q) 2 V � Qad with
�l; �r > 0. The partial Fŕechet derivatives are given by

Cv(v;q)(ev)

=

0
BBBBBBB@

[A(Ul)eUl]�+xsqlS(Ul)eUl+exsqlQ(Ul)

[A(Ur)eUr]�+(xs�1)qrS(Ur)eUr+exsqrQ(Ur)

A(Ul(1))eUl(1)�A(Ur(1))eUr(1)

d
dU
Bi(Ul(0))eUl(0)

d
dU

Bo(Ur(0))eUr(0)

1
CCCCCCCA
;

(32)
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where d
dU
Bi(Ul(0)) = I3�3 is equal to the identity,ev =

( eUl; eUr; exs) and1

d
dU

Bo(Ur(0)) =
dpr(0)
dU

=
�
�1
2 u2r(0) ;�( � 1)ur(0) ;  � 1

�
;

(33)

and

Cq(v;q)(eq) =

0
BBBBBBB@

xsQ(Ul)eql
(xs � 1)Q(Ur)eqr

0

0

0

1
CCCCCCCA
; (34)

whereeq = (eql; eqr).
Proof: The proof of this result is similar to the corre-
sponding one in Cliff et al3 and is therefore omitted. 2

Theorem 3.2 If the desired pressurepd is differentiable
with absolutely continuous derivative, then the objective
functionJ is Fréchet differentiable. The partial Fréchet
–derivatives are given by

JUl
(v;q) eUl = xs

Z 1

0

(pl � pdl )
dpl
dUl

eUl d� (35)

JUr
(v;q) eUr = (36)

(1� xs)

Z 1

0

(pr � pdr)
dpr
dUr

eUr d�

where dpi
dUi

= (�12 u2i ;�( � 1)ui ;  � 1), i = l; r, cf.
(33), and

Jxs(v;q) (37)

=

Z 1

0

1

2
(pl(�)� pdl (�;xs))

2 d�

�

Z 1

0

xs (pl(�)� pdl (�;xs)) (p
d
l )x(�) � d�

�

Z 1

0

1

2
(pr(�)� pdr(�;xs))

2 d�

+

Z 1

0

(1� xs) (pr(�)� pdr(�;xs)) (p
d
r)x(�) � d�:

1In the following, we interpret dpr(0)
dU

as a row or a column, as
appropriate. The form should be apparent from the context.

Proof: The assertion follows from the definition of J
using standard estimates. The proof is therefore omitted.
2

The final result of this section concerns the surjectiv-
ity of the linearized constraints. This property is impor-
tant for the formulation of optimality conditions, see e.g.
Maurer and Zowe.9 Due to the partitioning of variables
into states and controls, the surjectivity of the lineariza-
tion of C is guaranteed if Cv(v;q) is surjective. Recall
that al and ar denote the speed of sound in the regions
left and right of the shock, respectively.

Theorem 3.3 Let (Ul;Ur ; xs) be given withul(�) > 0,
ul(�) 6= al(�), ur(�) > 0, ur(�) 6= ar(�) for all � 2
[0; 1] andxs 2 [0; 1]. If�

A(Ur(0))
�T dpr(0)

dU

�T Z 1

0

[TrqrQ(Ur)

(38)

�Tr(1)Tl(1)
�1TlqlQ(Ul)

�
d� 6= 0;

where

Tl(�) = exp
�R

�

0
xs ql(t)S(Ul(t))A(Ul(t))

�1dt
�
;

Tr(�) = exp
�R

�

0
(xs�1) qr(t)S(Ur(t))A(Ur(t))

�1dt
�
;

then for allr = (rl; rr; rs; rin; rout) 2 C the linear sys-
tem

Cv(v;q)(ev) = r (39)

admits a unique solutionev.

Proof: Under the assumptions of the theorem, the ma-
trices A(Ul) andA(Ur) are invertible for all � 2 [0; 1].
Therefore, the first equation in (39) is equivalent to

[A(Ul) eUl]� + xsqlS(Ul)A(Ul)
�1 A(Ul) eUl

+exsqlQ(Ul) = rl:

Using the integrating factorTl the solution can shown to
be

eUl(�) = A(Ul(�))
�1Tl(�)

�1

�
A(Ul(0)) eUl(0)

+

Z �

0

Tl(�)
�
rl(�)� exsql(�)Q(Ul(�))

�
d�

�
: (40)

Similarly, the solution to the second equation

[A(Ur) eUr]� + (xs � 1)qrS(Ur) eUr

+exsqrQ(Ur) = rr

5
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can be computed using the integrating factor Tr and is
given by

eUr(�) = A(Ur(�))
�1Tr(�)

�1

�
A(Ur(0)) eUr(0)

+

Z �

0

Tr(�)
�
rr(�)� exsqr(�)Q(Ur(�))

�
d�

�
: (41)

Inserting (40) and (41) into the third equation
A(Ul(1)) eUl(1)�A(Ur(1)) eUr(1) = rs yields

exs Z 1

0

�
Tr(1)

�1Tr(�)qr(�)Q(Ur(�))

�Tl(1)
�1Tl(�)ql(�)Q(Ul(�))

�
d�

= rs �Tl(1)
�1

�
A(Ul(0)) eUl(0)

+

Z 1

0

Tl(�)rl(�) d�

�

+Tr(1)
�1

�
A(Ur(0)) eUr(0)

+

Z 1

0

Tr(�)rr(�) d�

�
: (42)

Next, we have to incorporate the equations aris-
ing from the boundary conditions. The equation
d
dU
Bi(Ul(0)) eUl(0) = rin implies eUl(0) = rin. If

w1;w2 are linearly independent vectors orthogonal to
dpr(0)
dU

, then d
dU

Bo(Ul(0)) eUr(0) = rout implies that

eUr(0) =
rout

kdpr(0)
dU

k2

dpr(0)

dU
+ !1w1 + !2w2:

Notice that, since  6= 1, the inequality k dpr(0)
dU

k2 > 0

holds true. Inserting these expressions for eUl(0) andeUr(0) into (42) shows that the existence of a unique
solution of (39), i.e. the existence of a unique solution
(exs; !1; !2), can be guaranteed if the 3� 3 matrix�Z 1

0

[Tr(1)
�1TrqrQ(Ur)

�Tl(1)
�1TlqlQ(Ul)] d�;

�Tr(1)
�1A(Ur(0))w1;

�Tr(1)
�1A(Ur(0))w2

�
is nonsingular. This is the case if and only if�

A(Ur(0))
�1

Z 1

0

[TrqrQ(Ur)

�Tr(1)Tl(1)
�1TlqlQ(Ul)] d�;

�w1; �w2

�

is nonsingular. Since w1;w2 are linearly independent
vectors orthogonal to dpr(0)

dU
, the latter condition is

equivalent to (38). 2

4. Optimality Conditions

We define the vector

� � (�l;�r;�s;�i; �o) 2 �

and the Lagrange function

L(v; �);

=
xs
2

Z 1

0

(pl � pdl )
2 d�

+
1� xs

2

Z 1

0

(pr � pdr)
2 d�

+

Z 1

0

�
T
l [(F(Ul))� + xs qlQ(Ul)] d�

+

Z 1

0

�
T
r [(F(Ur))� + (xs � 1) qrQ(Ur)] d�

+�T
s [F(Ul(1))� F(Ur(1))]

+�T
i B

i(Ul(0)) + �oB
o(Ur(0)): (43)

If the shock location at the optimum obeysxs 2 (0; 1),
then the first order necessary optimality conditions are

0 = Lv(v;q; �)(ev); (44)

0 = L�(v;q; �)(e�); (45)

0 � Lq(v;q; �)(eq) (46)

for all ev 2 C, for all e� 2 �, and for all eq with (q+ eq) 2
Qad.

The second equation (45) in the optimality system
yields the state system (13–17). Using integration by
parts and appropriate test functions eUl; eUr; exs we find
that the first equation (44) in the optimality system yields
the adjoint equations

�
A(Ul)

�T
(�l)�

6
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= xsql
�
S(Ul)

�T
�l + xs(pl � pdl )

h dpl
dUl

i
; (47)�

A(Ur)
�T

(�r)�

= (xs � 1)qr
�
S(Ur)

�T
�r

+(1� xs)(pr � pdr)
h dpr
dUr

i
(48)

with conditions

�l(1) = ��s; �r(1) = �s (49)

at the shock, the boundary conditions

�
T
i

d

dU
Bi(Ul(0)) = �l(0)

TA(Ul(0));

�o
d

dU
Bo(Ur(0)) = �r(0)

TA(Ur(0));

(50)

and the conditionZ 1

0

ql �
T
l Q(Ul) + qr �

T
rQ(Ur) d� + Jxs(v;q) = 0:

(51)

Using the definitions (9) and (10) one can see that the
first equation in (50) is equivalent to

�
A(Ul(0))

�T
�l(0) = �i; (52)

which implies that the Lagrange multipliers�l are free at
the left end point � = 0. If we denote the components of
�r by �(1)

r ;�(2)
r ;�(3)

r , then the second equation in (50)
is equivalent to

�3
2 u2r(0)�

(2)
r (0) +

�
�ur(0)er(0)

+( � 1)u3r(0)
�
�
(3)
r (0) = �o

�1
2 u2r(0);

�
(1)
r (0) + (3� )ur(0)�

(2)
r (0) +

�
er(0)

�3�1
2 u2r(0)

�
�
(3)
r (0) = ��o( � 1)ur(0);

( � 1)�(2)
r (0) +  ur(0)�

(3)
r (0)

= �o( � 1)
(53)

The third equation (46) in the optimality system is
equivalent to

xs �l(�)
T Q(Ul)

8<
:

� 0 if ql(�) = qlow;
= 0 if ql(�) 2 (qlow; qupp);
� 0 if ql(�) = qupp;

(54)

and

(xs�1) �r(�)
T Q(Ur)

8<
:

� 0 if qr(�) = qlow;
= 0 if qr(�) 2 (qlow; qupp):
� 0 if qr(�) = qupp:

(55)

Note the shock condition (49) for the co–state. From
the examination of the other equations it can be seen that
�l(1) = ��r(1) = 0 can be guaranteed only if the de-
sired pressures can be matched exactly, i.e. the source
terms in (47), (48), and the term Jxs(Ul;Ur; xs; ql; qr)
in (51) vanish. This homogeneity of the co–states at the
shock was assumed generally in Iollo et al.6 However,
the rigorous presentation shows that the adjoints (�l;�r)
will in general be nonzero at the shock with opposite
signs left and right of the shock. The fact that the co–
states are nonzero at the shock if the optimal value of the
objective function is nonzero can also be observed in the
numerical experiments for the Frank and Shubin problem
reported in Cliff et al.3

5. Conclusions and Outlook

We have provided a careful derivation of an optimality
system for a shape-design problem based on 1-D Euler
flows. The analysis shows that the adjoints are smooth
(indeed in W1;1) in regions where the flow is smooth,
but just as with the flow variables, there is a shock in the
adjoint variables.

The conditions derived in Section 4 can be used for
numerical implementation in several ways. The state-
model (13–17) defines a boundary-value problem to be
solved for the flow variables and the shock-location given
the area-distribution. With the state/control in-hand, the
adjoint system (47–49, 51, 53) defines the adjoint vari-
ables (�l;�r). Finally, the optimality conditions are
given as (54,55). A simple gradient method would pro-
ceed by solving the first of these for the state, the second
for the adjoint and then using an increment in the control
as derived from the optimality conditions. As a global-
ization strategy, one might use the control increment as
a search direction in the control space Q and perform a
line-search for improvement of the cost function. This
would require solving the system (22) for the variables
(Ul;Ur; xs) for each trial control increment.

As an alternative approach one might use an SQP
framework, wherein the states and controls are treated as
independent variables and the state model (22) is treated
as an explicit constraint. In this all-at-onceframework
iterates proceed toward optimality and feasibility at the
same time. The rigorous analysis of differentiability and
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existence of Lagrange multipliers is expected to be im-
portant here, as it was in Cliff et al.3 The study in
Frank and Shubin5 showed that formal development of
an SQP algorithm did not lead to a satisfactory compu-
tational procedure. This is because the shock-capturing
flow-model used does not possess the necessary smooth-
ness properties to justify Lagrangian formulation. In
Cliff et al3 we utilized the same shock-fitting formula-
tion employed here, but for the single ODE model of
the flow.5 In the present paper we have applied this ap-
proach to the full 1-D Euler system. Additionally, it is
worth noting that care is needed in the formulation of
the finite-dimensional approximation to preserve consis-
tency with the continous problem. In Cliff et al3 we
observed that a modification of the finite-dimensional
state/adjoint inner-product had a substantial impact on
numerical efficiency of the overall procedure.

The analysis leads to a characterization of optimal
shapes and can be numerically implemented in several
ways. The flow formulation can be interpreted as a
shock-fitting scheme and so is of questionable practical
utiltity as a computational procedure for 3-dimensional
flows. On the other hand, the analysis clearly reveals
the nature of a shock in the adjoint system and this is of
value for comparison to shock-capturing methods. There
is no reason to believe that a discretization that leads to
accurate shock modeling for the flow system is neces-
sarily appropriate for modeling the shock in the adjoint
system. The results in this paper can be used to construct
test examples since we have a characterization of the ad-
joint system without numerical artifacts, such as artificial
viscosity.
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