DOMAIN DECOMPOSITION PRECONDITIONERS FOR
LINEAR—QUADRATIC ELLIPTIC OPTIMAL CONTROL PROBLEMS

MATTHIAS HEINKENSCHLOSS AND HOANG NGUYEN

ABSTRACT. We develop and analyze a class of overlapping domain deasitign (DD)
preconditioners for linear-quadratic elliptic optimahti| problems. Our preconditioners
utilize the structure of the optimal control problems. Treiecution requires the parallel
solution of subdomain linear-quadratic elliptic optimahtrol problems, which are essen-
tially smaller subdomain copies of the original problem.isTWwork extends to optimal
control problems the application and analysis of overlag@D preconditioners, which
have been used successfully for the solution of single PDEs.

We prove that for a class of problems the performance of tloeléwel versions of our
preconditioners is independent of the mesh size and of théosnain size.

1. INTRODUCTION

This paper is concerned with the development and analysigleiss of domain decom-
position (DD) preconditioners for linear-quadratic dilipoptimal control problems. Such
problems arise in many applications (see e.g., [35, 41,aW]) perhaps more importantly,
they arise as subproblems in Newton-type or sequential rqtiagorogramming (SQP)
methods for many nonlinear elliptic control problems (s=g,, [9, 18, 33, 34, 43]). After
a discretization, a linear-quadratic elliptic optimal trmhproblems leads to a large-scale
guadratic programming problems whose solution is, undigaisle conditions, character-
ized through the linear system of optimality conditions.isTimear system is large-scale
and indefinite and it usually has to be solved iterativelye Epectrum of this system is
determined, among other things by the mesh &iamd the control regularization param-
etera (see the formulation (1.2) below). Often one observes thatcbndition number
of the optimality system matrix grows like=2 and likea~!. Good preconditioners are
important for the overall performance of solution methoaisdlliptic control problems.
We note that the structure of the optimality system arisimglliptic control problems is
different from the structure of the saddle point systensmygiin the solution of the Stokes
equation or in the solution of elliptic partial differentequations (PDES) using mixed fi-
nite element methods. Thus, the preconditioners develimpidit context cannot be used
in the solution of optimal control problems, in general.

This paper is concerned with the development of DD precandits for the optimal-
ity system of linear-quadratic elliptic optimal controlgtmlems. Our preconditioners uti-
lize the structure of the optimal control problems. The exien of our preconditioners
requires the parallel solution of subdomain linear-quticleliptic optimal control prob-
lems, which are essentially smaller subdomain copies obtiggnal problem. We extend
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overlapping DD preconditioners which have been used safidbsfor the solution of sin-
gle PDEs to optimal control problems. We prove that the parémce of the two-level
versions of our preconditioners is independent of the meashhsand of the subdomain
size H. Numerical studies indicate that the performance of oucqmditioners for optimal
control problems is comparable to the performance of thminterparts applied to single
PDEs. Moreover, the performance of our preconditionemnisde be rather insensitive to
the size of the control regularization parameter
Let V andU be Hilbert spaces with dual§’ andU’, respectively, let

(1.1a) a:VxV—-R, b:UxV —-R,
be continuous bilinear forms, let

(1.1b) m:VxV >R, q:UxU—R,
be symmetric and continuous bilinear forms, let

(1.1c) ¢, f:V—-R d:U—-R

be continuous linear functionals and tet> 0. We consider the linear-quadratic elliptic
optimal control problem

(1.2a) minimize %m(y, y) —c(y) + %q(u7 u) — d(u)
(1.2b) subjectto  a(y,®) + b(u, ) = f(¢p) VopeV.

The unknowns are the stajec V' and the control: € U. Assumptions on the (bi)linear
forms that ensure existence and uniqueness of a solutioh.®f ill be given in Sec-
tion 2.1.

The formulation (1.2) covers many problems, including tka@naple problems

L 1 . Q@
(1.3a) minimize > /QO (y(z) — 9(x))*dr + 5 /89 u?(z)dz,
(1.3b) subjectto — Ay(x) 4+ oy(z) = A(:r) in Q,
(1.3c) 8—(1 (x) = u(z) onof2
and
(14a)  minimize % /Q (0(e) = 5(@) P+ g /Q 2(x)dz,
(1.4b) subjectto  — Ay(z) = f(z) + u(z) in Q,
(1.4c) y(z) =0 onofd.

In both example$), C Q, § € L2(,), f € L*(Q) are given functions, and > 0 is
a given parameter. In (1.3}, > 0 is also given. Example (1.3) is a special case of (1.2)
with V. = H'(Q), U = L*(8Q), a(y, ¢) = [, VyV¢ + oydz, m(y, ¢) = fQo yodz,

b(u,d) = [5ouddr, q(u,d) = [, updr, c(p) = fQo yaddz, f(¢) = [, fodz, and
d = 0. Example (1.4) is a special case of (1.2) with= H}(Q), U = L*(Q), a(y, ¢) =
Jo VyVodz, m, ¢, f defined as in example (1.3) anfu, p) = [, uddz, q(u, p)
fQ ugpdz, d = 0.

Our DD preconditioners for (1.2) are derived from a framewmased on subspace de-
composition. Such a framework is well known for elliptic P®Eee, e.g., [12, 20, 21,
22, 48, 50].) Since the optimality system for the linear-dyadic elliptic optimal control
problem (1.2) is highly indefinite, the well-posedness difspace projection operators and
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the equivalence between the optimality system for (1.2)asgstem involving combina-

tions of the subspace projection operators need to be eramirhis is done in Section 2,

where we will provide conditions based on the structurerafdir-quadratic elliptic optimal

control problems that guarantee the well-posedness opsagbsprojection operators and
allow an equivalent reformulation of the optimality systéon (1.2) using the subspace
projection operators.

The subspace decomposition framework is applied in Se@titnderive overlapping
DD preconditioners for (1.2). We extend the ideas in [10, 113}, to examine the per-
formance of our preconditioners when applied with GMRES. Wile show that, under
suitable conditions on the optimal control problem and @fithite element mesh and sub-
domains, the convergence factor of GMRES preconditionel aitwo-level version of
our overlapping preconditioners is independent of the ns&h and of the subdomain
size H. This result extends to the optimal control context resthiét are well known for
overlapping DD methods applied to individual PDEs. The gehidea is to split the op-
erator arising in the optimality system for (1.2) into a syetrit positive definite part and
a remainder part, so that the symmetric positive definit¢ ‘daminates’ the remainder
part. This requires a somewhat non-standard non-symnfietniwlation of the optimality
conditions, which in the discretized case corresponds totarchange of two row blocks.
This will be illustrated in Section 3.3. In this section wdlaiso show that this row block
interchange is not necessary in the actual use of our préemmats, i.e., in practice one
can work with the symmetric version of the optimality comnatits.

While the general outline of the proof for the convergencédiaestimates follows that
of [10, 12, 13], many technical details need to be extendedgmptimal control setting.
This is accomplished in Section 3.2. Our estimates applydaase of distributed controls
(e.g, Example (1.4)). To estimate the performance of ourlapping preconditioners, we
need some discretization error bounds for linear-quadsiliptic optimal control prob-
lems. Since these results are somewhat scattered in traduite and sometimes focus on
specific linear-quadratic elliptic optimal control probis, we present the necessary error
estimates in Section 5, focussing on the setting of thispape

Other DD methods for linear-quadratic elliptic optimal tah problems are given in
[1,2,3,4,5, 6,42, 36, 37] and DD methods for a class of @liparameter identification
problems are discussed in [19, 40, 49]. We refer to [37] add fdr a brief comparison
of the different approaches. Our overlapping DD methoés, he DD methods in [1, 2,
3, 36, 37] are based on a decomposition of the optimalityesystThe subproblems that
have to be solved (in parallel) are smaller subdomain vessad the optimality system.
Hence, our methods as well as those in [1, 2, 3, 36, 37] redeiver communication
per computation compared to the approaches in [4, 5, 6, 4Rjhalequire the (parallel)
solution of smaller subdomain versions of the governing RD#& its adjoint. The higher
computation to communication ratio may be preferable onescomputing platforms. The
subdomain optimality systems arising in our approach atienggity systems of smaller
subdomain copies of the original optimal control probletfgveing code reuse. This is
also true for [37], but not for [1, 2, 3]. Finally, while corggence proofs are presented
in [1, 2, 3, 6, 42], there are no results in [1, 2, 3, 4, 5, 6, 42, 3] that estimate the
performance of the respective DD methods with respect ttrsieeh, subdomain sizé?,
or regularization parameter. We are able to provide such estimates for our overlapping
DD methods.



4 MATTHIAS HEINKENSCHLOSS AND HOANG NGUYEN

The non-overlapping Neumann-Neumann methods studiedsin33 can also be de-
rived from the general framework in Section 2, following therk of [20, 24] for elliptic
PDEs. In this sense, the present paper complements [36, 37].

Our work in this paper is also related to [11], where a norireverlapping DD method
is applied to the solution of (systems) of nonlinear PDEse Triethod in [11] could be
applied to the optimality system for an elliptic optimal ¢arh problem. If this is done
for linear-quadratic problems, the method is identicalie overlapping DD methods in
this paper. Hence, this paper provides theoretical juatifha of the approach in [11] for
linear-quadratic optimal control problems.

2. SCHWARZ FRAMEWORK

We describe a general domain decomposition approach fangdinear-quadratic op-
timal control problems. First, we briefly review conditiofus the existence of a unique
solution of the abstract control problem (1.2). We then @nés subspace decomposi-
tion of the optimal control problem, where the space of statjoint and control vari-
ables are decomposed into local spaces. This is an exteabibie subspace methods
well-known for analyzing domain decomposition algorithfasPDE problems (see, e.g.,
[12, 20, 21, 22, 48, 50].) However, since the optimality eystfor the linear-quadratic
elliptic optimal control problem (1.2) is highly indefinjtghe well-posedness of subspace
projection operators and the equivalence between the alityrsystem for (1.2) and a sys-
tem involving combinations of the subspace projection afugs need to be examined. In
this section we will give conditions based on the structdimear-quadratic elliptic opti-
mal control problems that guarantee the well-posednesshspsce projection operators
and allow the equivalent reformulation of the optimalitgtsm for (1.2) using an addition
of the subspace projection operators.

2.1. Problem Formulation. We assume that the state equation (1.2b) is surjective, i.e.
that for alll € V' there existy € V', u € U such that

(2.1a) a(y, ) + b(u, ¢) = U(¢) VeV

and that the objective function is strictly convex on thel4splace of the constraints, i.e.,
that there exists a constapt> 0 such that

(2.1b) m(y,y) + aq(u,u) > C(llyll3 + lull?)
forally € V,u € U with
(2.1c) a(y,9) +b(u, ) =0 ¢V

Remark 2.1. The conditiong2.1) are satisfied ifa and ¢ are coercive. This is the case
for the first example problerfi.3)if o > 0 and for the second example probl¢in4). If

o = 0, the bilinear form in the first example probleh 3)is not coercive o’V = H'(Q).
However, one can show that the first example problem avith0 satisfieg2.1) [37]

The next result is standard, see, e.g., [38, 41, 44].

Theorem 2.2. Let conditiong2.1) be satisfied. Problerfl.2) has a unique solutiop* €
V,u* € U. The pairy* € V,u* € U solves(1.2), if and only if there exists a unique
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adjoint variablep* € V such that

(2.2a) a(0,p*) +m(y*,0) = c(9) Vo eV,
(2.2b) aq(u®, p) +b(w,p*) = dp)  Vpel,
(2.2¢) a(y®,¢) +b(u*,¢) = f(o) Vo e V.
Moreover, there exists a constant> 0 such that

(2.3) ly*llv + lu*llo + llp*llv < & (lellv: + ldlor + | fllv) -

def

We define the spacB =V x U x V, and letz = (y,u,p) € Z, v = (0, 4, ¢) € Z.
Assuming that the conditions (2.1) are satisfied, the proldésolving for the optimality
conditions (2.2) may be stated as finding the unigtie Z such that

(2.4) K(z" ) =9() Y eZ,
whereK : Z x Z — R, andg : Z — R are defined as

K((y,u,p), (0, p,9)) = a(0,p) +m(y,0) + aq(u, 1) + b(u, p)
(2.5) +a(y, ¢) + b(u, ),

9((0, 1, 0)) = c(0) +d(p) + ().

Remark 2.3. Note that the optimality syste{®.2) can also be written ag.4)with K and
g defined by

K((y,u,p), (0, 11,0)) a(¢,p) +m(y, ) + aq(u, p) + bk, p)
(2.6) +a(y,6) + b(u, ),
g((0,1,0)) = c(¢)+d(p) + f(0).

If we comparg2.5)to (2.6) we see that the roles é¢fand ¢ are interchanged. The rep-
resentation of2.4) with (2.6) corresponds to a reordering of the equationg22) in the
order c-b-a and interchanging@ and ¢ of the original optimality system. After a finite ele-
ment discretization(2.4) with (2.5)is obtained fron(2.4)with (2.6) by a row permutation
(see Section 3.3).

The bilinear form(2.5) is symmetric, i.e., satisfids (z,¢) = K (¢, z) for all z,¢ €
Z. The bilinear form(2.6) is not symmetric, but can be split into a symmetric part and
a remainder part. This splitting will be important for the recergence analysis for the
overlapping methods presented in Section 3.

All results derived in the remainder of this section {@r5) remain true if(2.5) is re-
placed by(2.6).

2.2. Subspace Decomposition of the Optimal Control Problem Assume that the spaces
V, U are decomposable into subspaces as

(2.7a) V= Vo+Vi+..+Vy,
(2.7b) U = Up+Ui+..+Up,
withV; c V. andU; c U,i =0, ..., N. The spac& may then be decomposed as
(2.8) Z = Zo+Zi+ ..+ Zn,

with Z; = V; xU; x V;. In a domain decomposition problem with (possibly overlapping)
subdomains, each of the spacési = 1,..., N, is associated with subdomain The
special spacg is used as a coarse space in a two level method and would neted
in one-level methods.

Foreach =0, ..., N, we assume that there exist local continuous bilinear forms

(2.9a) a;,m;:VixV;—=R, b:U;xV;—>R, ¢ :U xU; —R,
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that are local approximations to the corresponding globialdar forms. Fori = 0, ..., N
we require thain; andg; are symmetric, that for all € V; there existy; € V;, u; € U;
with
(2.10a) ai(Yi, ¢i) + bi(ui, ¢i) = li(¢i) Ve € Vi
and that there exists a constgnt> 0 such that
(2.10b) mi (Yi, vi) + aqi(ui, i) > Glwally, + wll?,)
forall y; € V;, u; € U; with
(2.10c) ai(Yi, ¢i) + bi(ui, ¢)) =0 ¢ € V.
Often the local forms are defined as restrictions of the dlfvens to the local spaces,
ie.,
(211) ai(yi7¢i) = a(yi7¢i)7 bl(ulaul) = b(uiaﬂi)a
mi(yi, &) = m(yi, ¢i),  qi(wi, pi) = qui, pi)
for all y;, ¢; € V; and allu;, u; € Us.

For each = 0, ..., N, we define a bilinear fornk’; : Z; x Z; — R as a local approxi-
mation forK :

Ki((ys, wi, pi), (655 i, ¢3))
(2.12)= ai(0s,pi) + mi(ys, 0:) + aqi(wi, ps) + bs (s, pi) + ai(yi, ¢:) + bi(uq, ¢5).
Lemma 2.4. If the local bilinear forms satisfy the requireme(2s10) then for each € Z
there exists a unique solutiof € Z; of
Proof. Letz = (y,u,p) € Z be arbitrary. If we set; = (y;,u;, p;) € Z;, then (2.13) can
be written as

a;i(0i,pi) + mi(yi, 05) + aqi(ui, i) + bi(pi, pi) + ai(yi, ¢i) + bi(us, ¢i)

(2.14) = a(bi,p) +mly,0:) + aqu, p:) + b1, p) + aly, ¢:) + b(u, ¢:)
forall (6;, ui, ¢:) € Vi x U; x V;. Sincez is fixed, the right hand side of (2.14) defines a
continuous linear functional
(2.15) 9:((0i, pis @) = c2(0:) + d= (i) + f2(di),
onZ; , where
cz(0:) = a(0s,p)+m(y, 0:), (i) = aq(u, pi)+b(pi, p), f=(¢:i) = aly, d:)+b(u, ¢;).

Equation (2.14) is equivalent to the system

(2.16a) a;(0;,pi) + mi(yi,0;) = c2(6:) vo; € Vi,
(2.16Db) aq;(wi, i) + bi(pi, pi) = da(ps) Vi € Us,
(2.16¢) a;i(yi, ¢i) + bi(ui, ¢)) = f.(¢s) Vo € Vi.

Using assumptions (2.10) together with Theorem 2.2 we sme(#116) is the necessary
and sufficient optimality conditions fdu;, u;) to be the unique solution of the subspace
optimal control problem

. 1 o
(217&) yie‘I/Iil,g:GUi iml(yia yz) - Cz(yl) + 5%(“«17’(&1) - dz(ui)
(2.17b) st ai(yi, i) + bi(ui, i) = fo(¢i) Vi € Vi.

with corresponding adjoir;. This means; is uniquely defined by. d
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For each = 0, ..., N, we define the operator
T Z — Z,
zZ = Z
wherez; € Z; is the unique solution of (2.13). By definition 6§,
(2.18) Ki(Tiz, ;) = K(2,1;) Y, € Z;.

Itis easy to show thdf; is linear. Moreover, if; is the restriction of, it is easy to show
thatT? = T;, i.e.,T; is a projection. We note th&t > may also be stated as the solution of
the linear problem

(2.19) Ki(Tiz, i) = g- () Vi € Z;,

whereg, is defined ag. (v;) = K(z,¢;).
We are interested in transforming the problem (2.4) into guvalent problem that is
better conditioned. We define the operéfor Z — Z as

N
(2.20) Tz=)Y T
To establish the nonsingularity @f, we impose stronger assumptions on the local bi-

linear forms that those in (2.10). Foe= 0, ..., N we require thatn; andg; are symmetric
and that there exist > 0, p > 0 such that

(2.21a) ai(yi, yi) > nllyill?, Yy € Vi,
(2.21b) mi(yi,yi) >0 Vy; € Vi,
(2.21c) qi (i, ui) > plluill?,, Vu; € Us.

Assumptions (2.21) imply (2.10). In fact the continuity agmercivity of a; imply that
a;(yi, ¢;) = li(¢;) for all ¢; € V; has a unique solutiop! for givenl; € V. Hence,
(2.10a) is satisfied wit; = y! andu; = 0. The continuity and coercivity of; imply that
for eachu; € U, a;(yi, ¢;) + bi(ui, ¢;) = 0 has a unique solutiog; (u;), which depends
Lipschitz continuously om;. This together with Assumptions (2.21b,c) imply (2.10b).

Lemma 2.5. Let bilinear forms satisfy2.1). If the local bilinear forms satisfy the require-
mentg2.21)for i = 0, ..., IV, then the operatof’ is nonsingular.

Proof. Letz € Z satisfyTz = 0. If we denotez; = (y;, ui,pi) = Tiz,i =0, ..., N, then
N

(222) Z(yiaui7pi) = (07070)

=0
Foreach =0, ..., N, (v, u;, p;) = T;z is the solution of (2.16). Setting = y;, u; = u;,
¢; = p; in (2.16), then summing ovér= 0, ..., N and using (2.22) gives

N N
(2.23a) Zai(yi7pi)+mi(yivyi) = D ) =c Zyl -
;V_() 1]—\]0
(2.23b) ZOCQi(Uian)‘f'bi(uivpi) = Zdz (ui) = d- Z“z =0,
i=0 1=0
N

Mz

(2.23c) Z ai(yi, pi) + bi(wi,pi) =
i=0 =0

pl - fZ sz -
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Adding equation (2.23a) to (2.23b) and subtracting (2.28slts in
N

Z aqi(ui, ui) +mi(yi, yi) = 0.
=0
Each term in the previous sum is nonnegative by assumptibBslf,c), so we must have
u; = 0fori=0,...,N. Settinge; = y; in (2.16¢) and summing ovér= 0, ..., N gives
N

> ailyi, yi) + bi(ui, i) Zfz (yi) =0,

=0

which impliesy, = 0,7 = 0, ..., N, by requirement (2.21a). Finally, settifg = p; in
(2.16a) and summing overields

N N
> ai(pipi) +maiyipi) = Y c=(pi)
=0 =0

which impliesp; = 0,7 =0, ..., N. This showsl;z = 0 fori = 0, ..., N. With (2.18) we
can deduce(z,v¢;) = 0forally; € Z;,i =0,...,N,and sinceZ = Zy + ... + Zy, we
obtainK (z,¢) = 0forally € Z. By Theorem 2.2; = 0. O

The following example shows that the assumption (2.10) enldbal bilinear forms,
which is sufficient to guarantee existence of the projeatiperators’;, is not sufficient to
ensure nonsingularity cﬁ:f\io T;.

Example 2.6. LetV = R, U = R. We define bilinear form&(v, ¢) = 0, m(v, ¢) = v¢,
b(u, ) = uu, andq(u, ) = 0. Itis easy to verify that the bilinear forms satig®:1). The
bilinear form K is associated with the matrix

100
0 0 1
010

and in this example we ugé to also denote the abodex 3 matrix.

We setV; =V, U; = U, i = 0,1 and we define the bilinear formg = a, mo = m,
bp =b,q0 = qanda; = a, m; = m, by = —b, ¢ = ¢. Itis easy to verify thaf2.10)is
satisfied fori = 0, 1., but not(2.21) The bilinear formsk;, i = 0, 1 are associated with
the matrices

100 1 0 0
00 1], 0 0 -1
01 0 0 -1 0

which we also denote b, K.
The matrix representations of the projection operatfysi = 0, 1, are given byl =
K;'K = TandT) = K; 'K = diag(1, —1, —1). ObviouslyT; + T} is singular.

We consider the problem

(2.24) Tz=r,
where
N
(2.25) r N Ty, r =Tz, i=0,.., N,
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andz* is the solution of (2.4). The local right hand sidesi = 0, ..., N, can be computed
without knowing the solution*. In fact, (2.4) and (2.13) imply that

Ki(Tiz" ) = K(2%,4;) = g(v4) Y, € Z;.

This means that; = T;2* € Z;, ¢ = 0,..., N, can be computed by solving the local
problem

Ki(ri, i) = g(¥i) Vi € Z;.

Theorem 2.7. If the bilinear forms satisfy2.1)and if the local bilinear forms satisf2.21)
fori=0,..., N, then problem$2.4)and (2.24)have the same solution.

Proof. i. Problem (2.4) has a unique solution by Theorem 2.2 *etatisfy K (2*,v) =
g(¥) forally € Z, then

Ki(Tiz", i) = K(2", i) = g(¥i) = Ki(ri, i) Vi € Z;.

This meands;(T;z* — r;,v;) = 0 for all ¢; € Z;, which impliesT;z* = r;. Therefore,
Tz* = Z?;O T,z* = Z?Z:o =T

ii. Suppose that we have found a solutierthat solvesl'w = r. ThenTw = T'z*, or
T(z* —w) = 0. SinceT is nonsingular by Lemma 2.5, we haie — w) = 0, sow is a
solution to (2.4). O

The transformed problem (2.24) may be solved by using aliie@tive method. The
operator]’ is nonsymmetric, in general, and we solve (2.24) using GMIREBE QMR
[26] or any other method for nonsymmetric systems [45]. Inot®e 3.3, we show that
the operatofl’ has structure that allows the application of the symmetMRYsQMR)
method [27, 28].

Let A(-,-) be an inner product o and let|| - || 4 be the norm or¥ induced byA(, -).
We define
ATz, z2) B ITz|| 4

2.26 cr = inf , Cr= '
( ) = %o A(z, 2) T 0 |1z]la

If GMRES with inner productd(-, -) is applied to the solution of (2.24) anddf > 0,
then the residual — 72(®) in the kth GMRES iteration obeys

9 N\ k/2
(2.27) lr = T2®)|4 = ( - C—E) lr = T2 4
CT

(see [25].) In the next section we analyze a specific domaiomeosition method, and
estimate a lower bound farr and an upper bound far'r in terms of the key problem
parameterd (subdomain size); (mesh element size) ard(regularization parameter.)

We conclude this section by remarking that a multiplicaBatwarz and hybrid meth-
ods for the optimal control case can also be formulated irraigsttforward way (see
[48, Sec. 5.1]). However, for these methods results coomrdipg to Theorem 2.7 still
need to be established. It is also possible to allow noredespaced’;, U,, i.e., spaces
with V; ¢ V, U; ¢ U, if one introduces appropriate of interpolation operafses [48,
Sec. 5.1)).
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3. OVERLAPPING DOMAIN DECOMPOSITIONMETHODS

3.1. Space DecompositionLet Q ¢ R?, d = 2,3, be a polygonal/polyhedral domain
with boundaryof) and letD = Q or D = 99). We assume that the state and the control
space satisfy

V Cc HY(Q), U=L*D).
We apply the finite element method for solving (1.2) or, egléntly, (2.2). Le{7"} be a
family of quasi-uniform meshes. Ferc 7", let h, denote the length of the longest side
of 7 and define

(3.1) h =max{h, : 7€ T"}.
We discretize states and controls using continuous piseliviear functions. Let
Vh = {oh e HY(Q) : v"|, linear vr e T"}.
The spaces of discretized states and controls are given by
(3.2) Vvh = {vh eV :vhePi(r)Vre Th} ,
whereP; denotes the space of piecewise linear polynomials, and
(3.3) Uh = {uh eU : u" =v"|p for somev” € 17’1}
respectively. Note that the spab®& may incorporate homogeneous Dirichlet boundary
information; the spac&” does not. We set
Zh =V x Ut x v
Our discretization of (1.2) is given by

. 1
(3.4a) minimize §m(yh,yh) —c(y™ + %q(uh,uh) —d(u™)

(3.4b) subjectto  a(y", ") + b(u", o) = f(") VoI € V.

The unknowns arg” € V" andu” € U". The necessary and sufficient optimality condi-
tions for (3.4) are given by

(3.5) K(" ") =g(") W' eZzh,
whereK andg are defined in (2.6), i.e., are given by

(B.6a)K(z,7) = a(¢,p)+m(y, )+ aq(u, p) + bk, p) + aly,0) + b(u,0),
(3.6b) g(¥) = () +d(u)+ f(6)
wherez = (y,u,p) andy = (0,u,¢). The choice (3.6) over (2.5) for the (bi)linear
forms K, g will be motivated in Section 3.2 below. Note that (3.5) casoabe obtained by
discretization of (2.4) with (3.6).

We partition the set of elements §hinto N subdomain$2;, i = 1, ..., N, with maxi-
mum diameter less than or equalfth Each subdomaifl; is extended to a larger region
Q;, with an overlap such that

(3.7) distanc€d); N Q, 00, N Q) > 6, Vi

for somed > 0. In general, we assume that the amount of overlap is kepoptiopal to
the subdomain diameter, i.e.,

(3.8) 5> BH
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FIGURE 3.1. A sample triangulation d® = (—1,1)? partitioned into
16 subdomains (left plot). The three shaded regions are geasnof
extended subdomains (middle plot). A coarse mesh (righ}.plo

for some constang > 0. Each extended region is assumed to not cut through any fine
mesh element, and any part@Qf that is outside of the original domain is cut off (see
Figure 3.1). Corresponding f@; we defineD;,i = 1,..., N, as follows
D; = DN oY if D= 09,
D, = if D=Q.
We define state and control subspaces associated with e&cided subdoma'ﬁi, =
1,...,N, by

(3.9 vh = {vh eVh . v =00n Q\ﬁl},

3

(3.10) Uk = {uh e UM : u" =3, for somev™ € XA/’L} :
In the case of boundary controls,_the éfét = () for all extended subdomai@s for which
the interior (relative tdD) of D N Q; is empty. We say thet;, i = 1,..., N, is acontrol
subdomairif

(3.11) in(DNQ;) = 0.

Here the interior is taken relative 0.
The associated local product spaces are

(3.12) zh = vhxutxvh  i=1,..,N.
SinceV’" = Vi + Vi + ... + Vi andU" = U} + U} + ... + U} we have
(3.13) Zh=2Zp 4 Zh 2k
OneachZ!,i = 1,..., N, we define the bilinear fornk; : Z" x Z — R as a local

restriction of K defined in (3.6),

: = a(¢i, pi) + m(yi, ¢i) + aq(ui, i) + b(wi, pi) + a(yi, 0i) + b(wi, 0;).

If ©); is not a control subdomain, the terms involvimg p; are dropped from (3.14).

In the two-level method, we use two families of meshes torditte the domain.
The coarse-level family is denoted ¢} and the fine-level family by 7"}. For the
coarse-level triangulation, we first partitiéhinto N nonoverlapping elements, denoted
asQ;, i = 1,..., N, and then, if necessary, subdivitg, i = 1,..., N, to obtain a coarse
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meshT 7 (see the right plotin Figure 3.1). The coarse mesh is sutbeliiurther to obtain
the fine mesl . Let H, denote the length of the longest siderof 7 and define

(3.15) H=max{H, : 7€ T}

We assume that both familigg “} and{7"} are quasi-uniform.
The coarse-level finite element space are defined as

(3.16) vH = {UH eV v e P1(7) V1 € ’TH},

(3.17) vt = {uH eU : uf = v |p for somev? ¢ \7H},

where, as beford/ = {v" € H'(Q) : v € Pi(r) ¥r € T"}, P, denotes the space
of piecewise linear polynomials, and

ZHEyH g oy H

For convenience, we also defitig = V, U, = UH andZ, < Z. By our construction
of the fine and coarse meshes, we e c V* andU ¢ U". Itis possible to construct
non-nested triangulations so that the coarse spaé¢ed/? are not subsets of ", U",
respectively. In this case, we would need interpolationraoes in order to exchange
information between meshes ([48, Sec. 2.8].)

The local bilinear formiy corresponding to the coarse space is definedas K. In
particular, the local bilinear forms,, myg, qo for the coarse grid are given laym, q.

We make the following assumptions.

Al We assume that the local bilinear formsm;, ¢;,7 = 1, ..., N, which are defined
as restrictions of the bilinear formasm, ¢, satisfy (2.21).
A2 We assume that the bilinear formasm, ¢ satisfy (2.21).

Note that sincer;, m;,q;, i = 1,..., N, are defined as restrictions of the bilinear forms
a, m, q, AssumptionA2 implies AssumptiorAl. AssumptiorAl is required for the one-
level method, while Assumptiof2 is required for the two-level method,

Remark 3.1. In the example problenil.3) with o = 0, we haveV = H'(Q) and
a(y, ¢) = [, VyVedz. The local spacef3.9)satisfy

vV c {v eH' () : v= Oonaﬁi\aﬂ}.

If the relative interior ofd$); \ 99 is nonempty, then the Poincare inequality implies that
the local bilinear form

ai(yu@):/A Vy;Voidx
Q;

is coercive. The positive semidefiniteness:.paind the coercivity of; follow immediately
from the definition ofn andq in example probler(il.3). Hence, assumptiofl is satisfied
for the example problerfl.3). The bilinear forma, however, violates the assumptidg.

For example problenfl.3)with ¢ > 0 and for example problerfl.4) assumption&\1
andA2 are satisfied.

The transformed system (2.24) is now computed for the dizeek problem, i.e., in
(2.24) we replaceZ by Z", Z, by Z!, i = 1,...,N, andZ, by Z#. That is, fori =
0,...,N, we define the projections

. h h
(3.18) T;: Zh — Zh ,

2" =z
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wherezl € Zh, i =1,..., N, is the solution of

(3.19) (2 9f) = K(2"0) Wi e Zf

andz% € ZH is the solution of

(3.20) Kl o) = K" o) vyl e 21,

The right hand sides; € Z",i =1,..., N, andry € Z are defined through
(3.21) Ki(ri,op) = g(v!) Vi € 2}

and

(3.22) K(ro, ™) = g(v™) Wy e 27,

respectively.

The one-level additive operator is
T=T1+...+Tx.

Under assumptioAl, Theorem 2.7 shows that (2.4), (3.6) is equivalent to
(3.23) (Ty 4 ... +Tn)2" =1+ .

The two-level additive operator is

T=To+T1+...+Tn.

Under assumptioA2, Theorem 2.7 shows that (2.4), (3.6) is equivalent to
(3.24) (To+Ti+...+TNn)z" =ro+7r14+ ...+ 7.

3.2. Convergence Analysis for the Two-Level Method.In this section we present a
convergence analysis for overlapping domain decompasitiethods for elliptic linear-
guadratic optimal control problems with distributed cotgr Our convergence analysis
is based on the convergence theory by Cai and Widlund forsyommetric or indefinite
elliptic PDEs. See [10, 12, 13] and [48, Chaper 5]. We sfiliinto a symmetric positive
definite partA and the remaindeNV = K — A. The symmetric positive definite padt
generates the inner product that is used in GMRES. To dedmeergence estimates for
the GMRES residual, we need to show thatiominatesV. Many technical details in our
convergence proof use the fact thatcorresponds to the optimality system for an elliptic
linear-quadratic optimal control problem and differ sangially from those presented in
[10, 12, 13] and [48, Chaper 5].

The bilinear formK defined in (3.6) may be split into two components

(3.25) K(z,0) = A(z,¥) + N(2,9) Vz,0€Z
with symmetric positive definite part

(3.26) A((y, u,p), (0, 1, 9)) = aly,0) + aq(u, p) + alp, )
and

(3.27) N((y,u,p), (0, 9)) = m(y, ¢) + b(p, p) + b(u, 0).

It is this splitting that motivates the choice (3.6) ove5(2.
We make the following assumption.
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A3 There exist constants< ¢, < Cq, 0 < ¢g < Cy, 0 < Oy, Gy, such that

(3288)  callylZng < alwy)s  a(y,6) < Callyllm o ollm ),
(328b)  collullZeioy < a(ww), gl 1) < Cyllullpaoy el 2oy,

(3.28¢) 0 <m(y,y), m(y, ¢) < Collyll 20l 2 (@)

(3.28d) b(u, ¢) < CpllullL2 9l L2(0),
forally,¢ € V and allu, u € U and

(3.28e) b(ui, di) < Cb”ui”L2(§i) QSHL?(ﬁi)v

forall ¢; € V! and allu; € U}

These assumptions are satisfied for example problem (1.43urAption (3.28c) ex-
cludes problems with boundary controls, such as the exapmplelem (1.3). We will
comment on this restriction in the conclusion section.

Since our local bilinear forms;, m;, ¢;, 7 = 1, ..., N, are defined as restrictions of the
bilinear formsa, m, ¢, (3.28) implies Assumptional, A2.

To prove convergence of our domain decomposition methodjszeneed the following
regularity assumption.

A4 Suppose that for every, 3 € L?(Q2) x L?(Q) the solutionw € Z of the adjoint
problem

(3.29) K, w) = ((11,0,13),¥) L2 xL2()xr2() VY € Z
satisfiesv € H2(2) x H(Q) x H?(Q2) and that there exists > 0 such that
(330) ||wHH2(Q)><H1(Q)><H2(Q) < C||(ll,0,13)|\M Vll,l3 S L2(Q)

Recall that (3.6) is nonsymmetric, i.84 is not an assumption on the regularity of the
solution of the optimal control problem.

Under assumption (3.28), the bilinear form (3.26) definegaer product onz” and
we set

I21% = A(z, 2).

We apply GMRES with thed-inner product to solve (3.24). The GMRES residuals obey
(2.27), whereer, Cr are defined in (2.26). The following theorem is the main restl
this section.

Theorem 3.2. Let the bilinear forms satistf3 andb = ¢, and leta > 0 be given. Fur-
thermore, letA4 be satisfied. If GMRES with-norm defined3.26)is used to solvé3.24)
whereT; andr;,i = 0,..., N are defined in3.18)}3.20)and(3.21)+3.22) respectively,
with K; = K and if H is sufficiently small thenr > 0 and1 — ¢r/C7 can be bounded
independently off andh.

The proof of Theorem 3.2 requires a number of technical lesawhich will be pre-
sented next. To simplify the labeling of non-critical caarss throughout this section, we
useC without any subscript to denote a generic constant that doegepend on the mesh
sizeh, the subdomain siz#, and the regularization parameter

We defineM : Z x Z — R,

(3.31) M((y,u,p), (0,1, 9)) = (Y, 0) L2(0) + (u, 1) 2 () + (P D) 12(0)
and
203 = M (2, 2).
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By (3.28) there exist6’4 > 0 (independent o, h, and«) such that
(3.32) lzllar < Camax{l,a '} z|la Vz € Z.
Lemma 3.3. There exists a constattx > 0 (independent off, h, and«) such that
(3.33) K (z,9)| < Cx max{a,a™ '} zllall¥lla V2,0 € Z
Proof. The definition (3.6) of” and (3.28) give

IK(z, )l = la(y,0) + aq(u, p) + a(p, ) + m(y, ¢) + b(u, p) + b(u, 0)]
C(H?JHH1H9HH1 + allullpz||pll 2 + [Pl e[| 6]l 0

IN

Hlyl ol + el zelplm + Jull2]16]l )
On the other hand, the definition (3.26)4fand (3.28) imply

elalivla = ([ow.) +aatu,w) +alp,p)] (a0, 0) + ag ) + a(6,)])

= a(y.y)"%a(0,0)"* + o' 2a(y, y)"*q(u, 1)"/? + aly, y)**a(¢, $)*/?
+a 2 q(u, u) a8, 0)% + ag(u, u)?q(u, p) " + o' 2q(u,u) 2a(p, ¢)?
+a(p,p)*2a(0,0)" + aa(p, p)"*q(u, 1) + a(p, p)**a(¢, $)'/?
Cmin{1, o} (gl [0l + Nl ol 2+ lplan [

Y

Hlylla 1@l + il o2 llpll e + IIUIIL2H9||H1)-
The desired estimate follow from the previous bound§fot, )| and||z|| 4 ||¢||a. O

The first part of the following lemma corresponds to [12, L.[8D, eq. (4.3), L. 7.2].
The constantVy in the following lemma plays the same role as the spectralisaaf the
strengthened Cauchy-Schwarz inequality mafrtkat is often used in the analysis of PDE
problems ([48, Sec. 5.2].) The second inequality in theofeihg lemma can be proven
analogously to the first inequality [44].

Lemma 3.4. There exists a constai{y (independent of, i, anda) such that every

decomposition” = "N 2k 2k e Z, satisfies
N N N N
ID 2R < Nod N=f% 1D =3 < No Y lI=!r
1=0 1=0 =0 =0

The following lemma is proven, e.g., in [21, Sec. 4], [50, lma7.1], [48, Sec. 5.3.1].

Lemma 3.5. There exists a constanl, > 0 (independent of/, i (anda)) such that for
all v € V", there exists a two-level decompositigh= S~ v}, v € V}*, with

N

Za(vf,vf) < C2 a(o", o).

=0

The constantCy, > 0 is independent of{, i (anda) provided that the amount of

overlapd defined in (3.7) is proportional t&l (see (3.8)). Without the latter assumption
one can show that the constaryf, in Lemma 3.5 satisfies

(3.34) C2 < C2.(1+HJ/S),

whereCy, is independent off, i (anda) andé is the amount of overlap defined in (3.7)
(see [23], [48, Thm. 2].)
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Lemma 3.6. There exists a constanl, > 0 (independent of, h, andc) such that for
all u" € U™, there exists a two-level decompositish= > u”, u?* € U}, with
N
(I(uﬁlv u?) < ng q(uh7 uh)'
=0

Proof. Letu" € U" be given. We set! = 0 and we leti; € L?(£2;) be such that
N
ul = Z&i, wi(x) =0,z ¢ Q.
=1

(One can choosg; related tOuhxﬁi, wherexg, is the indicator function, but one needs
to avoid to include function values af* on the boundary$2; more than once.) We define
ul = Iyi;. We have

N N N

uh = Ihuh = Ih Zﬁi = thﬂi = Zu?

i=1 i=1 i=1
For elements- € 7;, insideQ; u!'|, = u"|. and, hencelju?||;2(,) = [|[u"||2(s). For ele-
ments outsid€); that are notadjacent0;, u|, = 0 and, hence|u”|| z2(-) < [Ju"||p2(r).
For all other elements € 7, we have

lufllLzy < |T|1/2”u?”L°°(T) < |T|1/2||uhHL°O(T)

< OlMh 2wl 2y < CRY2RTY2|0 | L2 (s,

where we have usdd| to denote the measure nfand we have used an inverse inequality
[15, Thm. 17.2] to bound th&>°(7)-norm by theL?(7)-norm. Consequently,

N
h h

Z w122y < Ol 1227y

i=0

where we have used the fact that ang 7;, belongs only to a finite number of overlapping
domaing?; thatis bounded independentlydf. Summing over the elements= 7, yields

N
Z w1720y < Cllu"[Z2(0);
=0

which together with (3.28b) gives the desired result. O

It is straightforward to extend Lemmas 3.5 and 3.6 to the peodpaceZ” = V" x
UM x V' as follows.

Lemma 3.7. There exists a constadt, > 0 (independent of{, h, and«) such that for
all 2" € Z", there exists a two-level decompositish= "~ 2/, 2! € Z!', with

N
STA(D, ) < CRAG ).
1=0

The next lemma establishes properties of the coarse grjdgtian. Its proof requires
discretization error estimates for optimal control probde These are briefly summarized
in Section 5. We also need the following assumption on theleeiy of the adjoint prob-
lem as stated in Assumptigd.
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Lemma 3.8. Assume tha®\4 holds and thatz" = (y",u" p") € Z". There exist
C1,Cs > 0 independent off andh, such that the solution” = (y*,uf,pf) € ZH of

(3.35) K )y = K@M yH) vl e Z2
obeys

(3.36) 1271l < Cullz"]a,

and

3.37) ly" = y"lle2) + [IP" = 27 llL20) < Comax{a,a™ }H||2"| 4.
Before we present the proof, we remark that by definition&8.@3.20) ofTy, we have
2 =Ty,

wherez", 21 are given as in the previous lemma. Hence Lemma 3.8 provistenaes
for the coarse grid operator.

Proof of Lemm&.8. First we note that (3.35) has a unique solution. In fact, enphoof
of Lemma 2.4 we have shown that (3.35) corresponds to a cgaid®ptimal control
problem of the type (2.17). By Theorem 2.2 applied to the saarid optimal control
problem, the coarse grid optimal control problem has a umsplution. Moreover, the
coarse grid solution obeys (3.36) (see (5.5)).

For brevity we defing” = (y",0,p") andz¥ = (y,0,p"). We consider the adjoint
problems

(3.38a) K (i, w) = (2" — 2% ) r2(0)x 12(@)x 22(0 Vi € Z,
(Q) () (Q)

(3.38b) K@ wh) = (2" — 27 M) 12 o) n2 () x 12 (0 vy e Z",

(3.38c) K@ why = (2" — 27 ™) 12 o) r2 ) x 12 () vyt e ZH.

If we Set¢h =z —2"in (338b) and note thaﬁh — ZH, 2k — ZH>L2(Q)><L2(Q)><L2(Q) =

(A 5H||2L2(Q)xL2(Q)xL2(Q)' then

(3.39) K" =2 w") = Iy =y 72 + IP" = " 1220
Equation (3.35) withy! = wf ¢ ZH yields
(3.40) K" =21 0wy = o

Subtracting (3.39) and (3.40), we have
(341)  K(" -z w" —w') = |ly" =y |72 0) + 12" = 7|22 (0)-
We now use Lemma 3.3 to boudd(, -)
I1y" =y 122 () + 0" = P71 22(q)
(3.42) < Cgmax{a,a }|2" — 27| allw" — wH | 4.

Let w be the solution of (3.38a). Standard error estimates fealimuadratic optimal
control problems (see Theorem 5.3) give

[wh —wlla < Chl|lw| g2(o)x 1 (@)x H2(9)

[w™ —wla < CH|wl|g2@)xm @xm2@)-

Using the previous two inequalities and assumpfdnwe obtain
[w" — w4 < fu" —wla+[|w” —wlla < CH|w| 2@ o (@) 52(2)

< CH(ly" = y"llr2@ + 1" — p" | 22(0))-
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Hence, (3.42) implies
ly" =y 1720 + IP" = 2™ 1220
< CxCmax{a,a (2" = 27 a(lly" =y |z + 10" = 97 |l12)
which, together with (3.36), gives (3.37). O
Lemma 3.9. If each overlapping regio@i,i =1,..., N, has diameter less than or equal
to Cs H, then there exist§’ > 0 independent off andh such that
[V o,y < COSHIV 1,y Yol €V, i=1,...,N.

Proof. Sincev! is zero outside of);, by a Poincaré inequality (e.g., [29, eqn. 7.44])

HU?HLz(ﬁi) < C|Qi|1/d”v”?”m( < CC&HHVQ% ||L2(Q )

where|§i| denotes the measure@f c R<. This implies the desired inequality. O

The following lemma says that the bilinear fohis positive definite on the subspace
Zhi=1,...,N,if His sufficiently small.

Lemma 3.10. Assume that each overlapping regi@@,i = 1,..., N has diameter less
than or equal taC's H. There exist constan#s, > 0, Cy, > 0 such that ifH < H,, then

(3.43) Kzl > op, Azl 2 Vel e Zh, t=1,...,N.

17

Proof. Let 2! = (y!, ul, p;) € ZI'. The definition (3.6) ofK, (3.28) and the first inequal-
ity in Lemma 3.9 imply

K(z20) = alyl,ul) +aq(ul,ul) + alpl, o) +m(yl,pl) + bluf, p?) + b(uf, y}),
> alyl,u!) + aq(uf, ul) + alpf, p})
~c(lly? O "2y + e M)
2 a(yzh?yz)_FOéQ( 17 z)+a‘(pzvpz)
1
0 (51 agay + 51y + S hnmﬁ—npln
acC
+ 2t s, —||y1 12,0, ))
- X bk
> a(yly!)—C(l+a )CSHHZ%H fi)+§CI(Uian)
+a(p}pit) = C(L+ o™ )CsHIp 13 g,
The assertion now follows from the definition (3.26)4fnd (3.28). O

Lemma 3.11. Let H, be defined as in Lemma 3.10. There exists a conétant> 0 such
that if H < H, then

N

ZA(Tizh,Tizh) < C, A(2", 2" V2l e Zh.,

=0
Proof. Recall, that by definition (3.18), (3.20) @%, the functionz defined by (3.35)
satisfiesz” = T,z". Hence, by inequality (3.36),

A(Toz", Toz") < C?A(", 21).
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Let H < Hy. Lemma 3.10 and the definition (3.18), (3.19)l6fimply
A(Ti2", Ti2") < CRlK (2", Tiz") = Cl K (2", Th2") - v e 27,

i=1,...,N.We sumovei = 1, ..., N, then use Lemma 3.3 and Lemma 3.4
N N

ZA(E-zh,Tizh) < C’;I;K(zh,ZTizh)

=1 =1

N
Cro O max{a, & H|2"][a | Y Tiz" |4

i=1

IN

IN

N 1/2
C’I};C'K max{a,a A", zh)l/QNé/2 ( Z A(T;2", Tizh))
i=1
This implies
N
Z A(T2", Tz < C;I(fC%( max{a, a1 }2No A(2", 2M).
i=1

The desired inequality follows if we séty, = C};2C% max{a, o~ '}>No + CF. O

Lemma 3.12. There exist constanid, > 0, Cy, > 0 such thatifH < H, then

N
ZATz ,Tiz") > C, A(Z", 2" V2 e z".
=0

Proof. Let z* € Z" be arbitrary. By Lemma 3.7 there exists a representation=
SN2k 2 ez with (N [|20]|3)/2 < Col|2"|| 4. We derive an upper bound for
K (2", 2"} by using this decomposition af*, the definition (3.18) of; and Lemma 3.3,

N
h):ZK(zh ZK (T;2", 2") < O max{a, a 1}2:HTzh||A||zh||A
i=0

=0
Applying the Cauchy-Schwarz inequality and Lemma 3.7,

N N
K("2") < Crxmax{a,a™ }(Q_IT"12)2Q I12F1%)"2

IN

N
CrComaxfa,a™ }(3 I T:2"3)"?[12" ] -
i=0

(3.44)

To derive a lower bound foK (2", z"*) we proceed as in the proof of Lemma 3.10 to
obtain

Q
K(z" ") > a(yh,yh)+Eq(uh,uh)ﬂ%(ph’ph)

(3.45) —0((+ 0y ey + (1 +a)p s )-

Letzf = (yH,uf, p™) be defined by (3.35) and recall, that by definition (3.18R(3 of
To, we havex? = Tozh Applying the triangle inequality and using Lemma 3.8, 23,3



20 MATTHIAS HEINKENSCHLOSS AND HOANG NGUYEN

we obtain the lower bound
K" 2 al o) + ol u) + ap" p")
—C(@+a™)ly" =y e + L+ alp" = I}
—C(t+a Y3,
> aly"y") + Gal" u) + " p")
(3.46) max{c, a ' }2(1 + o M H?||2"|%4 — Cmax{1,a '} (1 + o H)||2"]| 4| To2" | 4.
Combining the upper bound (3.44) and the lower bound (3wWéhave

(CKCOmax{a a '} + Cmax{l,a ' }(1+a? )(ZHT h||A) /2H2h||A

(3.47) > (1/2 — Cmax{1,a}*(1 + o HH?)|"|4.

If Hy is chosen such that max{1,a}?(1+a~1)H2 < min{1, a/2}, then (3.47) implies
the desired result with

(1/2 - Cmax{l, a}2(1 + ()[—1)1122)2

Cu, = 5
(CKCO max{a, a1} + Cmax{l,a 1}(1+ a*l))

O

The following Lemma bounds the contribution by the local pmments: > 0) to the
nonsymmetric part of((-, -).

Lemma 3.13. Let H, be defined as in Lemma 3.11. There exists a conétant> 0 such
that if H < H, then

N

(3.48) ZN(Tizh — 2" Ti2M)| < Cu,max{1,a ' JHA(", 2) vl e zh
i1

Proof. LetT;z" = (y%,ul, pk). We note that

N
(3.49)| > N(Tyz" — 2" 12| < |ZNTZ T;2")| +|N (2 ZTz

i=1 i=1
The definition (3.27) ofV and (3.28) imply

|N(T;2", Ti2"))
Im(yl,pf') + bull, pl) + b(ull, yh)|
C Iy o @ 1PH oy + 160 @ It Doy + Il o 1921 2 )
CIu 12 gy + 1P 220y + B W ey + H M2, + H I 12, )-
With Lemma 3.9 and (3.28) we obtain

IAN

IN

IN(Tiz", Ti2")| < CC(?H(H?J?H? o P g, + 11
< CCEmax{l,a” 1}HA(Tiz ,Tiz").

@)
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Lemma 3.11 now implies
N
(3.50) |ZN(Tizh, T;2")| < CCECx, max{1,a ' }HA(", 2"),

i=1

providedH < Hy.
Let 2 = (y", u”, ph) andT;2" = (y2, u?, pl). The definition (3.27) ofV implies

(3.51) N(z ZTZ = Zpl +qul,p +b(u Zyl.

Assumption (3.28) and Lemmas 3.4, 3.9 imply

N N
m" > pl) < Cly"llewll Y Pl
i=1 i=1
1 1/2
chWMmm§}mmm>
=1
1/2 1/2
(3.52) scw/@wmm@EwamQ-
i=1
Similarly,
N N
Uhazylh) < CHuhHLQ(Q)HZy?HL%Q)a
i=1 i=1
1 1/2
< CV‘NYO/ HuhHLz Q) Z”yz ||L2(Q ))
1/2
(3.53) S(WWQWMWWEJMWQQW

=1

The estimate of the term(>." | u!*, p") is little more involved. Lei" € V;* be the
L2(£);) projection ofp”, i.e.,

ﬁﬁM:[ﬁMv#a¢
Q; Q;

Itis known, see, e.g., [8], [39, L. 1.8.1], that
(3.54) 157 — Pl 20y < ChIP) |1 (0)
and

(3.55) 158 1 () < ClP b (o)
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Using assumption (3.28), (3 54),< H, Lemma 3.9 and (3.55), we obtain

b(iﬁ,ph) = Zb w),p" =)+ b(ui, ),
=1
< CZ HuhHL2 ||p HL2 y T ||pz ||L2(Q ))
< OHZ HuﬁlHLz(@)(”ph”Hl(ﬁ\i) + ||ﬁ7},lHH1(ﬁ:))
=1
<

N
OHZ HU?HLz(@)”ph”Hl(ﬁ;)
=1

N 12 , N 1/2
=1 =1

Since the number of subdomains that overlap a given subatrﬂ/h\ais bounded indepen-
dently of N, we have

N
S g < ClP" 3 o
=1
Hence, we obtain
N 1/2
(3.56) (Y ulp") < CH (Du’wm ) IP" 11711 (<
=1

If we combine (3.51)—(3.56), recall that = (y", u” p"), T;2" = (y,ul, ph), and use
Lemma (3.11), then

N
2", ZTizh)

1/2
< CH(|ly" 20 an 2 @)
1/2 1/2
ez Znymm P A Znuhnmm) )
i=1
N 1/2
< Cmax{L,a }H|"|a( Y AT, Tizm)) Y

1=1
(357)< Cmax{l,a *}H|z"|3,

providedH < H,.
The desired estimate now follows from (3.49), (3.50), (3.57 O

The contribution from the coarse component to the nonsymoeirt can be bounded
similarly.

Lemma 3.14. Assume that = ¢. There exist&€' > 0 such that
IN(Toz" — 2", Tpz")| < Cmax{a,a 2} HA(Z",2") V" e Zh.
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Proof. Let 2" = (y",u", p") andTpz" = 2H = (yH,uf, pf). By definition (3.18),
(3.20) of Ty,

K7 9y = K" o®) vl e zH,

Inserting the defintion (3.6) ak, into the previous identity, we obtain

ag(u!, 1) + b(u",p™) = aq(u, u™) + b(p" p") Ve e UM
With b = g andp” = ¢, this implies
(3.58) bu =" y™) = o(y" p" — p™).

The definition (3.27) ofV and (3.58) imply
IN(Toz" — 2", Toz")|

= |m@y" —y" ") +b(u p" —p") +b(u —ul, y™)|

= |m(y" —y", ™) + b p" —p") + a7 by, p" — p™)|

< cmax{La” HJly" = y" o) 0" 20

o™ = bz lu | zgoy + 19" = 0" ez Iy 2o ).

We use Lemma 3.8 to obtain

IN(Tpz" — 2, Toz")| < Cmax{1,a '} max{a,a 'Y H|z"|%.

Now we are able to prove our main convergence result, The8r2m

Proof of Theoren3.2 We show that bothr (the minimal eigenvalue of the Hermitian part

of T) andCr (the norm ofl") can be bounded independentlyifandh for H sufficiently
small.

First we provide a bound farr. From the definition of; in (3.18),
A(lehvwzh) + N(lehv%h) = K(Tizhv 1%1) = K(zhv ¢h) = A(Zhvwzh) + N(Zhvwzh)

3

for all ! € ZI. Settingy! = T;2", we haveA(T;z", T;2") + N(T;2", T;2") =
A(h, Tizh) + N (2", T;2"), or

A(Tiz", 2") = A(Ti2", Ti2") + N (T2 — 2, T;2h).

Summing up ovet =0, ..., N, we have

N
Z A(Tyz", 2"
i=0

N N
ZA(Tizh, Tizh) + Z N(Tizh — 2N Tizh),
i=0 i=0

N N
(3.59) S AT T — >N (T - 2 M)
=0 =0

Y

We let H < min{ Hy, H>} and then bound the first term on the right from below using
Lemma 3.12
N
SAT L") = O A, 2,
1=0
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and bound the second term on the right from above by Lemm&s8d 3.14

IN

N
| Z N(Tizh — 2 T2 Cy, max{1,a P YHA(", 2"),
i=1

IN(Toz" — 2", To2")|

IN

Cmax{a,a 2y HA(2", 2").
Therefore,
(3.60) A(T2z",2") > (Cy, — O, max{1,a '} H — Cmax{a,a 2} H)A(z", 2"
where the constants are independent/bfor h. For H sufficiently small, Cy, —
Ch, max{1,a 1} H — C max{a, a2} H is positive, so that
A(Tzh, M
r = /E(zh,’zh))

and remains bounded away from zerdiifis decreased further.
To bound the norm of’, we use Lemma 3.4 and Lemma 3.11.

A(Tz,Tz)
sup —————
Z;}O) Az, z)

N
sup NO Zi:O A(le, le)
z#0 A(Zv Z)
< NO CHla

with No andCy, being bounded independently Bf andh.

> 0,

CF

IN

3.3. Algebraic Viewpoint. The overlapping methods for optimal control may be formu-
lated at the algebraic level, which is useful for explainmgny implementation issues.

Let {¢;}}_1, {1;}72, be bases of/" andU", respectively. The discretized states,
controls and adjoints can be written as

m

y'(@) =) yidi(e), uh@) =) wu(z), pM(x) = piei(a),
j=1 =1 =1

respectively. We use bold face for the corresponding veatbcoefficients representing
yha uhaph! e'g'!y = (y17 "'7y77«)T'
If we define matriceA, M € R"*", B € R"*™, Q € R™*™ and vectord, c € R",
d € R™ with entries
A]k :a(qbkaqu)v Mjk :m(qbkagb])a Bjk :b(ﬂk,¢]), ij ZQ(:U/CMU“])’
bj = f(¢;), ¢j=c(d;), d;(u;),

then the equivalent algebraic formulation of (3.4) is
(3.61a) min %yTMy + %uTQu —cly —d"u,
(3.61b) s.t. Ay +Bu=b.

If there exists a feasible point and if the Hessian of theathje function is positive definite
on the null-space of the constraints (both assumptionsdisgied for a discretization of the
example problems (1.3) and (1.3) using conforming piecelingar elements as described
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as described in Section 3.1 (see also [37]), then the neyeard sufficient optimality
conditions for (3.61) are given by

A B 0 y b
(3.62) 0 aQ BT u|=1|d
M 0 AT 9] c
The system (3.62) is the matrix representation of (3.5%)(3Me also use the notation
(3.63) Kz=g
instead of (3.62). Note that
A B 0 A 0 0 0 B 0
(3.64) 0 aQ BT |=1 0 aQ 0 + o o BT
M 0 AT 0 0 AT M 0 0
corresponds to the splitting (3.25).
Let
A, B; 0
(365) Ki _ 0 an BlT c R(m+7m+n,;)><(m+mi+ni)7 i = 1’ o N7
M, 0 A7

be the submatrix of (3.62) associated with the extendedmubih();, i = 1,...,N,ie.,
K, is the KKT matrix associated with the spagg. Furthermore, let

A, B, 0
(3.66) K, = 0 aQ Bg‘ e R(rotmotno)x(no+mo+no)
My, 0 AT
be the KKT matrix associated with the coarse spgée By
RY
R,=| R € ROwtmetn)xX(nbmtn) ;9 N
R}
we denote the restriction matrix that maps the glolyalu, p) vector to the local vec-
tor (y;,u;, p;) corresponding to the extended subdom@jn In the case = 0, Ry €
R(notmotno)x(ntm+n) 5 the interpolation operator from the coarse grid to the grie.
The block diagonals dR, are computed as described in [48, p. 62].

For a boundary control problem such as (1.3) with extendbd@maing?; that do not
share a boundary segment withthe middle row and column block &; and the middle
row block of R; have to be deleted. The same issue may also arise whenutisttitontrol
is executed only on a subs@t of Q2. To simplify the presentation, we do not distinguish
between these cases. The discussion in this section canst e@dended to include
control problems with extended subdomaﬁ]son which no control is exercised.

The algebraic representations of (3.19), (3.20) are giyen b

Kizi:RiKz, ZZO,,N

Hence,
T; = RTK; 'R, K € ROvtmtn)x(ntman) -y

Similarly,
r; =R/K;'R;g c R"""*"  j=0,... N.
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The algebraic representations of the transformed syst&td)& given by

N N
(3.67) S Tz=r.
=0 1=0

If we define
N
(3.68) P=> R/K; 'R,
1=0
then we see that (3.67) is just the preconditioned equation
(3.69) PKz = Pg

corresponding to (3.63).

It is interesting to observe that the system (3.62) is nomsgtric. This choice is mo-
tivated by the existence of a splitting (3.25), (3.64). Oa ¢ither hand, the nonsymmetric
form of (3.62) and the resulting nonsymmetry in the prectodér P seems to preclude
the application of iterative methods for symmetric indeééirsystems that allow symmetric
indefinite preconditioners such as the symmetric QMR (sQkdhod [27, 28]. This is
not the case, as the following discussion will show.

If K is the KKT matrix defined in (3.62) and il € R(*tm+n)x(ntm+n) s the per-
mutation matrix that interchanges the firsand last» components of a vector, then

M 0 AT
(3.70) InK=| 0o aQ BT
A B 0
Similarly, let K;, ¢ = 0,...,N, be defined in (3.65), (3.65). IiI; €
Rrtmitn) X (nitmitn) =0, N, then
M, 0 AT
(3.71) ILK; = 0 aQ; B! | cRMtmitnxitmitni,
A; B; 0

The block diagonal structure &,; as well as the fact that the permutatiddsII; inter-
change the first and last blocks imply

R, = ILR;II, I, = 11/

The preconditioned matriRK, whereP is defined in (3.68), can now be written as

N N N
PK=> R/K;'RK=> R/K;'IIRIIK=> R/(ILK;) 'RIIK.
=0 =0 =0

The matricedI K, II,K;, i = 0,..., N, are symmetric (cf. (3.70), (3.71)) and indefinite
([30, 36, 37]). Hence, instead of solving the preconditibsgstem (3.69) we can solve

N N
(3.72) (Z R?(HiKi)lRi> (MIK)z = (Z R?(HiKi)lRi> (Ig),
i=0 i=0

where the matrix IIK is symmetric indefinite and the preonditioner
Zi]\io RI(ILK;) 'R, is symmetric. If we use GMRES,then the convergence the-
ory developed in Section 3.2 applies to both cases. The QNIRE) residuals can be
linked to the GMRES residuals [26], [45, Sec. 7.3].
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4. ADJOINT REGULARITY FOR THE EXAMPLE PROBLEM

Throughout this section we 1€t C R? be a convex, open subset with polygonal bound-
ary. We verify that Assumption&1-A4 are satisfied for the example problem (1.4).

In problem (1.4) with distributed control, we haVe= H}(Q2), U = L*(Q), a(y, ¢) =
Jo VyVodz, m(y, ¢) = fﬂo yodz, b(u, ¢) = [, u¢dr andq(u, ) = [, updr. Assump-
tionsA1-A3 are satisfied.

To verify AssumptiomA4, letw = (w,, w,wy,) andy = (0, 1, ¢). The adjoint problem
(3.29) is equivalent to

(4.1a) a(wp, @) + b(wu, ¢) = (l1, $) Vo eV,
(4.1b) aq(p, wy) + b(wy, p) =0 vpeU,
(4.1c) a8, wy) + m(8,w,) = (I3,6) Vo e V.

Standard estimates analogous to those applied in Theoesh@w that (4.1) has a unique
solutionw = (wy, w,w,) € HY(Q) x L2(Q) x H'(Q) which satisfies

lwl| )<Lz xmr ) < Cllhllz2) + 13llL2())

for someC > 0.
Sincew,, l; € L? the solutionw, of (4.1a) is inH? and obeys

wplla20) < CllwallL2) + i1ll2@))

for someC > 0[31, Th.3.2.1.2]. Analogously, sinee,, /5 € L?, the solutionw,, of (4.1c)
is in H2 and obeys
lwyllzr2(0) < CUlwpllL2(0) + I3l L2(0)-

Finally, (4.1b) impliesw,, = w, € H*(Q). The previous estimates show that Assumption
A4 is satisfied.

5. ERRORESTIMATES FORELLIPTIC LINEAR-QUADRATIC OPTIMAL CONTROL
PROBLEMS

In this section, we present basic error estimates for d@lijitear-quadratic optimal
control problems that are needed in the proof of Lemma 3.8. f&as on the setting
of this paper. More results on error estimates for elligtiear-quadratic optimal control
problems may be found in [14, 17, 32] and the references ditein.

Throughout this section we assume that condifi@olds, i.e., that the bilinear forms
a,m, q satisfy (2.21). Moreover, as in Section 3 we assume thatidegulation is quasi-
uniform. We can define operatas, . € L(V", (VF)), Bpx € LU, (VF)), Mpx €
LV (VEY), Qi € LIU*, (U*)"), via
(5.1) (Ao, o)y v = a(", ¢%),  (Burul, o")vr v = blu”, %),

(Mo, ¢F Yy v =m0, ¢%),  (Quau®, 1*)v v = qu, pF),

where(-, -)y- v the duality pairing betweel” ad V. If h = k, we simply write A, . ..
instead of4y, j, . . .. Sincea, m, g satisfy (2.21),

(Ao oM v v > eV 3, (Quul, uM)ur o > cqllul(|F,

(5-2) (Mpv" o)y > 0.

forall v € V*, u" € U". In particular,4;, andQ;, are continuously invertible.
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The operatoikCy, , € £(Z", (Z*)") associated with the finite element discretization of
(3.6) is given by

Ani Buk 0
(5.3) Khi = 0 aQni By :

M, 0 ZJc'
We also consided € £(V,V'), B € L(U, V"), M € L(V,V"), Q € L(U,U"),
K e L(Z,7'"), defined analogously to (5.1), (5.3).

Lemma 5.1. Let Z" be equipped with thel-norm. If thea, m, b, ¢ are continuous and
if a,m, q satisfy(2.21) then the operatoiC;, € L£(Z",(Z")") defined in(5.3), (5.1)is
invertible and there exists > 0 such that

||’C}:1H£((Z}L)/’Zh) <k Vh.

Proof. Sincea, b, m are continuous bilinear formsl;,, B;,, M, are uniformly bounded.
By (5.2), the inverses!;, and Q) exist and are uniformly bounded.
Elementary calculations show that

0 I 0 M, AT 0
Kn = Bi(AD)™Y —Bi(An)TIMAT T A, 0 0
I 0 0

I A;lBh 0
(5.4) x| 0 (A TMABL T,
0 I
whereQ), = aQ), + B;i( ;;)*1/\/1;1,4;18;1. By (5.2), 0, is invertible and its inverse is
uniformly bounded. Sincel;,, By, My, A,jl, @gl are uniformly bounded, the operators

on the right hand side of (5.4) are invertible and their isesruniformly bounded. This
proves the uniformly boundedness/@)fl. O

With (5.1), (5.3), the equation
K9 = K"y vl e 2"
can be written as
Kgzt = lCh7th.
With Lemma 5.1 this implies
(5.5) 214 < 15 I, 112" 4

(cf. 3.36).
Let k& be defined as in (3.6) and léte Z’ be given. We are interested in the error
between the solutionsandz" of

(5.6) k(z,0) = (,¢)z.z Y eZ
and
(5.7) k(" M) = " g 7, WM e Z"

respectively. If we defind;, € (Z")' by (in,v") 2/ 7z = (I,9") 2/ 7 forall " € Z", then
(5.6), (5.7) can be written as

(5.8) Kz=1
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and
(5.9) Knz" =1,

respectively.
To derive an estimate for the errppe” — z|| 4, we letR,, : Z — Z" be a restriction
operator and we consider the identity

ICh(zh - Rh(z)) =lp — /Cth(Z).

We immediately obtain the estimate
(5.10)
12" = Ru(2)lla < I, ez zmlin = KnRu(2)(zny < Kllln = KnRa(2)]la,

where we have used Lemma 5.1. An estimate|fdr — z|| 4 now follows from estimates
of th - ICth(Z)”Z/ andHRh(z) - ZHA

Letz = (y,u,p). LetIl, : C°(Q) — V" be theV" interpolant [15, 16]. and let
rn : L?(D) — U" be the Clement interpolation operator [15, p. 132], [7, P}. 8The
resultsin [15, Th. 17.1],[16, Thm. 3.2.1], [15, p. 133], p7 82] guarantee the existence of
C > 0 (independent of) such that

(5.11a) [v = pv|[ 1 (0) < Chllv]|lr2(o) Vo € H?(Q),
(5.11b) lu —rpullL2¢py < Chllullg1(py Yu € H'(D).
If we define the restriction operator

(5.12) Ri(z) = (Upy, rpu, Mup)"

and assume

2z € H*(Q) x HY(Q) x H*(Q),
then (5.11) implies
(5.13) [z = Rn(2)[la < Chmax{|ly[l g2, [ull 1) [Pl 20 }-

To estimate|l;, — KnRn(2)]|(zn) we use the definition df, and/C;, to obtain

(I, WM 2072 — (KnRu(2),¥") 2/ 2

llh — KaRu(2)ll(zny = sup

heZM {0} 19" | A 7
_ sup (") 2,2 = (KRu(2),¥") 2,2
heZM {0} 17| 4

Sincez solves (5.8),

1 — Kz, 0"z 74+ (K(z = Rn(2)), ") 2.
lih = KnRu(2)llzny = sup < Wz .z <h( n(2), V)2 z
ez {0} ll"]| 4
_ hy _,

_ sup (K(z Rh(hZ))’w Y2/ .z

whezm {0} "] 4
1Kl 22,212 = Ri(2) [ all"]] 4

$hezm\ {0} 17| A
(5.14) < Kllzez,znllz — Ru(2)]| a-

Combining the estimates (5.10), (5.13) and (5.14) give$di@wing error estimate.

<
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Theorem 5.2. Leta, m, b, g be continuous and let, m, ¢ satisfy(2.21) Let{7,}, and
{{rND : 7 € T,}}1 be regular families of triangulations. If the solutian= (y, u, p)
of (5.8) satisfiesy, p € H*(Q) andu € H*(D), then there exist6’ > 0 independent of,
such that the error between the solutioof (5.8)and the solution” € Z" of (5.9)obeys

[z — Zh||A <Ch maX{||y||H2(Q)a ”uHHl(D)a ||P||H2(Q)} Vh.

Again, letk be defined as in (3.6) and It Z’ be given. In the proof of Lemma 3.8
we need an estimate of the error between the solutioasdw” of

(5.15) k(,w) =) z.z VpeZ
and
(5.16) E@P, wh)y = (1, 2 5, W e Zh

respectively. If we defind;, € (Z")' by (in,v") 2/ 7z = (I,9") 2/ 7 forall " € Z", then
(5.15), (5.16) can be written as

(5.17) Krw =1
and
(5.18) Kiwh =1y,

respectively. Using|C*|| = ||K||, [[(K*)~!|| = ||K~!|| and the same techniques applied
to prove Theorem 5.2 we can establish the following result.

Theorem 5.3. Leta, m, b, g be continuous and let, m, ¢ satisfy(2.21) Let{7;}, and
{{rND : 7€ T,}} be regular families of triangulations. If the solutien= (y, u, p)
of (5.17)satisfiesy, p € H?(Q2) andu € H'(D), then there exist6’ > 0 independent of
h such that the error between the solutierof (5.17)and the solution” € Z" of (5.18)
obeys

lw —w"|4 < Chmax{|[yll =@, |l i 0y, [Pl 22} V.

6. CONCLUSION

We have extended the framework based on subspace decoimpogihich is well
known for elliptic PDEs, to derive domain decomposition hoets for linear—quadratic
elliptic optimal control problems. We have shown that thedamain problems that arise
in our preconditioners are essentially smaller copies efatginal optimal control prob-
lem, hence allowing code reuse.

The subspace decomposition framework was then applieditedaererlapping DD pre-
conditioners for linear—quadratic elliptic optimal cavitproblems. We have shown that the
convergence factor of GMRES preconditioned with a two-lgeesion of our overlapping
preconditioners is independent of the mesh &izmd of the subdomain sizé, provided
that the coarse grid is sufficiently small, relative to thatcol regularizationy. This re-
sult extends to the optimal control context results thaweek known for overlapping DD
methods applied to individual PDEs.

Our numerical results in [44] indicate that the convergdmeleavior of our two-level
overlapping DD preconditioners for linear—quadraticpiti optimal control problems is
comparable the performance of their counterparts appisohgle elliptic PDEs. However,
the numerical results in [44] also indicate that our congarg theorem is too pessimistic
for smalla. In fact, for the test problem with distributed controls simered in [44], we
have not observed any dependence of the size of the coadsangri A sharper theoretical
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analysis of the convergence dependence on the size of thelkgularizationy is part
of our future research.

In [44] the conditionsug(u®, 1) + b, p*) = d(p) for all p € U (cf. (2.2b)) and
g = b, d = 0 were used to express the conttdlin terms ofp* and eliminate the former
from the optimality system. An overlapping domain deconifpms method corresponding
to the one discussed in this paper was applied in [44] to theltirg2 x 2 system. An
advantage, from the theoretical point of view, of the apphoi [44] is that implicitly
u = o~ 'p and, hence: inherits all regularity properties from the adjojmt This is not
necessarily the case in our approach and makes the proofsnofmas 3.13, 3.14 more
involved. However, we believe that the approach followekigypaper is more suitable for
the optimization context, since it allows one to formallyend the domain decomposition
methods is this paper to problems with point—wise contralt@ints in several ways.
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