LOCAL ERROR ANALYSIS OF DISCONTINUOUS GALERKIN
METHODS FOR ADVECTION-DOMINATED ELLIPTIC
LINEAR-QUADRATIC OPTIMAL CONTROL PROBLEMS *
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Abstract. This paper analyzes the local properties of the symmetric interior penalty upwind
discontinuous Galerkin method (SIPG) for the numerical solution of optimal control problems gov-
erned by linear reaction-advection-diffusion equations with distributed controls. The theoretical and
numerical results presented in this paper show that for advection-dominated problems the conver-
gence properties of the SIPG discretization can be superior to the convergence properties of stabilized
finite element discretizations such as the streamline upwind Petrov Galerkin (SUPG) method. For
example, we show that for a small diffusion parameter the SIPG method is optimal in the interior
of the domain. This is in sharp contrast to SUPG discretizations, for which it is known that the
existence of boundary layers can pollute the numerical solution of optimal control problems every-
where even into domains where the solution is smooth and, as a consequence, in general reduces
the convergence rates to only first order. In order to prove the nice convergence properties of the
SIPG discretization for optimal control problems, we first improve local error estimates of the SIPG
discretization for single advection-dominated equations by showing that the size of the numerical
boundary layer is controlled not by the mesh size but rather by the size of the diffusion parameter.
As a result, for small diffusion, the boundary layers are too ”weak” to pollute the SIPG solution into
domains of smoothness in optimal control problems. This favorable property of the SIPG method is
due to the weak treatment of boundary conditions which is natural for discontinuous Galerkin meth-
ods, while for SUPG methods strong imposition of boundary conditions is more conventional. The
importance of the weak treatment of boundary conditions for the solution of advection dominated
optimal control problems with distributed controls is also supported by our numerical results.
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1. Introduction. We analyze the convergence behavior of symmetric interior
penalty upwind discontinuous Galerkin (SIPG) methods for the numerical solution
of linear-quadratic optimal control problems governed by advection dominated ellip-
tic partial differential equations (PDEs) with distributed controls. In particular, we
show that for a small diffusion parameter the SIPG method is optimal in the inte-
rior of the domain. This is in sharp contrast to stabilized continuous finite element
discretizations. For example, we have shown in [17] that underresolved boundary
layers in SUPG methods can pollute the numerical solution of optimal control prob-
lems everywhere even into domains where the solution is smooth. In order to prove
the favorable convergence properties of the SIPG discretization for optimal control
problems, we also improve local error estimates in [15] for the SIPG discretization for
single advection-dominated PDEs. We demonstrate numerically that the favorable
convergence properties of the SIPG method is due to the weak treatment of bound-
ary conditions which is natural for discontinuous Galerkin methods, while for SUPG
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methods strong imposition of boundary conditions is more conventional. Another im-
portant aspect of this work is that we estimate the discretization error in local norms.
This is crucial for advection dominated problems since the constants in these local
estimates depend only on the solution and its derivatives in regions where these are
well behaved. Almost all other convergence analyses for advection dominated optimal
control problems use global norms which are not very informative, since the constants
in these estimates involve the derivatives of the solution in boundary layers and can
be huge.

Let © be a bounded open, convex domain in R? (or in R) and ' = 9Q. We
consider the model problem

(1.1a) minimize %/Q(y(a:) —y(z))%dz + %/Quz(x)dx

subject to

(1.1b) —eAy(x) + 8- Vy(z) + r(z)y(z) = f(x) + u(x), x € Q,
(1.1¢) y(z) = d(z), rer,

where f,r,7,d are given functions, the advection 3 € R? is constant, diffusion and
regularization parameters €, « > 0 are given scalars. We refer to u as the control, to
y as the state, and to (1.1b,c) as the state equation.

Discontinuous Galerkin (DG) methods are attractive alternatives to stabilized
continuous finite element methods for the numerical solution of advection-diffusion-
reaction PDEs [2, 7, 9, 10, 14, 15, 19, 20, 29] because, e.g., they provide greater
flexibility to locally adapt the mesh or the polynomial degree of the basis functions
which implies better ability to capture fine scales of the solution. The literature on
DG methods for advection diffusion PDEs is already substantial and the research
in this area is still active. Surprisingly, there are almost no theoretical or numerical
analyses of DG methods for the spatial discretization of optimal control problems such

s (1.1). See [8, 28] for some work in this area. Almost all analyses of discretization
methods for advection dominated optimal control problems has focussed on stabilized
finite element methods. See, e.g., [1, 4, 5, 12, 17, 18, 23].

The analysis of discretization schemes for advection dominated optimal control
problems is particularly important for reasons which are related to the fact that
the numerical solution of such optimal control problems requires the solution of an
optimality system which consists of the state equation (1.1b,c), the adjoint equation

(1.2a) —eAXN(z) — - VA(z) +r(@)\(z) = —(y(z) — g(x)), x €,
(1.2b) Az) =0, zel,

and the equation
(1.3) AMz) = au(z), x €.

Like the original state equation (1.1b,c), the adjoint equation (1.2) is also an
advection-diffusion equation, but with advection —f instead of 8. Discretization
methods applied to advection dominated optimal control problems can introduce in-
consistencies in the discretization of the adjoint PDE which can negatively impact
the convergence behavior. See, e.g., [5, 11, 12, 16]. Additionally, as a result of the
transport of information in the optimality system in the direction of the advection in
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the state PDE as well as in the direction of its negative in the adjoint PDE, the con-
vergence properties of a discretization method applied to the optimal control problem
can be substantially different from the convergence properties of the discretization
method applied to a single advection-dominated PDE. In [17] we provided a detailed
local convergence analysis for streamline upwind Petrov Galerkin (SUPG) applied to
advection dominated optimal control problems. In particular, we have shown in [17]
that any boundary layer in either state or adjoint PDE pollutes the numerical solu-
tion everywhere in the entire domain, even in subregions where the exact solution is
smooth. This reduces the order of convergence to only first order. This is in sharp
contrast to the case of a single PDE, where it has been shown analytically that neither
layers pollute the numerical solution into domain of smoothness (see, e.g., [27]). As we
have mentioned earlier, the goal of this paper is to show that the SIPG methods does
not suffer from a deterioration in the order convergence and that the SIPG method
is optimal in the interior of the domain.

We estimate the discretization error in local norms, i.e., we derive a priori bounds
for the error localized in subdomains g C ) away from regions where layers occur.
The right hand sides in our error bounds involve derivatives of the solution y,u, A
of (1.1) restricted to Q9 C €. Since interior or boundary layers of the solution
are located outside {2y, the right hand sides of our bounds are independent of ¢.
Therefore, our local error bounds are much more descriptive than the error bounds in
[4, 5, 11, 12, 18, 23, 28], which use global norms. The constants in these global norm
estimates involve the derivatives of the solution in boundary layers and can be huge.

We show that interior layers do not pollute the numerical solution obtained using
SIPG into subdomains of smoothness. This nice property was also shown in [17] for
the SUPG method. However, in the presence of boundary layers the situation is more
complicated and the convergence properties of the SIPG and SUPG discretizations
differ dramatically. We show that if ¢ < h, the layers are too "weak” to pollute
the numerical solution obtained using SIPG and, for example, the convergence rates
in the L?-norm are optimal almost until the error is of order . This is in sharp
contrast to the SUPG method, where only first order convergence rates in general can
be expected. The explanation of this strange at first fact lies in treatment of Dirichlet
boundary conditions. The SIPG method naturally enforces the boundary conditions
weakly, while for SUPG methods strong imposition of the boundary conditions is
more common. For small € the numerical solution must not only approximate the
exact solution, but also the solution to the reduced problem, which can be formally
obtained by taking € = 0. The reduced version of the state equation only requites
Dirichlet boundary conditions on the inflow part of the boundary, but no conditions
are imposed on the reduced state at the outflow part of the boundary. Thus the
weak treatment of Dirichlet boundary seems more advantageous since it does not fix
the numerical solution there. There have been several publications advocating weak
treatment of boundary conditions for advection-dominating problems even for the
SUPG method [3, 13, 24, 25].

If we take for granted that the DG solution well approximates the reduced prob-
lem, then the numerical boundary layers are not of order h, which one would naturally
expect, but of order . For ¢ <« h this is quite remarkable. It means that the numeri-
cal layer is deep inside a skin layer of width of just a single element. This paper gives
a theoretical justification of this observation. In particular, we improve the local error
estimates for a single equation of Guzman [15]. We show that the boundary layers
do not pollute the numerical solution into subdomains which are of order ¢ distance
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away from outflow boundary. In [15] the subdomain Qg had to be of order h distance
away form the boundary. This ”"small” improvement has important consequences for
optimal control problems. It implies that the pollution from the numerical boundary
layers that propagates into the domain is insignificant for mesh sizes ¢ < h and,
consequently, for € < h is too weak to affect the convergence rates.

The rest of the paper is organized as follows. In the next section we state the
problem and the standard existence and regularity results. In Section 3 we describe
the DG method. This section mainly introduces the notation used in this paper and
collects some basic results on DG needed in subsequent parts. Section 4 is devoted to
the analysis of the SIPG method applied to the state equation. The main result of this
section is Theorem 4.3, which improves the result of [15]. The SIPG discretization
error for the optimal control problem is analyzed in Section 5. The main result in
the presence of interior layers is Theorem 5.1. The central result in the presence
of boundary layers is Theorem 5.2, which establishes optimal order convergence for
€ < h. Due to rather technical proofs, we only treat the problems with constant
advection field 8 and in two dimensions. With appropriate changes the analysis can
be extended to three dimensions. Using techniques similar to the ones in [2] it seems
possible to relax the restriction of constant advection field. However, this would makes
this paper even more technical and distract from the main points of our analysis.
Finally, in Section 6 we provide numerical illustrations of our theoretical findings. In
addition we demonstrate that if we impose the boundary conditions strongly in DG
methods, the numerical layer become of order h, even for ¢ < h, and the pollution
of order h spreads across the domain and reduces the convergence rates to the first
order even far away from the layers and for high order elements. This is exactly what
one observed in [16] for the SUPG method.

2. Optimal Control Problem. In this section we give the precise statement of
the optimal control problem (1.1) and we collect well known results on the existence,
uniqueness and characterization of solutions. The problem set-up is identical to that
in [17]. We repeat the problem specification and some basic results for completeness.
The results in this section hold for domains 2 C R™ and 8 € R".

We define the state and control space
(2.1) Y={yeH'(Q):y=donT}, U=L*Q)
and space of test functions
(2.2) V={veH(Q): v=00nT}.

The weak form of the state equations (1.1b,c) is given by

(2.3) a(y,v) + b(u,v) = (f,v) Yv eV,

where
(2.4a) a(y,v) = /QEVy(x) -Vo(z) + B - Vy(z)v(x) + r(z)y(z)v(z)dx,

(2.4b) b(u,v) = —/Qu(m)v(x)da:, (f,v) :/Qf(x)v(:zc)dx.
4



We are interested in the solution of the optimal control problem

e 1 ~ e
(254) minimize 21y~ 530y + o lullZ2(a).
(2.5b) subject to  a(y,v) + b(u,v) = (f,v) Yv eV,
yeY uvel.

We assume that

(2.6a) £7eL*(),8 R, re L®N),de HY*(T),a > 0,e >0,
and
(2.6b) r(z) > 19 >0 ae. in Q.

Under the assumptions (2.6), the bilinear form a(-,-) is continuous on V' x V' and
V-elliptic. The theory in [22, Sec. II.1] guarantees the existence of a unique solution
(y,u) € Y x U of (2.5) and also provides necessary and, for our model problem,
sufficient optimality conditions. These are stated in the following result.

THEOREM 2.1. If (2.6) are satisfied, the optimal control problem (2.5) has a
unique solution (y,u) € Y x U. The functions (y,u) € Y x U solve (2.5) if and only
if there exists an adjoint X € V' such that

(2.7a) a(h, A) = =y — 4, ¥) VeV,
(2.7b) b(w, A) + a{u,w) =0 Yw € U,
(2.7¢) a(y,v) + b(u,v) = (f,v) YoeV

holds. The optimality system (2.7) has a unique solution (y,u,\) €Y x U x V.

The equation (2.7a) is the weak form of the so-called adjoint equation (1.2) It is
also an advection-diffusion equation, but advection is now given by —3. The equation
(2.7b) simply means that A(z) = au(z), z € Q (cf. (1.3)). The state equation (2.7c)
is the weak form of (1.1Db).

Under our regularity assumptions (2.6a) on the data, the following regularity
result for the optimal states and corresponding adjoints is proven in [17].

THEOREM 2.2. Let  be a bounded open convex subset of R™ and let the assump-
tions (2.6) be satisfied. There exists a positive constant C independent of € such that
the unique solution of the optimal control problem (2.5) and the associated adjoint
satisfy (y, \) € H?(Q) x H?(Q) and

2yl mz) + Iyl r@) + 1yllz2 @) < C,

6:j‘/QH)\HH"‘(Q) + 51/2||)‘||H1(Q) + Ml z2) < C.

3. Discontinuous Galerkin Discretization. From now on we restrict the dis-
cussion to a bounded domain 2 C R?. We discretize the system (2.7) by a discontin-
uous Galerkin (DG) finite element method. More specifically, the diffusion part will
be discretized using the symmetric interior penalty Galerkin (SIPG) method and the
advection-reaction part will be discretized by the upwind method. This section estab-
lishes notation used in the remainder of this section and collects some basic properties
of the SIPG method.



Let T = {T},}1 be a family of conforming quasi-uniform triangulations such that
Q= Uren, 7 = N 7; =0 for 7, 7; € Tp,, i # j. We set h = max,cr, diam(7). The
assumption that the triangulations are conforming can be relaxed in the formulation
of the discontinuous Galerkin discretization.

For an integer [ and 7 € T}, let P!(7) be the set of all polynomials on 7 of degree
at most [. We define the discrete state and control spaces to be

(3.1a) Vi =Y, = {yeL?*(Q) : y|,€P*r) VreT},
(3.1b) Un = {ueL?(Q) : ul,ePl(r) VYreTy},

respectively. The orders k,l € N of the finite element approximation can be different
for the states and the controls. Note that since discontinuous Galerkin methods
impose boundary conditions weakly, the space Y}, of discrete states and the space of
test functions V3, are identical. To emphasize the connection between (2.7) and its
discretization by a discontinuous Galerkin method we use both Y} and V},.

We split the set of all edges &, into the set £ of interior edges of T}, and the set
Eg of boundary edges so that &, = 5;? U &Y. Let n denote the unit outward normal
to 2. We further decompose the boundary edges into edges &, that correspond to
inflow boundary

"= {x€dQ: B -n(z) <0},
and edges S,f that correspond to the outflow boundary I't & 9Q \ I'". That is, we

decompose £2 = 8;[ Ué&, , where 8;{ S 5}? \ &, ,and &, S {e € 5,‘3 i eC I‘_}.
For e € &) we define the averages and jumps of y € Y}, by

(3.2a) [v].(z) = lim (y(z —dn.) —y(z +on.))
(32b)  {Vayl.(z) = % T (n. - Vy(e = on.) +n. - Vy(o +on,),

where n, is one of the normal unit vectors to e. For e € &7
(3.2¢) Hy]]e(l') = 62%1+ y(x — on,), {Vhy}e(x) = 52%1+ n. - Vy(zr — one),

where n, is the outward normal unit vector to the boundary of 2. Finally, we define
y* () = limg g+ y(x + 08).

We use the following inner product and (semi-)norms. Let D C Q. For an
integer k and a multi-index o we define (f,9)p = [, fg, [ = (f,9)p, |f\ﬁ7D =

Pial=k Jp D f12 and ([fZ p = X ja<p Jp [DYfP. I D = Q, we will drop the
subscripts.

3.1. Discontinuous Galerkin Discretization of the State Equation. In
this section we review discontinuous Galerkin discretizations of the state equation
(1.1b) for a fixed control u. We follow [19]. As mentioned before, the diffusion part is
discretized using the SIPG method and the advection-reaction part is discretized by
the upwind method. By h. we denote the length of an edge e € &£, and o is a positive
parameter to be determined later.



For y,v € V},, u € Uy, and a constant advection field 5 we define

ap(y,v) =¢ Z (Vy,Vv),

TETY,

+e 3 (ZLID. - (Tak BD. - (BT

e€céy,

+ Z ﬁ'Vy+Ty7U)T

TETH

(33) + Z (y+ —y_,|n-ﬁ|fv+)€+ Z (y+,v+|n-ﬁ|)e,

c€Ey c€E;;

bu(u,v) == > (u,v),,

T€TH
W)=Y (fv)r+e ), < —(d, {Vnv})e > 3" (dvtin-g)),.
TET, ec&f ecE,

The discontinuous Galerkin discretization of the state equation (1.1b) for a fixed
control u is now given as follows (cf., (2.3)). Find yp, € V3, such that

(3.4) an(yn, v) + bp(u,v) = Iy (v) Yv € V).

Since f is a constant vector, we have (8 - Vo)v = %ﬁ - V(v?). Using integration
by parts one can show (cf. [20])

(35)  an(:y) > lulbe = Y ElIVyllz +rollyll?) + > *II[[y]]IIQ

T€T), e€<‘:h
1
+> Zllyln- 5 BIMRIE+ Y *H - BV,
ec&f eegy

provided o is large enough.

3.2. Discontinuous Galerkin Discretization of the Optimal Control
Problem. Our discontinuous Galerkin discretization of the optimal control problem
(2.5) is given by

C .. 1 —~12 o 2
(3.60) minimize L 3" o - 52+ % Y
TETH TETH
(3.6b) subject to  ap(yn,v) + bp(up,v) = lh(v), Vv €V,

(yh,uh) cY;, x Uy,.

Since the bilinear form ap(-,-) satisfies (3.5), the same technique used to prove
Theorem 2.1 can be applied to establish the following counterpart for the discretized
problem (3.6).

THEOREM 3.1. The discretized optimal control problem (3.6) has a unique solu-
tion yp, € Yp, un, € Uy. The functions (yn,un) € Yy x Uy, solve (3.6) if and only if
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there exists a discrete adjoint A\, € Vy, such that

(3.7a) ap(v,Ap) = —(y — Y, v) Yv € Vy,
(3.7b) (w, Ap)r = a(up, w), V1 e Ty, Vw € Uy,
(3.7¢) an(Yn,v) + bp(up,v) = lh(v) Yv € V),

holds. The optimality system (3.7) of the DG discretized optimal control problem (3.6)
has a unique solution (yp,un, A\n) € Yy, X Up X V.

It is of interest whether the optimality system (3.7) of the DG discretized optimal
control problem (3.6) is equivalent to the DG discretization of the optimality system
(2.7). This is not the case for many stabilized finite element methods and may nega-
tively impact the convergence properties of the method in the optimal control context
(see, e.g., [1, 4, 5, 11]). In [16] we study a large number of DG methods and identify
whether they have this property or not. In particular, we show in [16] that for the DG
method applied in this paper the DG discretization of the optimality system (2.7) is
the optimality system (3.7) of the DG discretized optimal control problem (3.6).

PROPOSITION 3.2. The optimality system (2.7) discretized by the SIPG method is
identical to the optimality system (3.7) of the DG discretized optimal control problem
(3.6).

3.3. Trace and inverse inequalities. We will frequently use the following
trace and inverse inequalities. For 7 € T, and v € V| v, € V}, there exist positive
constants Cy,. and Cj,,, independent of 7 and v, v, such that

(3.8a) HU”BT < Cyr (h_l/QHUHT + h1/2||vaT)7
(38b) vahHT < Cim)hileh”T;
(3.8¢) [vnllor < Ctr(1 + Cino)h ™2 ||up |-

3.4. Coercivity of the bilinear form. In the advection-dominated case we
can equip Y}, with a stronger norm than the DG norm defined in (3.5) (cf. [2, Sec. 4]
or [14, Sec. 5]). This norm, which will allow us to provide stronger estimates for the
gradient of the error in the direction of the advection S, is given by

(3.9) lyll* =yl e + > hellB - Vyll2.
T€ETH

The following result is proven in [14, L. A.1]).
LEMMA 3.3. There exist constants Cy and K such that for all y € Yy,

Cillyll* < an(y, Ky + hB - Vy).

The proof in [14] uses the fact that § is either constant or linear. More general result
can be found in [2, Thm. 4.7].

4. Local Error Estimates for the State Equation. In this section we con-
sider the uncontrolled (u = 0) state equation

(4.1a) —eAy(z) + B - Vy(z) + r(z)y(z) = f(), T €Q,
(4.1b) y(x) = d(x), zel.

Global error analyses of DG methods for advection-diffusion-reaction equations have
been derived in a number of papers, see, e.g., [2, 14, 19]. The estimates for the error
e=Y—Yn
8



derived in these papers are essentially of the form
llelll < CR¥F12 |y || grsn ().

However the presence of layers makes such estimates rather meaningless for advection
dominated problems, since ||y|| gr+1(q) depends on ¢ and usually dominates Rk+1/2
for ¢ < h. More descriptive local (weighted) error estimates were derived in [15].
Such estimates show that interior or boundary layers do not pollute the numerical
solution into subdomains Q4 which are sufficiently far away from the layers and the
convergence is optimal over such subdomains,

llelllo, < C|log h|hF+1/2,

In the above estimate the constant C does not depend on ¢ if the subdomain g is
O(h'/?|1log h|) away from the interior layers and O(h|log h|) away from the boundary
layers. Although much more precise than global error estimates, the above local error
estimate is not sharp for € < h. Surprisingly we can show that for DG methods
the actual and numerical boundary layers almost coincide, i.e. the subdomain g
needs only to be of O(e|loge|) away from the boundary. This seems to be a small
improvement, but has important consequences for optimal control problems. We will
show later that for ¢ < h the discretization error in optimal control problems has
optimal order of convergence for mesh sizes h almost down to O(e). This result
should be compared to the corresponding result in [17] for an SUPG discretization
of optimal control problems. There, it has been shown that in contrast to a single
equation the boundary layers can pollute the optimal control solution everywhere even
into subdomain of smoothness and only the first order convergence rates in general
are the best possible. This ”"nice” behavior of the error for DG methods is due to
the weak treatment of the boundary conditions, which are natural to DG methods.
If in DG methods we impose Dirichlet boundary conditions strongly, then we observe
the same deterioration in the order convergence that is known to hold for SUPG (cf.
Section 6).

An intuitive reason and some analytical justification for the excellent convergence
behavior of DG methods has been already provided in [24] in the case of the CIP
method with weak treatment of boundary conditions. Roughly speaking, the main
idea is that a "good” numerical solution in the case of ¢ < h does not only have to
approximate the exact solution y, but also the solution ¥, to a reduced problem

(4'23') B vyr(m) + T(I)yr(ﬂf) = f(x)a r € (),
(4.2b) yr(z) = d(x), xel™,

where as before I'” denotes the inflow boundary. The following result shows that for
small ¢ the error between y and vy, is small on subdomains that are Ke and K./
distances in directions of 3 = (31, B2)T and B+ = (—f, 81)T, respectively, away from
the outflow boundary I'". We define the cross product for two dimensional vectors a
and b by a X b := a1bs — asby, which is just a z-component of the cross-product if we
think of vectors a and b as three dimensional vectors with z component to be zero.

LEMMA 4.1. Let y € HY(Q) solve (4.1) and let the solution v, of the reduced
problem (4.2) satisfy y. € H*(Q). Define

Q={zecQ: (2’ —2)-B>Ke, |(2/ —2) x B| > K\/e, Vo' €T}
9



If K s sufficiently large, then there exists a constant C independent of y and € such
that

2V — yr)lla + Iy = yrlla, < Cell Ay, o
Proof. The proof follows ideas of Lemma 23.2 in [27]. Since we include the case of

ro = 0 the proof is more involved. First, we define two weight functions w € W1 ()
and n € C*(Q) with the following properties:

(4.3a) 0 <w(z) <1, for x € Q,
(4.3b) w(z) =1, for z € Qo,
(4.3c) w(z) =0, forz €T,
(4.3d) B Vw(z) <0, for x € Q,
(4.3¢) 18- Vw(z)| < K 'e tw(x), forx e,
(4.3f) 8L Vw(z)| < K~1e Y20 (x), for z € Q.

and n = e~ 73 (@=20) wwhere zq € 0 such that ]z (@) = 1 and ~ is some positive
number we specify later. The construction of such a function w is given in [21, sec.
2] or [15, sec. 2]. If we define L = diam(2), then 7 has the following properties

(4.4) e < <1, V= —Byn, B-Vn=—|Bm.

We define a bilinear form associated with the advection-diffusion equation by
a(y,v) =e(Vy, Vu) + (8 - Vy,v) + (ry, v).

Put e =y — y,.. Since w3ne € H{(2) (e=0o0on T~ and w =0 on I'"),

(4.5) ale,wne) = e(Ay,,wne).

On the other hand

(4.6) a(e,wne) = e(Ve, V(wn)e) +e(Ve,w?nVe) + (B - Ve,w?ne) + (re,wne).

Applying integration by parts, (4.4), and (4.3d), we find

(8- Ve,wne) = 3 (8- Ve,wne) — 2 (e, - (Bune))

_ 3 7|82
— _i(ﬁ . (Vw)e,wzne) + 5

3 2
= 2 alB - w22y 1+ 20E vzt

(e, w’ne)

If we insert the above estimate into (4.6) and use (2.6b), (4.5) we obtain

. 3 'yﬂ 2 .
el 22l 3l - 2 el (5L g ) 222

(4.7 = a(e,w’ne) — e(Ve, V(win)e)
= e(Ay,, wne) — 3e(w?Ve, Vwne) — e(w®Ve, Vne)
=J1+Jo + Js.

10



Using the Cauchy-Schwarz inequality, the fact that w,n € [0,1], and the arithmetic-
geometric mean inequality, we can estimate J; as

vﬂ
(4.8) Ji < el| Ay, ||||lw® 2t 2e|| < €2 ‘QIIA%IIQ gLl e/ 20" 2e 2.

V18
To estimate Jo we recall that 8 = (81, 82)7, B+ = (—B2, 51)T, and we use

Vo= o (864 (8 64) Veo = (way wey) T,

3]

where

wm=ﬁ(ﬁlw-w>—ﬁzwl-vm), Wi, = |B|2 (B2(8- Vo) + By (B - Vw)).
Then,

Jo = — 3e(w2Ve Vwne) = 735[((,0 €xy,WayNE) + (wzem,wmne)}

=~ (e[, (5103 ¥0) ~ 3y e

+ (WQe:rz? (62(5 : vw) + 61 (ﬂL : VUJ))U(?)} .

Using (4.3d), the Cauchy-Schwarz and the arithmetic-geometric mean inequalities and
the property (4.3e) of w, we have

3ep 355
|/3|21 (wley,, B - Vwne) = |ﬁ|21 (W|B - V|20 2e, |3 - Vw|Y?nt/2e)
3\ﬂ1| 12,172 1/2p1/2
AV [w]B - Vwl e || [lw]B - V| el
2 1837 V|20 2e, |2 + Vol /2012612
A [w]B - Vwl] €a, | *||W\5' w| =y e

1
< fllw?’/znmwll2 + gllwlB - Vel 2! 2e 2

for some constant C. Similarly, using the Cauchy-Schwarz and the arithmetic-
geometric mean inequalities and property of w (4.3f), we have

3Eﬂ2

|5|2 (W2771/26m175L Vuml/2 ) <

3/2771/2 3/2,1/2

€, | [lw el

gu
KE

€, .3/2,1/2 2 c 3/2,1/2 12
< B2 Vel + g 2 e

for some constant C. Similarly we can estimate the other terms in Jy and arrive at

Jase (5 5 ) Il 4 el Vil o el 4 3 el
Finally,
Jy = —e1(w"Ve, Bne) < el Vel [/ 2n e |
< S22 Ve| + el B2 e 2 2e |2

11



In summary, we have the bound

3 20
Ji+ Jo+ J3 <g? > ||Ay,||2 +e ( ) Hw3/2771/2Ve||2

I5\ 4
+*HCU|,B'VLU|1/2 1/26’”2
~18)? ,
(4.9) + < |4| + ﬁ +a|5|2v2) w2 e 2.

Hence if we choose v and K such that

3,20 ’7\5|2
2,
1T K S

+7+ ‘/8|2 2 7|ﬂ‘ + 7,

the estimates (4.7) and (4.9) imply the existence of a constant ¢ > 0 such that
ellw® 20t 2Ve||? + [|w] B - Vw20 2e|® + (|20 2e|® < )| Ay, %,
Using e~ 7418l < 1) (see (4.4)) and the properties (4.3a) and (4.3b) of w gives

elIVely, + llelid, < e (2w 2nH2Vel|? + w]8 - Vel /20! 26| 4 w2y 22
< eVl Ay, |2,

which implies the desired inequality. ]

Next we show that the DG approximation y; well approximates y, globally on €2
for e < h.

PROPOSITION 4.2. Assume that the solution of (4.1) satisfies y € C1(Q) and
that the solution to the reduced problem (4.2) satisfies y, € HF1(Q), k > 1. If yp
is the DG approzimation to y obtained by solving (3.4) using polynomials of degree
k > 1, then there exists a constant C' independent of € and h such that

llyr = ynlll < Ceh™2 + WYy llks fore < h.

Proof. In the proof we adapt the technique of [24]. Let Ij, : H**1(Q) — V}, be
the standard interpolation operator. Put v = Iy, — yp and w = v + hB - Vu. Note
that v,w € V},. By Lemma 3.3 and Galerkin orthogonality (a(y — yn,w) = 0),

(4.10) Cillvlli? < an(v,w) = an(Inyr — Y, w) + an(yr — y,w) = I + L.
From (A.8) and (A.9) in [14] we have the following estimate for Iy

(4.11) L < CEPRE + 12 lyel ks ol < CRM2 )y, e ol

for € < h. Assume for now we also have the estimate

(4.12) I < Ceh ™ lyp ks llv]ll

(The proof of (4.12) is lengthy and will be given in Lemma 4.4 below). Combining
(4.10), (4.11) and (4.12) we have

llolll < Cleh™"2 + K*12) |y, 1
12



for € < h. By the trace inequalities and the approximation properties of the inter-
polant one can show

I Znyr = yelll < 2R + W12 yellory < CR*FY2 gl

for € < h. In fact, by the approximation properties of the interpolant [6, Sec. 4.4] we
get

e D IMnyr —yell? < CeR® 2y iy - < Ceh® 2y,
T€TH T€TH

Moreover, by the trace inequality (3.8a) and the approximation properties of the
interpolant [6, Sec. 4.4]

13 _ _
> Wy = w2 < Ceh™ > 7 (M Iy = w17 + BllIye — el )
eelp € T€TH

< Ceh™! Z hzkﬂ”l/r”%ﬂ,f < 5h2k||yr||i+1~
T7€TH

The estimates of other terms are similar. Thus, by the triangle inequality we have

4.13) My — yalll < My — yelll + 11 nyr — yalll < Ceh™ + K¥F1/2) |y, [[js1.

d

The above result shows that for e < h, the DG solution y;, approximates the solu-
tion y, of the reduced problem with optimal order on the whole domain €2. Combining
this result with Lemma 4.1 we immediately obtain the following result.

THEOREM 4.3. Assume that the solution of (4.1) satisfies y € C1(Q) and that
the solution to the reduced problem (4.2) satisfies y, € H¥1(Q), k > 1. Furthermore,
let yp, be the DG approximation to y obtained by solving (3.4) using polynomials of
degree k > 1. If the subdomain Qg is given as in Lemma 4.1, then there exists a
constant C' independent of € and h such that

21V (y = yn)llao + lly = ynlle, < Ch™2 + W2y ks fore <h.

Proof. For any subdomain Q4 C €2, Proposition 4.2 implies that
llgr = ynllay < Ceh™? + B*F/2) iy, ||lga for e < h.

Furthermore, since k > 1, we have ||Ay,|| < Ch=3/2|jy,||x11 for all h < diam(Q). Us-
ing these estimates, the triangle inequality, and Lemma 4.1, we immediately conclude

21V (y = yn)llao + 1y — ynlla
< &2V (yr —yn)llas + llyr = ynllay + 2V G = 9)llas + llyr — ylla
< Ceh™2 + B2 |lyrllkrr + Ol Ay, || < Ceh™2 + K 12) [y, e

for e < h. 0
To complete the proof of Proposition 4.2, we still have to show (4.12), which we
state as a separate lemma.
LEMMA 4.4 (Estimate (4.12)). If the assumptions of Proposition 4.2 are valid,
then there exists a constant C' such that (4.12) holds.

13



Proof. Recall that y € C1(Q2) and y, € H*1(Q), k > 1. Using y € C1(Q2), the
definition (4.2) of y,., y, € C°(£2), and integration by parts we have

an(yr —y, w) =€ Z (Vyr, Vw),

TETH
+eZ( D, fl)e - <{Vyr},[[w11>e<Uyrﬂ,{w}>e)
ecéy,

(4.14) — 3" (~Ay,,w) +sz( (o], ). (ﬂyrﬂ,{w}n).
TETH ec&p

If we recall the definition of w = v + hf - Vv and apply the local inverse inequality
(3.8b) we find that

(4.15) Yo lwl<C ) Il = Cllollg.

TET TET

Using the inequality
(4.16) S aibil < (3 Jai)2 (3" )2, for aibs € R,
and (4.15) the first term on the right hand side of (4.14) we can estimate as

(417) e Y (~Aynw). <e( Y 1Ay 2) (X Iwli2) Y < Celly

TETH T€TH T€Th

-

To estimate the second sum in (4.14) we notice that since y, € H? we have [y,], =0
on all interior edges e. Thus we only need to estimate

e S (el b - @1 (T0).).

6656

Using (4.16) and the local inverse inequality (3.8¢), we have

=3 (w1 ))SCsh*I(E:aHﬂyrﬂHz) (X e )"

ec& h ec&y ec& h
Ce 1/2 _ 1/2
(4.18) < (X M) (X M2+ RlB - o2)
ec&p T7€Th
B 1/2
<cen 2 (30w dI2) el
eeff

Using the continuous embedding H?(Q2) < C(Q) and that the number of boundary
edges is of order h™!, we have

(4.19) > My dlIE < Chllyelley D 1< Cllyellzra)-
ec&p ec€?
14



Similarly, using the trace inequality (3.8¢) applied to Vw followed by the inverse
inequality (3.8b) applied to Vw and (4.19) we find

Y Wl vuhe <o X ) (X 1Hwawy )

ec&? ece? ectp

1/2
(4.20) < CEHyr||H2(Q)< > h‘3||w||3)
TETh

1/2
< Cellyrllmaon (D2 W 0li2 + 7118 - Voli2)
T€TH

< Ceh™ ||y |l 2o ]l
Equations (4.18) and (4.20) imply

IS Z <}j—e([[yrﬂa Hw]])e - (Hy?”]]7 {vw})P) =€ Z <;([[y7"]]a Hw]])e - (Hyr]], {vhw})e>

€€l ec&? ¢
< Ceh™ 2|y, 2@y llloll-
This inequality combined with (4.14) and (4.17) implies (4.12). |

5. Local Error Estimates for the Optimal Control Problem. We now
turn to optimal control problems. We assume
e ¢ < h,ie. we consider only the advection-dominating case, and
o Y, =U;, =V,
Consider the optimality systems (2.7) and (3.7). From equation (2.7b) we can
conclude that A = au which leads to the reduced optimality system

(5.1a) aa(p,u) + (y, ) = (9, ) Vo eV,
(5.1b) a(y, ¢) — (u,8) = (f,v) Vo € V.

Similarly, from (3.7b) we obtain A, = auy,, which leads to the reduced discrete opti-
mality system,

(5.2a) aan(pn,un) = —(Yn — 9, Pn) Vo € Vi,
(5.2b) an(Yn, ¢n) — (un, ¢n) = ln(dn) Vor € Vi.

The system (5.2) motivates the definition of the reduced bilinear form AP(-;-) on
(Vi x Vi) x (Vi X V,) given by

(5.3) AP ((yn,un), (¢n,0n)) = anlyn, o) — (un, 1) + aan(on, un) + (Yn, on)-
The reduced discrete optimality system (5.2) can be written as
(5.4) AP (yn,un), (Dnsn)) = ln(dn) + (0, n)  Y(dn, n) € Vi X Vi

Notice that the discontinuous Galerkin method is consistent, i.e., provided that the
exact solution is regular enough (e.g., ¥ and u, A in H?), then

(5.5) APE ((y, u), (6, on)) = n(dn) + (G, on)  V(bn, 1) € Vi X V.
In particular, (5.4) and (5.5) imply the Galerkin orthogonality condition
(5.6) APE ((y = ynyu —un), (Pn,on)) =0 (¢, on) € Vi, X Vi

15



5.1. The Case of Interior Layers. First we state an estimate for the local
error between the solution of the infinite dimensional optimal control problem (2.5)
and the solution of the discretized problem (3.6) in the presence of interior layers. We
will show that the interior layers do not pollute the numerical solution to the coupled
optimality system (3.7) obtained using SIPG. For the SIPG discretization of a single
equation such a result is shown in [15] and for numerical solution of optimal control
problems using the SUPG method the same behavior was proven in [17, Sec. 3].

The results in, e.g., [26, p. 473] or [27, L. 23.1] describe what parts of the forcing
term f influence the exact solution of a single advection dominated PDE at any fixed
point xg € €: The force term in the entire upstream direction of xy influences the
exact solution at xg, but only the force term from within an ¢|loge|-neighborhood
in the streamline (downwind) direction and within a /¢|log(¢)|-neighborhood in the
crosswind direction influence exact solution at z¢. The same behavior can be observed
from the properties of the corresponding Green’s function. In the presence of interior
layers only, the exact solution may vary strongly in the crosswind direction, but not in
the streamline direction. Since the adjoint equation has similar properties, the same
behavior of the solution can be expected from the coupled optimality system.

Recall that for a,b € R? the cross product is defined by a x b := a1by — ab;. Let
Ay, As > 0, let K > 0 be a sufficiently large constant, and s > 0. We define the strips

QOZ{.’EGQZAlg(xXﬁ)SAQ},
QFf ={zeQ: A, —sKVh|logh| < (z x 8) < Ay + sKVh|logh| }

along 8 of width |Ay — A;| and |Ay — A; + 25K +/h|log h|, respectively.

THEOREM 5.1. Let (y,u) and (yn,up) satisfy (5.6) and let y,u € H?(Q). If
h < Cya for some constant Cy and € < h, then there exists a constant C' independent
of y, u and h such that for any s > 0 and mesh sizes € < h,

ly = nllo + allu = unllo, <C (W2 ylly0r + 12 yl0)

+ Ca (B2 ully g +H 2 ul20)

The proof of Theorem 5.1 uses weighted error estimates, where the purpose of
the weighting function is to isolate the domains of smoothness from the layers. The
main ideas of the proof are already contained in [17, Sec. 3], where the same result is
proven for the SUPG discretization of the optimal control problem (1.1). Since the
proof is rather long, we omit it here.!

The interpretation of Theorem 5.1 is essentially the same as that given in [17,
p. 4615] and we adapt it here for completeness. The right hand side in the error
estimate of Theorem 5.1 depends on local and global norms of the state and the
adjoint. The local norms associated with h%/? are independent of ¢ if QF does not
contain interior layers. The global norms depend on ||y||2,o and |ju||2.o and because
of the regularity result in Theorem 2.2 may depend on negative powers of €. However,
they are associated with the higher order terms h*t3/2. Thus negative powers of &
can be compensated by h® for sufficiently large s, provided that for these values of s
the subdomain QF does not contain interior layers.

LAn ”appendix” with the proof of Theorem 5.1 is available at
http://www.caam.rice.edu/~heinken/papers/DLeykekhman MHeinkenschloss_2010a.html.
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5.2. The Case of Boundary Layers. In this section we extend the main result
of Section 4 to optimal control problems. Because the optimality system consists of
coupled advection-diffusion-reaction equations the analysis is more involved.

The reduced optimality system corresponding to (1.1b,c), (1.2), (1.3) is given by

578) B Vi(z) +r(@y
5.7b) Yr

5.7¢c) —af - Vuy(z) + ar(x)u,

) = flz) +ur(zx), =€,

x) =d(z), ze€{red: B-n(z) <0},
) =
)

T

xT

( () —y(x)), e,

e
(
(
(x) = ze{red: B-n(z)>0}.

ot

-3
=

<

r\T

THEOREM 5.2. Assume that the solution y,.,u, to reduced problem (5.7) satisfies
Yr, ur € H*(Q) and that there exists g such that

2V (y = yo)lleo + 1y = yrllas + 2V (w = up)llag + [lu = urlla
(5.8) < Ce([Ayrlle + |Au o) -
Let y, and up be the SIPG approximation to y and u using polynomials of degree

k > 1 and satisfy (5.6). Assume e < h. Then for h sufficiently small there exists a
constant C' independent of €, h, y, and u such that

lly = ynlllo + llw = unlle, < C(eh™2 + B*Y2) (llyellers + furllkea) -

Before we provide the proof of the theorem, let us first collect some result we will
use in the proof.
REMARK 5.3. From Lemma 4.1 for a single equation, we expect (5.8) to hold for

Q={reQ: (/' —2)->Ke, |(a/ —2) x B] > K\e, Va' € 0Q}.

5.2.1. Preliminary results. The first result we will need is a simplified version
of Lemma 4.1 in [2]. To state the result we need the function n = e=#7(@=20) from
Section 4 with the properties (4.4). We will also need an exponential function n* =
eA7@=m1) "where 71 € 90 such that ||n*||L~(q) = 1. Then n* has following properties

(5.9) e MLyt <1, Vit =Byt BVt =18

LEMMA 5.4. There exists a constant Cy such that for all y € Yy

Ca(llylle +1ylI*) < aly, ny).

Proof. The proof of this result is straightforward. 0

For the next result recall the definition and properties of the L?-projection from
Section A.1.2. The following superapproximation result shows that functions of special
form can be approximated very well by a L2-projection.

LEMMA 5.5 (Superapproximation). Let n from above. Then for any v € Vj, there
ezists a constant C' independent of h such that for h < v,

lno =70l + B2 |lpo = 70lla7 + hlnv — 70]1- < Chalv]|.
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Proof. The proof is standard. One needs to use the approximation properties of
the L?-projection from Section A.1.2, [v|gr+1() = 0, mllwe, < Cv!, and the inverse
inequality [[v]| g1y < Ch™H|o|| . d

LEMMA 5.6. For any v € V,, and any constant § there exists a constant Cys
independent of h and € such that

an(v,nv —7v) < Ol|[v]l|* + Csv*(e + h)l|v]*.

Proof. The proof uses the superapproximation result Lemma 5.5, the Cauchy-
Schwarz and the arithmetic-geometric mean inequalities. We give some illustration.
By the Cauchy-Schwarz inequality, superapproximation result Lemma 5.5, and the
arithmetic-geometric mean inequality,

e(Vo, V(o —m)); < el|Voll-[|V (nv — o)+
< el Voll-Cllvll- < del|Voll7 + Cser?|lv]2.

Similarly, employing in addition the inverse inequality,

e Y ({Vno},Iw —moDe < e Y b2 Voll.ChH 2y ],

ecép TET

< 3 Vo2 + Crer
TETH

and
Z ([0], [po —m0])e < &6 Y *H []112 + Csey® > [lvll2.
eESh eESh TET

Finally we can estimate the advection terms by,

(8- Vo,nqu—no); < [|B- V||, Chylvll- < 6hl|3 - Voll- + Cshy?||v]?

and
3 (Wt = o )8 nlip - 70) e < ST I = v7)|8 -l CRY2|v]s,
ec&y ecéy
<6 S It —o)B-n 22 4 Coen® Y ol
ec&p TETH

d
5.2.2. Proof of Theorem 5.2. Put v = I,y — y» and w = I u, — up, then by
Lemma 5.6,
CrlllollP+1vl* + lwll® + yllwl[*) = (w, Kv + h - Vo +no)
+ (v, Kw — hf3 - Vw + n*w)
< APC ((v,w), (Kv + hB - Vo +nv, Kw — hf - Vw + n*w)).

By the Cauchy-Schwarz, the arithmetic-geometric, and the inverse inequalities, we
have

—(w, Kv+hB-Vv+nv) + (v, Kw —h3 -V +n*w) < (K + Cipy + 1) (J|v]|? + Jw][?).
18



Adding and subtracting 77y and n*u we have
APC ((v,w), (Kv+ hf - Vv + v, Kw — hf3 - Vw + n*w))
= APC((v,w), (Kv + hf - Vv + o, Kw — hf3 - Vw + n*w))
+ ADG((’Uv ’IU), (7771 - "/7\67 U*w - 77*\{0))

def

=1+ L.

To treat I; we add and subtract y,- and u, and use the Galerkin orthogonality. Notice
that Kv+ hB- Vv +nv € Vj,. Thus,

I = AP ((Iyr — vy Inuy — uy), (Kv + b3 - Vo + 10, Kw — h3 - Vw + n*w))
+ APY((y, — your — u), (Kv + hB - Vv + v, Kw — hB - Vw + n*w))

def

=J1+ Jo.

Similarly to Theorem 4.3, from (A.8) and (A4.9) in [14] we have the following estimate
for Jl

(5.10) Ji < CEV2RE + B 2) (ly e lll + el o )
Along the lines of Lemma 4.4 we can obtain an estimate for Js
J2 < C(eh™2 + B Y2)(ly, 1 ol + el o )

Next we will treat Is. To obtain the desirable estimate we use Lemma 5.6. with
d = C1/2 and observe that the coupling terms do not pose problems and for example
can be estimated as

(w, v —1o); < wll-Chyllv]l; < Chy(oll7 + [[w]?).

Thus, we have
L < L (P )+ Cha(||v]? 2
2 < < ([ollI” + llwlll®) + Chy([lv]|* + flw]%).

Thus provided ¢ < h and h is small enough, by combining estimates for Iy, Iy, Ji,
and Jo, and choosing v > K + Cjne + 1 + Ch~y?, we have

lloll® + lwll® < Ceh™" + B*Y2) (llyr et + lurllis)-
The above inequality implies that for any subdomain Qg C Q2
lollE, + lwllE, < CEh™2 +B2) (lypllier + llurlk)-

Let Qg be as in the statement of the theorem, then by the triangle inequality we
finally can conclude

lly = ynlllés, + e = unllig, < CEh™2 + B+ 2)((lyellery + llurllrsa).

O

6. Numerical Results. We illustrate our theoretical findings of the previous
sections with a few simple examples.
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6.1. Example 1. To support the theoretical result of Section 4, we consider

(6.1a) —ey"(x) +y'(z) = f(z) on (0,1), y(0)=y(1)=0

with € = 1072, The right hand side function f such that the exact solution is
z—1 1

(6.1b) ya)=at - 5"
1—e"¢

The solution has a boundary layer at z = 1 of width O(e|loge|). We compute the L?
and H' norm errors between the computed solution and the exact solution over the
subdomain Qg = (0,1 — 6¢|logel).

The left plot in Figure 6.1 shows the exact solution (6.1b) and the solution com-
puted using the STPG method with piecewise quadratic elements on a uniform mesh
with mesh size h = 1/10. Without any special mesh design, the SIPG method
fails to resolve the boundary layer for meshes with h > . However, in contrast
to other stabilized method, where boundary conditions are imposed strongly, such
as in the SUPG methid, the numerical layer in the SIPG method is only of order
O(e|loge|) and not O(h|logh|) as one would expect. The right plot in Figure 6.1
shows the L2- and H!-errors between the exact and computed solution on the sub-
domain €y, where the computed solution is obtained using the SIPG method with
piecewise linear and piecewise quadratic elements. The numerical results confirm our
theoretical findings. For example, for piecewise quadratic elements, k = 2, the esti-
mate in Theorem 4.3 reads '/2||V(y — yn)lla + v — ynllo, < C(eh™3/2 + h5/2) for
£ < h. In particular for h > e¥/* = 107225 we have eh™3/2 4+ h%/2 < 2h5/2. Hence,
ly — ynlla, < C(eh™3/2 + h%/2) < Ch®/2. The right plot in Figure 6.1 shows even
cubic convergence for h > gl/4 =107225,

exact and computed solution convergence rates
1 T T T T
—computed k
- --exact ! 1072
0.8] 1
06 ] 10
04 1 10°

,"’/’
02 el w4
- 1 10 n 2 error, P1

-=H' error, P1

107 -2 error, P2

-8-H' error P2
107"

- I L . I 10
0'20 0.2 0.4 0.6 08 1 h

F1G. 6.1. Results for Ezample 1. The left plot shows the exact solution (6.1b) and the computed
solution using the SIPG method with piecewise quadratic (P2) elements on a uniform mesh with
mesh size h = 1/10. The right plot shows the L?- and H'-errors between the exact and computed
solutions of the PDE (6.1a) on the subdomain Qo = (0,1 — 6¢|loge|), when the computed solution is
obtained using the SIPG method with piecewise linear (P1) and piecewise quadratic (P2) elements.

6.2. Example 2. We apply the SIPG method to the optimal control problem
(1.1) on © = (0,1). The right hand side f and the desired solution ¥ are selected such
that the optimal state y, control v and adjoint A are given by

(6.2) yx) =2t — ————, au(x) = \z)=(1-2)* -
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exact and computed states, weak BC
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exact and computed controls, weak BC
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F1G. 6.2. Ezact and computed states (left plot) and controls (right plot) for Ezample 2. The
computed state and control are obtained using the SIPG method with piecewise quadratic (P2) ele-
ments on a uniform mesh with mesh size h = 1/10.
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FIG. 6.3. The left [right] plot shows the L?- and H'-errors between the ezact and computed state
[control] for Example 2 on the subdomain Qo = (0.1,0.9), when the computed solution is obtained
using SIPG with piecewise linear (P1) and piecewise quadratic (P2) elements.

We set the diffusion and regularization parameters to e = 107 and oo = 10~'. Note
that the solution is constructed such that the optimal state y has a boundary layer at
2 =1, and the optimal control u is has a boundary layer at = 0, (cf. Figure 6.2).

The convergence behavior of the SIPG method for the optimal control problem
is a direct consequence of the behavior of the SIPG method for a single equation, as
illustrated in Example 1. Since the numerical boundary layer is of order O(e|loge|)
we expect the convergence to be optimal all way down to order € and then deteriorate
because of the pollution effect. Figure 6.3 confirms this prediction.

On the other hand if we impose boundary conditions strongly, we can see ( cf.
Figure 6.4) that since the boundary layers are of order O(h|log h|) they now pollute the
numerical solution everywhere. As a consequence, the convergence rates are reduced
to only first order in both L2(Q) or H'(Qy) norms for both piecewise linear and

piecewise quadratic elements (cf. Figure 6.5). A similar pollution effect was already
observed for the SUPG method in [17].
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Fic. 6.4. Ezxact and computed states (left plot) and controls (right plot) for Example 2. The
computed state and control are obtained using the SIPG method with strong implementation of
boundary conditions with piecewise quadratic (P2) elements on a uniform mesh with mesh size
h=1/20.
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FIG. 6.5. The left [right] plot shows the L?- and H'-errors between the exact and computed state
[control] for Example 2 on the subdomain Qo = (0.1,0.9), when the computed solution is obtained
using the SIPG method with strong implementation of boundary conditions with piecewise quadratic
(P2) elements.

6.3. Example 3. In the previous example, we selected the optimal state and
control and constructed the other problem data from the optimality conditions. Now
we specify right hand side f and desired state i rather than the solution of the optimal
control problem. Let @ = (0,1) and

f=1, =1, e=10"° a=10"%

The optimal state, control, and adjoint for this problem are not known analytically.
Instead we compute the solution of the optimal control problem using the SIPG
method on a fine grid with mesh size h = 1/(5 * 219). We refer to this solution as
the ‘exact’ solution. We compare this ‘exact’ solution with the computed solution on
meshes with mesh sizes h = 1/5 to h = 1/(5  28).

Figure 6.7 shows the L?- and H'-errors between the exact and the computed
states and controls on the subinterval 5 = (0.1,0.9) for various mesh sizes. The
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errors behave optimally even down to o(g) for both the L? and H! norms and for
both piecewise linear and piecewise quadratic elements.

exact and computed states exact and computed controls
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F1G. 6.6. Ezact and computed states (left plot) and controls (right plot) for Example 3. The
computed states and adjoint are obtained using the SIPG method with piecewise linear (P1) elements,
on a uniform mesh with mesh size h = 1/20.
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FIG. 6.7. The left [right] plot shows the L?- and H'-errors between the exact and computed state
[control] for Example 3 on the subdomain Qo = (0.1,0.9), when the computed solution is obtained
using the SIPG method with piecewise linear (P1) and piecewise quadratic (P2) elements.

If we impose Dirichlet boundary conditions strongly, then the convergence rate
of the SIPG method deteriorate to first order as already observed in the previous
example.

6.4. Example 4. Theorem 5.1 among other things shows that interior layers
do not pollute the solution. To illustrate this statement numerically we consider the
system (5.1) with Q = (0,1)2, e = 1075, @ = 107! and 8 = (1,0)”. The functions f
and 7 are computed such that the exact solution is
Tro — 0.5

y(z1,22) = (1 — x1)3 tan™! < .

>, u(z,x2) = 21(1 — 21)z2(1 — 22).

For small € the exact state has an interior layer along the line x5 = 0.5. The
SIPG method without special treatment does not resolve the interior layer even in
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Fic. 6.8. Ezact state and adjoint for Example 4.

the case of a single equation. Actually, since the mesh is aligned with the layer, the
SIPG method just ignores the layer. Because of the coupling the computed control is
not resolved along the location of the interior layer, the line zo = 0.5, despite the fact
that the exact control is smooth (cf. Figures 6.9). On the other hand Theorem 5.1
says that the interior layers do not pollute the SIPG solutions into the subdomains of
smoothness. This fact we observe numerically in Figure 6.10.

Computed State Computed Control

Fic. 6.9. Computed state and control for Example 4 using SIPG with piecewise linear elements
on a uniform mesh with mesh size h =1/10.

7. Conclusions. We have provided a careful local error analysis of the SIPG
discretization of distributed optimal control problems governed by advection domi-
nated elliptic PDEs. We have proven that in the presence of boundary layers the
convergence rate is optimal in the interior of the domain. This is in sharp contrast
to the convergence behavior of SUPG discretizations of the same optimal control
problem [17]. Numerical examples indicate that this favorable behavior of the SIPG
discretization is due to the weak imposition of Dirichlet boundary conditions. In
addition we have proven that in the presence of interior layers the convergence rate
for the SIPG discretized solution is optimal in regions away from the interior layer.
The same convergence behavior was proven in an earlier paper [17] for the SUPG
discretization.
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FIG. 6.10. The left [right] plot shows the L?- and H'-errors between the ezact and computed
state [control] for Example 4 on the subdomain Qo = [0, 1] X [0.6, 1], when the computed solution
is obtained using SIPG with piecewise linear (P1) and piecewise quadratic (P2) elements.
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