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Abstract

We present an optimization-level domain decomposition Y pi2conditioner for
the solution of advection dominated elliptic linear—quaitroptimal control problems.
The DD preconditioner is based on a decomposition of ther@tiy conditions for
the elliptic linear—quadratic optimal control problemdrgmaller subdomain optimal-
ity conditions with Dirichlet boundary conditions for thiates and the adjoints on the
subdomain interfaces. These subdomain optimality caditiare coupled through
Robin transmission conditions for the states and the atdjoiiihe parameters in the
Robin transmission condition depend on the advection. dét®mposition leads to a
Schur complement system in which the unknowns are the stat@djoint variables
on the subdomain interfaces. The Schur complement opesdter sum of subdomain
Schur complement operators, the application of which isvshim correspond to the
solution of subdomain optimal control problems, which assestially smaller copies
of the original optimal control problem. We show that, undeitable conditions, the
application of the inverse of the subdomain Schur complé¢rmperators requires the
solution of a subdomain elliptic linear—quadratic optiroahtrol problem with Robin
boundary conditions for the state.

Numerical tests for problems with distributed and with badary control show that
the dependence of the preconditioners on mesh size andreabdsize is comparable
to its counterpart applied to a single advection dominatgpthton. These tests also
show that the preconditioners are insensitive to the sizbetontrol regularization
parameter.
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Domain Decomposition Methods for
Advection Dominated
Linear—Quadratic Elliptic Optimal
Control Problems

1 Introduction

Optimization problems governed by (systems of) advectimmidated elliptic partial dif-
ferential equations (PDES) arise in many science and eedirggapplications, see, e.g.,
[1, 2, 15, 16, 17, 22, 36, 41], either directly or as subprotdén Newton-type or sequen-
tial quadratic optimization algorithms for the solutionagdtimization problems governed
by (systems of) nonlinear PDEs. This paper is concernedaptimization—level domain
decomposition preconditioners for such problems. We fatugpresentation on the linear
guadratic optimal control problem

minimize% /Q(y(x) —§(x))2dx+ % /Quz(x)dx (1.1)
subject to
—eAy(X) +a(x) - Oy(x) +r(x)y(x) = f(x) +u(x), xeQ, (1.2a)
y(X) =0, X € 0Qp, (1.2b)
sa%y(X) =9(x), X € 0QN, (1.2c)

wheredQp,0Qy are boundary segments willop = dQ \ dQn;, a, f,g,r,y are given func-
tions,&,a > 0 are given scalars, amddenotes the outward unit normal. Assumptions on
these data that ensure the well-posedness of the probldipengiven in the next section.
The material presented in this paper can be extended to bouedntrol problems and
several other objective functionals. The problem (1.1R)1Is an optimization problem in
the unknowny andu, referred to as the state and the control, respectively.

Our domain decomposition method for the solution of (1.1)2) generalizes the
Neumann-Neumann domain decomposition method, which iskawelvn for the solution
of single PDEs (see, e.g., the books [32, 38, 39]) to the ap&ition context. Optimization—
level Neumann-Neumann domain decomposition methodslfptieloptimal control prob-
lems were first introduced in [19, 20] for problems withouvection. However, the pres-
ence of strong advection can significantly alter the behlavicsolution algorithms and
typically requires their modification. For domain decompor methods applied to single
advection dominated PDEs a nice overview of this issue isrgim [39, Sec. 11.5.1]. The
aim of our paper is to tackle this issue for optimal contralpems.

The domain decomposition methods presented in this papdoanulated at the opti-
mization level. The domaif is partitioned into non-overlapping subdomains. Our domai
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decomposition methods decompose the optimality conditfon (1.1), (1.2). Auxiliary
state and so-called adjoints (Lagrange multipliers) am@duced at the subdomain inter-
faces. The states, adjoints, and controls in the interitt@Subdomains are then viewed as
implicit functions of the states and adjoints on the inteefadefined through the solution of
subdomain optimality conditions. To obtain a solution & tiriginal problem (1.1), (1.2),
the states and adjoints on the interface have to be chosérttzaicthe implicitly defined
states, adjoints, and controls in the interior of the subalomsatisfy certain Robin trans-
mission conditions at the interface boundaries. Thesestnéssion conditions take into
account the advection dominated nature of the state equatid are motivated by [3, 4].

The optimization-level domain decomposition describedha previous paragraph
leads to a Schur complement formulation for the optimalitgtem. The application of
the Schur complement to a given vector of states and adjoimthie interface, requires
the parallel solution of subdomain optimal control probdetinat are essentially copies of
(1.1), (1.2) restricted to the subdomains, but with Dirgthloundary conditions at the sub-
domain interfaces. The Schur complement is the sum of suatio8chur complements.
Each subdomain Schur complement is shown to be invertibte application of the in-
verse of each subdomain Schur complement requires themohit another subdomain
optimal control problem that is also essentially a copy o1)1(1.2) restricted to the re-
spective subdomain, but with Robin boundary conditionbatsubdomain interfaces. The
inverses of the subdomain Schur complements are used t@deeconditioners for the
Schur complement.

Section 2 briefly reviews results on the existence, unigseand characterization of so-
lutions of (1.1), (1.2). The domain decomposition, intef@onditions, subdomain Schur
complements and their inverses are discussed in Sectian@aisariational point of view.
The corresponding algebraic form, properties of the sulaioi@chur complement matri-
ces and some implementation details are presented in 8ettidhe performance of the
preconditioners on some model problems with distributedroband boundary control are
documented in Section 5.

Throughout this paper we use the following notation for neramd inner products.
Let GC Q c RYor G C 0Q. We define(f,g)c = [g f(X)g(x)dx, [[VI[§s = JVA(X)dx,
V2 6 = [ OV(X) - Ov(x)dx, and||v||? s = IV|I3 5+ VI3 . If G= Q we omitG and simply
write (f,g), etc. 7 7 7

2 The Model Problem

Multiplication of the advection diffusion equation (1.2) b test function
L {peHYQ): 9=00ndQp},
integration ovek, and performing integration by parts leads to the followiveak form

a(y, @) +b(u,@) = (f,@ +(9,@aq, YOCY, (2.1)

peyY
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where

aly,p) = /Q ely(x) - De(x) +a(x) - Oy(x)e(x) + 1 (X)y(x) p(x)dx (2.2a)
b(ug) = — | u(eax (2.20)
(9 = [ f(90000x  (9.0hoa,= [ gb00dx 220

We assume that
fel2(Q),ac (WH(Q))%,r € L(Q),g € L2(dQn),e > 0, (2.3a)
0QN C {x€0Q : a(x)-n(x) >0} (2.3b)

and

r(x)—30-a(x) >ro>0a.e. inQ. (2.3¢c)

If 0Qp has a nonempty relative interior, then (2.3c) can be refdlage
r(x)—30-a(x) >ro>0a.e. inQ. (2.3d)

Since

ay,Q) = /Q e0y(x) - 0o(x) + 3a(x) - Dy(x)@(x) — 5a(x) - D@(x)y(x)

+(r(x) —30-a(x))y()@(x)dx+ /QN za(x)-nyx)e(xdx  (2.4)

the assumptions (2.3), guarantee that the bilinear faliscontinuous orY xY andY-
elliptic (e.g., [31, p. 165], [34, Sec lll.1], or [30, Sec5).

We are interested in the solution of the optimal control peob

o 1 a

minimize élly—ﬂ|8+§IIUI|%, (2.5a)

subjectto  a(y,@) +b(u,9) = (f,@ + (9, @®aq, YOCY, (2.5b)
yeY,ueU,

where the control space is given by= L?(Q) and the state spadeis as specified above.

As we have stated before, the bilinear foens continuous orY x Y andY-elliptic
under the assumptions (2.3). Hence the theory in [28, S&¢ gliarantees the existence of
a unique solutionty,u) € Y x U of (2.5).

Theorem 2.1 If (2.3)are satisfied, the optimal control problgi2.5) has a unique solution
(y,u) €Y xU.
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The theory in [28, Sec. 1l.1] also provides necessary anficgrit optimality condi-
tions, which can be best described using the Lagrangian

1 a
L(y,u,p) = QHV—WI%+ §IIUII%+a<y, p) +b(u, p) — (f,p) — (g, Phacy- (2.6)

The necessary and, for our model problem, sufficient optignednditions can be obtained
by setting the partial Fréchet-derivatives of (2.6) witkpect to statgsc Y, controlsu € U
and adjointg € Y equal to zero. This gives the following system consisting of

the adjoint equation

a,p)=—(y-y.) Ve, (2.7a)
the gradient equation
b(w,p) +a(uw)=0 YweU, (2.7b)
and the state equation
a(y, @) +b(u,@) = (f,0) + (9, Pag, YOEY. (2.7¢)

The gradient equation (2.7b) simply means that
p(X) = au(x) xeQ (2.8)
and (2.7a) is the weak form of

—eAp(x) —a(x) - Op(X) + (r(x) —d-a(x)) p(x) = —=(y(x) —¥(x)), x€Q, (2.99)
p(x) =0, xe0Qp, (2.9b)

s% p(x) +a(x) - n(x) p(x) =0, X€0Qn. (2.9c)

After finite element discretization, the optimal controbplem (2.5) leads to a large-
scale linear quadratic optimization problem. It is well lumothat application of the stan-
dard linear finite element method to advection—diffusionagpns (1.2) leads to computed
solutions with large spurious oscillations, unless themséze is sufficiently small relative
to the Péclet number (e.g., [31, Sec. 8], [34], or [30]). Tovarelatively coarse meshes,
we use the streamline upwind/Petrov—Galerkin (SUPG) ntkffio We mention that if the
SUPG method, or other stabilized finite element methodssed,uhe optimality system of
the linear quadratic optimization problem correspondantipe discretization of the optimal
control problem (2.5) is in general no longer equal to therdigzation of the optimality
system (2.7). The differences are due to the stabilizagom.t For a more detailed treat-
ment, we refer to [1, 8]. The papers [1, 8] show that for linf@ite elements and suitable
choice of the stabilization parameter, these differencesmall. In our numerical solution
of the problem, we discretize the optimal control problend)2ising the SUPG method.
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3 Domain Decomposition Schur Complement
Formulation of the Example Problem

3.1 Discretization of the Example Problem

We discretize (2.5) using conforming linear finite elemeist {T,} be a triangulation of
Q and let{x; } be the set of vertices in the triangulation. We dividénto nonoverlapping

subdomain®;, i = 1,...,s, such that eacli; belongs to exactly on@;. We define
i =0Q;\0Q
and

The unit outward normal a®; is denoted by;. The statey is approximated using piece-
wise linear functions. We define the finite dimensional ssatece

YN = {@ € HY(Q) : @, =00ndQp, @|7 € PL(T) forallI}.

To formulate our domain decomposition approach we also eefin

Y= {on e HY(Qi) : @ =00ndQiNdQp, gn|5; € PL(T) forall T cQi}, i=1,....s
Yif‘oz{(pheYih: cpn:Oonri}, i=1...s

(3.1)
\(i{}i:{%evih: (X)) =0, eQiU(aQiﬂaQ)}, i—1...s
and

Y = {(ﬂq eY': @n(xj) =0,x € Uf‘leian}.

We identify (@n)i € Y% with a function inY" by extending(gn)i € Yy by zero ontoQ.
Hence, the state space can be decomposed into ’

Y=Y &P, Y.

For our discretization of the control we use piecewise lirffeactions inQ. However,
our discretization of the control is somewhat nonstandarstraightforward discretization
of the control space by piecewise linear functions would liea

U= {u,eCoQ) : uePY(T) forall T cQ}. (3.2)

A domain decomposition formulation based on such a dis@&gtin would introduce ‘in-
terface controls’ (dotted hat function in the left plot igkre 3.1) defined on a ‘band’ of
width O(h) arounddQ; NaQ;j, i # j. See the left plotin Figure 3.1. Since the evaluation of
u € L?(Q) onaQ;NaQ; does not make sense, we avoid interface controls.
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We discretize the contral by a function which is continuous on eah, i =1,...,s,
and linear on eac®; NT,. The discretized control is not assumed to be continuous on
0QiN0Q;j, i # j. In particular, for each point € 0Q;N0Q;j, i # j, there are two discrete
controlsuy, Uy, belonging to subdomain@; and Qj, respectively (see the right plot in
Figure 3.1). Since the control space.&Q), this is a legitimate discretization. We define
the discrete control spaces

UM = {u, e COQi) : une PX(T)) forall T c Qi }. (3.3)

We identifyU" with a subspace df?(Q) by extending functions; € U by zero ontcQ.
We define
uh =08 UM c L2(Q).

Figure 3.1. Sketch of the control discretization f& c R

For advection dominated problems the standard Galerkitodeapplied to the state
equation (2.1) produces strongly oscillatory approxioradi unless the mesh siaés cho-
sen sufficiently small relative & ||al|o... To obtain approximate solutions of better quality
on coarser meshes, various stabilization techniques hes® froposed. For an overview
see [31, Secs. 8.3.2,8.4] or [34, Sec.3.2]. We use the direaopwind/Petrov Galerkin
(SUPG) method of Hughes and Brooks [7]. The SUPG method ctesjaum approximation
vh € Y" of the solutiory of the state equation (2.5b) by solving

an(Yh, @h) +bn(Un, @) = (F, @hdh+ (9 agy,  Veane Y, (3.4)
where

an(Yn,®h) = alyh, )+ > Te(—€Ayh+a-Oyn+ryn,a- O, (3.5a)

Te€Q
br(Un, @) = b(Un, @)+ 5 —Te(Un,a-Ogh) e, (3.5b)

Te€Q
(fan = (FLa+ > Te(f,a-Ognr, (3.5¢)

Te€Q

andte > 0 is a stabilization parameter that is chosen dependingemtsh size and the
problem parameteis a andr.
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Our discretization of the optimal control problem (2.5) igamn by

P a
minimize 5 [yn—YI§+ 5 lunll5. (3.6a)

subjectto  an(Yh, h) + bn(Un, @) = (F, @)+ (0, P)oay  Voh € Y, (3.6b)
yh € YM u, e U

The necessary and sufficient optimality conditions for &@& given by

an(Wh, Pn) + (Yhs Wh) = (F, Pn) Y, € YN, (3.72)
O {Un, Mn) 4 Pn(kh, ph) = 0 Vi € UM, (3.7b)
an(Yh, @n) -+ bn(Un, @) = (F,@h)n+ (9, Go)r, Vo € Y. (3.7¢)

The system (3.7) may also be viewed as a discretization @j.(2dowever, as we have
discussed already at the end of Section 2, the discretizatithe system (2.7) of optimality
conditions using SUPG will lead to a slightly different systthan (3.7). Everything that
follows can be easily applied to the SUPG discretizatiorhefdystem (2.7) of optimality
conditions.

3.2 Domain Decomposition of the Example Problem

To decompose the discrete optimality conditions (3.7), wednlocal bilinear forms cor-
responding to the subdomaif. For advection dominated problems, this requires some
care. See, e.g., [39, Sec.11.5.1] for an overview. Thegstrdorward restriction ofa
defined in (2.2a) to the subdomdin is given by

a(ym @) = | €000 D)+ a0 - Dyn()9u00 +TOmMIMOx  (3.8)

Integration by parts and application of the chain rul&ltqa(x)@,(x)) show that

A @) = [ €0y 00 D)+ $a00- YOI
—3a(x) - O (X)¥h(X) + (r(x) — 30- (X)) Yh(X)ph(x)dx

+%/6§2iﬁ69N ( ) (X)(Pn( )dx+Z/Qi\aQa(X)'niyh(X)%<X)dX
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for all yh, ¢, € Yih. Because of the last boundary integral, the assumptioB% 1i@. longer
guarantee tha; isYih—eIIiptic. Hence, we follow [4] and use the local bilinearro

A = EORN) 3 [ Ak (I (3.9)

= e0yn(x)- Dn(+ 3200 - Dy (x)9n()
—3a( - Dn0)y(9 + (1 () — 30- a0 (e dx
B[ Ak myn(em(xx

Note that

i_i%/agi\aga(x).niyh(x)cpr,(x)dx:iij;%/aQiman a(x) - N Yn(X)gh(x)dx= 0

since each boundary integr@jQiman appears twice in the summation, once with in-
tegranda(x) - nj yn(X)@h(x), the other time with integrane(x) - nj yn(X)gh(x) = —a(x) -
N; Yn(X)@n(X). Hence

S S
Za(yh,qm = Z&(yh,cpn) =a(yh, ) Vyh, Gh €Y,
= i

i.e., the global problem is not altered.

Accounting for the SUPG terms, we define

) = B —F [ 800 myn(em(xdx

0Q;\0QnN
+ > Te(—€Ayh+a-Oyn+ryn,a-Ogn)r,, (3.10a)
Te€Qi
bin(Un, @) = —(Un, e+ H —Te(un,a-Ogn)r,, (3.10b)
Te€Qi
(F.oanh = (FLma+ > Te(f,a-Oonre. (3.10c)
Te€Qi

Now, we decompose the optimality system (3.7) by introdgeirtificial state and ad-
joint variablesyr, pr € Y on the subdomain interfaces. Givgn pr € Y we consider

ai h(Wi, pi) + (Vi Wiy = (9, Wi)oy Vi € Y, (3.11a)
bin(Hi, pi) + (Ui, li)o; = 0 v e U, (3.11b)

ain(Yi, @) +bin(ui,@) = (f,@)a.n+(9,@)acnaay V@ € Y, (3.11c)
Yi=¥r, Bi=0Pr onflj, (3.11d)
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and

iai,h(Yi,Kha(Vr,Qr)) +bi (Ui, Ry (Vr,ar))
+ai h(Ry (vr,ar), pi) + (Vi Re (Vr,ar)) o

S

= Z(f,%a(VF,QF»Qi,h + (9, R(vr, ar ))aginaay + (Ui R (Vr.ar o, (3.12)

for all vr,gr € Y, where
RS, R YD Y — yh (3.13a)

are continuous linear extension operators with

Ry (v, ar) (X) = vr (), Ry'(vr,ar) (X) = ar (%), (3.13b)

for all x € I and for allvr,gr € Y.

Theorem 3.1 If (y,u, p) € Y" x UM x Y" solves(3.7), then y = y|q,, U = Ulo,, P = Pla;,
i=1,...,s,solvg3.11) (3.12)

If (yr,pr) € Y x Y is such that the solutiofiy;, u;, pi) € Y" x UM x Y, of (3.11)
i =1,...,s, satisfies the interface conditio(8&12), then(y,u, p) € Y" x U" x Y" given by
Yo, = Vi, Ulg, = Ui, plg; = pi, i=1,...,s, solveg3.7).

The proof of this result is analogous to the proof of [32, Leanr?.1] and is omitted.

We will view the solution of (3.11) as an affine linear functiof (yr, pr) and then
consider (3.12) as a linear equation(it, pr). We will describe this process using the
variational formulation in Subsection 3.3 and we will déserthe algebraic version in
Section 4. The latter is used computationally. Section 4lmnead without knowledge
of the material in the remainder of this section. The mairppee of the remainder of this
section is to connect the subproblems that need to be salbé priginal optimal control
problem (1.1).

We close this subsection with an interpretation of (3.11 €¢112). We note that any
continuous linear extensions with (3.13b) can be admit@tk choice would be to define
R>(Vr,qr) as the extension ofr onto Q and ®%(vr,qr) as the extension ajr onto Q.
However, the Schur complement formulation, which perhapmost easily introduced
from the matrix point of view (see Section 4), correspondsifferent extension operators.
These will be introduced in Section 3.3.
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Remark 3.2 i. The system$§3.11) i =1,...,s, can be interpreted as the finite element
discretization of

—eAy; (X) +a(x) - Oyi (X) +r(X)yi(x) = f(x) +ui(X) inQ;, (3.14a)
Yi(x) =0 onodQiNoQp, (3.14b)
ea%yi (X) =g(x) onoQ; NoQN, (3.14¢)
Yi(X) = yr(x) onli,  (3.14d)
—eApi(x) —a(x) - Opi(x)
+(r(x) —0-a(x))pi(x) = =(¥i(x) = ¥(x) inQi,  (3.14e)
pi(x) =0, onodQiNoQp, (3.141)
e% pi(X) +a(x)-n(x) pi(x) =0 onoQ;NoQn,  (3.14Q9)
pi(X) = pr(x) onlj,  (3.14h)
au(X) —pi(x) =0 ondQ N oQ;. (3.14i)

ii. Applying the arguments in [20] to the advection diffusicase, the syste(3.14)
may be viewed as the necessary and sufficient optimalityitommslfor

minimize%/ (yi(x)—y(x))zder%/ dx+/ s—y. X)dx, (3.15a)
Q; Qi
subject to

—eAyi(x) +a(x) - Dyi () +r(x)yi(x) = ( X)+ui(x) inQ; (3.15b)
Yi(X) onoQ; NaQp, (3.15c)
()

)

e—y. X

g(x) onodQ; NoQy, (3.15d)

Yi(X) = yr(x) onlj, (3.15e)

Note that sinceiyx) = yr(x) onT is given, the objective functigB.15a)can be replaced
by

% /Q (M(X) 2dX+ / dX—|— (&:ainl _ %a(x)ni) Yi(X) pr (X)dx.

The addition off —za(x)ni Yi(X) pr(x)dx= Jr —za(x)ni yr (X) pr (x)dx only shifts the ob-
jective function by a constant, but does not change theisalyt u;, p; of (3.15) The latter
form of the objective function emphasizes the connectitmthe transmission conditions
(3.12)which will be discussed next.

iii. The interface conditiorf3.12)can be interpreted as

(Sa% - %a(x)ni> yi(x) = Esa?,

(3.16)
(eaini + %a(x)ni) pi(x) = E50

Q)

ax)nj | yj(x) xe0Q;noQ;,
ax)nj ) pj(x) xe€0Q;NoQ;,

I\)ll—‘ l\)lH

+

nj
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fori,j=1,....s,i# ]. Infact, leto= R3(vr,qr) + Y71 @, W = R(Vr,ar) + Y71 Wi-
Equationg3.11) i=1,...,s, and(3.12)imply

_iai,h(yi,q’) +bi h(Ui, @) + & h(W, pi) + (Vi U)o

S

= Z\(f,@gi,h (9, ®aoraay + T Wa, YoweY" (3.17)

If we insert(3.10)without the SUPG term$3.17)yields
0= ZL/Q e0y; (X) - 0@(X) +a(x) - Oy (X)(X) +  (X)yi (X) 9(x)dx
1

-3 /GQi\aQ alx)-nyi(x)e(x)dx— [ f(x)@(x) — uj(X)@(x)dx— /anaQN g(x)@(x)dx,

Q;

0= i/Q eOY(x) - Opi(x) +a(x) - OP(x) pi(x) +r (X)P(x) pi(x)dx

—%/ a(x) - nj pi(x dx+/ dx
0Q;\0Q

for all @, € YM. Integration by parts finally leads to

0= i/ (—elyi (X) 4 a(x) - Oy (X) +r(X)yi(x) — f(X) — ui (X)) @(x)dx
i=1/Qi

+/6Q\(.,Q(€a%—%a(x)~ni)yi(x)tp(x)dx+ aQ-maQN< ain.y'( X) — g(X))@(X)dx
(3.18a)
0= Z/ —eApi(x ) - Opi (%) + (r(x) — O0-a(x)) pi(x) + ¥(x) — yi (X)) W(x)dx

0 0
o Eam 0ROV [ et pgwiodx  (318b)

00;\0Q on; on;

for all @,y € Y. Since y,u;, pi satisfy(3.14) equationg3.18)reduce to
0= / n x)dx Ve Y,

Zi p000" an. = 2800 - )Y () e(x) ¢
0= / n X)dx vy e Yn

Z - oaEam 3300 MR OO0 v

This leads tq3.16)

Remark 3.3 We briefly comment on the subproblems that would arise if wdeusad the
unmodified local bilinear forms; &(ynh, ¢n) = & (Yn, Yn) instead 0f(3.10)
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i. If aj n(Yh, ¢n) = @ (Yn, Un), the system@8.11) i = 1,...,s, can still be interpreted as
the finite element discretization ¢8.14)which, in turn, can be viewed as the optimality
conditions for(3.15)

iii. If & h(yn, ®h) = @(Yn, Y1), the interface conditio3.12)can be interpreted as

Sainiyi(x) = —sainjyj(x) X € 0Q;N0Qj,
(Sa%i-l-a()()ni) pi(x) = —<eainj+a(x)nj> pj(X) x€0QiNaQ;,

fori,j=1,...,s,i# ].

(3.19)

3.3 Schur Complement Formulation

As we have stated earlier, we will view the solution of (3.4%)an affine linear function of
(yr, pr) and then consider (3.12) as a linear equatiofyinpr). The variational formula-
tion of this process is studied here. It complements Seeajdyut is not required for the
reading of Section 4.

Fori=1,...,s, we define the linear operators

HY Y Y ¥ Ul v (3.20a)
with
ﬂh Y(yr, pr) y.°
H (YD pF ﬂh yr: pl' = uiO 5 (320b)
(H™MP(yr, pr) p?

where(y?, u?, p?) is the solution of (3.11) witHf =0, g =0 andy= 0.

Let (-,-) denote the duality pairing betweé¥")? and ((Y")*)2. We define the linear
subdomain Schur complement operator

St = ()2, (3.21a)
i—1.. s with
(S yr, pr), (vr.ar))
= an((H"(yr, pr), (HMP(vr,ar)) +bin((HM) (yr, pr), (#")P(vr,ar))

+a h((HMY (v, ar), (HMP(yr, pr))
+H((H (yr, pr), (HY (vr,ar )y (3.21b)

The definition of#" implies that
o (7MY, Pr), W), +bin(k, (76 P(yr, pr) =0 Vi € U
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(cf., (3.11b)) and, hence, we can write

{s"(yr, pr), (vr,ar))
= an((H"Y(yr, pr), (H" P, ar)) +bin((HM (yr, pr), (4" )p(Vr,Qr))
b n((HM) (v, ar), (M Plyr, pr)) +a((FHM  (yr, pr), (M (v, ar))
+ayn((H™Y (vr,ar), ()P (yr,pr))
+((HMY (v, pr), (H™ (vr, o)) (3.21¢)

We definer € ((Y")*)2,i=1,...,s as

(ri, (vr,ar))
(F, (P, ar))ann + (9, (HMP(VE, ar))agsnaay + (91 (MY (v, o) o
—ai n(yi, (M P(vr,ar)) — bin(ui, (" P(vr,or))
—ain((H")Y(vr,ar), pi) — (%, (MY (vr,ar )y, (3.22)

where(y;, u;, pi) is the solution of (3.11) witlyr = 0 andpr = 0.

Theorem 3.1 wWithRS(vr,ar)|q, = (H")Y(vr,ar) and R23(vr,ar)|o, = (H")P(vr,qr)
implies that the system (3.7) of optimality conditions isielent to the Schur complement
system

iSi“(yr, pr) = iri in ((YM)*)2. (3.23)

The next result establishes the invertibility of the subdonSchur complement opera-
tor ;.

Theorem 3.4 Letr = (r},rf) € (%})")2.

i. If (2.3a}(2.3c)hold and if the stabilization parameteg is sufficiently small, then
the unique solutiortyr, pr) € (Y1) of
Si(yr, pr) =i (3.24)
is given by
yr =Vilr,  pr=pilr;,
where(yi, Ui, pi) € Y x UM x Y is the unique solution of

ain(W, pi)+ Vi, Wa = (rf, W)r, vy e v, (3.253)
bi (K, pi) +a (Ui, W =0 VueuP, (3.25b)
ain(yi, W) +bin(u, @) = (", W)r, Vg ey (3.25¢)

ii. If the relative interior 0fdQ; N dQp is nonempty, then the assumpti@i3c)in part
i. can be replaced b{2.3d)
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The proof of this theorem is very similar to its counterpar{20]. The inclusion of the
advection as well as the SUPG stabilization, however, requifew subtle modifications.
For completeness, we include the poof.

Proof: By definition (3.21) ofs;, the equality (3.24) can be written as

a n((AH™MY(yr, pr), (M P(vr,ar)) + bin((H™ (yr, pr), (4 P(vr,ar))
+ain((HNY(vr,ar), (HP(yr, pr)) -+ (HY (v, pr), (H7)Y (vr,ar)) g,
= (vo)r +(farr (3.26)

forall vr,qr € Y, r.- Using the definition (3.20) of4(yr, pr) together with (3.26), we see
that (3.24) is equwalent to

(yr, pr), (#"P(vr,qr))
p(Vr,CIr))
p

ai n((H"MY( )
+b|h((7{n)u (Yr, pr), (4"
+ayn((#MY (vr,ar), (4" P(yr, pr))
HH (yr, pr), (HYY (e, ar))a = (Y ve)r + (Parr Wr,ar e, (3.27a)
ain(W p)+ (v, 0%q =0 vl e Yy, (3.27b)
bi (K Pi) + 0 (Ui, o =0 vue Ul (3.27¢)
ain(Vi, @) +bin(ui,¢°) =0 v € Yfh,  (3.27d)
Yi=¥r, Bi=0Pr onl, (3.27e)

If we sety = g0+ (F"Y(yr, pr) € ¥" and@= ¢ + (4£")P(yr, pr) € X", then (3.27) is
equivalent to

ain(W, i) + (¥i, Wa, = (7, W)r, v ey, (3.283)
bi.n (W, Pi) + 0 (Ui, Wy, =0 Ype U, (3.28b)
ain(Yi, ®) +bin(ui, 9 = (" Pr, voe Y, (3.28¢)

Yi=Yr, Pi=0pPr onl, (3.28d)

The assertion follows if we prove that (3.25) has a uniqueutsm (yi,u;, p;) €
Yh < Un x Yh Let (yhul, ph), (v2, uI ,p?) € Y1 x UM x Y be solutions of (3.25). Then

quuf% yi,Ul u2 p,—p,)EY ththsatlsfles
ain(,e”) + (g, W)a vy eYn (3.29a)
bi (i, €7) + o el ,u> 0,=0 Ve uP, (3.29b)
ain(e, @) +bin(e’,¢) =0 Ve Y. (3.29¢)

If we sety = &/, u= e, andp= —€ in (3.29) and add the resulting equations, we obtain
0=|le|[5q +alel5q-
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Hencee,y = 0 andg' = 0. Now, consider (3.29a) witty = e,p. Using the definitions (3.9)
and (3.10) and the assumptions (2.3a), (2.3b), (2.3d) we hav

0=an(elef) = [ el 0eP0x)+(r(9 —30-a00) () lx

a0 m (e

+ Y te(—ehe’+a-Oe’ +ref,a-OeP)r,
TeeQi
> ¢|0el1q +rollelllog
+ Y te(—ehe’ +a- e +ref,a- Oe)r,.
TeeQi

(Note that the modification of the local bilinear from (3.9swsed to derive the previous
inequality.) Standard SUPG estimates (cf. [25, p. 378] dr [3 3.28,p. 231]) show that

€ ro 1
0=ain(el, &) > 5|06’ o + 5 lIeloa+5 Y Tela-Oeffow,
Te€Qi

for sufficiently smallte. This impliesqIO =0.

ii. By the same arguments as those applied in parti., we cxawq’fb 0 ande!' =0. By
a Poincaré inequality, we havyie’||o.o, < c|0el|1.q,- Hence we can modify the estimates

above to show that

0 = ai,h(qpvqp)
> el0el|io+ Y Te(—ene’+a-OeP+ref,a-OeP)r,,
Te€Qi
3 €
> S|0ePlo + oo llelllog + > Te(—eneP+a-Oel+ref,a Oe)r,
2 2c -
Te€Q;
3 € 1
> Z|0ePi o+ —|€°lloa + = -De?
> 08 e+ g llElloa +35 ) Tella-Dellom
TeEQi
for sufficiently smallte. This impliesegIO =0. O
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Remark 3.5 i. Equations(3.25)can be interpreted as the weak form of

—eAy; (x) +a(x) - Oyi (X) +r (X)yi(x) = uj(X) in Qi, (3.309)

Yi(x) =0 onoQ;NoQp, (3.30b)

s%yi(x) =0 ondQ;NoQn, (3.30c)

(eaini — Za(x)- ni) yi(X) = r/(x) onli, (3.30d)

—eApi(x) —a(x) - Opi(x) + (r(x) — 0-a(x)) pi(x) = -i(x) in Qi (3.30€)
pi(X) =0, onoQ;NoQp, (3.30f)

s% pi(X) +a(x)-n(x) pi(x) =0 ondQiNaQyN, (3.309)

(eaini +3a(x) - ni) pi(x) = rP(x) onli, (3.30h)

I
(=}

au;i(x) — pi(x) ondQNaQ;. (3.30i)

The term%a(x) -n; in (3.30d,h) arise because of the modificat{8r9)in the local bilinear
form g p..

ii. The systen{3.30)may be viewed as the necessary and sufficient optimalityicond
tions for

minimize3 /Q_yiz(x)dx-l—%/g_ u2(x)dx— /r yi(X)rP(x)dx, (3.31a)

subject to

—&Ay;i(x) +a(x) - Oyi(x) +r(X)yi(x) = ui(x) in Qj, (3.31b)
yi(X) =0 onodQ;NoQp, (3.31¢)

s%yi (x) =0, onodQ; NoQn, (3.31d)

(s% — 3a(x)- ni) yi(x) =rY(x) onr;, (3.31e)

Remark 3.6 If the unmodified local bilinear forms g(yn, ¢1) = & (yn, Yn) were used in-
stead 0f(3.10) the invertibility ofS; can no longer be guaranteed in general.

However, if an(yh, ¢) = @i(Ynh, Y1), and if S is invertible, then the application of its

24



inverse corresponds to

—eAy; (x) +a(x) - Oyi (X) +r (X)yi(x) = ui(X) in Qi, (3.329)

Vi(X) =0, onoQ;NoQp, (3.32b)

s%yi(x) =0 ondQ;NoQn, (3.32¢)

e%yi (x) =r/(x) onli, (3.32d)

—eApi(X) —a(x) - Opi(X) + (r(x) —O-a(x)) pi(x) = —Yi(X) inQj, (3.32¢)
pi(X) =0 ondQ;NoQp, (3.32f)

s% pi(X) +a(x)-n(x) pi(x) =0 ondQiNaQN, (3.329)

<s% +a(x) - ni) pi(x) = rP(x) onli, (3.32h)

aui(X) —pi(x) =0 onodQNoQ;. (3.32i)

4  Algebraic Formulation

The discretization of the optimal control problem (3.6)ngspiecewise linear finite ele-
ments with SUPG stabilization leads to a large-scale ligeadratic problem of the form

minimize%yTQercTer %UTRU, (4.1a)
subject toAy +Bu = b. (4.1b)

For the model problem, the matric€sc R™™ R € R™" are mass matrices and are sym-
metric positive definite. The stiffness matxe R™™ is non-symmetric, but, under the
assumptions (2.3) and with sufficiently small stabilizatparameterte (cf. [25, p. 378] or
[34, L. 3.28,p. 231]), the matrix obeys Ay > 0 for ally # 0. In particular under these
conditionsA is invertible. The necessary and sufficient optimality abads for (4.1) are

given by
Q 0 AT y —C
0 aR BT ul=|( o |. (4.2)
A B O p b

The system matrix in (4.2) is symmetric indefinite and hmas n positive eigenvalues and

m negative eigenvalues [14].
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4.1 Domain Decomposition Schur Complement Formulation

We can use the decomposition@to decompose the matrics etc. Our notation follows
the commonly used in the domain decomposition literatuee, 8.9., [32, Sec. 2.3] [38,
Sec. 4], [39, Sec. 1.2]. Ld{, i=1,...,s, be the restriction operator which maps from the
vector of coefficient unknowns on the interface boundgryto only those associated with
the boundary of2;, and let

y
Hi:<H' Hp), P =1. (4.3)
i

After a suitable reordering of rows and columns, the stggmatrix can be written as

Al Alrly

A= ' 5 (4.4)
Y\T Al VAI'ISl A'Srﬂg
(Hl) Ar o (HS) AFI Arr

Arr =35, (I)TAL T, Similar decompositions can be introduced @andc, as well as
Y,P-

The matricesB and R associated with the control can be decomposed analogously.
After a suitable reordering of rows and columns, the mdroan be written as

Bil
\TRl yB'I1SI
7B - (@B,

Note that due to our control discretization, there are natrods associated with the inter-
facel. Consequently, there are mj,...,Br-. The matrixR and the vectou can be
decomposed analogously. Note that there isino

We can now insert the domain decomposition structure of tagioesA,Q,B,R into
(4.2). After a symmetric permutation, (4.2) can be written a

Ki| (Kf)'I Xt gi
' : 2 S N (4.5)
KH (K?I)THS XF gij
HIK%I HlK% Krr Xr or
where i - s
i Al) . ,
K! :(Q” (Arr ),lzl,...,s, Krr= S I'KE-T,
r AII'F i;l rr+
. QIII O. (A}I)T . i i \T
<i=( 0 arl @7 | kh=( 3 g A7),
AIII BIII rl rl



Furthermore,

Y) q
yr Cr i [ i [
r <pr)7gr (br)’ | (p!)?gl ( !)
|
Frequently, we use the compact notation

! KFI)<X|) <gl)
= 4.6
( Kri Krr Xr ar )’ (4.6)
or evenKx = ginstead of (4.5).

Assuming thak, is invertible (we will present conditions that guarantee thvert-
ibility in Theorem 4.2 below), we can form the Schur completsy/stem

Sx=r 4.7)
corresponding to (4.5), where
S=Krr —KrK;*Kf, (4.8)
and
r=or—KnK;'g.

Due to the block structure &) andK,, the Schur compleme/can be written as a sum
of subdomain Schur complements,

S
Sz_ziﬂﬁs-ﬂi, (4.9)

where . o .
S =K —KHKI)HKEDT, i=1,....s (4.10)

Similarly,
S

r=Yy ITri,
=1

wherer; = g- — Kk (Ki)™gl,i=1,...,s

Observe that _
S =H/K'H;, (4.11)
where S
Hy = < ~ (KK ) (4.12)
and



As before (see note below equation (4.10)), the applicatidnandl eliminate zero rows
and columns.

The matrixH; defined in (4.12) is the matrix representation of the oper&{B de-
fined in (3.20). The representation (4.11) correspondsdadpresentation (3.21b) of the
subdomain Schur complement operafbr

The matrixK' plays an important role for the computation of the invers§ ¢hssuming
it exists), which will be used in Section 4.2 to preconditirin fact, if K|, is invertible,

s (% )(5 9T)

ands is invertible if and only ifK' is invertible. In this case,

Stv=(0 1) (Ki>‘1( ? ) v (4.14)

(see, e.qg., [38, p. 113]). The previous formula is the algiebrersion of Theorem 3.4.

We conclude this subsection with a result concerning thertibility of the subma-
tricesK},, which is important for the computation &, and with the invertibility of the
submatricek', which is important for the computation ¢§)~1. We set

. Ai Ai
Al — ( I Ar ) ‘
AR Alr

MatricesQ',R' are defined analogously.
Before we state our result on the invertibility Kf, andK', we recall the following
theorem, which is proven, e.g., in [14].

Theorem 4.1 LetA € R™M B € R™" be arbitrary matrices and l€) € R™™M R ¢ R™"
be symmetric. If
ranggA | B) = R™ (4.15)

(2)(3&)(2)- oo

forall ze R™ v € R"with Az+Bv=0and(z",v") # 0, then

Q 0 AT
0 aR BT
A B O

has m4- n positive eigenvalues and m negative eigenvalues.

and if
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Theorem 4.2i. The matricesQi“,RiII are symmetric positive definite. (2.3a) (2.3b)
(2.3d)hold, and if the stabilization parameteg is sufficiently small, the matri&|, obeys
vTAl v > Oforall v #0andK], is invertible.

i. The matriceQ',R' are symmetric positive definite. (2.3a){(2.3c)hold and if the
stabilization parametete is sufficiently small, the matrii' obeysvTAlv > Oforall v+# 0
andK' is invertible.

iii. If (2.3a) (2.3b) (2.3d)hold, if the relative interior obQ; N0Qp is nonempty, and
if the stabilization parameter, is sufficiently small, the matrig' obeysvTAlv > 0 for all
v # 0andK' is invertible.

Proof: i. Using the definitions (3.9) and (3.10) and the assumptfar&a), (2.3b), (2.3d)
we have

) = [ €000+ Dun( + (r(9) — 0+ a(0)NE(x)dx

3 ek mdx

+ Z Te(—€AVh+a- Ovh +rvp, a- Ovy) 1,
Te€Q;
> €|0vn|1,0; +ol[Vn[|o,0;
+ Z Te(—€AVh +a- Ovp +rvp, a- Ovy) 1,
Te€Q;

for all v, € Y . (Note that forv, € Y,hO we havea; h(Vh, Vh) = & n(Vh,Vh), i.€., the modifi-
cation of the Iocal bilinear from (3. 9) is not important hg¢r8tandard SUPG estimates (cf.
[25, p.378] or [34, L. 3.28,p. 231]) show that

£
& h(Vh,Vh) > 5|0Vhl1,0 +

Z Tella- Ovnlloe
TeeQ.

for all v, € Yif‘o. By a Poincaré inequality, we hayen|o.o; < ¢|0vn|1.0,- Hence,

1
VTA} Y = an(Vh, V) > 2| DVl1a, + _||Vh||OQ. 5 2. Tela-Dvnllor. >0
TecQi

forallv#0. In particularA | is invertible and (4.15) witiA, B, mreplaced byA”, B”,

m, respectively, is valid. Moreover, the matric@§ < RM > Ri, € R"*" are subdomain
mass matrices, which implies their symmetric p05|t|ve dtefness Hence (4.16) with

Q,R replaced byQj,, R}, is valid for allz € R™ v € R" with (z",v") # 0. The result now
follows from Theorem 4.1.
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ii. We proceed as in the first part to show that

£
aj.h(Vh, Vh) > 5| 0wy

1 h
00 T3 ) Tela-Dvallor, €Y.

o
10+ > [ Vh
T

HencevTAlv > 0 for all v #£ 0. We can now proceed as in part i. to prove the invertibility
of K'.

iii. If the relative interior ofdQ; N0Qp is nonempty, then due to a Poincaré inequality
there exists a constant> 0 such that|vy|joo, < ¢|Ovh|1,0, for all vy € Yih and we can
admitro =0 in part ii. O

Remark 4.3 I. Examination of the proof of Theorefn2 reveals the importance of the
modification(3.9) of the local bilinear form to guaranteg g(vh, vh) > 0 for all v, €
Y vh # 0, i.e.,vTAlv > Ofor all v # 0.

too strong.

For our model problem with distributed contrd@! € R™*", with il > m, is related
to the mass matrix and satisfies r4Bk) = R™. Hence,(4.15)is satisfied. (The
invertibility of Al is not needed.) Moreove®',R' are subdomain mass matrices,
and, hence,

T i | |
<\Z/) <% O‘%i)(‘z’)>o forall ze R™,v e R" with (z,v") #0.

This means that for our model problem with distributed coltihe invertibility of
A' is not needed to ensure the invertibilityf! In particular, K' is also invertible
if we use the local bilinear forr(8.8) instead 0f(3.9).

4.2 The Robhin-Robin Preconditioners

It is now relatively easy to generalize the Robin-Robin pretitioner used in the context
of advection dominated elliptic PDEs [4] to the optimal cohtontext.

Let D! be the diagonal matrix, whose entries are computed as fslldithe nodex
satisfies € Iy, then(Diy),;kl is the number of subdomains that share nrdeNote that
5iDY = 1. Furthermore, leD’ = DY and

o= ( ).
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By Theorem 4.2 iS,i=1,...,s, is well defined. The one-level Robin-Robin precondi-
tioner is given by
P=>5 DI S 'LD:. (4.17)
I

In principle it is possible to incorporate a coarse space,tiis has not yet been been
explored in the optimal control context.

4.3 Implementation

Instead of working on the preconditioned Schur complemygstesn
PSx = P(gr —KriK;'g)) = Pr. (4.18)
we work on the preconditioned full system. It is easy to ettifat

Ki KLY ([ Ky O ) I KK
(Kn Krr )~ \ Kn P7E 0PS/\0 I ' (4.19)

-

=(Pf)* =(PF)~t
We will look at the preconditioned system
PIKP % =P[g, (4.20)

wherex = (PK)~1x, and at the preconditioned Schur complement system (4Ck8)sider

an initial iterate 0
W:(@), (4.21)

X' = KiH (9 — K xp) (4.22)
and se&® = (PK)~1x0. The corresponding preconditioned residual satisfies

with

20 _ K/ wpKico _ 0 _( 0
r’ =P (g—KP/ )X _(P(gr—Kr|Kﬁlg|—Sx1Q))_(?? ) (4.23)

We see that the second component of the initial resitiiaf the preconditioned system
(4.20) is the initial residuaf? = P(gr — Kr|Kﬁlg| — SX?) of the preconditioned Schur
complement system (4.18).

Recall that for a matribA and a vectow, the Krylov subspace is defined g (A,v) =
spar{V, Av,...,A“"lv}. Using the fact that the first component8ifis zero and thaPKKPK
is a block diagonal matrix, we immediately obtain the foliow relation between the
Krylov subspaces of the preconditioned system (4.20) aaghtbconditioned Schur com-
plement system (4.18):

Ki(PKPF,T0) = {0} x % (PSTP) Vk. (4.24)
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This relationship allows one to establish relationshipsveen Krylov subspace methods
applied to the preconditioned Schur compement systemYariBthe preconditioned full
system (4.20), provided that the initial iterates satigfy2®). For the symmetric positive
definite case see [24]. If the application Ioﬁl is exact, there is no difference between
the solution of preconditioned Schur complement systerm8j4and the preconditioned
full system (4.20). However, the latter provides advargafi¢he application oK, lis
performed inexactly using iterative methods [24, 18]. Inoumerical examples, we solve
systems of the fornK|,vi = rl andK'v' = r' (the latter arising in the application of our
preconditioner, cf. (4.14)) exactly (up to floating poinitlametic) using UMFPACK 4.3
[9]. Still, we work with the the preconditioned full systed 20) to allow the incorporation
of iterative solvers in the future.

In our numerical experiments reported on in the next secti@use GMRES [35] and
SQMR [11, 12] applied to
PKPKx = PKPKg. (4.25)

We have observed that the number of GMRES [sQMR] iteratippsied to (4.20) is close
to the number of GMRES [sQMR] iterations applied to (4.25). bbth cases GMRES
[SQOMR] was stopped if the respective preconditioned redideas reduced by a factor
of 107°. However, we also observed that the error between the enlettmputed us-
ing GMRES and the exact solutidfi—1g was for small diffusiore significantly smaller
when left preconditioning (4.25) was used instead of splfcpnditioning (4.20). This
is not surprising, since the GMRES iteration is stopped wtherpreconditioned residual
IPKPKKx — PXPKg]| or ||PKKx — PKg]|, respectively, is small and the mat®f PIK is
expected to have a smaller condition number tRAK. The error between the solution
computed using SQMR applied to (4.25) and the exact soluioty was observed to be
also smaller than the error between the solution computed) $QMR applied to (4.20)
and the exact solutiok ~1g, but the differences were much smaller than those observed
for GMRES.

5 Numerical Results

In this section we illustrate the performance of our optetian-level domain decompo-
sition method for several advection dominated optimal @mdroblems with distributed
controls or with boundary controls.

To explore the importance of the modification (3.9) of thealdalinear form, we run
experiments with and without this modification. If we use thedified local bilinear form
(3.9), then we refer to the resulting preconditioner as aifRgbobin (R—R) preconditioner.
This name is motivated by the Robin transmission condit{@mk6) for the state (and the
adjoint) and the Robin boundary conditions for the statel (e adjoint) in the subprob-
lem (3.30) for the inversion of;i. If & (Ynh, @) = &(Yn, ), i.e., no modification of the
local bilinear form is applied, then we refer to the resgtpreconditioner as a Neumann—
Neumann (N-N) preconditioner. This name is motivated byNleemann transmission
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conditions (3.19) for the state and the Neumann boundargittons for the state in the
subproblem (3.32) for the inversion &f.

5.1 Distributed Control

5.1.1 Influence of Different Velocity Fields

This example is derived from Example 4.1 in [4]. We @ke- (0,1) x (0,0.2), 0Qp = 0Q,
r=1, f =0, and one of the following four advectiorzgx) = e1, a(X) = e, a(x) =
(1/V2)(e1+€2), ora(x) = 2m((x; — 0.5)e2 + (X2 — 0.1)e;). These are refered to as ‘nor-
mal’, ‘parallel’, ‘oblique’, and ‘rotating’, respectivgel We generatg as the solution of

(%0224 (x-0.1)?  (x1-0.8)%+(xp—0.1)2
—eAY(x) +a(x) - OY(x) + y(x) = 5e 2012 +5e 2002 , X€EQ,
(5.1a)
Y(x) = 0, X € 0Q.
(5.1h)

We decompos® into 5 subdomains of siz@, 0.2) x (0,0.2). Each subdomain is triangu-
lated by dividing each axis into 30 subintervals and subsetiyisubdividing the resulting
rectangles into two triangles. The problems are solved byeagmditioned sQMR algo-
rithm where the stopping criterion is to reduce the initegidual by a factor of 1. We
use either Robin—Robin (R-R) or Neumann—Neumann (N—-N)maitioning.

Unlike in the PDE-only case in [4], the unpreconditioned sQNthe same is true
for GMRES) fails to reduce the initial residual to the spedfiolerance within 1000 it-
erations for all experiments outlined below. Therefore,deenot give any further numer-
ical results in absence of preconditioning. In Tables 5d &2 we report the number of
preconditioned SQMR iterations for the values= 10~ anda = 1 of the regularization
parameter, respectively.

We recall (cf. Remark 4.3) that for the distribruted contrae the invertibility ofA!,
i.e., the modification (3.9) of the bilinear form is not negde ensure invertibility oK'
and, hences. Thus the application of the Neumann—Neumann (N-N) pretioneér is
well-posed for the distributed control case.

Tables 5.1 and 5.2 show that for largeboth Robin—Robin and Neumann—Neumann
preconditioners perform equally well, with all SQMR runsigimng in 4 iterations. This
is in agreement with the PDE-only case reported in [4, TaleV¥hen the velocity is
parallel to subdomain interfaces, thafiyn, ¢) = & (yh, ¢) and the Robin—Robin and the
Neumann-Neumann are identical. The Robin—Robin preciomait adapts nicely to small
¢ for all velocities. The performance of the Neumann—Neunpreoonditioner deteriorates
with decreasing, but this deterioration is not nearly as pronounced as iRPDIe-only case
in [4, Table 1]. Finally, we observe that the size of the ragahtion parametex seems to
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€ Prec)\ Velocity Normal Parallel Oblique Rotating
0.001 R-R 12 3 13 9
N-N 21 3 18 13
1 R-R 4 4 4 4
N-N 4 4 4 4

Table 5.1.sQMR iterations for different velocity fields and fixed
regularization parameter = 104

€ Prec)\ Velocity Normal Parallel Oblique Rotating
0.001 R-R 12 3 4 6

N-N 53 3 30 14
1 R-R 4 4 4 4

N-N 4 4 4 4

Table 5.2.sQMR iterations for different velocity fields and fixed
regularization parameter= 1.

affect the performance of both preconditioners only madyaThis observation is further
examined in Example 5.1.2.

5.1.2 Influence of the Number of Subdomains, Grid Sizes, anddgyularization

The purpose of this example is to assess the sensitivityedRtibin—Robin and Neumann—
Neumann preconditioners to increases in the number of soaihs and grid points.

We useQ = (0,1) x (0,1), 0Qp = 0Q, € = 0.001,a(x) =3e, r =1, andf =0. We
generatgy as in Example 5.1.1 but with a minor modification in the secmah in the right
hand side. Specifically;iS computed as the solution of

 (x-02)%+(xp-0.1)2  (x1-0.8)%+(xp—09)?
—eAY(x) +a(x) - 0y(x) + y(x) = 5e 202 45e 202, X€Q,
(5.2a)
9()() = 07 X € 0Q.
(5.2b)

For the first experiment we use a fixed uniform grid of size 228 (note that each
square in the mesh is divided into two triangles). The grigaditioned in various ways.
First, we use 4, 8, and 16 vertical rectangular strips of eqiza (yielding subdomain
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sizes of 32x 128, 16x 128, and 8x 128, respectively). Second, we partition the grid
into 2x 2, 4x 4, 8x 8, and 16x 16 square subdomains (with sudomain sizes ok 64,
32x 32, 16x 16, and 8« 8 respectively). Finally, the grid is subdivided into 16 izontal
rectangular strips of equal size (yielding a subdomain eiz&28x 8). The results are

presented in Table 5.3.

Reg. Prec\Part. 4x1 8x1 16x1 1x 16
a=10* R-R 12 12 14 3
N-N 39 39 38 3
a=1 R-R 9 19 38 3
N-N 130 361 >500 3
Reg. Prec\Part. 2x2 4x4 8x8 16x16
a=10* R-R 13 15 17 21
N-N 35 44 46 49
a=1 R-R 7 14 24 47
N-N 87 172 452 >500

Table 5.3. sQMR iterations for varying numbers of subdomains
and fixed diffusivitye = 0.001.

Table 5.3 shows that for large the number of SQMR iterations roughly doubles as the
number of subdomains ixy-direction doubles, for both preconditioners. This is albe
served in [4, Table 2]. The Robin—Robin preconditioner erfs better than the Neumann-
Neumann preconditioner. For largethe performance differences are as pronounced as in
the PDE-only case reported in [4].

For smalla, the number of SQMR iterations does not increase significastthe num-
ber of subdomains is increased (regardless of the posifisnlmomain interfaces). This
is a surprising and not yet understood result, which unfately does not hold true for
most other problem setups with complex velocity fields (beefollowing examples). The
Neumann—Neumann preconditioner performs much bettertharein the case of large.

For patrtitions in which all subdomain interfaces are patdb the velocity field, i.e.,
1x 4, 1x 8, and 1x 16 partitions, the number of SQMR iterations is not affecedll by
the number of subdomains or the size of the regularizatioarpater. Both Robin—Robin
and Neumann—Neumann preconditioned sSQMR runs completesédlin only 3 iterations
(the 1x 4 and 1x 8 results are not tabulated).

The second experiment examines the influence of the numlggidoboints. The prob-
lem is set up as in the first experiment, except that here wevhixparticular subdomain
partitions, and vary the grid size. We use either anI8rectangular subdomain partition
or a 4x 4 square subdomain partition, on uniform grids of sizesx®&2, 64x 64, and
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128x 128 (again, each mesh square is split into two triangulanefds). The results are
presented in Table 5.4.

8 x 1 Partition

Reg. Prec\Grid Size 32<32 64x64 128x128
a=10"* R-R 15 12 12
N-N 21 27 39
a=1 R-R 21 19 19
N-N 307 368 361
4 x 4 Partition
Reg. Prec\Grid Size 32<32 64x64 128x128
a=10* R-R 16 16 15
N-N 28 33 44
a=1 R-R 16 15 14
N-N 143 156 172

Table 5.4. sQMR iterations for varying numbers of grid points
and fixed diffusivitye = 0.001.

They indicate that the convergence of the sQMR algorithrh tie Robin—Robin pre-
conditioner is not affected by the grid size. This agreeh Wié results stated in [4, Table 5].
On the other hand, the performance of the Neumann-Neumawomditioned algorithm
deteriorates slightly as the number of grid points is insegl The size of the regulariza-
tion parameten does not affect the performance of the Robin—Robin pre¢amdr. In
contrast, for large the Neumann-Neumann preconditioner performs extremedyly&or
all grid sizes.
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5.2 Source Inversion

This example is motivated by the desire to identify the sewfca hazardous material from
measurements of the concentration at sensor locations , X}, . The problem is modeled
as

1N N a
minimize = ,Zl(y(x?) —¥j)%dx+ ER(U) (5.3a)
subject to
—eAy(x) +a(x) - Oy(x) = u(x), xeQ, (5.3b)
y(X) =0, X € 0Qp, (5.3¢)
0
s%y(x) =0, X € 0QN. (5.3d)

Herex3,... ,xﬁ,s are the sensor locationsrepresents the unknown sourgegpresents the
concentration, ang;j are the concentration measurements at the sensor locétiqias3a),
the termR(u) represents a regularization term. We use

R(u):/Quz(x) dx or R(u):/QDu(x)ﬂu(x) dx

It is not our intention to examine this example from an ineepsoblem point of view
([5, 40)), i.e., study the quality of the source estimaitgbtained from (5.3), the choice of
the regularization ternR or the regularization parameter We focus on the solution of
(5.3) for givena > 0 andR. Since we use pointwise observations in (5.3a) and may only
include a seminorm regularizatiofy, Ou(x) - Ou(x) dx, the existence and uniqueness result
in Theorem 2.1 does not apply here and we proceed formally.

The problem domaif is sketched in Figure 5.1 and represents the cross secti@n of
two-story building.

= I

5 L] | | 3
y © y

o] 10 11 22 23 34 35 45 50 55 60 70 71 82 83 94 95 105
L T T T I I I I T T L I

X

Figure 5.1. Problem geometry, vent placement. (All measure-
ments are in meters, not to scale).

The advectiora in (5.3a) is obtained is obtained from a rough model of theflaw
generated by an HVAC (heating-venting-air-conditioniggdtem. Air is blown into or out
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of the building through vents, with locations indicated iguite 5.1. Vents at the ceiling of
the second story of the building (vents witfcoordinatey = 11) are outflow vents; air is
blown into the building through all other vents. We use thek8¢ equation to model the air
flow in the building. Since our focus is on the performancehaf domain decomposition
preconditioner on (5.3), this model is sufficient for our poses. For more realistic models
for indoor flows see, e.g., [27, 26, 33] and the reference®ie

Our advectiora is computed as the soluti@= v of

—ppAv +Op =0, in Q (5.4a)
0-v=0, in Q (5.4b)

V = —VipN, onTlin (5.4¢)

V = Vouth, onlout 1 (5.4d)
pubvn+pn =0, onlout2 (5.4e)
v=0, onoQ\ {TinUTout1UTout2}- (5.4f)

The six small vents in the ceiling of the second floor indidag=igure 5.1 describe the out-
flow boundaryl oyt 1. The outflow boundary o1 is given by the openingb0,55) x {11}

in the ceiling of the second floor. The remaining sixteen sdéotm the inflow boundary
ln. As before,n denotes the unit outward normal. To generate the flow Beldv we
use the following data. The density coefficientpis= 1.25 [kg/m?3], and the viscosity is
U= 1.8x 107°. The inflow air speed isj, = 0.1 [m/sed for all inlets, and the outflow
air speedvoyt = 0.2 [m/seg for the six smaller outlet vents. We use Taylor Hood finite
elements to solve (5.4). The computed flow field for a mesh w#i#B2 nodes and 8324
triangles is depicted in Figure 5.2.

——— —
4—’,3-1-‘-‘—'._-—..

80 90 100

Figure 5.2. The HVAC flow.

For the source inversion problem (5.3), all inlets are sttlfje homogeneous Dirich-
let boundary conditions, and all outlets and walls are assighomogeneous Neumann
boundary conditions. Thus the boundary segments in (5@8J@a#) are related as follows:
0QN =0Q\ TN, 0Qp = lin. The sensors are distributed ‘uniformly’ throughout thesme
and are placed at the node locations, which eliminates thd fog interpolation of their
positions relative to the mesh nodes. This sensor placemsidane for computational con-
venience, but is not necessary. For illustrational purpogsample mesh with about 1000
nodes and 100 sensors is presented in Figure 5.3.
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Figure 5.3. A sample finite-element mesh and sensor locations.

We generate sensor measurements by solving (5.3b—d) ugingraright hand side

_ 9E)2 Y 002 a2
u(X)ZSeXp<—(X1 252);7(2)(2 2) )Jr5exp<_<xl 9(;);7(2)(2 8))

i.e., two Gaussian sources of equal magnitude, one on eawhifiaifferent locations.

Sincea = v solves (5.4) and = 0, we have (x) — %D -a(x) =0 a.e. in Q. Moreover
since homogeneous Neumann boundary conditions are adsagaé# outlets and at walls,
Qn = 0Q\ i, the boundary conditions (5.4d,f) imply thetn > 0 on (0Q\ {Tin Ul out1}-
OnT oyt 2 the computed velocity obeys n > 0 (see also Figure 5.2).

We generate meshes using Triangle [37] and partition mastiag METIS [23]. For
partitions into 16 or 32 subdomains, some subdomains do or@am inlet vents, i.e.,
do not contain boundary segments with Dirichlet boundamyddaoons. In these cases,
subdomains that do not contain boundary segments with id&tidooundary conditions.
Numerically, however, the solution of linear systems with which is needed to apply
S(l (cf. (4.13)), did not pose problems. We conjecture that beeaf reasons similar to
Remark 4.3 thesK''s are invertible.

For the first two experiments we choose a triangulation watB Sodes, 1642 triangles,
and 351 uniformly distributed sensors. The first experinassesses the sensitivity of the
Robin—Robin preconditioner with respect to decreasintusiibn coefficients. We use a
regularization parameter of= 10~°, 8 subdomains, and a relative residual stopping toler-
ance for sSQMR of 10°. The results are depicted in Figure 5.4. We note that, ascéaghe
the number of iterations increases only moderately as thi@dgm becomes advection dom-
inated (and thus much harder to solve). The second experimseasses the robustness of
the Robin—Robin preconditioner with respect to differegularization parameters. Here,
the diffusion is set t& = 5 x 1074, and the remaining problem parameters are as in the
first experiment. From Figure 5.5 we observe that the regaltion parameter has virtu-
ally no effect on the number of SQMR iterations. This agreéh & previous result for
nonadvective quadratic elliptic problems [19].

The third experiment shows the influence of the number of goiains and the number
of grid points on Robin—Robin and Neumann-Neumann prec¢immeirs. As in the first
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Figure 5.4. Influence of the diffusiore on the R-R prec., for a

fixed regularizatioro = 107°.

two experiments, we use 351 uniformly distributed sensbne. diffusion ise = 5x 1074,
the regularization ist = 10~2, and the relative residual stopping tolerance is®10We
observe from Table 5.5 that for the Robin—Robin precondérothe number of SQMR
iterations is only mildly affected by the number of grid pisinwith no clear dependence
between them. On the other hand, the number of iteratiorghtgwoubles as the number
of subdomains doubles. The Neumann-Neumann precondisbog/s similar dependence
on the number of subdomains. Additionally, its performaisceegatively affected by an

increasing number of grid points.

Robin—Robin Neumann—-Neumann
SDs\ Elems 1642 3352 8319 32814 1642 3352 8319 32814
2 32 34 52 30 34 73 152 117
4 48 74 94 91 77 176 403 > 1000
8 70 157 136 178 89 360 999 > 1000
16 278 358 171 288 359 509 951 > 1000
32 498 674 679 461 595 865>1000 > 1000
System Sizez 3000 6000 13500 51000 3000 6000 13500 51000

Table 5.5. Influence of the number of subdomains and elements
on the number of SQMR iterationg;= 107°, € =5x 1074,

Finally, we rerun all tests from the third experiment usinglRES instead of SQMR.
Detailed results are presented in Table 5.6. We observeahRES requires fewer iter-
ations than sQMR. It appears that the dependence on the mwhbaebdomains for the
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Figure 5.5. Influence of the regularization on the R—R prec.,
for a fixed diffusions = 5 x 1074,

Robin—Robin preconditioner is not nearly as pronouncechabe sQMR case. On the
other hand, its mesh independence is clearly confirmed IIGM&ES experiment. The
Neumann-Neumann preconditioner performs better thaners@MR runs, however, it
remains dependent both on the number of subdomains and gtesize.

Robin—Robin Neumann—Neumann
SDs\ Elems 1642 3352 8319 32814 1642 3352 8319 32814
2 20 28 40 20 21 34 46 42
4 29 43 61 41 37 56 85 80
8 35 64 73 70 42 78 117 151
16 76 81 70 75 84 100 131 204
32 117 116 115 95 134 157 244 245
System Sizex 3000 6000 13500 51000 3000 6000 13500 51000

Table 5.6. Influence of the number of subdomains and elements
on the number of GMRES iterations;= 10 °, e =5x 10
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5.3 Robin Boundary Control

The domain decomposition method described in the previeasam for optimal control
problems with distributed control can be extended to prokleith boundary control using
the ideas in [20]. We report on some numerical results foetteanple problem

minimize% /Q(y(x) —9(x))2dx+ % /agc u?(x)dx (5.5a)
subject to
—eAy(x) +a(x) - Oy(x) +r (X)y(x) = f(x), Xe Q, (5.5b)
y(x) =0, X € 0Qp, (5.5¢)
s%y(x) +dy(x) = du(x), X € 0Qc (5.5d)

wherer =1, f =0, andd = 10°. The Robin boundary condition (5.5d) can be viewed as a
penalized Dirichlet condition [6, 21].

The first experiment is set up as in Example 5.1.1. We exanhagérformance of
the Robin—Robin and Neumann-Neumann preconditionersresgect to various velocity
fields, on the rectangular domath= (0,1) x (0,0.2) with five square subdomains. We
choosedQ. = 0Q, i.e. 0Qp = 0. In Tables 5.7 and 5.8 we report the number of precondi-
tioned SQMR iterations for the values= 10~* anda = 1, respectively.

€ Prec) Velocity Normal Parallel Oblique Rotating
0.001 R-R 16 3 9 9

N-N 129 3 36 17
1 R-R 4 4 4 4

N-N 4 4 4 4

Table 5.7.sQMR iterations for different velocity fields and fixed
regularization parameter= 104,

The obtained results are similar to those of Example 5.1ith @ne important differ-
ence. For smalt, the Neumann-Neumann preconditioner performs significambrse
when compared to the distributed control case. This beh@ao be explained by re-
examining Remark 4.3. The boundary control problem lackgptioperty rankB') = R™,
Therefore, the invertibility o' is now needed to ensure the invertibilitykof. Within the
Neumann-Neumann preconditioner (i.e., no modificatiorheflocal bilinear forng;), we
have observed severely ill-conditionkds in some subdomains (with estimated condition
numbers of 16).
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€ Prec)\ Velocity Normal Parallel Oblique Rotating
0.001 R-R 7 3 3 6

N-N 73 3 29 15
1 R-R 4 4 4 4

N-N 4 4 4 4

Table 5.8.sQMR iterations for different velocity fields and fixed
regularization parameter= 1.

The second experiment assesses the sensitivity of the Rebin and Neumann—
Neumann preconditioners to increases in the number of soauhs. \We use the same setup
as in Example 5.1.2, i.e. the square dom@ir= (0,1) x (0,1) with various partitioning
schemes. As before, the velocityd&) = 3e; ande = 0.001. The results are presented in

Table 5.9.
Reg. Prec\Part. 4x1 8x1 16x1 1x16

a=10"% R-R 17 37 78 4
N-N >500 >500 >500 4
a=1 R-R 7 14 28 3
N-N 142 218 340 3
Reg. Prec\Part. 2x2 4x4 8x8 16x16

a=10"% R-R 9 20 42 82
N-N 151 >500 >500 > 500

a=1 R-R 5 11 19 36
N-N 83 163 260 420

Table 5.9. sQMR iterations for varying numbers of subdomains
and fixed diffusivitye = 0.001.

There are several major differences compared to the diséiibcontrol case. For the
Robin—Robin preconditioner, the number of SQMR iteratiomgyhly doubles as the num-
ber of subdomains in the;-direction doubles, regardless of the size of the regwdariz
tion parameten (i.e. smalla does not yield partition independence). The failure of the
Neumann-Neumann preconditioning scheme is evident. Téeopditioned sQMR algo-
rithm fails to achieve the desired relative residual with0o iterations for six test cases.
This result reinforces our conjecture from the previouseexpent. When the regulariza-
tion parameter is increased fram= 10"* to a = 1, the number of Robin—Robin precondi-
tioned sQMR iterations is roughly reduced by a factor of taodll test cases. This result
is more intuitive than the one in the distributed controlrapée.
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The third experiment examines the influence of the numberidfapints. The problem
is set up as in Example 5.1.2, where we fix two particular sotado partitions (8 1 and
4 x 4), and vary the grid size. The results are presented in Tab

8 x 1 Partition

Reg. Prec\ Grid Size 32x32 64x64 128x 128
a=10"% R-R 38 36 37
N-N >500 >500 > 500
a=1 R-R 14 14 14
N-N 224 219 220
4 x 4 Partition
Reg. Prec\ Grid Size 32x32 64x64 128x 128
a=10"% R-R 21 20 20
N-N >500 >500 > 500
a=1 R-R 12 12 11
N-N 147 167 158

Table 5.10.sQMR iterations for varying numbers of grid points
and fixed diffusivitye = 0.001.

The results indicate that the convergence of the SQMR dlgonwvith the Robin—Robin
preconditioner is mesh independent. This agrees with tiserghtions made in the dis-
tributed control case. It is difficult to draw any conclussaabout the performance of the
Neumann-Neumann preconditioner as a function of the isanganumber of grid points,
since it performs quite poorly even for largeand entirely fails to reach the desired relative
residual for smalbr.
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5.4 Solid/Fluid Temperature Control

Our last example is a simple solid/fluid temperature coroblem motivated by [17]. The
domainQ = (0,1)? is split into the subdomaif s = (0,1) x (0,0.75) occupied by a fluid,
and the subdomais = (0,1) x (0.75,1) occupied by a solid. All length measurements are
in meters. The velocity of the fluid is assumed todf®) = (1.5x, — 2x3,0)T[m/sed. We
want to control the temperatuyeat the inflow boundargQ. = {0} x (0,0.75) to achieve

a uniform temperature profile inside the solid. The boundantrol problem is given by

minimize = (y(X) —§())2dx+ = [ wB(x)dx (5.6a)
2 Jos 2 Joq,
subject to
—&£1Ay(X) +a(x) - Oy(x) =0, x e Qg, (5.6b)
—&Ay(x) = f, X € Qsg, (5.6¢)
s% (x) =0, X € 0Q\ 0Qc, (5.6d)
y(x) = d(x) + u(x), X € 0Qc, (5.6e)

where ¢ = 0.6 W/(m°C)] is the thermal conductivity of the fluid (watergs =
237|W/(m°C)] is the thermal conductivity of the solid (aluminung)stands for eitheg¢
ores, f =1.2x10*|W/m?] is the volumetric heat energy added to the sgjit) = 90[°C]

is the desired temperature of the soltix) = 70[°C] is a constant temperature on the
control boundaryQ. representing the inflow temperature of the fluid for the utadied
(forward) problem, andt = 10~% is a regularization parameter.

Figure 5.6 depicts the problem geometry along with the desdrvelocity field. The
domain is partitioned into 4 4, ..., 32 x 32 equal sized subdomains such that each subdo-
main is either a subset of the fluid or the solid region. Thegh#ng D; in our precon-
ditioner is not modified to account for the different therrnahductivities. This could be
easily done following [13]. However, the reported iteratimumbers below are not signif-
icantly different from those observed whep= €5 = 1 and therefore a modification 6%
has not been pursued in this example.

The presence of Dirichlet boundary controls requires a feanges in the discretization
of the problem and its decomposition. These will be sketcghéle following subsection.

5.4.1 Problem Discretization and Decomposition

We discretize (5.6) using conforming linear finite elemeritet {T;} be a triangulation
of Q. The statey is approximated using piecewise linear functions. Therdiszed state
space is

Y=g e HYQ) : gnly, € PY(T)) foralll}.
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Solid / Fluid Model
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Figure 5.6. Velocity field and the control boundary (bold vertical
line).

For the Dirichlet boundary control problem (5.6) the cohspace idJ = H(0Qc) [17]
and notU = L?(dQ¢) (as in the case of Robin boundary controls). Our controlsare
discretized using piecewise linear functions which aretiooous ondQ.. The space of
discretized controls is

UM = {un € HY(0Qc) : nlaminaq, € PH@OTINAQ) forall 1}

To simplify the presentation of the discretized problem, agsume that the vertices
X1,...,%m Of the triangulation are ordered such that the firgertices lie on the controlled
boundandQc. Let @, ..., ¢m be the piecewise linear nodal basisYérand letyy, . . ., pn be
the piecewise linear nodal basis fdF. In the followingdjk denotes the Kronecker delta.
If we define

A]k:ah((n(7(p])7 b]:<f7(p]>h7 j:n+17"'7m7 k:lw'wmv
Aj =0k, bj=0, j=1....n, k=1..m,
Bk =90k, J=1,....m, k=1,....n,

ij = <(pr<7(pj>! J?k = 17"'7m! Cj = _<97(~p]>! J = 17"'7m! and R]k = <Uk7“j>L2(6QC) +
(Mo 1) L2(00,)» then our discretization of (5.6) is given by (4.1).

To decompose the problem, we again dividento nonoverlapping subdomairg,
i =1,...,s such that eacli; belongs to exactly on®;. We definel’j to be the interface
betweerQ; and the other subdomains,

M =0Q; N (Uj£09Qj),
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Subdomains (4 x 4 partition)
1

0.8

0.6

0.4

0.2

Figure 5.7. Decomposition of2 into 4 x 4 subdomains.

andl' = U>_;I"i. As before, the unit outward normal 6f; is denoted byn;. A sample
decomposition into 4« 4 subdomains is shown in Figure 5.7.

The state space” is is decomposed inf6" = Y{" U (U, Y,), where

Y= {gh e HY(Qi) : gnly € PY(T) forall T c Qi}, i=1,....5s
Yil,qoz{%GYihi%=00nri}, i=1,...,s
Yi?ri :Yih\Yi':O7 i=1...,s

and
P =YY"\ (UiszlYit]o) :

where in the latter casé;f-,h0 is viewed as a subspace ¥ by extendingy; € Yih0 by zero
ontoQ. We split the space of discretized contrbl8 = Uf'U (U_,U), where

Uihz {ph S Hl(GQiﬂan) . Mnlatnag. € Pl(aT. NoQ¢) for all T cﬁi}, i=1,...,s
Ui'joz{uheuih: ph:Oonri}, i=1,...,5
Uil:]ri :Uih\ui'?o, i=1,...,s

andu = UM\ (Uleui'jo)' HereU/ is viewed as a subspacef by extendingy € U/,
by zero ont@Q.. Note thatUih = 0 for subdomain®2; with 0Q; N0Q; = 0.

We split the subdomains into no-control subdomains
N ={i: 0Q;N0Q. = 0}
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and control subdomains
C={i:0QiNaQ;# 0}.

Fori=1,...,s, we define the submatricad, € R™*™ AL ¢ RM>*m Al c Rmxm

andAl € R Xm'r wherem| is the number of nodes i; \ F, andm- is the number of
nodes inj, as foIIows Lenk be the global node number of thth node inQ; \ I and let
Yk be the global node number of thh node inl";. We set

(Al jk = @ n(@,. @), xi; € Qi\ (M1UQe), X, € Qi \ T,
(AlF) ik = ain(Qy. @), xi; € Qi\ (M1UQc), Xy €T,
(AiFI)Jk—ai,h<(ﬂk7(Wj)v Xy; € i\ 0Qc, Xik€§i\riv
(Airr)jk = ai,h((ﬂ/k?(pvj')v Xy; € i\ 0Q, X € [,
(Al jk = Sjk, Xij € (QiNdQ) \Ti, %, € Qi\ T,
(Alp)jk =0, X, € (QiNdQc) \Ti, Xy €T,
(AF) k=0, Xy, € F1N0Qc, X, € Qi \ T,
(AL jk = L8k, Xy, € FiN0QcN 4 T, Xy €T,
(AL jk = ik, Xy; € (FiN0Qe) \ (Mi4il1), Xy € i

The%éjk is used because in our problem set-up each p@jr I'i N10Q¢ Ny« IN is shared
by two subdomains. Moreover, we getr = 55, (I)TAL-TY, wherel! is the restriction
operator which maps from the vector of coefficient unknowmshe interface boundaliy,

to only those associated with the interface boundargf the ith subdomain. As before,
after a suitable reordering of rows and columns, the ssfmaatrix can be written as (4.4).
The vectolb is decomposed analogouslyAo

Fori=1,...,s, we define the submatricl, € R™*™, Q}, € R™*M, andQk ¢
R™ M as follows.

(Qi ) = <(ﬂk7(ﬂ >7 Xij7xik€§i\ri7
(er)J :(er)kl_<%k7(gj>7 Xijeﬁi\rhxykeri’
(err)jkz <(Wk7(Wj>v ij,kaeri

andQrr = 35, (I)TQLIY. With this decompositionQ can be written in the form (4.4).
The vectorc is decomposed analogously@

The matrices8, R associated with the controls are decomposed as followsi &ar,
we define the submatric@, € R"*™ Bl e R"*M, andBi € R *™, wheren] is the
number of nodes i00Q; NAQc) \ I andn' |s the number of nodes i NoQc, as foIIows
As before, we letg be the global node number of theh node inQ; \ I and letyy be the
global node number of thgh node inl";. To simplify our presentation we assume that the
first n} nodes with global indei, . . ., inil lie on the controlled bounda@Q; N0Q¢) \ ' and
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that the firslnir nodes with global indey, .. ., o lie on the controlled boundaify; N 0Q,.
We set

(Bl)jk =0, xi; € Qi \ (M1U0Qc), X, € (0QiN0Qc) \ T,
(Bir)jk =0, X, € Qi \ (NU0Qc), Xy € TiNOQ,
(BH)jk =0, Xy, € i\ 0Qc, X, € (0QiN0Qc) \ T,
(Br)jk =0, Xy, € 1\ 0Qc, Xy, € FN0Q,
(Bi” )jk = djk, Xi; € (§| NaQe) \ I, X, € (0QiNaQe) \ I,
(Bir)jk =0, Xi; € (QiN0Qe) \Ti, Xy € TiNOQ,
(BH)jk =0, Xy, € TiN0Qc, X, € (9QiNAQc) \ T,
(BFr)jk = 28k, Xy, € TiN0QcN 4 T, Xy € FiN0Q,
(Brr) jk = Ojk; Xy, € (MiN0Qc) \ (Miil), Xy € FiNOQc.

Moreover, we seBrr = 5, (IV)TBL IV, wherel! is the restriction operator which maps
from the vector of coefficient unknowns on the interface oariioundary N0Qc, to only
those associated with the interface control boundaryoQ. of theith subdomain.

‘Fori € C, we define the submatric&, € R"*", R, = (RE)T € R, andR} €
R with

(R jk = (Mo M) L2(00,m000) T (Ko K, ) L2001m000) Xij, Xiy € (091 M0Qc) \ T,
(Rir) ik = (Hyis M ) L2ainane) + (e B L200inaae): Xij € (0QiN0Qe) \ Ti, Xy, € FNoQe,
(Rrr) ik = (Hyio By L2(@0inae) T <u</k7“</j>L2(aQiﬂan)7 Xy;» Xy € FiM0Qc

andRrr = 37 (I TRELIV. With this decompositiorR can be written in the form (4.4).

We can now insert the domain decomposition structure of thgicesA,Q,B, R into
the system of optimality conditions (4.2) for our discratinn of (5.6) and perform a sym-
metric permutation. We obtain

Ki| (KT Xi o
SR I

Kep - K¥o Krr Xr ar

where i (Ai )T
i rm _ el . s
Krr: i CXRI'rr (B|r|-> ,|:1,...,S, KFFZZLKFF,
Arr Brr 1=
i Qiu . (Ah )I i ir| . (A} r)l _
Kii = | O‘Ri'n (By) , Kp = i O‘Rilﬂ (Bir) , 1€l
Ay By Ar Br
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and

(M) k(3

Furthermore,

),ieﬂ\[.

i)7gil(_§'),iea xi=<gii>’gi:<sl‘

For subdomain§; with i € A the operator equatiosi(yr, pr) = ri how corresponds
to (cf. Theorem 3.4 and Remark 3.5)

—eAyi () +a(x) - Oy; (x) = f(X) in Qj, (5.7a)
e%yi (x) =0, onodQ;NoQ, (5.7b)

(%ini — 3a(x) - ni) yi(x) = rY(x) onfi, (5.7¢)
—eApi(X) —a(x) - Opi(x) = —(yi(X) — ¥(x)) in Qj, (5.7d)
s% pi (X) +a(x) -n(x) pi(x) =0, onodQ;NoQ, (5.7¢)
(saini +3a(x) - ni) pi(x) = rP(x) onli, (5.7)

withe=¢5,a=0if Q; C Qsande =¢;, f =0if Q; C Q;. Note that in our example= 0
and-a= 0. The bilinear forms (yh, @) (cf. (3.9)) corresponding to these advection
problems only satisfg (y,y) > c|y|? o, and the weak forms corresponding to (5.7) are not
uniquely solvable. This is the same issue that arises in lenANeumann precondition-
ers for the Laplace equation [10, 38, 39] and boundary cbptablems governed by the
Laplace equation [20]. Motivated by these works, we comndiae perturbations

€

—€Ayi(X) +a(x) - Oyi(X) + 7y (x) = F(X) inQ;,  (5.8a)
d

ea—niyi (x) =0, onoQ; NoQ, (5.8b)

<s% — Za(x)- ni) yi(x) =r{(x) onli,  (5.8¢c)

—eApi(x) —a(x) - Opi(x) +%pi (X) = = (¥ (X) = ¥(x) inQ;,  (5.8d)

e% pi (X) +a(x) - n(x) pi(x) =0, onoQ; NoQ, (5.8e)

(Saini + %a(x) : ni) pi(x) = rP(x) onl;, (5.8f)
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whereH is the lengths of the subdomain. This leads to subdomainrSmmplement
matrices&‘l. Our preconditioner is now given by

P= Dl S 'ID;.
|

5.4.2 Numerical Results

Figure 5.8 shows a typical computed temperature profileHercontrolled problem on a
64 x 64 grid with a 4x 4 subdomain partition. The obtained boundary control isxshio
Figure 5.9. We also include a side-by-side comparison ofaimperature contour plots for
the controlled problem and the uncontrolled problem, inclhwe ignore the contral and
simply solve the forward problem (5.6b)-(5.6€e), see Figird0 and 5.11.

Controlled Temperature

100

80+ .

° Celsius

60

40

Figure 5.8. Computed temperatusefor the controlled problem.

We now discuss two experiments that help us assess the rffyoié the Robin—Robin
preconditioner. The first experiment examines the influesidée number of grid points
on the performance of the GMRES algorithm with the Robin-iRgpeconditioner. The
results are presented in Table 5.11. They indicate that tingber of GMRES iterations
grows in nearly constant increments as the number of gridtpa@s doubled in botlk and
y direction. Thus, for the solid/fluid control example, thefpemance of the Robin-Robin
preconditioner is not mesh-independent.

In the second experiment, we examine the dependence on thigenwf subdomains.
We focus on 4x 4, 8x 8, 16x 16, and 32 32 subdomain partitions on a 128128 grid.
The results of Table 5.12 indicate that the number of GMRERitons is proportional to
the number of subdomains in the direction of the velocitydfidlhis result agrees with the
observations made in the previous example sections.
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Computed Control

Figure 5.9. Computed boundary contral

4 x 4 Partition
Grid Size 16x16 32x32 64x64 128x128
Iterations 58 77 94 109
8 x 8 Partition
Grid Size 16x16 32x32 64x64 128x128
Iterations 80 121 163 201

Table 5.11. GMRES iterations for varying numbers of grid
points, solid/fluid example.

Partition 4x4 8x8 16x16 32x32
lterations 109 201 325 487

Table 5.12. GMRES iterations for varying numbers of subdo-
mains, solid/fluid example.
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Uncontrolled Temperature

Figure 5.10. Contour plot of uncontrolled temperature (in
°Celsius), as the solution of the forward problem wittx) =
70[°C].

Controlled Temperature

Figure 5.11. Contour plot of computed controlled temperature
(in °Celsius).
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6 Conclusions

We have introduced an optimization-level domain decontfmwspreconditioner for advec-
tion dominated linear-quadratic elliptic optimal contpsbblems, which extends the work
of [4, 3] to the optimization context.

The tasks required for the application of the domain decaitijpo preconditioner are
closely related to what is required for the solution of thebgll optimal control problem,
which allows code reuse and enables optimization-levellf@ization of existing solvers
for advection dominated linear-quadratic elliptic optlmantrol problems.

Numerical experiments have shown that the preconditianéiily insensitive to the
velocity, the viscosity and the control regularizationgraeter. For distributed control and
Robin boundary control test problems the precondition¢eritrates only slowly as the
number of subdomains increased.

Unfortunately, a theoretical explanation for the perfonce of the preconditioner is
not yet available. Theoretical investigations, the agtian of the preconditioner to other
problems, in particular 3D problems, and the design andrpaation of coarse spaces
into the preconditioner are planned.
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