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Abstract.  In this paper we analyze inexact trust-region interior—point (TRIP) sequential quadra—
tic programming (SQP) algorithms for the solution of optimization problems with nonlinear equality constraints
and simple bound constraints on some of the variables. Such problems arise in many engineering applications, in
particular in optimal control problems with bounds on the control. The nonlinear constraints often come from the
discretization of partial differential equations. In such cases the calculation of derivative information and the solution
of linearized equations is expensive. Often, the solution of linear systems and derivatives are computed inexactly
yielding nonzero residuals.

This paper analyzes the effect of the inexactness onto the convergence of TRIP SQP and gives practical rules
to control the size of the residuals of these inexact calculations. It is shown that if the size of the residuals is of
the order of both the size of the constraints and the trust—region radius, then the TRIP SQP algorithms are globally
convergentto a stationary point. Numerical experiments with two optimal control problems governed by nonlinear
partial differential equations are reported.
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1. Introduction. In this paper we study a class of optimization algorithms that allow the
use of inexact information for the solution of minimization problems with nonlinear equal-
ity constraints and simple bound constraints on some of the variables. More precisely, the
problems we are interested in are of the form

minimizef (y, u)
(1.1) subject t&’'(y, u) = 0,
ueB={u: a<u<b},

wherey € R™, u € IR"™™,a € (RU{—0cc})"™", b € (RU{4+cc})"™™, f: R" —

R, C : IR" — IR™, m < n, andf andC are assumed to be at least twice continuously
differentiable functions. Applications include optimal control problems, parameter identifi-
cation problems and inverse problems, and design optimization.

The algorithms investigated in this paper are extensions of the trust—region interior—point
(TRIP) sequential quadratic programming (SQP) algorithms introduced and analyzed in [15].
The TRIP SQP algorithms are SQP methods that use trust regions as a strategy for globaliza-
tion and for regularization of the subproblems and that apply an affine scaling interior—point
approach to deal with the bounds on the variableslowever, the analysis in this paper will
also be relevant for other SQP algorithms.

The minimization problem (1.1) often arises from the discretization of optimal control
problems. Hergy are the state variables,are the control variables, afit(y, «) = 0 is the
discretized state equation. TRIP SQP algorithms utilize the structure of the problems induced
by the partitioning of the variables into states and controls. Subproblems in the TRIP SQP
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algorithms are solved iteratively. As a consequence, only directional derivatives are needed
in the implementation of these algorithms. However, differentiability is required to guaran-
tee convergence. In [15] it is assumed that derivative information is available exactly and
that linearized equations can be solved exactly. In many applications these assumptions are
unrealistic. Derivative information may be approximated, for example, by finite differences.
Moreover, the linearized equations are often discretizations of partial differential equations
and iterative solvers are used for their solution. The purpose of this paper is to extend the
exact TRIP SQP algorithms to allow inexact calculations in tasks involving derivatives of
C(y, u). Inexactness in derivatives of the objective functfoalso can be allowed, but it is

not done here to keep the presentation simpler. Since we treat states and controls as inde-
pendent variables, and since the objective functions are often rather simple, e.g. least squares
functionals, this does not present a severe restriction. One goal for our analysis is to derive
measures of inexactness and controls of inexactness that are simple to implement.

To explain how we deal with inexactness and to present the main results of this paper, we
need to introduce some of the structure of problem (1.1) (see also references [26], [30], [31],
[32]). For convenience we write

x:(y)
(7

Due to the partitioning of the variable into y andu, the Jacobian matrix of'(z) can be
written as

J(x) = ( Cy(x) Cul@) ),

whereC, (z) € R™*™ andC,, () € R™> =™,
In the exact TRIP SQP algorithms, we have to compute quantities of thedg(m) d,,
andC[ (z)d,, and we have to solve linear systems of the form

(12) Cy(xk)s = I;k and Cy(l‘k)TS = I;k
Since these systems are solved inexactly, what is computeq] arels; such that
Cy(l‘k)gk = I;k + e, and Cy(l‘k)Ték = I;k + ég,

wheree, andé, are residual vectors. In many iterative methods, like for instance Krylov
subspace methods, the norfii|| and||é;|| can be computed efficiently with few extra
operations. Such residuals are used to measure inexactness.

We give conditions on the amount of inexactness allowed in the inexact TRIP SQP al-
gorithms that guarantee global convergence to a point satisfying the first—order necessary
optimality conditions. In the case of the linear solvers, these conditions are the following:

(13) el = O (minfé, @) and Jleell = O(IC()]).

wheredy, is the trust—region radius afid’'(z)|| is the norm of the residual of the constraints.

Thus as the iterates approach feasibility the accuracy with which the linear systems are solved
has to increase. Moreover, the accuracy of the linear system solves has to increase if the region
where the quadratic model is trusted becomes small. This also is reasonable since the trust
region should not be reduced unnecessarily. Similar results are derived for the inexactness
that arises in the computation of directional derivative§'6f). The details are presented in

this paper.
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The convergence results presented in this paper rely on the theory given in [14], [15]. A
comprehensive convergence theory is presented in [52].

We have applied the inexact TRIP SQP algorithms to the solution of two optimal control
problems, a boundary control problem for a nonlinear heat equation and a distributed control
problem for a semi-linear elliptic equation. Preconditioned Krylov subspace methods were
used to solve the linearized state and adjoint equations (1.2). The numerical results reported
in Section 9 confirm our analysis.

It should be pointed out that by inexactness we mean inexact derivative information and
inexact solution of linear systems. Trust-region methods allow another level of inexactness
that is also treated here and in most other papers on trust—region methods: in trust-region
methods the quadratic programming subproblems do not have to be solved exactly. It is suffi-
cient to compute steps that predict the so—called fraction of Cauchy decrease condition. This
allows the application of a variety of methods for the approximate solution of subproblems.

In the context of systems of nonlinear equations, inexact or truncated Newton methods
have been proposed and analyzed by many authors. Some of the pioneer work in this area
can be found in [11], [50]. More recent references are [3], [4], [18], [20], [19], [29]. Most
of the recent papers investigate the use of Krylov subspace methods for the solution of linear
systems, like GMRES [46], in inexact Newton methods. These Krylov subspace methods
are attractive because they monitor the residual norm of the linear system in an efficient
way and only require Jacobian times a vector, not the Jacobian in explicit form. The results
for the solution of systems of nonlinear equations have been extended to analyze inexact
Newton methods for the solution of unconstrained minimization problems, e.g. [12], [39],
[41]. Inarecent paper [55], the impact of inexactness in reduced gradient methods for design
optimization has been analyzed.

In nonlinear programming, inexactness has been studied by [2], [10], [13], [22], [34],
[40], [53] among others. The papers [13], [22], [34], [40] investigating SQP methods mostly
study the influence of inexactness on the local convergence rate. In [40] conditions on the
inexactness are given that guarantee descent in the merit function. In the papers mentioned
previously, the inexactness is often measured using the residual of the linearized system of
nonlinear equations arising from the first—order necessary optimality conditions, or some vari-
ation thereof. If globalizations are included in the investigations, then line—search strategies
are used. To our knowledge, inexactness for SQP methods with trust-region globalizations
has not been studied in the literature. Due to the computation of the step in two stages, the
computation of the quasi—normal component and of the tangential component, the analysis
of inexactness in SQP methods with trust—region globalizations requires techniques different
from those that can be used for line search globalizations. Other papers which investigate
SQP methods for large scale problems, but without treatment of inexact linear systems solves
and inexact derivative information include [1], [33], [38].

This paper is organized as follows. In Section 2, we state the first—order necessary op-
timality conditions of problem (1.1). A review of the features of the exact TRIP SQP al-
gorithms necessary for the inexact analysis is given in Section 3. The inexact TRIP SQP
algorithms are presented in Section 4. Here we also list the assumptions under which con-
vergence can be guaranteed. In Section 5, we prove global convergence. The remaining of
the paper deals with practical issues concerning the step and multipliers calculations. Each
step is decomposed in two components: a quasi—-normal component and a tangential compo-
nent. In Section 6, we present several techniques to compute quasi—normal components and
show how they fit into the theoretical framework given in Section 4. In Section 7, we discuss
conjugate—gradient methods to compute the tangential component and analyze the influence
of the inexactness. The inexact calculation of the multipliers is discussed in Section 8. In
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Section 9, we present our numerical experiments. Section 10 reports on our conclusions and
directions of future work.

We use subscripted indices to represent the evaluation of a function at a particular point
of the sequence&r; } and{\;}. For instancef; represents(xy). The vector and matrix
norms used are th& norms, andl; represents the identity matrix of ordér Also (z),
and (z), represent the subvectors efc IR" corresponding to thg and« components,
respectively.

2. First—order necessary optimality conditions. We say that

= ()

satisfies the linearized state equations t.J(z)s = —C'(z) or equivalently if
Cy(z)sy + Cy(x)sy = —C(2).
From the previous equation we can see that the columns of
_ -1
2.1) W) = ( Cole)™ Cula) )

form a basis of the null space d{z).

The structure of the Jacobian and the definition of its null space using the rifagrix
is important for the formulation of the first—order necessary optimality conditions. In the
following, we give a brief derivation of the form of the these conditions used in this paper.
Further details can be found in [15]. For box constrained problems see also [8], [16].

We introduce the Lagrangian function

{z,\) = fz) + M CO(2)

and we note that, due to the form of the bound constraints, the invertibility, ¢f) implies
the linear independence of the active constraints:. Ifs a local solution of problem (1.1),
then it satisfies the first—order Karush—Kuhn—Tucker (KKT) conditions:

Clxs) =0, a<u, <b,
A = _Cy($*)_Tvyf($*)a

a; < (u*)z <b, = (Vuﬁ(l‘*, *)) 0,
(u*)l = a; — (Vuﬁ(x*, )) 0,

>
(Vaul(zs, Ae)); <
(

It is not difficult to show thatV ,¢(z., \.) = W(z, )TV f
diagonal matrixD(z) with diagonal elements given by

z.). Thus, if we define the

(b—w? it (W()TVf(x)), <0andb; < +oc,
(D())s = 1 ) if (W(2)TV f(=) )Z < 0 andb; = +0,
(w—a)? if (W(@)IVf(z) )Z >0 anda; > —o0,

1 it (W(x)"Vf(x)), > 0anda; = —ox,
i=1,...,n—m, then we can write the first-order KKT conditions in the form
(2.2) Clzy) =0, a<u, <b,

(2.3) D(z ) W(z)'Vf(zs) =0
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3. Exact TRIP SQP algorithms. The algorithms described in this section have been
proposed and analyzed in [15]. They use exact first—order derivative information and require
that the linear systems are solved exactly. The purpose of this section is to provide the frame-
work for this class of algorithms. The TRIP SQP algorithms are iterative algorithms. At a
given iteration, an approximatian, to the solution is given, and a step

w= (i)

of the forms;, = s}, + s}, is computed. The componends ands;, of the step are called the
guasi—normal component and the tangential component, respectively. If the step is accepted,
the process continues by setting, 1, the new iterate, te;, + s;. Otherwise the step has to
be recomputed and tested again for acceptance.

The role of the quasi—normal componehtis to move towards feasibility of the equality
constraints. This component is of the form

(3.1) s = ( (%) )
0
and it is computed as an approximate solution of the trust—region subproblem
HRE 1 n 2 1 n 2
m|n|m|ze§||Jks + CylI* = §||Cy(xk)sy + Ci||

subject td)s, || < d,

wheredy, is the trust radius. This quasi—normal component must satisfy

(3.2) lIsk]l < &1]|Ckl|
and
(3.3) NCkIP = [1Cy (1) (5)y + Ckll® > ral|Cxll min{rs]|Cyl|, ¢ },

wherek;, k2, and ks are positive constants independenttof In Section 6, we describe
several practical ways to compute the quasi—-normal component that satisfy conditions (3.1)—
(3.3).

The tangential component minimizes a quadratic model of the Lagrangian function in the
null space of the linearized constraints and subject to a trust-region constraint. The tangential
component is of the form, = W (sx)., WwhereW,, = W (xy) is the representation of the
null space of/;, defined in (2.1). The componefy; ), must satisfy the bound constraints

(3.4) or(a—uk) < (sp)u < op(b — ug),

wheres, € [, 1) C (0, 1). This ensures that; + (s ), remains strictly feasible with respect
to the bound constraints< u < b.
For further description on ho),, is computed, consider the quadratic model:

#(su) = qr(sh + Wisu) + 357 (ExD}?) su

v
(3.5) _
qr(sp) + WEVar(sp)) T su + 55T (W HyWy, + Ex D ?) 50,

whereq;(s) is the quadratic approximation of the Lagrangian functign, + s, A;) given
by:

1
ar(s) = b + Vol(zr, \e) s + §5THk5a
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and WIVqr(sp) = WI(Hesh + Vfi). The matrix H, denotes an approximation to
V2. Uz, Ay), and Dy, and E), are diagonal matrices whoseth diagonal element is given
by

1
2

(b— uk)z if (WkTva(Sl:))z < 0 andb; < +oo,
_ 1 if  (WIVa(sh)). <0 andb; = +co,
(3.6) (Di)ii = . (W Va(si);
(up —a)? if (Wquk(SZ))Z > 0 anda; > —oo,
1 if (Wquk(SZ))Z >0 anda; = —0,
and

{ (WIS ), i (WY TR), #0,
(Er)si = ' ) '
0 otherwise,

respectively. The role of these matrices in the quadratic (3.5) is related to the application
of Newton’s method to the system of nonlinear equations arising from the first—order KKT
conditions. See [15] for more details.

Exact TRIP SQP algorithms include two approaches to comayle: a coupled ap-
proach and a decoupled approach.

The decoupled approach [15] is associated with the trust-region subproblem

(3.7) minimize¥y (s, )
(3.8) subject tdf D s, || < .

In this approach the tangential componési),, has to satisfy a fraction of Cauchy de-
crease condition associated with the trust-region subproblem (3.7)—(3.8). This condition
requires(si ), to give as much decrease on the quadratic (3.5) as the decrease given by
—D2W[EVq;(sh). It can be proved (see [15, Lemma 6.2]) that such a condition implies

ar(sk)  —  ar(sp + Welsk)u)

(39) 3 T n : 3 T n
> il DR W V(s min { sl DeWT Var (s3], s |,
wherex,, x5, andke are positive constants independent:of
The use of conjugate gradients to solve trust-region subproblems in unconstrained min-
imization has been suggested in [49], [51]. An adaptation of these algorithms to compute the
tangential component that takes into account the problem structure and the bound constraints
is presented in [15] and is given by:

ALGORITHM 3.1 (Exact computation of, = s} + Wi (sx)u uUsing the decoupled ap-
proach).
1 Sets) = 0,7 = — W Vqr(sh), ¢° = D’ d° = ¢°, ande > 0.
2 Fori=10,1,2,...do

i ()7 (q")
2.1 Computey’ = @ (W HWa+ B D7) (@)

2.2 Compute
= max{T >0 ||Dk_1(5; + 7d')|| < &,
op(a —ug) < SZ +rd < or(b— Uk)}

23 Ify" <0, 0rify" > 7', then sef(s; ), = s, + 7'd’, wherer’ is given as in
2.2 and go to 3; otherwise s€ft! = si 4+ y'd".
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2.4 Update the residualét! = r' — ' (W H, W, + Ex D) d'
andqit! = DZpitl,
2.5 Check truncation criteria: if/ ﬁ’”(—ré%%l < ¢, set(sg)y = sitt andgoto 3.
2.6 Computex’ = (’“—;1%@ and setl't! = ¢t 4 o' d’.
3 Computes;, = s + Wi (sk). and stop.
Step 2 iterates entirely in the space of theariables. After the: componen(sy, ), of
the step has been computedgitsomponent is calculated in Step 3.

The decoupled approach allows an efficient use of an approximﬁ'&jda the reduced
HessianW! i, W}. In this case only two linear systems are required, one @jttr,)” in
Step 1 and the other witfi, (x) in Step 3, cf. (2.1). If the full HessiaH, is approximated,
then the total number of linear system solvegi$k) + 2, whereI(k) is the number of
conjugate—gradientiterations. See Table 3.1.

In the decoupled approach only thepart of the tangential component is required to be
in the trust region. The coupled approach requires the whole tangential component to be in
the trust region. The trust-region subproblem is the following:

(3.10) minimize¥y (s,,)

n _ -1
(3.11) subject ttH( (sk)y Cyl%{kl) Cul@r)s )H < 0.
k Su

The tangential componeiit;),, has to satisfy a fraction of Cauchy decrease condition as-
sociated with the trust-region subproblem (3.10)—(3.11). This condition requifgs to

give as much decrease on the quadratic (3.5) as the decrease givem by Vg (sh).

It is shown in [15, Lemma 6.2] that this condition also implies (3.9). Again one can use a
conjugate—gradient method to compute the tangential component.

ALGORITHM 3.2 (Exact computation of, = s§ + Wi(sx), using the coupled ap-
proach).
1 Sets? = sp, o = —WkTqu(SZ), @ = Dgro, d® = Wiq®, ande > 0.
2 Fori=10,1,2,...do

i (r)7 (")
2.1 Computey = (d)THy (d)+(d)T Bp D 2 (dY)u
2.2 Compute

= max{r >0

(- Cylr) ™ Culr) (), ) H .
7D (d')u
opla—uk) <8, +7(d)y <or(b— uk)}
2.3 Ify" <0, 0rify" > ', then stop and sef, = s* + 7'd’, wherer! is given as
in 2.2; otherwise set'+! = s 4 ~id!. )
2.4 Update the residualét! = — v (W Hyd* + E,D;;*(d"),) and
gt = D2ritl,

2.5 Check truncation criteria: if/ ﬁ%);u(%l < ¢, sets, = s'T! and stop.

2.6 Computex’ = ’J(J;l,);(q:;rl and set't! = W, (¢t + oid?).

Note that in Step 2 both thg and thex components of the step are computed. The
coupled approach is particularly suitable when an approximation to the full HeBsias
used. However, the coupled approach can also be used with an approxifiationthe
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reduced HessiaW/;! H; W In this case we set

612 (00

If Hy is given by (3.12), then the definition &f;, implies the equalities

0

(3.13) Hyd = ( ﬁkdu

) , d"Hyd = d"Hyd,, and W Hpd = Hyd,,

and this shows that the reduced Hessian approximé?ﬁpcan be used in Algorithm 3.2. The
number of linear systems needed is given in Table 3.1.

TaBLE 3.1
Number of linear solvers to compute the tangential component. Here I(%) denotes the number of conjugate
gradient iterations.

Linear Decoupled Coupled

solver | Reducedi, | Full H, | Reducedd, | Full Hy
Cy(zk) 1 Itky+1 | I(k)+1 | I(k)+1
Cy(zg)T 1 I(k)+1 1 I(k)+1

While Table 3.1 indicates that the decoupled approach is more efficient in terms of linear
system solves, in applications with ill-conditionég () the coupled approach may be fa-
vorable. The reason is that in this case the decoupled approach may underestimate the size of
Wi (si) vastly and, as a consequence, may require more unsuccessful iterations. See also
[15, §5.2.2].

4. Inexact TRIP SQP algorithms. In this section, we assume that the terms involving
Cly(zr) andC,, () are computed inexactly. This includes the solution of linear systems with
Cy(rx) andCy(zx)* and the matrix—vector products with, (x5 ) andCy, (zx)T . The inexact
analysis for the quasi—normal component is presented in Section 6 and does not interfere
with the analysis developed in this section. We assume that the quasi—normal component
sp, no matter how it is computed, satisfies conditions (3.1), (3.2), and (3.3). We show in
Section 6 that this can be accomplished by a variety of techniques to compute quasi—hormal
components.

4.1. Representation of the inexactnessThe computation of the tangential component
requires the calculation of matrix—vector products of the fétipd, and W 'd. Thus we
need to compute quantities like

—Cy(xg) " Cy(zg)dy, and — Cy(xx)T Cy(z5) " dy.

As we have pointed out earlier, often these computations cannot be done exactly. Therefore
we have to incorporate errors originating perhaps from finite difference approximations of
Cy(zx)d, or from the iterative solution of the systemfi§ (zx)dy = —Cly(2k)dy.

In practice, the computation of thecomponent,, of z = Wy d, is done as follows:

Compute vy, = —Cyulag)d, +ey.
(4.1) P v (1)
Solve Cylzr)zy = vy+ey.
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The« component o#V, d,, is equal tod,,. In (4.1),e, ande, are the error terms accounting
for the inexactness in the computation(@f(x )d,, and the inexactness in the solution of the
linear systenC, (zx)z, = v,. Since thex component of1, is the identity, we only have an
error in they component,, of Wy d,, computed via (4.1). It holds that

4.2) Zy = —C'y(xk)_lc'u(xk)du—I—C'y(xk)_l(eu +ey).

Of course, the errors, ande, depend in general odh,.
Similarly, for givend the matrix—vector produet = W/ d is computed successively by
the following procedure:

Solve Cy(xk)Tvy = —dy+ey.
4.3) Compute vy = Cyulzi)Tvy + ey
Compute zZ = vy Fdy.

Again,e,, ande, are error terms accounting for the inexactness in the computationef, ) v,

and the inexactness in the solution of the linear systértx,.)” v, = —d,. For simplicity

we use the same notation, but the error terms in (4.3) are different from those in (4.1). The
errorse, ande, depend in general ofy,. The computed result can be related to the exact
result via the equation

(4.4) z= —C’u(xk)TC'y(xk)_Tdy +d, + C’u(xk)TCy(xk)_Tey + ey

These two sources of inexactness influence the computation of the following important
guantities:

(49) Wi Var(sh) = —Cu(r)" Cy(@r) ™ Vyan(sh) + Vuar(sh),
and

—Cy ()" Cu (1) (58 )
(4.6) sk = sp + Wi(sk)u = sj + ( Cy(k) (SSU( k) (sk) ) .

As we have seen in Section 3, these two calculations are the only ones that appear in the
decoupled approach involving derivatives(fy, «) if an approximationf7;, to the reduced
HessianW! i, W, is used. This is not the case in all the other situations (see Table 3.1). If
an approximatiort/;, to the full Hessian is used, then we have to account for the inexactness
in the calculation ofV” H,W,. Thus, there is no guarantee of monotonicity in the quadratic

¥ (sy) in the conjugate—gradient method, and therefore there is no guarantee that a fraction
of Cauchy decrease condition of the form (3.9) would be satisfied. This raises some inter-
esting problems related to the computation of the tangential component that are addressed in
Section 7. There we also show that, instead of (4.5) and (4.6), the inexact operations with
derivatives ofC'(y, u) lead to quantities in the form

(4.7) PIVa(sh) = —AkVyar(sh) + Vugr(sh),
and

n n _B U
(4.8) sp = sp + Qr(sp)u = sp + ( (;()85) ) ;

where A, and By, are linear operators representing the inexactness,

4.9) Pk:< — 4 ) and Qk:< — B )

In_m In—m
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A detailed derivation and analysis of the linear operatdtsand By, is given in Section 7
together with an extension of Algorithms 3.1 and 3.2 for the computation of the tangential
component.

As a consequence of assuming this inexactness, we no longer have condition (3.9). In-
stead, we have the following condition:

0k (s) — qr(sk + Qr(sk)u)
(420) > wal[DEPY Van(sp) || min { 5| DE P Var(sll, b | = rllCull,

where once agairs, s, k6, andxy are positive and independentiaf The matrixDf is a
diagonal matrix of orden — m with diagonal elements given by:

1
2

(b — uk)z if (PkTva(Sl:))z < 0 andb; < +o00,

(oF) 1 it (PTVax(sp)), <0andb; = +oo,
k)it = 1

(ug —a)? if (Pquk(SZ))Z. >0 anda; > —o0,

1 if (PkTqu(SZ))Z. >0 anda; = —0,

This matrix is the inexact version @, defined in (3.6). We show in Section 7 how (4.10) can
be satisfied. Of course, we still require the tangential component to be feasible with respect
to the trust region constraint (3.8) or (3.11) and to the bound constraints (3.4).
In the computation of the actual and predicted decreases, we need to evalyaéier
the steps;, has been computed. Since we allow the derivatives(@f «) to be approximated,
we do not have/y s, but rather

(4.11) Jrsk + ek,

wheree,, is an error term.

4.2. Inexact TRIP SQP algorithms and general assumptionsTo decide whether to
accept or reject a stefp, we evaluate the ratiered(s; pi) /pred(si; pi), where the actual
decreasered(sy; pi) is given by

ared(sg; pr) = L(2k, ks pr) — L(xk + 5k, Aeg15 o1),
and the predicted decreageed(sy; pi) by

pred(si; pr) =  L(xg, Ak;pr)
— (qn(sk;en) + AN (Jrsk + ex + Ck) + prl|Jesk + ex + Cil|?) -

Here A, = Ar41 — Ak, Lz, A; p) is the augmented Lagrangian function
L(z,Xip) = f(2) + ATC(x) + pC(2) T C (),
and the quadratic ter@ (sx; i) is given by

ar(seien) = e+ Vs + A (Jesk + en) + 5] Hysy

(4.12)
= qr(se) + e

The update of the penalty parametgrfollows El-Alem [21].
ALGORITHM 4.1 (Inexact TRIP SQP algorithms).
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1 Choosez, such thaiz < ug < b, pickdy > 0, and calculate\,. Setp_; > 1
ande;,; > 0. Chooseny, 11, &, dmin, Omaz, @aNdp such thatl < oy, n1,0 < 1,
0 < dmin < Omaz, andp > 0.
2 Fork=0,1,2,...do
2.1 If |Cy|| + |IDE PEV qi(sh)]| < etor, Stop and returmr,, as an approximate
solution for problem (1.1).
2.2 Computes] satisfying (3.1), (3.2), and (3.3). Then, compse= s}, + si. =
st + Qi (sk)u, Where(sy),, satisfies (3.4), (3.8) or (3.11), and (4.10).
2.3 Compute\, 1 and setA A, = A1 — Ag.
2.4 Computerred(si; pr—1).
If pred(si; pr—1) > 5+ (||Ck||2 — || Jks + e +Ck||2) then sepy = px_1.
Otherwise set

2 (g (sk;en) — g1 (0) + AXE (s + ex + Cy))
NCkI* = [[Tesk + ex + Cyl|?

Pr = +p.

2.5 |f edlseivn) +p get

pred(si;pr)
Sr1 = oy max {||s|],]|(DE)~!(sk)u||} inthe decoupled case or

oo (S ) e

coupled case, and rejegt.
Otherwise accepi; and choosé; ., such that

max{éminaék} S 6k+1 S 6max~

2.6 If s;, was rejected set; 1 = xp andAz41 = Ag. Otherwise set, 1 =
Ty + Sk and/\k+1 = A + A)Xg.

Of course the rules to update the trust radius in the previous algorithm can be much more
involved but the above suffices to prove convergence results and to understand the trust—region
mechanism. From these rules we have the following lemma (see [15, Lemma 6.1]).

LEMMA 4.1. Every step satisfies

(4.13) llskll < kgdy and Sxy1 > rsl[skll,

where g isa positive constant independent of k.
For the convergence theory we need the following set of assumptions (see [15]). For all
iterationsk, we assume that,, =5 + s, € €2, where2 is an open subset " .

A.1 The functionsf, ¢;, i = 1, ..., m are twice continuously differentiable functions in
1. Herec;(x) represents thé-th component of'(z).

A.2 The partial Jacobiafiy () is nonsingular for alk: € €.

A.3 Thefunctionsf, V£, V2f, C,J, Vi, i=1,...,m,are bounded if2. The matrix
Cy(x)~ 1 is uniformly bounded inf2.

A.4 The sequence§H;}, {W;}, and{\;} are bounded.

A.5 The sequencéuy } is bounded.

Assumptions A.1-A.4 reduce to the weakest assumptions required to prove global con-
vergence for equality—constrained optimization (see [14] and the references therein). As-
sumption A.5 is used in [8], [16] for box—constrained optimization and is trivially satisfied if



12 M. HEINKENSCHLOSS AND L. N. VICENTE

a,b € IR"™™. We comment on possible relaxations of some of these conditions in Section
10.

Now we introduce the conditions on the inexact calculations. An important point here is
that Algorithms 4.1 can be particularized to satisfy these conditions. See Sections 6, 7, and 8.

IA.1 The sequence§4;} and{ By} are bounded.
A2 || (=Cy(2r)Br + Cu(zk)) (sk)u|| < 6 min{xs||Ck]|, x }, wheref = min{ L. =

ks’ 4 [°
IA.3 The error terme;, given in (4.11) obey$les|| < 9min{ff3||C'k||, mHSkHQ},
whered is given in 1A.2. ’
IA4 limy |[(=Af, + Culak,)" Cylar,) ") Vyar, (st,)l| = 0 for all index subsequences
{k;} such thatim; ||C%,|| = 0.
The Assumption IA.2 imposes a bound on the distana@,df;, )., to the null space of
the linearized constraints. It is obvious that I1A.2 is satisfied wBgn= Ci, ()~ Cy ().
The Assumption IA.4 is only needed to derive Theorem 5.1 and restricts the accuracy of the
reduced gradient calculation. We will be more precise later. This assumption is satisfied if
Ap = Cu(l‘k)TCy(l‘k)_T
For the rest of this paper we suppose that Assumptions A.1-A.5 and Conditions IA.1—
IA.4 on the inexactness are always satisfied.

5. Global convergence.For the global convergence of the inexact TRIP SQP Algo-
rithms 4.1 we need conditions (3.1), (3.2), and (3.3) on the quasi—normal comp§reerd
condition (4.10) on the tangential componést),.. The following lemma states a lower
bound on the decrease given fyon the linearized constraints. The need for this lemma is
the fact that, due to the inexactness assumptfpmight not lie in the null space ofy.

LEMMA 5.1. The step s, satisfies

R .
(5.1) ICkII* = [[Jusk + ex + Cil[* > 72||Ck|| min{xs||C||, o }.

Proof. From I1A.2 we get
| (=Cy(r) B + Culer)) (s)ull” < éﬁsllell%min{ﬁsllell,ék}
From IA.3, (4.13), andy < d,,4, We obtain
leal® < nallCull 2 minsl| il 3}

Using these inequalities, (3.3) = s}, + Qr(sk )., and the form (4.9) of)x, we have

CkI1? = ks +ex + Crll> > ICxl|? = ||Cy(zr)(52)y + Cil|?
— 1 (=Cy () Bi + Cu(wr)) (si)ull® — llex]”
> BCrl[ min{rs||Ck||, 0}

O
We also need the following three inequalities.
LEMMA 5.2. There exist positive constants o, %10, and 11 independent of & such that

(5.2) q(0) — qr(sh) — ANE (Jesk + ex 4+ Ck) > —ro||Cll,
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(53)  lared(su; pr) — pred(si; pu)l < wao(Jlsell® + pellsel + pelCil llsel?)
and

(5.4) |lared(sk; pr) — pred(se; pr)| < ma1pkl|sell”-

Proof. For the proof of the first inequality, we have
n T _n 1 nT n 1 n n
a1 (0) = arlsp) = —(Vali)"si — o5 Hisp 2 = U IValell + Sl Hx[[ sk ]] ) st

Also, since||Cy (k) (s)y + Cill < ||Ckl|l, we use IA.2 and 1A.3s5;, = sh + Qx(sk)» and
the form (4.9) ofQ); and get

AN (ksk +ex + ) > = ||AN]] (||Cy(l‘k)(82)y + Ci|
F 1 (=Cy () By + Culen)) (sp)ull + ||6k||)
> =3/ AN C]]

Using (3.2), the fact thdts}|| < dmae, and Assumptions A.3 and A.4, we obtain the desired
inequality (5.2).

Now we prove the other two inequalities. If we add and subtagt; 1, Ax) to ared(si; pi)—
pred(sg; pr) and expand(-, A;) aroundz;, we get

ared(sg; pr) — pred(sy; pr) = %sg (Hk — V2l + T sk, /\k)) Sk

+ AN (=Cloy1 + Cr + Jisi) + O(|Isk]?)
= (Cul? = s + Gl = O(lsel®)

for somer} € (0,1). The termsO(]|sx||*) andO(]|sx||*) come from IA.3. The rest of the
proof follows from [15, Lemma 6.5]. |
The following four lemmas bound the predicted decrease.
LEMMA 5.3. If (sx), satisfies (4.10), then the predicted decrease in the merit function
satisfies

pred(siip) > rall DE PTVau(sy)l| min (]| DE PTVau(sh)], wod }
(5.5) , ,
— (7 + wo + Il + p(ICHII? = [ Jksk + e + Cill?),

for every p > 0, where from Assumption A.4, v is a uniform bound for || Ax||.
Proof. The inequality (5.5) follows from a direct application of the form (4.12) of
qx (si; ei,) followed by (4.10), (5.2), A.4, and IA.3. O
LEMMA 5.4. Assume that (s ), satisfies (4.10) and that || DY PTV g (s2)]| + ||Ck]| >
€t01. There exists a positive constant « independent of & such that, if ||C|| < ady then

pred(siip) > 5 DL PV ar(sp)|| min {s|| Df PY T ar(sh)l, wod }

(5.6)
+ (I 1o+ ex - Cil?).

for every p > 0.
Proof. The proof is the same as the proof of Lemma 7.2 in [15]. O
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We can use Lemma 5.4 with= p;, _1, and conclude that [fD} PV gy, (s%)||+1|Cx || >
eror @Nd||Cx|| < ady, then the penalty parameter at the current iterate does not need to be
increased. This is equivalent to Lemma 7.7 in [14]. The next lemma states an equivalent
resultto Lemma 7.8 in [14].

LEMMA 5.5. Let (s ), satisfy (4.10) and || DY PE Vi (s2)]|+1|Cx|| > €tor- There exists
a positive constant « such that, if ||C'|| < ady then

(5.7) pred(sy; pr) > K120k,

where 1, is positive and does not depend on k.
Proof. See [15, Lemma 7.3]. O
LEMMA 5.6. The predicted decrease satisfies

(5.8) pred(sy; pr) > %k (ICkI® = 1 Iksk + ex + Cl?) 4
for all k.
Proof. It follows directly from the Scheme 2.4 that updates O

Now we use the theory given in [14], [15] to state the following result. This result shows
that for a subsequence of the iterates, the first—-order KKT conditions (2.2)—(2.3) of problem
(1.1) are satisfied in the limit.

THEOREMS5.1. The sequences of iterates generated by theinexact TRIP SQP Algorithms
4.1 satisfy

(5.9) lim inf (||DkaTka|| n ||ck||) —0.
k—oco

Proof. First, we use the theory given in [14] to show that:
timinf (11DF PY Var (i)l + ICll) = 0.

In fact, Lemmas 7.9-7.13 and 8.2 as well as Theorems 8.1, 8.3, and 8.4 in [14] can be applied
based on (3.2), (4.10), (4.13), (5.1), (5.2), (5.3), (5.4), (5.7), (5.8) and on the fact that if
IDE PEN i (s2)]| + ||Cr || > €100 @and||Ci || < adi, then the penalty parameter at the current
iterate does not need to be increased. Thus this result is just a restating of Theorem 8.4 of
[14]. So, there exists an index subsequefiee such that

)=0.

Now we apply Assumption 1A.4 and the forms (2.1) and (4.9Yi6f = W (zy) and Py, to
obtain

Jim (11DE, PL g, (57,

|+ 1Ck,

lim (Pk, - Wkl)Tqul(szl) =0.

11— 00

Using this and the continuity aP(z)W (z) TV f(z) we get

Tim (||Dk,WZ:qu,(SZ,)

11— 00

)=0.

The rest of the proof is given in the last paragraph of the proof of Theorem 7.1 il]15].

The condition imposed in IA.4 is related to the computation of the reduced gradient. If
the adjoint multipliers are used, then this condition can be interpreted as a restriction on how
accurate these multipliers have to be computed. We comment on this again in Sections 7 and
8.

+ [[Ch,
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6. Computation of the quasi—normal component.The quasi—normal componesf
is an approximate solution of the trust—region subproblem

minimize  £{|Cy () (s")y + Ckl|?

(6.1) :
subjectto ||(s")y|| < Ok,

and it is required to satisfy the conditions (3.1), (3.2), and (3.3). The property (3.2) is a
consequence of (3.3). In fact, usifgy (xx) (s} )y + Cxl| < ||Ck|| and the boundedness of
{Cy(xx) ™} we find that

skl < NICy ()~ (IICy(xk)(SZ)y + Gl + IICkII) < 20|Cy () TGk

Whether the property (3.3) holds depends on the way in which the quasi-normal component
is computed. We show below that (3.3) is satisfied for a variety of techniques to compute
sp. We concentrate on methods that are suitable for the large scale case and do not require
the matrixCl, (zx) in explicit form. The first two groups of methods tackle the trust—region
subproblem (6.1) directly. The first group of methods are Krylov subspace methods that re-
quire the computation of matrix—vector produ€ts(z)s, andCy (zx)" s, , while the second

group of methods only requiKg, (z )s,. The third group of methods compute steps by solv-

ing the linear systen@’, (z)(s"), = —C% approximately. The trust-region constraint is
enforced by scaling the solution.

6.1. Subspace methodsThere are various ways to compute the quasi—-normal compo-
nents}, for large scale problems based on Krylov subspace methods. For example, one can
use the conjugate—gradient method applied to the normal equation as suggested for the gen-
eral quadratic case in [49], [51], or one can use the Lanczos bidiagonalization as described
in [25]. Both methods compute an approximate solution of (6.1) from a subspace that con-
tains the negative gradiertC, (zx)? C}, of the least squares functional. Thus, the steps
generated by these methods satj§fy|| < Jx and

1 n
SN1Cy () (s7)y + Ckll?
2
. 1
(6.2) < mm{§||C'y(xk)s + C'/z€||2 D s = —tCy(xk)TCk, l|s]| < (5k} .

We can appeal to a classical result due to Powell, see [44, Theorem 4], [37, Lemma 4.8], to
prove the following result:

LEMMA 6.1.1f (s},), satisfies (6.2), then there exist positive constants «» and 3, inde-
pendent of %, such that

ICkI1* = 11Cy (k) (sk)y + Ckl[* > ol Cul| min{rs|[Cill, 6k }-

Another method to solve large scale trust—region subproblems is analyzed in [47]. In this
approach the trust—region subproblem (6.1) is reformulated as an eigenvalue problem which
is then solved by the implicitly restarted Lanczos method. This method and the method in
[25] compute a step that satisfies the fraction of optimal decrease condition, i.e. these methods
compute stepss} ), satisfying

Gk = 11Cy (ar)(s3)y + Cell® > B(ICKIE = Iy () (2)y + Cull?),
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where(s?), is the solution of (6.1). Thus, the method in [47] yields a step satisfying (3.3).
The previous approaches require the evaluation'gfry )v and Cy, (zx)Tu for given
v andu. For some applications, the evaluation@f(zy ) u is more expensive than the
application ofCy, (zx)v, and therefore it may be more efficient to use methods that avoid the
use ofCy(zx)? u. In this case one can apply nonsymmetric Krylov subspace methods based
on minimum residual approximations, such as GMRES [46]. In the context of nonlinear
system solving the use of such methods is described e.g. in [4].
If GMRES is used and if

(6.3) %C,? (Col@n)™ + Cylan)) O > BIICH
holds withs > 0, then
ICkI® = 1Cy () (5R)y + Crll* > w2|Cil| min{ss||Crll, 61},
wherexs, andxs are positive constants that do not depend omhe condition (6.3) is implied
by the positive definiteness of the symmetric parCgfz:), a condition also important for

the convergence of nonsymmetric Krylov subspace methods. A proof of this result and more
details concerning the use of these methods can be found in [52].

6.2. Scaled approximate solutions.An alternative to the previous procedures is to

compute an approximate solutiéh of the linear systend’, (xx)s = —C and to scale this
step back into the trust region, i.e. to set
an 1 if )shl < dg
n gksk ) kIl = ’
6.4 = , Where &, = .
(6-4) ok ( 0 b [ otherwise.
k
We assume that the linear systeifj(zx)s = —C} is solved inexactly and that the

residual vector satisfigR’,, (xx)sh + Ckl| < €]|Ck|| with € < 1. Then we have the following
result (the proof can be found in [52]).

LEMMA 6.2.1f ||Cy(xx) 5} + C|| < €]|Ck|| withe < 1 for all &, then the quasi—normal
component (3.1) satisfies

ICkI1* = 11Cy (k) (s )y + Ckl[* > ol Cul| min{s| [ Cill, 0k },

where k> and 3 are positive constants independent of %.

7. Computation of the tangential component.Ideally, the tangential component min-
imizes the quadratic moddl, (s,,) in the null space of the linearized constraints subject to
the trust region and the bound constraints. Since the null space of the linearized constraints
is characterized byV}, the exact tangential component has the fefm= Wj (s ).. Theu
part of the tangential component is computed by a conjugate—gradient method and its com-
putation requires the calculation of matrix—vector prodiigisi,, andW,' d. We assume that
these calculations are inexact.

7.1. Reduced gradient calculation.For the computation of the tangential component
we first have to compute the reduced gradiéfftV . (s} ) of the quadratic modeky (s, ). If
this is done using (4.3), then we have an approximation to the reduced gredfeviy (s?)
of the form:

(7.1) WIVa(sh) +ea,
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where the error term, depends oVl Vg, (sh). By using the error term in (4.4), we find
that

(7.2) lleall < NCu(ar) ™ Cyaer) I I(ea)ll + llea)ull

We can interpret the inexact computationV&f Vg (s7) as the exact solution of a per-
turbed equation. If we set

1
Ea )||2 €A (qu’@(sl:))Ta

B IVya (s},

then
(= Culon 00 + ) Vyulsh) = ~Cn) "y (a) " V(o) + e,

Thus we can defingly, = Cy(zx) " Cy(zy) — E% and

(7.3) P = ( — A} ) _ ( —Cy(a)™ Culae) + B} )

In—m In—m

With this definition we can writéV,/ Vg, (sh) + e4 = PIVqi(s?). The linear operatory
satisfies

1= Ak + Cul@)™Cy ) ™Il = IELI < lleall/IIVyar (s3I
(7.4) < (ICw(n) Cyln) TN Hea)sll + lea)all ) /1T yan (52
and
J(= A + Culen)Cy(ee) ) Tya (0| = IELVyu(sDIl = el
(7.5) < (I1Cu(wn)™ Cylen) TNl ea)sll + Niea)ull)

If for given V,¢x(s},), the error terms in the computation of the reduced gradient via (4.3)
obey

(7.6) max {ll(ea)yll Iea)all} < nlICHl

then (7.5) and Assumptions A.3-A.4 imply the Condition IA.4. Moreover, if

(7.7) max {||(ea)sll. lea)ull} < I Vyar (Il

then (7.4) and Assumptions A.3—-A.4 imply the boundednesg4qf}. This gives the first
part of Condition 1A.1.

7.2. Conjugate—gradient algorithms.In the following, we formulate extensions of the
conjugate—gradient Algorithms 3.1 and 3.2 for the computation of the tangential component.
To keep the presentation simple, we continue to use the notdfioand IV;/. However,
whenever matrix—vector products withi, or W, are computed, we assume that this is done
using (4.1) or (4.3). The degree of inexactness, i.e. the size of the errordgande,,, is
specified later. The reduced gradiéif V¢, (s?) of the quadratic mode¥ (s, ) is assumed
to be computed by (7.1) with errofs4 ), (€4 ). satisfying (7.6) and (7.7).
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In the case where an approximatif?r;g to the reduced Hessidw,” H, W}, is used, the
guadratic

—(PEVa(s)) " 0 — 5ot (Fit (D)) s
is reduced at every iteration of the conjugate—gradient algorithm. If we use an approximation
Hy to the full Hessian we have to compute matrix—vector multiplications With H, W,
One of the consequences of the inexactness is that the quadratic evaluated at the iterates of
the conjugate—gradient algorithms is not guaranteed to decrease. For instance, the inexact
application ofW,, and W may causéV! H, W to be nonsymmetric. Hence we need to
measure the Cauchy decrease at Step 3 of the algorithm. The extension of the conjugate—
gradient Algorithm 3.1 is given below.

ALGORITHM 7.1 (Inexact computation &f, = s + Wi (sk ). (decoupled case)).

1 Sets? = 0,7 = —PkTqu(SZ), @ = (DE)ZTO, d’ = ¢°, ande > 0.
2 Fori=10,1,2,...do

2.1 Compute
()7 (a) reduced Hessia
= ()7 (He+Ex (D})=2) (") ( "
)7 (q") i
(a)T (WT He Wy +Ey, (DF)=2)(d?) (full Hessian)
2.2 Compute
= max{r >0 ||(D£)_1(SZ + rd))|| < g,

op(a—up) < s +7d < op(b— uk)}

2.3 Ify* <0, orify* > 7, then sets, = s; + rid’, wherer’ is given as in 2.2
and go to 3; otherwise set! = s/, +~'d’.
2.4 Update the residuals:

i+1 rt—y (ffk + Ek(D,f)‘z) d’ (reduced Hessian)
T = B )
ri— ' (WIH Wi + Ex(Df)=?) d'  (full Hessian)

andqit! = (DP)2pitt,
2.5 Check truncation criteria: if/ &t 0% < ¢ sets* = si+! and goto 3.
r)T(¢®) = u T T

(7,1+1)T(qz+1

2.6 Computex’ = T ) and setlit! = ¢it! 4+ ol di.

3 Computellys;,.
If a reduced Hessian approximation is used,sek, = si; ands; = sf + Wis;,.
If a full Hessian approximation is used and if
T
—(P{Var(sp)) st = 5(Waes)T He(Wis,)
< = (WIVa(sp)" sk — Lsl W H Wil
then set(sy), = sl andsy = st + Wys.. Otherwise(sy), = s} ands; =
sp + Wysy,.

The extension for the coupled approach is analogous and is omitted.
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7.3. Distance to the null space of the linearized constraintsLet (s, ), and(s},)., =
(sk)u be the quantities computed by Algorithm 7.1. SifE€g(sx ), is not computed exactly
in Step 3, it holds that

(sh)y = —Cylzr) " Culzr)(si)u + Cy(xr) ™" ((eB)u + (eB)y)
= —Cy(zr)  Culmr)(sk)u + B,

where the error terrag depends offs; ), and satisfies

(7.8) lesll < 1€y ()~ 1 (Ier)ull + 1er)y )

cf. (4.2). As before, we can interpret the inexact computatibh, of s}, = Wi (sx). as the
exact solution of a perturbed equation. If

1
Ep = ——= € (sk),
(5 )ull?

then
(= Culon) ™ Culan) + Br ) (s1) = =Cylan) ™ Culan)(sn)u + 5 = (s})y

We defineBy, = Cyy(xx) ™ Cy(zx) — Fp and

(7.9) Ok = ( — By ) _ ( —Cy(xk) ™ Cular) + Ep )

In—m In—m
With this definition, we can write

52 = Qk(sk)u~

The linear operatoB; satisfies

| = B + Cylzr) "' Cule)ll = [IEsll < llesll/I(sk)ull
< (||Cy(l‘k)_1||(||(6B)u||+||(6B)y||))/||(5k)u||
and
[ (= Cy(@r) Bi + Cu(r)) (sk)ul| = ICy (zr) En(sk)ull = [ICy(zx)esl|
(7.10) <l(e)ull + |I(eB)yll-

If the error terms in the computation ¢}, ), using (4.1) obey

0
(7.11) max {ll(ea)yll Iep)ull} < 5 min{sallCull,d},

whered andks are defined as in 1A.2, then one can see from (7.10)Bhaatisfies Condition
IA.2. Moreover, sincg Cy, (zx)~'} is bounded, if

max{Jleyll lleall} < nll(sk)all

then (7.3) implies the boundedness & }, cf. IA.1.
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7.4. Cauchy decrease conditionNow we establish the decrease condition (4.10). We
analyze reduced and full Hessians approximations separately.

In the reduced Hessian approximation case, an approximéidar W H, W, is used
and all the calculations of Step 2 of Algorithm 7.1 are performed exactly. In this(eake
satisfies the following condition

T 1 ~
— (P Var(sp))” (sk)u — §(Sk)5Hk(8k)u
(7.12) > ral| DE PT Vi (s3] min { 5| D PT Wi (s3Il oo |-

This is just a consequence of Powell’s classical result ([44, Theorem 4], [37, Lemma 4.8])
adapted to the current context [15, Lemma 6.2].
Now recall that we need to establish (4.10), where the left hand side is given by

~(QEVa (o) (sk)u — 55401 QF i@ (o)

However, in (7.12) the left hand side is

~

 (PEVa() (s — o) F(sih

First we use (3.12) and (7.9) to writg(sx)? Hy (sx)u = +(s1)7 QF HrQx(sx)u. Then we
relate the inexactness representedyand @ with the constraint residudC’s||. In fact,
by using (7.3) and (7.9), we write

(PIVae(sp)" (s1)u

==l Qutonds = Tanlst)” () o Tt () (o

T n
= — (@ Var(sh))" (s)u — € (sk)u + 5 Vyan(sh).
The error bounds (7.2), (7.6), (7.8), (7.11), and Assumptions A.3—-A.4 give

ea(sn)u = e5Vyan(st) < lleallll(se)ull + llesll IVyar(si)l < wrl[Crll,
wherexz is a positive constant independentiofHence we have proved (4.10). The analysis
for the full Hessian is given in [52].

8. Computation of the Lagrange multiplier estimates. Note that the only assumption
on\; required to prove the global convergence result (5.9) is the boundedness of the sequence
{Ax} (see Assumption A.4).

A choice of \; that is available from the reduced gradient calculation,®$) is A =
—Cy(xr) TV, qx(sh). Due to inexactnesy; actually satisfies

—Cy(xr)" M = Vyar(sh) + ez,

wheree} is the corresponding residual vector. From Assumptions A.3-A{4,if is bounded,
then{)\;} is also bounded.

Another choice foRy, is A, = —Cy (z) 1V, fi. We refer the reader to Section 10.3 of
[15] for a discussion on these choices\af
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9. Numerical experiments. We implemented the inexact TRIP SQP Algorithms 4.1

and compared them with the exact TRIP SQP Algorithms proposed in [15]. The numerical
test computations were done on a Sun Sparcstation 10 in double prdégsiom an 77.
We tested our algorithms on examples that have the structure described in this paper. The
numerical results are satisfactory and revealed interesting properties of the algorithms. Two
examples are described in this section. Numerical results with two other examples are are
documented in [7], [27].

We use the formula (6.4) to compute the quasi—normal component, and conjugate-gradients
to calculate the tangential component. The scheme used to update the trust radius and the in-
exact form of diagonal scaling matric&s, andD,, are the same as in [15]. We have used
or = o = 0.99995 for all k; 6 = 1 as initial trust radiusp_; = 1 andp = 10~2 in the
penalty scheme. The tolerances used vegre= 102 for the main iteration, Algorithm 4.1,
ande = 10~* for the conjugate—gradient Algorithm 7.1 and the corresponding coupled ver-
sion.

The tolerance for inexact solvers with (z) was set to

(9.1) min {1072, 107 min{||Ck||, dx }} ,

and for inexact solvers witf, (z;)? to
(9.2) min{1o—2, 10—2||ck||}.

This scheme for setting the tolerances satisfies (1.3).

For both, the decoupled and the coupled approaches, we used approximations to reduced
and to full Hessians. We approximate these matrices using the limited memory BFGS repre-
sentations given in [6] with a memory size®pairs of vectors. For the reduced Hessian we
use a null-space secant update (see [43], [54]). The initial Hessian approximatign.is
for the reduced Hessian and, for the full Hessian, where is the regularization parameter
in the objective function, set in both examplesl 6o 3.

In both examples the starting vectoris = 0.

Since our algorithms are tailored for problems originally governed by infinite dimen-
sional equations, our implementation allows the use of weighted scalar products. In particular,
we use scalar products’, «?)y and(y', y?)y instead of(u!)T«? and(y')? y%. The scalar
product for the unknown is given by(z!, z?)x = (u!, u?)y + (y', y*)y. For most appli-
cations these scalar products are defined by appropriate discretizations of the inner products
in the infinite dimensional control space and the state space, respectively. This feature is im-
portant for the correct computation of the adjoint and the appropriate scaling of the problem.
Moreover, in many cases, we could observe a mesh independent behavior of our algorithms.
These scalar products are used in the conjugate—gradient algorithms, see e.g. Algorithm 7.1,
and in the quasi—-Newton updates.

It is not the purpose of this paper to explore and analyze this feature of our algorithms.
We refer to [7] for the detailed study of one application and the exposition of the importance
of the scalar product. For a detailed description of how the scalar products are used and for a
comprehensive description of the implementation we refer to [28].

9.1. Boundary control of a nonlinear heat equation. The first example is the bound-
ary control of a nonlinear heat equation. This and similar control problems are discussed e.qg.
in [5], [32], [35], [42].

The goal is to control the heating process in such a way that the temperature at the
boundary: = 1 follows a certain desired temperature profjlé€t). The controls(¢) acts on
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the boundary: = 0. The problem can be formulated as follows:

minimize %/OT[(y(l,t) — ya())? + yu (t)]dt

subject to
T(y(x,t))a—%(x,t) — Op(k(y(z,1)0y(x,t)) = qlz,t), (x,4)€(0,1)x(0,7),
#(y(0,4))0:y(0,1) = g[y(0,1) —u(t)], t€(0,T),
k(y(1,1))0,y(1,t) = 0, t€(0,7),
y(z,0) = wyo(x), 2€(0,1),

Uow < u < Uypp

wherey € L?(0,7; H*(0,1)), andu € L*(0,7). The functionsr, x € C'(IR) denote
the specific heat capacity and the heat conduction, respectiyely. (0, 1) is the initial
temperature distribution, € L2(0,7’; H*(0, 1)) is the source terny, is a given scalar, ang
is a positive regularization parameter. Hefg, , v, € L™ (0,1') are given functions.

If the partial differential equation and the integral are discretized we obtain an optimiza-
tion problem of the form (1.1). The discretization uses finite elements and is discussed in [5]
(see also [26], [32]). The spatial discretization is done using piecewise linear finite elements
with N, subintervals of equidistant length (8, 1). The time discretization is performed
by partitioning the interval0, 7' into N, equidistant subintervals. Then the backward Euler
method is used to approximate the state space in time, and piecewise constant functions are
used to approximate the control space.

With this discretization schemé;, (z) is a block bidiagonal matrix with nonsymmetric
tridiagonal blocks. In the exact implementation we uselthBIPACK subroutineDGTSL to
solve the tridiagonal systems. These calculations are reported in [15]. We introduce inex-
actness into this problem by solving these tridiagonal systems inexactly. For this purpose
we tested several iterative methods like GMRES, QMR, and BiCGSTAB. The results were
quite similar and we report here those obtained with GMRES(10). Since we have to solve a
nonsymmetric tridiagonal system at each time step, we require the residual norms for these
systems to be smaller than the tolerances given in (9.1) and (9.2) dividel by

For this example, the inner products', %) and(y', y*)y are chosen to be discretiza-
tions of the Z2(0,7T") and L2(0,T; H'(0,1)) scalar products of the control and the state
spaces respectively.

If spatial and time discretization are chosen properly, the partial Jac6hian is in-
vertible with uniformly bounded inverse. This follows from the ellipticity of the problems
that have to be solved in every time step. See [5], [32]. Due to the simple structure of the
objective function, derivatives of are bounded. Since we use the adjoint multiplier, the
previous results imply the boundedness of the Lagrange multiplier estimates.

The functions in this example are those used in [32, Example 4.1], [15]. The size of the
problem tested i® = 2100, m = 2000 corresponding to the valugs, = 100, N, = 20.

The upper and lower bounds dre= 0.01, ¢; = —1000,i=1,...,n — m.

We ran the exact and inexact TRIP SQP algorithms using decoupled and coupled ap-
proaches and reduced and full Hessians. The total number of iterations for each case is given
in Table 9.1. The quantitief(z), ||C(z)||, and||D(z)W (z)T V f(z)|| are plotted in Figure
9.1. There were no rejected steps. In all the cases the algorithms took less than fifty iterations
to attain the convergence criteria. The coupled approach did not perform as well as the de-
coupled approach. This is explained by the accumulation of errors due to inexactness. In fact,
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if the decoupled approach is used, theomponent of the tangentis]] is computed only in
Step 3 of Algorithm 7.1, and although this computation is inexact, there is no accumulation
of errors. In the coupled approach, thepart of the tangential componesj of the step
is updated at every conjugate—gradient iteration through an inexact linearized state solver.
This destroys the symmetry of the subproblem and the conjugate—gradient method requires
more iterations. As the number of conjugate—gradient iterations increases, this error propa-
gates, and the steps that are computed are farther away from the null space of the linearized
constraints.

We illustrate this situation in Figure 9.2, where we show how[fays] || and||Jy (sp +
s )|| are from each other. The dotted line shows the size of the residual of the linearized state
equation after the computation of the quasi—normal component. If the tangential component
is in the null-space of the Jacobian, then this would be the size of the residual of the linearized
state equation for the whole step. In other words, we would Haye} || = ||/ (s} + s&)]|-
However, due to the inexactness in the applicatiogfandi¥”, the size of the residual of
the linearized state equation for the whole step is larger and is given by the solid line. It can
be seen that the difference grows1&s or W are applied more often in the computation
of the tangential component. In particular, the difference is larger if the coupled approach is
used.

TABLE 9.1
Number of iterationsto solvethe optimal control problems.

Optimal control Decoupled Coupled
problem governed by Reducedd, | Full H;, | Reducedd, | Full 4,
heat equation (exact solvers 16 18 17 19
heat equation (inexact solvers) 16 18 29 48
semi-linear elliptic equation 18 20 27 36(39)

9.2. Distributed control of a semi-linear elliptic equation. The second example is the
distributed control of a semi—linear elliptic equation. The control problem is given by

(9.3) minimize% /ﬂ[(y — ya)? + yu?lde

over ally andu satisfying the state equation

—Ay+gly) = v, in €,
(9.4) (v)

y = d, onof,
and the control constraints
(95) Ul < U < Uypp

wherey € H'(2), u € L*(), wow, uupp € L°°(£2) are given functions, and is a bounded
domain oflR?, with boundaryy<2. In our examples we choose= (0,1)%,d = 0, g(y) = ¢V,

andy; = sin(2mwx1) sin(2mx2). In this case the state equation (9.4) is a particular Bratu
problem. Solvability and applications of the state equation are discussed e.g. in [23, Sec-
tion 1V.2], [24]. For the discretization of the problem, we use piecewise linear finite elements
with a uniform triangulation obtained by first subdividing thend they subinterval into a
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Fic. 9.1. Performance of the inexact TRIP SQP algorithms applied to a boundary control prob-
lem of a nonlinear heat equation. Here logio f(zy) (dotted line), logio||C(=y)|| (dashed line), and
logio||D (k)W (zx) TV f(2)|| (solid line) are plotted as a function of k.

sample of subintervals and then cutting each resulting subsquare into two triangles. The same
discretization was used for the states and the controls.

Since the linearizations of the infinite dimensional state equation is elliptic and is dis-
cretized by conforming finite elements, the matri¢g$z)~" are uniformly bounded. As in
the previous example, the simple structure of the objective function implies that the deriva-
tives of f are bounded. This also implies the boundedness of the adjoint multiplier estimates.

The norms used for the states and controls are the discretizations/f thie andZ?(92)
norms. The linearized state equation and the adjoint equation are solved using GMRES(20)
preconditioned from the left with the inverse Laplacian. To apply this preconditioner, one
has to compute the solution of the discrete Laplace equation with different right hand sides.
This was done using multilevel preconditioned conjugate gradients. Note thatfoe e¥,
the problem is self—-adjoint. Therefore a conjugate—gradient algorithm could have been used
instead of GMRES. However, the implementation was done for the more general problem
with state equatior-Ay + ¢(y, Vy) = u, which in general is not self—adjoint.

In this example, the number of controls is equal to the number of states. In the compu-
tations reported below we use = n = 289 which corresponds to a uniform triangulation
with 512 triangles. The upper and lower boundsigre 5, ¢; = —1000,i =1,...,n — m.

The total number of iterations needed by the inexact TRIP SQP algorithms to solve this
problem are presented in Table 9.1. In all situations but one, all the steps were accepted.
(The situation we refer to is the coupled approach with full Hessian approximation where
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Decoupled with reduced Hessian Decoupled with full Hessian

Coupled with full Hessian

-15 -15
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FiG. 9.2. lllustration of the performance of the inexact TRIP SQP algorithms applied to a boundary control
problemof a nonlinear heat equation. These plots show the residualsof the linearized state equationslog 10| Jx s} |
in dashedlineandlog 10|Jx (s}, + s}, )| insolid line.

there were36 accepted steps among thg computed.) The quantitie&(«), ||C(x)]||, and
||D(x)W (x)TV f(x)|| are plotted in Figure 9.3. The convergence behavior of the inexact
TRIP SQP algorithms is similar to the convergence behavior for the other example. Again
the decoupled approach performs better than the coupled one due to the fact that less errors
are accumulated. See Figure 9.4.

The last experiment that we report consisted of applying the inexact TRIP SQP Algo-
rithms 4.1 to solve large instances of the distributed semi—linear control problem. In this
experiment, we used the decoupled approach with a limited memory BFGS update to ap-
proximate the reduced Hessian matrix as described above. The number of iterations corre-
sponding to four instances of this control problem are given in Table 9.2. These instances
were generated by decreasing the mesh size, i.e. by increasing the number of triangles in the
discretization. In this table we include the number of linearized state and adjoint equations of
the form (1.2) solved by the algorithms.

We point out that in this example the control is distribute€iand the number of com-
ponents inu is %. For the value$; = 5, a; = —1000, : = 1,...,n — m of the upper
and lower bounds that we chose, the number of control variabkedive at the solution is
roughly equal tof;. These observations are important for the conclusions we draw in the
next paragraph.

It is well known that in many interior—point algorithms for linear and convex program-
ming problems the number of iterations is a polynomial function of the size of the problem.
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Decoupled with reduced Hessian Decoupled with full Hessian
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Coupled with reduced Hessian
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Fic. 9.3. Performance of the inexact TRIP SQP algorithms applied to a distributed control prob-
lem of a semi-linear eliptic equation. Here logio f(xy) (dotted line), logio||C(xk)|| (dashed line), and
logio||D (k)W (2x) TV f(2)|| (solid line) are plotted as a function of k.

On the other hand, most active set methods have a exponential worst—case complexity. In
interior—point algorithms, as we increase the dimension of the problem we should observe
at most a polynomial increase in the number of the iterations. We can see from Table 9.2
that this is clearly the case for the TRIP SQP algorithms. These results once more show the
effectiveness of these algorithms for optimal control problems with bound constraints on the
controls. (If there are rejected steps, then the number of iterations in brackets corresponds to
all the accepted and rejected iterations.)

TABLE 9.2
Number of iterationsto solve large distributed semi—linear control problems.

variables ¢) | constraints#) | iterations| Cy(z)) solvers| Cy(zy)? solvers
578 289 18 54 37
2178 1089 22 66 45
8450 4225 26 (31) 83 58
33282 16641 49 147 99

10. Conclusions and future work. In this paper we have investigated the theoretical
and numerical behavior of a class of trust-region interior—point SQP algorithms under the
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Decoupled with reduced Hessian Decoupled with full Hessian
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FiG. 9.4. lllustration of the performance of the inexact TRIP SQP algorithms applied to a distributed con-
trol problem of a semi—linear elliptic equation. These plots show the residuals of the linearized state equations
logio||Jx s} || indashedlineand log 10 || (s}, + s},)|| insolid line.

presence of inexactness. These algorithms have been proposed in [15] for problems of the
type (1.1), where the equality constraints often come from the discretization of partial dif-
ferential equations. We have generalized the global convergence result given in [15] to the
case where linear solvers and directional derivatives associated with these constraints are
inexact. We proved that global convergence to a point that satisfies the first—order KKT
conditions (2.2)—(2.3) can be guaranteed if the absolute error in the solution of linear sys-
tems withCy (zx) andCy(zx)? and in the calculation of directional derivatives@fat z

is O (min{dx, ||Cx||}). Numerical experiments with two optimal control problems has con-
firmed our analysis and showed how the inexact calculation of the quantitiés and W, d

can affect the use of conjugate gradients to compute the tangential component of the step and
the overall performance of the algorithms.

The conditions on the inexactness described in this paper, summarized in (1.3), are suf-
ficient to guarantee global convergence to a stationary point. However, as it is the case for
systems of nonlinear equations, the practical implementation of conditions greatly influences
the performance of the algorithm. Issues like oversolving and forcing faster rates of local
convergence are of importance and will be the subject of future investigations. Since the
guasi—normal component can be viewed as one step of Newton’s method (with a trust-region
globalization) towards feasibility for givem, there is a close relationship with the studies of
inexact Newton methods for systems of nonlinear equations [20], [19].

The computation of the tangential component using the coupled approach is another
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issue that will be investigated further. In particular the loss of symmetry due the inexactness
deserves attention and the use of nonsymmetric methods for the solution of these subproblems
will be investigated. See also [36].

In our applications the uniform boundednessgf(z)~! can be shown. However, the
uniform boundedness &f, (z)~!, or even the global invertibility is not guaranteed in other
important applications. Possible relaxations of this condition will be investigated along with
relaxations of other assumptions. For example, the requirement of the boundedfEg$ of
might be relaxed using the ideas in [45] for trust—region methods for unconstrained optimiza-
tion.
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