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Acceleration of Multidisciplinary Analysis
Solvers by Inexact Subsystem Simulations

Matthias Heinkenschloss∗

Mary Beth Hribar†

Michael Kokkolaras‡

Rice University
Houston, Texas 77005-1892

This paper is concerned with the numerical solution of systems of blocked nonlinear
equations arising in the solution of Multidisciplinary Analysis (MDA) problems. We
consider the case where individual discipline solvers/simulators are given and are iterative
methods. Thus, an MDA solver consists of an outer iteration for the solution of the system
of blocked nonlinear equations and of inner iterations in the discipline simulators. We
will show how the control of the truncation of the inner iterations can be effectively used
to accelerate the overall iteration. The key is the interpretation of the outer iteration
with inexact inner iteration as an iteration of a related system with same solution as the
MDA problem.

Introduction

Multidisciplinary Analysis (MDA) problems link
mathematical models from more than one discipline.
We consider MDA problems where each discipline is
described by a system of nonlinear equations, and
where the output of each discipline is computed by
solving this system iteratively. We call the compu-
tation required for each discipline a subsystem sim-
ulation. In this paper we consider the case where
these subsystem simulations already exist and we are
interested in numerical methods for linking these sub-
systems.

The overall MDA problem is then formulated as
a large scale system of blocked nonlinear equations,
where each block corresponds to the output of one
discipline. A solver for the MDA problem will in-
volve outer iterations of the method for the overall
system of blocked equations, and inner iterations per-
formed within the subsystem simulations. There will
be inexactness in the subsystem simulations from the
truncation errors of iterative methods, causing inex-
actness in the residual and derivative computations of
the outer iteration. In general, inexact residual eval-
uations are a curse for nonlinear system solvers. In
this paper, however, we will show that the type of in-
exactness in the inner iterations described previously
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can be used to significantly improve the performance
of the MDA solver.

In this paper, we will concentrate on the case where
Newton’s method is used in the inner iterations. We
consider applying standard methods for nonlinear sys-
tems of equations to this case and show how to exploit
the inexactness in the inner iteration. The theoreti-
cal results will then be illustrated using a numerical
example of an MDA problem.

Problem Formulation
We denote the output of discipline i by xi ∈

IRni , i = 1, . . . ,m. Given the outputs x1, . . . , xi−1,
xi+1, . . . , xm of the other disciplines, xi is computed
as the solution of the implicit equation

Gi(x1, . . . , xi−1, xi, xi+1, . . . , xm) = 0. (1)

Often (1) represents a discretized partial differential
equation that has to be solved for xi. Under the
assumptions of the Implicit Function Theorem, (5) de-
fines a function

xi = Si(x1, . . . , xi−1, xi+1, . . . , xm). (2)

The function Si represents the solver or simulator
of the ith discipline. The linked subsystems can
be now be described as follows: Find an x =
(x1, x2, . . . , xm) ∈ IRn such that

F (x) = x− S(x) = 0, (3)

where

x− S(x) =




x1 − S1(x2, . . . , xm)
x2 − S2(x1, x3, . . . , xm)

...
xm − Sm(x1, . . . , xm−1)


 (4)
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and n1 + . . . + nm = n. We define the MDA problem
to have the form of the system stated in (3).

Obviously, the system (3) is related to

G(x) =




G1(x1, x2, . . . , xm)
G2(x1, x2, . . . , xm)

...
Gm(x1, x2, . . . , xm)


 = 0. (5)

In fact, a solution of (3) is also a solution of (5). The
other direction may not necessarily be true. The solu-
tion method for (1) usually returns a specific solution,
but not the entire set of solutions. Thus, (5) may have
multiple solutions and not all of these may solve (3).
It is also easy to construct examples where (5) has a
solution but (3) does not. However, this relation be-
tween (3) and (5) is still important.

The residual evaluations in (5) are usually cheap
compared to the residual evaluations in (3). In many
practical applications, however, the exact form of (5)
is not known. This is typically the case when the in-
dividual disciplines are first simulated independently
and coupled later. In this case the individual disci-
plines (2) are solved by a black-box and are coupled
via (3).

The individual discipline simulations are often done
iteratively and therefore the subsystem simulations (2)
are inexact due to truncation error. Thus, instead of
the function Si we can only access a function

S
(νi)
i (x1, . . . , xi−1, xi+1, . . . , xm). (6)

Here (νi) indicates the inexactness. It will be speci-
fied later. Consequently, if a nonlinear equation solver
is applied to (3), it can not access the exact residual
F (x), but only

F (ν)(x) = x− S(ν)(x)

=




x1 − S
(ν1)
1 (x2, . . . , xm)

x2 − S
(ν2)
2 (x1, x3, . . . , xm)

...
xm − S

(νm)
m (x1, . . . , xm−1)


 . (7)

It is important to be aware of methods used to com-
pute the individual disciplines Si and not to treat them
as merely a black box. In this paper we are concerned
with MDA problems with this blocked and inexact
form in which the individual disciplines Si are com-
puted by applying Newton’s method to solve (1) for
xi.

Adapting Methods for Coupled
Systems of Nonlinear Equations

Given a system of nonlinear equations, there are
many standard methods for solving this problem.
In this paper, we will consider Gauss–Seidel–type

methods,1 Newton type methods2, 3 and Broyden’s
method.2, 3 They will be discussed in the context of
the MDA problem (3). However, instead of solving
the system defined in (3), we solve the inexact sys-
tem defined in (7) where Newton methods (8) are
used to solve the discipline simulations. We compute
S

(νi)
i (x1, . . . , xi−1, xi+1, . . . , xm) by a Newton method

as follows:

Given z0
i .

For l = 0, 1, 2, . . .

zl+1
i = zl

i −
(

∂
∂xi

Gi(x1, . . . , z
l
i, . . . , xm)

)−1

×Gi(x1, . . . , z
l
i, . . . , xm).

When a stopping criteria is satisfied STOP
Set S

(νi)
i (x1, . . . , xi−1, xi+1, . . . , xm) = zl+1

i .



(8)

At the termination of this Newton iteration, there is
some level of inexactness in the solution. We will show
that a suitable and practical control of this kind of in-
exactness may be used to significantly speed up the
overall solution process. Our presentation in this sec-
tion will be expository and it will be limited to rather
simplified scenarios. The technical, but important de-
tails needed to make these ideas robustly applicable
to a wider range of problems and the technical conver-
gence proofs will be presented in a forthcoming paper.

Gauss–Seidel–Type Methods
Of the nonlinear equation solvers for (3) the sequen-

tial substitution is the easiest to implement. It does
not require calculations of derivatives of Si, it pre-
serves the structure of the problem, and if discipline
simulations are available, it is is easy to implement.
Given xk = (xk

1 , . . . , x
k
2) one step of the sequential sub-

stitution for (3) computes

xk+1
i = Si(xk+1

1 , . . . , xk+1
i−1 , x

k
i+1, . . . , x

k
m), (9)

for i = 1, . . . ,m. This iteration is the nonlinear Gauss–
Seidel method applied to the system (5). See the
book.1 The observation that the iterative method for
(3) can in fact be interpreted as an iterative method
for (5) offers interesting possibilities to derive more
efficient solution methods.

Suppose that the ith discipline is evaluated by the
Newton method (8) with starting value z0

i = xk
i . We

assume that in this context νi represents the number of
Newton iterations performed, i.e., in (8) l+1 = νi. The
exact solution of (1) corresponds to νi = ∞ and in this
case Si = S

(∞)
i . In this scenario the nonlinear Gauss-

Seidel method (9) for (5) with Si replaced by S
(∞)
i is

the Gauss-Seidel-Newton method applied to the sys-
tem (5). It is known that the sufficient conditions to
guarantee local convergence of the nonlinear Gauss-
Seidel method for (5) are also sufficient to guarantee
local convergence of the Gauss-Seidel Newton method.
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Moreover, it is know that the local convergence rate is
independent of the number of inner Newton iterations
νi ≥ 1. See page 327 of the book.1 Thus, from a lo-
cal convergence point of view, the application of more
than one inner Newton iteration (8) is wasteful. It
does not result in a faster outer iteration, but only
increases the cost of an outer iteration.

The key to the acceleration of the sequential substi-
tution method applied to (3) as shown before is the
interpretation of this method and its inexact form as
a solution method for the system (5). This way the
inexactness due to truncation of the inner iteration is
not viewed as a perturbation of (2), (3), but imbed-
ded into a corresponding nested outer-inner iteration
for (5). Hence, this type of inexactness does not lead
to a decay in the local convergence rate, but it leads
to significant saving in computing time per iteration
due to inexactness. In case of the Gauss-Seidel-type
method it is also practical and easy to implement, since
one only needs to specify the number of Newton iter-
ations (namely νi = 1) the black-box simulator has to
perform. Knowledge of Gi or the details of the inner
Newton solver (8) are not required.

Newton–Type Methods
A Newton type method has much better local con-

vergence properties than Gauss–Seidel methods. Suf-
ficient conditions for local convergence of the Gauss–
Seidel methods are more restrictive then those for
Newton’s method. Moreover, the local convergence
rate of the nonlinear Gauss-Seidel method and the
Gauss-Seidel-Newton method is r-linear, while New-
ton’s method converges q–quadratically. See.1–3

For the specific case of the inexactness in the inner
solver due to terminating the inner Newton solution
after one iteration, we can show that the outer Newton
is still q-quadratically convergent. The kth iteration
of Newton’s method for (3) is

F ′(xk)sk = −F (xk); xk+1 = xk + sk. (10)

For the following discussion, it will be helpful to intro-
duce the notation

x̌i = (x1, . . . , xi−1, xi+1, . . . , xm), (11)
xi,S = (x1, . . . , xi−1, Si(x̌i), xi+1, . . . , xm). (12)

Under the assumptions of the Implicit Function The-
orem,

∂

∂xj
Si(x̌i) =

(
∂

∂xi
Gi(xi,S)

)−1
∂

∂xj
Gi(xi,S). (13)

Hence,

F ′(x) =




...

· · ·
(

∂
∂xi

Gi(xi,S)
)−1

∂
∂xj

Gi(xi,S) · · ·
...




(14)

Now suppose that the discipline solver Si is eval-
uated by applying the Newton method (8) to (1).
Hence, in (10) F (xk) is replaced by F (ν)(xk). If we
perform only one Newton iteration (8) with starting
value z0

i = xk
i , then

S
(1)
i (x̌k

i ) = xk
i −

(
∂

∂xi
Gi(xk)

)−1

Gi(xk).

Hence, F (1)(xk) defined in (7) has the form

F (1)(xk) =




(
∂

∂x1
G1(xk)

)−1

G1(xk)
...(

∂
∂xm

Gm(xk)
)−1

Gm(xk)


 . (15)

In (14) we replace xk
i,S by xk, i.e., we replace S(x̌k

i )
in the argument (12) by S(0)(x̌k

i ) = xk
i . If we insert

this expression for F ′(xk) and (15) for F (xk) into the
Newton iteration (10), then we obtain the iteration


...

· · ·
(

∂
∂xi

Gi(xk)
)−1

∂
∂xj

Gi(xk) · · ·
...






s1

...
sm




= −




(
∂

∂x1
G1(xk)

)−1

G1(xk)
...(

∂
∂xm

Gm(xk)
)−1

Gm(xk)


 .

(16)
This is equivalent to the Newton iteration

G′(xk)s = −G(xk) (17)

for (5).
As in the case of the Gauss-Seidel method, interpre-

tation of the Newton iteration (10) with inexactness
can be interpreted as an iteration for (5). In this
case, the inexactness in the inner iteration is one step
of Newton’s method for (1) and the resulting outer
iteration is Newton’s method for (5). Under appro-
priate conditions both methods, Newton’s method for
(3) and Newton’s method for (5) converge locally q–
quadratic. However, from a local convergence point of
view, nothing can be gained by evaluating Si exactly
by executing the inner Newton method (8) to very high
accuracy. Only one step of the inner Newton method is
sufficient to guarantee local q–quadratic convergence.
More inner iterations do not result in a faster outer
convergence, but only increase the cost per iteration.

In contrast to the Gauss-Seidel method, Newton’s
method (17) for (5) is more difficult to implement. To
evaluate the right hand side one only needs to execute
the inner Newton iteration (8) once with starting value
z0

i = xk
i . This does not require knowledge of the black

box that implements (8). However, one also needs the
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partial derivatives (13) evaluated at x = xk. If these
are approximated by finite differences, then great care
must be taken in the proper choice of the finite dif-
ference step size. This must be adjusted to the error
in the function evaluation.2, 3 In our context, it must
be adjusted to the residual size ‖Gi(xk)‖ in the inner
Newton iteration (8). See also the discussion in the
numerical examples sections.

Broyden–Type Methods
If the derivatives in (14) or on the left hand side of

(16) are too difficult or expensive to compute, either
directly or by finite differences, then Broyden’s method
is an attractive alternative to Newton’s method. Here
the Jacobian F ′(xk) is replaced by the Broyden matrix
Bk, which is updated using in each iteration using a
rank-one update. See.2, 3 The kth iteration of Broy-
den’s method for (3) is

Bks
k = −F (xk),

xk+1 = xk + sk, (18)

Bk+1 = Bk − (F (xk+1) − F (xk) −Bks
k)(sk)T

(sk)T sk
.

In addition to a starting value for x, we also have to
provide a starting matrix B0. Since the Jacobian F ′(x)
is of the form I−S′(x) we will use B0 = I. This choice
meets the requirements of the convergence theory, if
S′(x∗) is small relative to I.

As before, we consider the case in which the simu-
lations Si are not prefomed exactly, but by a Newton
iteration (8). Suppose that only one inner Newton iter-
ation (8) is performed. Thus, F (x) in (18) is replaced
by

F (1)(x) = (diag(G′(x)))−1G(x), (19)

where

diag(G′(x)) =




∂
∂x1

G1(x)
. . .

∂
∂xm

Gm(x)


 ,

cf. (7). We see that Broyden’s method (18) with
this inexact Si evaluation is equivalent to Broyden’s
method applied to the nonlinear system

F (1)(x) = 0.

If the partial derivatives of ∂
∂xi

Gi(x) exist, then
F (1)(x) is differentiable. At a solution x∗ of (3),

d

dx
F (1)(x∗) = diag(G′(x∗))−1 d

dx
F (1)(x∗),

where diag(G′(x∗)) denotes the block diagonal ma-
trix in (19). Under the additional differentiability
assumption of Gi, Broyden’s method for F (1)(x) = 0
converges localy q–superlinear, i.e., with the same rate

as Broyden’s method for (3). As in the previous case,
nothing can be gained from performing more than one
inner iteration. The local convergence rate of the outer
Broyden method will not be effected, but each Broy-
den iteration will be more expensive if more than one
inner newton iteration per discipline is performed.

Numerical Examples
Buoyancy–Driven Cavity Flow

We now demonstrate the benefit of the inexact inner
iteration by means of an example. The buoyancy-
driven flow in a rectangular cavity couples fluid flow
equations, given in the stream function vorticity for-
mulation, with an equation for the temperature. It
is described by the following partial differential equa-
tions.

∆2ψ −Ra
∂θ

∂x

− 1
Pr

∂ψ

∂z

∂

∂x
∆ψ +

1
Pr

∂ψ

∂x

∂

∂z
∆ψ = 0, (20)

−∆θ +
∂ψ

∂z

∂θ

∂x
− ∂ψ

∂x

∂θ

∂z
= 0 (21)

in Ω = (0, 1) × (0, 1) with boundary conditions

ψ = 0, ∂
∂nψ = 0 on ∂Ω,

θ(0, z) = u(z), θ(1, z) = 0,
∂

∂nθ(0, z) = ∂
∂nθ(1, z) = 0, 0 ≤ z ≤ 1,

(22)

where θ is the temperature, ψ is the stream function,
u is a given function, e.g., u ≡ 1, Ra is the Rayleigh
number, and Pr is the Prandtl number.

We view the flow equation (20) with corresponding
boundary conditions as subsystem 1 and the tem-
perature equation (21) with corresponding boundary
conditions as subsystem 2. In particular

G1(ψ, θ) = ∆2ψ −Ra
∂θ

∂x
− 1

Pr

∂ψ

∂z

∂

∂x
∆ψ

+
1
Pr

∂ψ

∂x

∂

∂z
∆ψ, (23)

G2(ψ, θ) = −∆θ +
∂ψ

∂z

∂θ

∂x
− ∂ψ

∂x

∂θ

∂z
, (24)

each equipped with the corresponding boundary con-
ditions (22). If G1 is solved for the stream function
ψ, it defines S1(θ) and if G2 is solved for the tempera-
ture θ, it defines S2(ψ). The system (20)–(22) can be
written as

ψ = S1(θ),
θ = S2(ψ). (25)

For a numerical solution, we apply a finite difference
discretization following the descriptions in the paper
by Schreiber and Keller.4

The systems (23) and (24) are solved for ψ and θ
respectively by an inexact Newton-GMRES method,
computing the directional derivatives by finite differ-
ences. See, e.g, §6.2.1 in the book.3 For each system
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Gi, i = 1, 2, at each iteration of the inexact Newton
method, the absolute stop tolerance for the GMRES
solver is the minimum of η‖Gi‖2 and η. In all tests,
we set η = 0.8. The inner Newton-GMRES routine
is terminated when the residual of the system is less
than a prescribed tolerance or a maximum number of
iterations has been reached. Notice that since (24) is
linear in the temperature θ, the Newton-GMRES al-
gorithm applied to (24) is equivalent to the GMRES
method with restart.

We use three methods for the outer iteration:
Newton-GMRES method, Broyden’s method and the
Gauss-Seidel method. The Newton-GMRES method
uses finite differences to estimate the derivatives, tak-
ing care to calculate the stepsize according the the
level of inexactness in the inner Newton iteration. The
method contains an implementation of the GMRES al-
gorithm specified in5 and the Newton algorithm given
in.3 The Broyden’s method used is the limited mem-
ory algorithm given in.3 The Gauss-Seidel method is
given in.1 We consider only computing only one or two
iterations of the inner Newton-GMRES solver. Thus,
we define the residual of the overall problem to be:

F (ν)(ψ, θ) =

(
ψ − S

(ν1)
1 (θ)

θ − S
(ν2)
2 (ψ)

)
(26)

where ν1 and ν2 are either 1 or 2. By comparing these
results, we see that by using only one iteration of the
inner solver, we can maintain the same local conver-
gence results. Thus, we reduce the overall time of the
method.

In all test we use Ra = 104, Pr = 1 and N = 30,
where N denotes the number of subintervals on the x-
and the y axis in the discretization. We terminate the
overall algorithm when ‖F (ν)‖ < 10−6. The tests were
executed on a Sun UltraSPARC 1.

In figures 1 - 3, the norm of residual, as defined in
(26), at each iteration of the outer method is graphed.
Two plots appear on each graph: one where one step
of the inner solver for G1 and G2 is used and one where
two steps of the inner solver is used. In figure 1, the
Newton-GMRES method is the method for the outer
iteration. We see that using two steps requires less
outer iterations. However, the local convergence prop-
erties of using one step and two steps are the same as
indicated by the slope of the graph at the last few itera-
tions. In figure 2, we see the results for using Broyden’s
method as the outer iteration. Once again, using two
steps requires fewer outer iterations, but both have the
same local convergence properties. In figure 3, the re-
sults for using the Gauss-Seidel method as the outer
method are given. Once again, using one step of the
inner solver requires more iterations, but has the same
local convergence properties as using two steps.

Table 1 shows the number of evaluations of the sys-
tems (23) and (24) for each of the methods. When two

1 2 3 4 5 6 7 8 9
10

−8

10
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10
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10
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10
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10
−3
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10
−1

10
0

10
1

10
2

iter

re
si

du
al

 n
or

m

Newton GMRES

One step 
Two steps

Fig. 1 Residual norms using Newton-GMRES and
one or two steps of the inner discipline solver.

steps of the inner solver are used instead of one step,
the number of evaluations of each system increases for
each method. The number of evaluations of the sys-
tems (23) and (24) reflects the overall expense of the
solver for the coupled system. The total CPU time in
seconds for each outer method, in each case of one and
steps of the inner solver are shown in Table 2.

Method G1 evals G2 evals
Newton-GMRES one step 317 803
Newton-GMRES two steps 666 1248
Broyden one step 218 368
Broyden two steps 353 694
Gauss-Seidel one step 2460 4655
Gauss-Seidel two steps 4549 7372

Table 1 The number of residual evaluations of G1

and G2 required by each method.

Method Time (sec)
Newton-GMRES one step 27
Newton-GMRES two steps 50
Broyden one step 15
Broyden two steps 27
Gauss-Seidel one step 177
Gauss-Seidel two steps 308

Table 2 The total CPU time, in seconds, for each
method.

The Viscous–Inviscid Interaction Problem

The second example is a viscous–inviscid interaction
(VII) problem in which the Euler equation is coupled
with a boundary layer equation to model the flow of
air around an airfoil. This example does not exhibit
the same traits as the convection example and we can-
not apply the theory we have developed. However, by
including this example, we can motivate the need for
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Fig. 2 Residual norms using Broyden and one or
two steps of the inner discipline solver.
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Fig. 3 Residual norms using Gauss-Seidel and one
or two steps of the inner discipline solver.

further research.
The VII problems considered here is the same one

solved in6 using a least squares approach for matching
and in6, 7 using sequential substitution with relaxation.
We present here a simplified version of this VII, to keep
the description brief. Neglecting the curvature of the
airfoil, assuming that its surface corresponds to y = 0,
we can model the flow by Euler equations in the region
at some distance δ∗(x) away from the airfoil:

∂x


 ρu

p + ρu2

ρuv
u(ρe + p)


+ ∂y


 ρv

ρuv
p + ρv2

v(ρe + p)


 = 0, (27)

where u and v denote horizontal and vertical velocity
respectively, p = p(ρ, T ) denotes pressure, ρ denotes
density, T is temperature, and e denotes the specific
total energy. In addition to (27), we must specify ap-
propriate boundary conditions at the far field and at
(x, δ∗(x)). Near the airfoil, viscosity cannot be ne-

glected and we use boundary layer equations to model
the flow. For simplicity, we consider laminar flow,
which is modeled by the Prandtl boundary layer equa-
tions:

∂x

(
ρu

p + ρu2

u(ρe + p)

)
+ ∂y

(
ρv

ρuv − µ∂yu
v(ρe + p)− µu∂yu − k∂yT

)
= 0,

(28)

where µ is the dynamic viscosity, k is the thermal con-
ductivity and ∂yp = 0 and u = v = 0 on the surface
of the wing (y = 0) and u(x,∞) = Ue(x). Additional
boundary conditions may be specified at the leading
and trailing edges of the airfoil. From ∂yp = 0 it fol-
lows that p (and ρ) is a function of x and, thus, can be
computed from the pressure pe (and ρe) at the bound-
ary layer edge. From the solution u of (28) one can
compute the displacement thickness δ∗.

The viscous–inviscid–interaction can now roughly
be formulated as follows: Given a (an approximation
to the) displacement thickness δ∗, one can compute
the solution of the Euler equation on a region around
the effective airfoil (this is the actual airfoil plus dis-
placement thickness δ∗, i.e., the surface of the effective
airfoil is given by (x, δ∗(x))). From the Euler solution
one computes the tangential velocity Ue, the pressure
pe, and the density ρe at the surface of the effective
airfoil. This leads to a function

δ∗ → (Ue(δ∗), pe(δ∗), ρe(δ∗)). (29)

On the other hand, given (approximations of the) Ue,
pe, and ρe, one can solve the boundary layer equa-
tions. From its solution one extracts the displacement
thickness δ∗. This defines a function

(Ue, pe, ρe) → δ∗(Ue, pe, ρe), (30)

where

δ∗(Ue, pe, ρe) =
∫ ∞

0

(
1 − ρu

ρeUe

)
dy. (31)

To couple both equations we need to find δ̄∗ and
Ūe, p̄e, ρ̄e such that

F ((Ūe, p̄e, ρ̄e), δ̄∗)

=
(

(Ūe, p̄e, ρ̄e) − (Ue(δ̄∗), pe(δ̄∗), ρe(δ̄∗))
δ̄∗ − δ∗(Ūe, p̄e, ρ̄e)

)
= 0. (32)

For the numerical solution, we need to discretize the
problem. Thus, the discretized triple (Ue, pe, ρe) cor-
responds to x1 in the abstract formulation and the dis-
cretized δ∗ corresponds to x2. The discretized versions
of the functions (30) and (29) correspond to S1 and S2,
respectively. The functions (29) and (30) are implicitly
defined using discretizations of the partial differential
equations (27), (28). Abstractly, this can be written
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as G1((Ūe, p̄e, ρ̄e), δ̄∗) = 0 and G2((Ūe, p̄e, ρ̄e), δ̄∗) = 0.
In our numerical experiments, we use existing codes
for the subsystem simulations. These are the same as
those applied in.6, 7 The Euler equation solver used
to evaluate the function S1 in (30) is GAUSS2, de-
veloped by P. M. Hartwich.8, 9 The boundary layer
equation solver was developed by A. Meade.7 Neither
of the two solvers uses Newton’s method as the inner
solver. Thus our discussions in the previous section
does not apply. Moreover, details of the discretiza-
tion (e.g., precise step size selections) applied in the
discipline solvers are not known. Therefore, the exact
formulations for G1 and G2 are not known. Thus, we
cannot report the same results as we did for the con-
vection problem. Instead, we can merely state that we
can improve upon the basic Gauss-Seidel iteration for
this problem.

For the NACA 0012 airfoil, Broyden’s method re-
quired 511490 seconds and the Gauss-Seidel method
required 2881447 seconds to run on a Sun SparcSta-
tion Ultra 1.

Extensions of our theory to cover this case, which
is representative for many MDA problems, is part of
current research.

Conclusions and Outlook
We have studied the numerical solution of systems of

blocked nonlinear equations (3) arising in the solution
of MDA problems. The evaluation of the residual F (x)
involves subsystem simulations, which are performed
by iterative methods. The MDA solvers consists of an
outer iteration for the solution of the system of blocked
nonlinear equations and of inner iterations in the dis-
cipline simulators. If the inner iteration is a Newton
iteration, then we have shown that the truncation of
the inner iterations can be effectively used to acceler-
ate the overall iteration. The key is the interpretation
of the outer iteration with inexact inner iteration as
an iteration of a related system (5) with same solution
as the MDA problem. Further research is needed in
the globalization of this inexact iteration and to in-
clude different inner iterations, such as pseudo-time
marching methods.
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