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1. INTRODUCTION

There is at present a growing interest for the interdisciplinary and challenging
computational problem of solving optimal-control problems involving partial
differential equations (PDEs). The optimal-control methodology has been used, for
instance, to optimize the design of airfoils or wings with respect to quantities such
as the drag coefficients or the lift/drag ratio [Jam95]. For unsteady fluid-dynamics
problems modeled by the Navier-Stokes equations, the same technique has also been
used to compute the optimal control of disturbances in a spatially growing boundary
layer [JGN*95], and the optimal control of jets in a cavity flow [Ber95, Ber97].

Since the computational cost for optimal-control problems is dominated by the
repeated solution of the equations which models the systems of interest, say the
Navier-Stokes equations in three space dimensions, it makes sense to use as efficient
optimization algorithms as possible and, in particular, algorithms that may be
implemented for computers with a parallel architecture. We concentrate in this article
on parallel algorithms for optimal control of unsteady problems.

If no state constraints are imposed, the adjoint-equation approach offers an
efficient way of computing the gradients required by most optimization algorithms.

1 Appeared in: M-O. Bristeau, G. Etgen, W. Fitzgibbon, J. L. Lions, J. Periaux, and M. F. Wheeler
(eds.), Computational Science for the 21st Century, J. Wiley, Chichester, 1997, pp. 102-112.
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Unfortunately, this is an inherently serial process. We introduce in this article,
a time-domain decomposition approach which uses adjoint equations for gradient
computations but nevertheless is parallelizable. In short, we divide the temporal
domain in a multiple shooting fashion into nonoverlapping subintervals and solve
repeatedly (but only approximately) modified control problems on each subdivision,
successively altering the initial data for the state and adjoint equations. When stating
the time-domain decomposition algorithm below, we do not specify how the control
problems on each subdivision is solved; any suitable algorithm can be used. The
methodology is discussed for a linear, parabolic PDEs. In our numerical example the
optimal control subproblems are solved using a conjugate gradient method. However,
formally, the approach is quite general and may potentially be applied to various kinds
of optimal-control problems for linear or nonlinear unsteady models.

Previous work regarding parallel methods for optimal-control of unsteady models
has been concentrated on systems directly formulated in finite dimensions, the
discrete-time optimal-control problem. A parallel factorization of the optimality system
has been introduced in [Wri90]. Several authors have used, similarly as here, a
decomposition in time to introduce parallelism [CCL89, Ral96, Wri91, PP92]. The
subproblems are not the same as proposed here, and these methods heavily rely
on numerical linear algebra techniques and are not practicable for the problems we
consider here.

Another parallel solution approach to general constraint optimization problems is
parallel constraint distribution, a method related to the so-called partial prozimal
minimization [FM91, Fer94, BT94]. In the context of our applications, at each iteration
and at each processor, the state equation is explicitly enforced at one time step only,
whereas the state-equation constraint at the other time steps are enforced implicitly by
adding augmented Lagrangian terms to the objective function. Each of these problems
are solved and the solutions are combined in an appropriate way to form the next
iteration. This introduces parallelism, but the size of the problems to be solved in
parallel is equal to the size of the original problem, only the number of constraints
is reduced. We mention this approach here because our method has features related
to the parallel constraint distribution, but avoids the above mentioned deficiencies of
this approach.

Many of the parallel methods reviewed above heavily use techniques such as matrix
factorizations of optimality systems, dynamic programming techniques, or assume
exact controllability of the subproblems. This makes the methods unsuitable for most
problems arising from PDEs. The approach introduced here is designed with PDEs
in mind. Tt is suitable for large scale problems and for implementation on parallel
distributed-memory machines, and it may be combined with various minimization
algorithms and with storage-reduction schemes ([Gri92], [BGL96]). In the following,
we introduce the main idea and present some numerical results. Although our method
performed successfully in our numerical tests, currently, the theoretical justification
of this methods is only given for special cases. We sketch our convergence results and
address possible extensions of our method.
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2. THE MODEL PROBLEM

We consider a control problem applied to a general, linear parabolic partial differential
equation,

@ + Ay = Bv in @,
y=20 on 3,
y(0) = Yy,

where y is a scalar function of space and time. We denote the spatial domain and its
boundary Q and 91, respectively. We consider a bounded temporal domain (0,7),
T >0 and define Q@ = Q2 x (0,T) and ¥ = 9Q x (0,T).

In equation (1), A is a second-order elliptic partial differential operator. Typical
examples to have in mind for the operator A are the Laplacian —A, or advection-
diffusion operators —A+V-V with V-V = 0. Initial data is supplied by the function .
(Other boundary conditions than the homogeneous Dirichlet conditions of equation (1)
may as well be used.)

The precise way in which the control acts on the system is not important for
what follows. For simplicity of notation we let the function v control the system (1)
through the “actuator” B whose domain is a Hilbert space X. We consider here
U = L%((0,T); X) as our space of admissible controls.

Given functions 21 € L?(Q) and 2 € L%(Q), we introduce the objective function

1 [T k k
J(v) = 5/0 ||v||2dt+?1/Q(y—z1)2dazdt+;/@(;;(T)—;:g)zdm

where k1, ko > 0 such that k; + k2 > 0. The control problem is then

Find v € U such that

J(u) < J(v), Yv € U. (2)

Problem (2) has a unique solution « (under suitable assumptions), which satisfies
u+ B*p =0, 3)
where B* is the adjoint operator to B, and where p satisfies

%

5 A'p = ki(y — 1) in Q,

p=20 on X, (4)
p(T) = ka(y(T) — 22)-

The state equation (1), the adjoint equation (4) and the gradient condition (3) are a
coupled system of equations, commonly referred to as the optimality system associated
to problem (2).

We have not given the precise assumptions and the functional framework (see
[Lio71, GL94], e. g., for this) that are needed to obtain a well-defined control problem
since this is of no importance for the purpose of stating our parallel solution approach.
What assumptions are made, on the operator A for instance, are of course important
in the analysis of the algorithm, which is not provided here (cf. Section 5.).
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3. A PARALLEL SOLUTION APPROACH

Let us partition the time interval (0,7) into N subintervals such that [0,T] =

Uﬁz_ol [T, Tny1], where 0 =To < Ty < --- < T, =T, and let us define

Qn:QX (Tn;Tn+1)7 X, =00 x (Tn;Tn+1)a n=0,...,N—-1.

Introducing the auxiliary variables {nn}i\:ll and {)\n}gz_oz,
system (1), (3), and (4) may now be recast in the form:

forn=0,..., N -1,

T A= B, in Qu,
Yyn =0 on ¥,,
¥, forn=0,
yn(Tn) = { TMn, Otherwise,
0 . _
_% +A Dn = kl(yn - zl,n) in Qp,
Pn =10 on ¥,
_f k(yn 1(T) —22) ifn=N-1,
PaTnt1) = { An otherwise,
Un + B*pp, =0,
together with the conditions
nn:yn—l(Tn) forn=1,...,N—1,
An =pn+1(Tn+1) forn=0,..., N -2,

the optimality

that is, continuity of the states y, and the co-states p, at the subinterval boundaries.
The systems (5) are the optimality conditions of the following problems: for n = 0,

. N—2
( Solve inf J,(vy,), where
1 Tot1 kl
Jn(vn) = —/ [|vn||? dt + —/ (yn — zl,n)2 dx dt
2 Jr, 2 Qn
[ A Toa) =04 d,
\ and where
0
% + Ay, = Bu, in Qn,
Yn =0 on ¥,
[y, forn=0,
~ yn(Tn) = nn otherwise,

(6a)
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and forn=N -1

( Solve inf Jy_i(vn_1), where
1 [T
Tnalon) =3 [ llowalPa
k e k
+ 5 (yn—1 — z1,n—1)* da dt + = / (yn—1(T) — 2)* dx,
2 QN-1 2 Ja
and where
Oyn— .
y(;\; L + Ayn_1 = Boy_y in Qn_1,
yn—1 =0 on ¥n_1,
L yn—1(Tn-1) = NN—-1-
(6b)
Thus, the problem (2) is equivalent to the following problem:
Forn=0,..., N —1, solve inf J,(v,) subject to
M = Yn—1(Th) forn=1,..., N—-1, (7
An = Prt1(Tny1) forn=0,..., N—2.

Note that the minimization problems in (7) are coupled only through the equality
constraints. We propose a relaxation approach to solve the coupled problems, and
introduce a ‘red-black’ ordering to allow for parallelism in solving the subproblems.

The ‘red’ indices are {0,2,4,...} and the ‘black’ indices are {1,3,5,...}. Given
N-1 N-2 N-1
an current set {nﬁk)} and {)\%k)} , the next iterates {n%kﬂ)} and

n=1 n=0 n=1
N-2
{A,&’““’} in a relaxation approach of the Gauss—Seidel type are computed as
follows:
Algorithm 1

(1) Solve inf Jan (van) With 712, = 15, Tlant1 = ey, and Aoy = ALY
() Set 7S5ty = yon(Tany1) and AT = pon (Tn).

(3)  Solve inf Jani1(vant1) With Mans1 = N5ehy s Ttz = Noeyo, and Aznt1 = Aoy .
(4)  Set nsety = yons1 (Tonsa) and AT = pany1 (Tonta)-

The optimality conditions of step (1) and (3) above are still given by equation (5).
All ‘red’ problems (step (1)) are uncoupled and may be solved in parallel, and similarly
for the ‘black’ problems (step (3)).

A serious complication in solving the original, serial problem (2) is the large amount
of computer memory that is needed in storing the states y simultaneously at all points
in space and time, as needed in the forcing term of the adjoint equation. Algorithm 1
requires the storage of the controls u, and of the states 7, and the adjoints A, at the
interfaces. In addition, for the solution of the subproblems one needs to store the states
Yn, throughout @,,. These latter variables have to be stored temporarily and locally to
the processor used for solving this subproblem. Note that the large amount of memory
typically available in distributed-memory machines will be efficiently utilized in this
case because of the parallel structure. Yet, it may be impossible, even with todays
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most powerful computers, to store all of this data simultaneously. In that case, one
may use, on each of the subproblems of Algorithm 1, the storage-reduction scheme
introduced? in [Gri92] or a similar one discussed for optimal-control problems in § 6.6.2
of [Ber95] and in [BGL96)].

We see from the definition of the objective functions J,, that the continuity of the
states are enforced through a Lagrangian term. This observation makes it natural to
attempt improving the robustness of the algorithm by adding a penalty term to the
functions J,, obtaining instead an augmented Lagrangian ([Glo84], [Ber82]).

Letting v > 0, we may replace the cost functions in (6) with the following;:

1 [Tos k
Ti(wn) = + /T ol dt + /Q (yn — 21,0)? e dt + /Q AU (Tns1) = flny) de

2 Jr, 2 Jo.
+ % / (n(Tps1) — ng1)” dz forn=0,..., N -2,
Q

(8)
Instead of equations (5), the optimality systems for the minimization of the modified
functionals becomes

Oyn

T T Aun = Bun in Qn,
Yn =0 on X,
_ | 7, forn=0,
yn(Tn) = { Nn, Otherwise,
0 N .
_% + A*pn = k1(yn — zl,n) in Qn, 9)
pn =20 on X,
p (T 1) _ { kQ(yN_l(T)—ZQ) ifn:N—l,
miind An +Y(Wn(Tnt1) — Mny1) otherwise,
Upn + B*pp =0,
forn =0, ..., N — 1. This system of equation may now be solved with the relaxation

algorithm 1 replacing J, with J.

4. NUMERICAL EXPERIMENTS

We have performed some preliminary tests of Algorithm 1 in a small-scale serial
implementation. Since this appears to be a new approach to solving unsteady optimal-
control problems, we believe that such tests are a necessary first step before attempting
larger, more realistic problems on machines with a parallel architecture.

For these tests, we choose a one-dimensional problem with 2 = (0, 1), and with the

2 in the context of reverse-mode automatic differentiation
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state equation

dy 82 M .
0_1; G—:EZ 3 O ()3(z — am) in Q,
m=1
oy .
52(0,0) =0
y(1,t) =0
y(O) - y07

where 0(z — a,,,) denotes the Dirac measure at the point a,,. Thus, we consider the
heat equation controlled through the functions v,, € L?(0,7) acting on the system
through pointwise forcing at locations a,, € (0,1), m = 1, ..., M. In fact, we also
allow a,, = 0; this is equivalent to a Neumann control at the left boundary.

Continuous, piecewise-linear functions are used for the (finite-element) spatial
discretization and the Backward-Euler scheme is used for temporal discretization.
Some care has to be taken when defining the discrete optimality system corresponding
to (9). Not any discretization of this system will produce a system consistent with the
original optimality system on the full time interval (0,7"). The details of this will be
presented in a forthcoming report.

4.1. RESULTS

We consider a case with 9 pointwise control actuators (M = 9) located at

am = 10; m = 0: a87
with the targets
-3 ifz<i,
21 =
! 0 if £ > %;
29 =1—123,

the initial condition ¥, = 21, and using the following parameter values:

T=02, ki = ky = 102, Az = 41—0, At:%.

Solving the discrete version of control problem (2) for the problem above with
the conjugate gradient (CG) algorithm requires 17 iterations for a relative gradient
tolerance of 1078 in 8 byte precision.

In the discrete version of relaxation algorithm 1, we solve the red and black
subproblems by the conjugate-gradient algorithm and study in this section the
behavior of the algorithm for different parameter choices. As a convergence criterion
for the relaxation iterations we use

[[uf? — u®e]]

= 1<10°8 10
uce <10 (10)
where u’® is the solution of the partitioned control problem computed by Algorithm? 1,
and u®“ is the solution computed by the CG method, using a relative gradient

3 Or, rather, its discrete version. From now on, we will drop the qualifier “discrete version” for
simplicity.
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Figure 1 The number of relaxation iteration versus the penalty parameter v for the case
N = 4 (solid) and for the case N = 16 (dashed).

tolerance of 10~%, applied directly to problem (2). The convergence criterion (10) is
used to verify that we obtain the correct solution; in a practical application something
else has to be used of course.

Letting Az = 1/10, we apply Algorithm 1 with the augmented objective functions
JY(uy,) for various choices of 7. Figure 1 shows the number of relaxation iterations
versus the penalty parameter v for a case of few subintervals (N = 4) and the case of
many subintervals (N = 16). Thus, the use of the penalization term in the relaxation
algorithm significantly improves the convergence, and the optimal value of vy does not
appear to depend on the size of the subproblems.

In the runs of Figure 1, the subproblems were solved quite accurately, up to a
relative gradient tolerance of 10~8. The next question is whether this is necessary. To
investigate this, we put a limit on the maximum number of iterations allowed in the
red and black subproblems. For the same problem as above, using v = 2.1, Table 1
shows the number of relaxation iterations versus the maximum number of iterations
in the subproblems. For the sake of comparison, let us remark that the number of
subproblem iterations needed to achieve full convergence varied between 6 and 16.
From the results of Table 1 we conclude that the subproblems need to be solved only
approximately, and also that that larger subproblems (N = 4) needs to be solved
somewhat more accurately than smaller subproblems (N = 16).

Finally, we investigate the efficiency of the method. Usually, the main computational
work for optimal-control problems involving a time-dependent PDE is associated with
the solutions of the state and adjoint equations. Therefore, as a measure of the
computational cost we use the number of effective state solves: the cost of solving
the state or adjoint equation once on the full interval (0,T). Solving once the state (or
adjoint) equations on the ‘black’ (or ‘red’) processors requires 1/N effective state
solves, assuming that N processors are available. If k iterations are made in the
conjugate-gradient algorithm of each subproblem, the state equations has to be solved
k+1 times and the adjoint equation also k+1 times. Thus, the solution of either the red
or black subproblem requires 2(k+1)/N effective state solves for k conjugate-gradient
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Table 1 The number of relaxation Table 2 The number of relaxation
iteration for different limits on the iterations iteration and effective state solves for
of the subproblems. No convergence is different sizes NV of the subproblems. Also
indicated by N. c. The subiteration limit of given are the (optimal) values on the limit of
50 means in this case that full convergence the subiterations.
will be reached. N # of relax. # of eff.  subit.
subit.  # of relax. iter. iter. state solves max.
max N=4 N=16 2 8 96 )
1 318 N. C. 4 8 48 )
2 45 28 8 13 32.5 4
3 20 22 16 24 24 3
4 10 22 32 63 15.8 1
5 7 22 64 94 11.8 1
50 7 22 128 187 11.7 1
10°
10! : :
10° 10" 10° 10°

Figure 2 The number of effective state solves versus the size of the subproblems N.

iterations of the subproblems.

To investigate the parallel efficiency, we use a finer temporal discretization, At =
T /128, fix the penalty parameter to v = 2.1 and solve the problem for partitionings
N =2,4,...,128, and count the number of effective state solves. In these calculation,
we do not solve the subproblems exactly, but limit the subiterations to a fixed number,
which may be different for different V. This iteration limit is chosen, by trial and error,
to minimize the number of effective state solves for each particular value of N. The
results of this investigations are shown in Table 2. From Figure 2, we see that for
4 < N < 64, the number of effective state solves decreases approximately* as N—1/2,

4 A least-squares fit yields the value —0.51 for the exponent in the interval 4 < N < 64.
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5. OUTLOOK AND CONCLUSION

Algorithm 1 is to our knowledge not analyzed in the literature. For special cases we
have established convergence of this algorithm in the infinite-dimensional framework.
This analysis assumes that the operator A is generated by a bilinear, continuous, but
not necessarily symmetric, form a over H'(Q) x H'() which satisfies

v /Q WP de < aly,y), Vy € HL(Q), (11)

for some v > 0. A complete discussion, however, even for these cases is lengthy
and beyond the scope of the present article. Moreover, numerical evidence (not
presented here) indeed indicate that the algorithm need not to converge for non-
diffusive equations when v = 0, but that for v > 0, convergence appears to hold
even for cases when the state equations is not diffusive. A comprehensive convergence
analysis of this algorithm is under investigation.
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