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Abstract

In this paper preconditioners for linear systems arising in interior—point methods for the solution
of distributed control problems are derived and analyzed. The mathicés these systems have a
block structure with blocks obtained from the discretization of the objective function and the governing
differential equation. The preconditioners have a block structure with blocks being composed of precon-
ditioners for the subblocks of the system matkix The effectiveness of the preconditioners is analyzed
and numerical examples for an elliptic model problem are shown.
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1 Introduction

The discretization of distributed linear quadratic optimal control problems with bound constraints on the
controls and on the states leads to large scale quadratic programming problems. Because of their complex-
ity and convergence properties, interior point methods are attractive solvers for such problems. They are
iterative methods which in each iteration generate approximations to solutions that are strictly feasible with
respect to the bound constraints. Within each iteration, large indefinite linear systems have to be solved. If
interior point methods are applied to linear quadratic control problems governed by patrtial differential equa-
tions, then iterative techniques usually have to be applied to solve these linear systems. To make interior
point methods efficient, it is important to solve these linear systems efficiently. Krylov subspace methods
are iterative linear system solvers, which are very suitable in this context. They do not require the sys-
tem matrix in explicit form, but only require matrix vector multiplications. This is very useful since for

the problems under investigation the system matrices have a block structure in which blocks are related to
discretized differential equations. The convergence of Krylov subspace methods depends on the distribu-
tion of the eigenvalues of the system matrix. Roughly speaking, their convergence is the better the more
the eigenvalues of the system matrix are clustered and the smaller the clusters are. lll-conditioning of the
matrix, i.e. a large quotient of largest absolute eigenvalue divided by smallest absolute eigenvalue, typically
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2 Preconditioners for Karush—-Kuhn-Tucker Matrices

corresponds to a poor convergence of Krylov subspace methods. To improve the convergence of these meth-
ods nonsingular matrices are constructed so that the similarity transformation with these matrices leads to
a system with better clustered eigenvalues. These matrices are called preconditioners. The purpose of this
paper is the construction of such preconditioners for systems arising in interior—point methods for certain
distributed control problems.

To illustrate the issues, we consider the following elliptic model problem.

win [ (yle) —yate)? + 7 [ al(w)ds (1.1)

over all(y, u) satisfying the state equation

a—iy(w) = u(x) x € 012, '
and the bound constraints
Yiow < y($) < Yupp A€, (13)

Ulow < u(z) < uypp A€

A discretization of the problem with, say, finite elements, leads to a quadratic programming problem of the
form

1
min ay,j;Myyh + %uzMuuh + cTyh + dTuh (1.4)

subject to
Ayp + Bup = b, (1.5)

Ynlow < Yh < Yh,upps
o e (1.6)

Uh,low <up < Uh,upp-
Here h indicates the mesh size of the discretization and IR™, y, € IR" represent the discretized
controls and states, respectively. The matribgse R"*"* andM, € IR"v*"v are positive definite. The
VECtOrsyy jow - - - » Un,upp are obtained from the bound constraints (1.3) in a straightforward way.
There are various classes of interior point methods. They all (after possible transformations) require the
solution of linear systems with system matrices

H, 0 AT
K=| 0 H, B" |, (1.7)
A B 0
where
H,= M, + D,, H,=yM,+ D,, (1.8)

with some positive semidefinite diagonal matridg@sand D,,. Since the matrixK is related to matrices
arising in the Karush—Kuhn—Tucker optimality conditions, we &alh Karush—Kuhn—Tucker (KKT) matrix.

Even though the exact form of the diagonal matriéggsand D, differs from interior point method
to interior point method, they all have in common that diagonal€)oand D,, grow unbounded if the
corresponding components gf or «;, converge towards a bound.

The matriceds arising in interior—point methods for the solution of problems like (1.1)—(1.3) are usually
ill-conditioned. There are at least two sources for the ill-conditioning. One source is the discretization of the
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infinite dimensional problems. Typically, the eigenvalueg<o$pread out towards zero if the discretization

is refined. The second source are the large diagonalg iand D, that arise if variables approach the
bound. This source is due to the interior—point method. lll-conditioning also arises if the original infinite
dimensional problem is ill-posed. The preconditioners derived in this paper are designed to remedy the
ill-conditioning arising from the first two sources. They use the block structufé ahd are composed of
preconditioners for the block&l,, M,,, andA of K. This allows the use of known preconditioners for the
governing differential equations. Moreover, computationally expensive parts of the preconditioner have to
be computed only once during the interior—point method, since only the diagonal contribijtamsD,,

change from one interior—point iteration to another.

Preconditioners for problems related to this one are investigated in other papers. There are several
papers, e.g. [5], [15], [17], investigating preconditioners for systems arising in the numerical solution of
partial differential equations such as the Stokes equations, or the biharmonic equation. These systems can
also be viewed as KKT systems. However, the blocks in those matrices are different and, therefore, the
preconditioners for those problems are different than the ones introduced here. In fact, if the governing
equations would be the Stokes equations, or the biharmonic equation, then the preconditioners in the papers
cited above could be used as blocks in the preconditioners introduced here. Some of the tools provided in
those papers, in particular a result from [15], cf. Lemma 5.1, are heavily used in our analysis. Preconditioners
for interior—point methods for linear programs (LP) are investigated in [9], [10]. Those preconditioners are
for general LPs and are based on sparse matrix factorizations or on the SOR method. Since no particular
structure is assumed, those papers do not contain any theoretical result on the quality of the preconditioner.

This paper is organized as follows. In the first part we study the QP problem. Section 2 investigates the
problem (1.1)—(1.3) and its discretization. The Sections 3 and 4 discuss the optimality conditions for the
QP (1.4)—(1.6) and some aspects of interior—point methods relevant for the construction of preconditioners.
Section 5 contains some essential results about the Krylov subspace methods MINRES and SYMMLQ. The
preconditioners are introduced and analyzed in Section 6. This section also contains some numerical tests
demonstrating the quality of the preconditioners.

2 The Control Problem

As noted in the introduction, one source of ill-conditioning in the KKT matrix is the discretization of
the infinite dimensional problem. This section provides some results needed to address this aspect of the
problem. These results can be proven for a general class of problems, which include the model problem
(1.1)—(1.3) as a special case. In this section we do not consider the control or the state constraints.

2.1 The Abstract Problem

Let Y andi/ be Hilbert spaces. These spaces play the role of the state and the control space, respectively.
Moreover, leta, b be continuous bilinear forms gyt x Y andi{ x Y, respectively. In addition, we assume
thata is Y—elliptic. In particular, there exist constants> 0 ands > 0 with

alyly <aly,y),  bluy) < Bllulullyly, Vyed, uel.
Furthermore, letZ be a Hilbert space and e £(Y, Z). In particular there exist$ > 0 such that

ICyllz < Cllylly Vyed.
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With some linear functiondlon ) we consider the problem

) 1
min  2[Cy - zall% + Jlul, (2.1)
st a(y,v) +b(u,v) =1(v) Yve. (2.2)

Results on the existence of solutions for problems like (2.1), (2.2) are given e.g. in [1], [13] and we refer to
those books.
We consider the following discretizations. Let

yh:Spar{¢1,...,¢ny}Cy, Uh:Spar{i/)l,...ﬂ/)nu}Cu,
and define matriced € IR"**" andB € IR"**™ by
Azy = a(¢j7¢i)7 iajzla"'anya
Bz] = b(¢]7¢z)7 j:]-a"'anua izla"'anya
and matricesV/, € IR™*"v andM,, € IR"*" by
(My)ij = <C¢j,c¢i>g, Z,] = 1,...,ny,
(Mu)z] = <¢ja¢i>Ua 1,7 =1,...,ny.
Obviously,

Ny Ty
yn Myyn = 1D yniCoillz,  up Muun = | Y unitpilly-
i=1 i=1
In particular, the matrix\z, is positive definite and the matri), is positive semidefinite.
By | - || we denote the Euclidean norm iR® for somek.
We can show the following simple, but important result.

Lemma 2.1 There exists a constant ¢ > 0, independent of the discretization parameter h, such that

IM)PAT BM; V| < e

Proof. Letwu;, # 0 be arbitrary and sej, = A*lBMu_l/Quh, Up = Mu_l/Quh. Definey = 31, yn.idi
anda = ) ™, dp ;1;. By definition of A and B, a(y, ¢) = b(d, ¢;),i =1,...,n,. Hence,

allylly < aly,y) = b(d,y) < Bllallullyly.

This implies
1/2 4, —1/2 1/2
My A BM P2 (1M licyl:
[[un|? [[un|? [Jun |2
Cliylly Gl _ ¢*p?
1/2 ~ - - S 2
| M % )2 ez o
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2.2 The Model Problem

The model problem (1.1)—(1.3) fits into the above framework, if we use the weak formulation of (1.2). The
Hilbert spaces ar® = H'(Q), U = L*(00Q), andZ = L?*(Q). The bilinear forms and the functional
area(y,v) = [q Vy(z)Vo(z) + y(z)v(z)dz, b(u,v) = — [ u(z)v(z)dz, andl(v) = [, f(z)v(z)dz.

The operatorC is the imbedding operator. For our discretization we use a finite element discretization
with piecewise linear functions over triangles. In our numerical experiments we usg0, 1¥ and we
construct the triangulation as follows: The andy— intervals are subdivided ini$ andd, subintervals.

The resulting rectangles are subdivided into two triangles by connecting the lower left corner and the upper
right corner of the rectangle. Since piecewise linear approximations are used, the number of state variables
isn, = (dy + 1)(dy + 1) and the number of controls i, = 2(d, + dy).

3 The Quadratic Programming Problem

We consider the following quadratic programming problem (QP) in standard form:
1 (M, M g
L. 1 Y vy yu Y C Y
M|n|m|ze2<u> <Muy Muu><u>+<d> <u> (3.1)

Ay + Bu =0b, (3.2)
y >0, u>0. (3.3)

subject to

In this section the origin of the QP is not important and we omit the subskriptloreover, we absorb

v into M,,,,. The standard form (3.1)—(3.3) is considered to reduce the complexity of notation. Using
straightforward extensions, bound constraints of the form (1.6) can be handled as well. Throughout this
section we use the notation

_ [ My, My, _ [ € _ _ Y _ [ 4

We limit our discussion to convex problems and assumeMas positive semidefinite. The existence
of solutions of the QP (3.1)—(3.3) is guaranteed if the objective function is bounded from below on the set
of feasible points. More precisely, we have the following well-known result (e.g.18,3]):

Theorem 3.1 (Necessary and Sufficient Optimality Conditions)f M is positive semidefiniteand if ¢(z) =
22T Mx + g7z is bounded from below on the set of feasible points {(y, u)|Ay + Bu = b, y > 0,u > 0},
then the QP (3.1)—3.3) admits a solution z,. If M is positive definite, the QP admits a unique solution.

The vector (y, ) isasolution of (3.1)«3.3) ifand only if thereexist p € IR, ¢, € IR",and ¢, € IR™
such that the Karush—Kuhn—Tucker (KKT) conditions

Myyy + Myyu + ATp — q@ = —d,
Muyy + Myyu + BTp —GQu = €
Ay+Bu = b
’ 3.4
ylay+tulqu = 0, G4
Qy,qu > 0,
y,u > 0

are satisfied.
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To learn more about the QP and the optimality system (3.4) it will be helpful to distinguish three cases.
This discussion will also help us to relate the results in this paper to the results on the solution of KKT
systems in interior—point methods for linear programming that can be found in the literature, see e.g. [10].

Throughout this subsection we assume tHais nonsingular and that the QP has a solution. As a
consequence, the matrix = (A | B) has full row rank and the KKT system (3.4) has a solution.

Bound constraints for« and y. Let (3., u.) be a solution of the QP. Furthermore, {ét,...,/}! } and
{,... ,lzy} denote the set of active indices farandy,, respectively,

{l%v e vl%u} = {Z | (u*)l = O}v {lglJv s ﬂllzy} = {Z | (y*)z = 0}.

The Lagrange multipliers at the solution satisfy
(qy)izoa Z¢{l?{7alzy} and (qu)i:07 Z¢ {l%aalgu}

If we define the matrice$(y,) € IRFv*™, I(u,) € R*>™ by

ity =, )1 ifg=1,
(T (y))ij = { 0 otherwise and - (I(u.))ij = { 0 otherwise
then the KKT conditions (3.4) are equivalent to

My, My, A" I(y)" 0 y —c

My, My, BT 0 I(u)? u —d
A B 0 0 0 p | = b , (3.5)

I(y,) O 0 0 0 qy 0
0 I(us) O 0 0 qs 0

whereg,;, g, denote the Lagrange multipliers corresponding to the active indices.
Let/ denote the number of positive components in the solution:,) of the QP. The assumption that
A'is nonsingular is not sufficient to guarantee that the matrix

A B
C=| Iy) o e Ryt (ny+nu—D)x(ny+nuy) (3.6)
0 I(us)

has full row rank. IfC does not have full rank, then the system (3.5) does not have a unique solution, even
if the QP has a unique solutigi, u.). It is not difficult to see that in this case the Lagrange multipliers
(p, gy, q;;) are not uniquely determined.

If M = 0, then the QP reduces to an LP. In this case the solution of the optimization problem can be
found in a verteXy., u,). Recall that a feasible poifty, «) is called a vertex if the columns 6f = (A | B)
corresponding to the positive components are linearly independent, see &.8].[, (y, u.) is a vertex,
at mostn,, components ofy,, u,) can be positive and the columns©f= (A | B) corresponding to the
positive components of the vert¢y,, u.) are linearly independent. If less thapcomponents ofy,, u.)
are positive the vertex is calledegenerate, see e.g. [6§ 2]. In the nondegenerate case, i.el i 7
components ofy,, u,) are positive, then the matriX has full row rank. In the degenerate case, however,
| < n, components ofy., u.) are positive. Thus2n, + n, — [ > n, + n, and the matrbC cannot have
full row rank. Hence, the solution is degenerate if and onﬁldbes not have full row rank.
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Bound constraints for u. Let (y,,u.) be a solution of the QP and suppose that no bound constraints
are imposed on, or that the bound constraints fgrare not active. In this case,

. (A B
CZ(O I(U*)>'

SinceA is nonsingularﬁ has full row rank. Therefore, the system (3.4) is uniquely solvable if the matrix
M is positive definite on the null-space 6f
In the LP case, i.eM = 0, the solution can be found in a vertéx, u.). Since, by assumptior, > 0
and A is nonsingular, we can conclude that= 0. Consequently/ (u.) € IR™*™ is the identity matrix.
In the language of linear programming,are the basis variables amg are the nonbasis variables. Thus,
this case always corresponds to tiomdegenerate case in linear programming.
No bound constraints If the bound constraints are not active, then the Lagrange multigjiargig,
are zero and the KKT conditions (3.4) are equivalent to the system (3.5) with the last two row and column
blocks of the system matrix removed. If the mathikis positive definite on the null-space @f the system
(3.4) has a unique solution.

4 Interior—Point Methods for the Solution of the Quadratic Programming
Problem

It is not the purpose of this section to give an overview of interior point methods. We primarily address the
structure of the linear systems arising in these methods to provide the necessary background for the con-
struction of preconditioners. Because of space limitations, we focus on primal—dual interior—point methods.
However, matrices with similar structure also arise in barrier methods, see e.g. [19] and [8], and certain
affine—scaling methods, see e.g. [18].

We continue to use the notation of Section 3 and we will employ the notation common in interior point
methods: For a given vectar, the diagonal matrix with diagonal entries equal to the entriesisfdenoted
by X. Moreover,e denotes the vector of ones= (1,...,1)'.

The construction of primal-dual interior—point methods is based on the so—called perturbed KKT con-
ditions corresponding to (3.4), which are given by

Mz+CTp—q = —g,
Cx = b, 4.7)
XQe = 0e,

andz,q > 0, wheref > 0. To move from a current iterater, p, q) with z,q > 0 to the next iterate
(x4,p+,q+), primal—dual Newton interior—point methods compute the Newton &ep Ap, Aq) for the
perturbed KKT conditions (4.7) and set

(4,p4,q4) = (z + Az, p + apAp, q + yAg),

where the step sizes,, «,, o, € (0, 1] are chosen so that, , g > 0. Then the perturbation parameteis
updated based arf ¢; and the previous step is repeated. We refer to the literature, e.g. [20] for details.
The Newton system for the perturbed KKT conditions (4.7) is given by

M CcT —I Az Mz+CTp—qg+yg

C Ap | =— Cz—0b . (4.8)
Q X Aq X Qe —0fe
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The nonsymmetric system (4.8) can be reduced to a symmetric system. If we use the last equation in (4.8)
to eliminateAq,
Ag=—-X"1QAz — Qe+ 60X e, (4.9)

then we arrive at the system

<M+X—1Q c’ > ( Az ) B <Mx+CTp+g—ex—le>

_ (4.10)
C Ap Czr—>b

If My, =0, M,, =0, the system (4.10) is of the form (1.7). As variabiesr u; approach the bound, i.e.
approach zero, large quantities are added to the diag@nalsor (i,4), respectively.

In actual computations more care must be taken during the reduction of the system (4.8) to avoid can-
cellation in the reduction process due to very large elemenis Insee e.g. [9]. A stable reduction of the
system (4.8) is discussed in [9]. The unknowns and the right hand side in that reduced system differ from
those in (4.10). However, the system matrix in the stable reduction is equal to the system matrix in (4.10).
For our purposes it is therefore not necessary to present the lengthier stable reduction and we refer to [9] for
details.

The influence of inexact solutions of the linear systems (4.10) onto the convergence behavior of the
primal—dual interior—point method and the control of the inexactness is studied in [4], [12].

Before we continue, we briefly discuss the three cases explored in Section 3.

No bound constraints In this case the diagonal contribution} and D, coming from the interior—
point method will be zero or close to zero. Since in our case the mafrig positive definite, the system
(3.4) has a unique solution. The ill-conditioning in the matkixn this case is purely due to the discretiza-
tion of the infinite dimensional control problem.

Bound constraints for u. It has been observed, e.g. [10], that in the nondegenerate case the KKT
systems in barrier methods for linear programming can be preconditioned effectively. This will also be true
in our case. If only bounds on are active, efficient preconditioners can be constructed for the problems
investigated in this paper. However, in our applications, ill-conditioning also arises from the malrices
Although proven to be nonsingular, the matricegrising in our applications have a wide spectrum which
causes a large spread in the spectrum of the KKT madirixThis will be investigated in more detail in
Section 6.

Bound constraints for v and y. For the construction of preconditioners in barrier methods for linear
programming the degenerate case is the difficult one. For example, the preconditioners discussed in [10] are
far less effective in reducing the condition number of the KKT matrix in the degenerate case than they are
in the nondegenerate case, cf. Tables 1 and 2 in [10]. This will also be the case in our situation. If bounds
are only imposed on the contrals efficient and rather general preconditioners can be derived. However, if
state constraints, i.e. bounds gnare present and active, then the QP (1.4)—(1.6) is very often degenerate
and the design of preconditioners is much more difficult.

5 Solution of the Linear System

5.1 MINRES and SYMMLQ

Two Krylov subspace methods for the solution of indefinite linear systems, MINRES and SYMMLQ, have
been introduced in [14]. These methods have been successfully used for problems like the one studied in
this paper and are used for the solution of our systems.
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We setz = (yp,, up, pr)’ . Suppose the system to be solvedis = b. Given an initial iteratey we set
ro = b — Kxy. The Krylov subspacé; (K, r) is defined by

IC]'(K,’I“()) :Spar{’ro,K’)”o,...,K]‘il’Fo}. (5.1)
In iterationj, j =0, 1, ..., the minimum residual method MINRES computes
zj € Kj(K,r)

such thatz; solves

min ||ro — Kz|.
z€K; (K,ro)

In iterationj, j = 0,1,..., SYMMLQ computes the iterate
T; € ]C]' (K, 7"0)

such thatr; solves
(ro — Kzj)Tv =0 VYo € K;(K,ro).
Since K is indefinite, such am; may not exist. If it does not exist, SYMMLQ generates an iterate using
information obtained from the Lanczos tridiagonalization. See [14].
The representation of Krylov subspaces (5.1) show#hat/C;(K, o) if and only if

Ty = p]*l(K) To,

wherep;_; is a polynomial of degree less or equaljte- 1. This yields an upper bound for the residuals in
MINRES:

Iro = K| = lp} (K)ol < min e V] roll- (5.2)
Here A(K) denotes the spectrum &f ande denotes the set of all polynomialsof degree less or equal
to 5 which satisfyp(0) = 1. From (5.2) one can derive error estimates, see e.g. [16]. For example, using
Chebyshev polynomials, one can show the following convergence estimate for MINRES:

— 1\ /2]
o~ Kyl <2 (555) 7 ol
wherex = X/ is the condition number oK with XA = mimep () [Al, A = maxyey (K, | AL and /2] is
the largest integer less or equaljt@®.

If the matrix K has an unfavorable eigenvalue distribution, one constructs a nonsingular matich
that K = P~' K P~T has a smaller condition number and better clustered eigenvalues. Inst&ad-efb
one solves the preconditioned syst&m = b, whereK = P 'KP T & = PTg, andb = P 'b. Of
course, the preconditiond? has to be constructed so that matrix—vector multiplications Witrand P~"
can be done efficiently and so that the eigenvalue distributiad bk P~ is improved.

For more details on MINRES and SYMMLQ we refer to [14], [2], and [3]. Those references also contain
some details of the implementation. Complete listings of the preconditioned MINRES and SYMMLQ
algorithms are given in [3]. We have implemented MINRES and SYMMLQ in MatRécently a version
of the QMR algorithm has been developed in [9] to solve symmetric indefinite linear systems. These allow
the application of indefinite preconditioners. If the preconditioner is positive definite, as in our case, then
this QMR based method is equivalent to MINRES.

!A Fortran implementation of SYMMLQ written by M. Saunders is available from Netlib. Bieeal g/ synm g at
http://ww. netlib.org/linalg/index.htm.
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5.2 Eigenvalue Estimates

If Ais invertible and ifH, and H,, are positive definite, then the matrix defined by (1.7) has, + n,
positive eigenvalues ang, negative eigenvalues. More information on the eigenvalue distributidi isf
provided by the following result, which is proven in [15]:

Lemma 5.1 (Rusten/Winther) Suppose that H, and H, are positive definite and that (A | B) has rank
ny. L€ty > po > ... > pip, +n, > 0 bethe combined eigenvalues of H, and H, and let oy > 09 > ... >
on, > 0 bethe singular values of (4 | B)''. The eigenvalues \; > ... > Anytng > 0> Ay gng 41 2
.o+ > Aony 4, Of K Obey

Y

1

>\2ny+nu §(Mny+nu Y M%Lernu + 40%)? (5.3)
1

)\ny-i-nu-l-l 5(:“’1 -\ :U'% + 40?@)? (54)

>‘ny +ny S ) (5.5)

1
A1 5(#1 +\/uf +4do?). (5.6)

(AVARRVAN

IN

6 The Preconditioners

We now turn to the preconditioners for the mathixin (1.7). We assume th&f, ¢ IR"v*"v, H, € IR"*"
are symmetric positive definite and thate IR»*" is nonsingular.
In the following F, and P, are preconditioners off, and H,,, respectively, i.eF, and P, are nonsin-
gular matrices such that
p/'H,P,"~1I, and P,'HP,"~I. (6.1)

By A~ we denote an approximate inverseAf
A'A~ T (6.2)

In our numerical tests we usB, = [diag(H,)]'/?, P, = [diag(H,)]'/?, andA = A. Since the
diagonals of the mass matricé$, and M, are very good preconditioners for these matrices, these choices
for the preconditioners;,, P, are efficient and satisfy (6.1).

In our computations we usk derived from the model problem and the finite element discretization
outlined in Section 2.2. In all computations we use= d,. MINRES and SYMMLQ were used with
starting valuery = (yn,up, pr) = 0 and the iterations were stopped whgrr 'b— P~' K P~";|| < 1075.

We do not test our preconditioners within an interior—point method, but simulate the mdriog4.7) that
would arise in an interior point method by adding diagonal matrigeendD,,. All computations are done
in Matlab.

In the analysis of the preconditioners it will be helpful to distinguish four cases.

Case 14 =1, D, = 0, D, = 0): In this case we can reduce the condition number of the systems
under consideration considerably. By preconditioning we reduce the iterations required by MINRES and
SYMMLQ to a number which appears to be independent of the grid size.

Case 24 < 1, D, = 0, D, = 0): In this case, the spectrum &f, moves towards the origin, and
while the conditioning ofH, itself is not changed, the condition numbergfincreases significantly. In
this situation, ill-conditioning of{ is induced by ill-posedness of the original problem.nAdecreases, the
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system withK becomes hard to solve, and for sufficiently small valueg BINRES and SYMMLQ need
an unacceptably large number of iterations. The performance of MINRES and SYMMLQ improves on the
preconditioned systems.

Case 3¢ =1, D, =0, D, > I): If bound constraints fon are active, corresponding diagonal entries
in D, increase. We writd,, > I and mean this to be understood component wise. Large entrigscizn
be shown to affect the conditioning of the preconditioned system only to a moderate amount. In fact, they
can even help to neutralize a small parameter large entries infj,. In this case our preconditioners are
very effective.

Case44¢ =1, D, >» I, D, = 0): This case corresponds to the situation where bound constraints
on y are active. As mentioned in Sections 3 and 4 the solution may be degenerate and this case may
correspond to the degenerate case in linear programming. Often, a large diagnahiavorably affects
the performance of MINRES and SYMMLQ on the preconditioned systems. While the preconditioners
introduced in the following lead to some improvement, their effectiveness in this case is much smaller than
in the Cases 1 and 3. We point out that in our applications the numlodrstates is much larger than the
numbern, of controls. Hence if more than, states are active at the solution, then the matrir (3.6)
can not have full row rank. In our numerical tests for Case 4 welset 10*1. This simulates the worst
case in the sense that this corresponds to the case where all states approach the bounds. Our numerical tests
always correspond to the degenerate case, which is the hard case.

6.1 The First Preconditioner

The first preconditioner is given by

P10 0
Plt=] 0 P! 0
0 0 PBFA?
The preconditioned KKT matrix is
p,'H,P,T 0 plATTATP,
PlKkP T = 0 P'H,P;T P'BTATTP, (6.3)
T A—1 =T T A—1 =T
PrAtAP,T PIA'BP, 0
and we expect that
I, 0 I,
P'EPTT=1(0 My, P;'BTAT PR, |, (6.4)
I, PrA-'BP,T 0

where! is an approximate identity matrix. The preconditioned system still has the structure allowing us
to estimate its spectrum using Lemma 5.1. The derivation of the general form of our first preconditioner
is motivated by the assumption that for preconditiongysP, of H,, H, and for an approximate inverse
A~ of A the singular values of

B=plA'BP, T (6.5)

are of moderate size. B, = Mym, P, = M,/?, andA = A, this is guaranteed in the situation of Section
2.1. See Lemma 2.1.
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Lemma 6.1 Let B € IR™*"«, Thesingular values ; of (I,,|B) are given by

ai:\/l—{—o?(é), i=1,...,ny,

where o;(B) arethe singular values of B. If n, > n,, B hasn, singular values, and we set o;(B) = 0 for
1=mn,+1,...,ny.

Proof. The proof follows immediately from the fact that the squares of the singular values of a mBatrix
are the eigenvalues @B . O

In the situation of Section 2.1 the estimate in Lemma 2.1 shows that
0i(B) <|IMy2A ' BM, Y[ < e, i=1,...,m,, (6.6)

for a constant independent of.. Thus in Case 1K, = M, andH, = M,) we expect that, for precondi-
tionersk,, P, andA neutralizing the dependency 8, H, andA on the mesh constaht we can similarly
bound the singular values éf A~ BP, ™ such that

0i(B) <||PfA'BP,"| < cp, (6.7)

wherecp is a constant independent jof

Assuming that (6.7) is valid we discuss the expected performance of the first preconditioner in the four
cases defined earlier. Bqél) = az(l) (Pfﬁ*lBPJT), I = 1,2,3,4, we denote the singular values of
PrA-'BP;TinCase = 1,2,3,4.

Casel{¢ =1,D, =0,D, = 0): If y =1, (6.7) shows that there exists a constant upper bound
for the singular values(l)(H;/ZA—lBHgl/Q). The preconditionef’; can be expected to perform well if
the preconditioning matriceR,, P, and A neutralize the influence of the mesh sfzen the submatrices
and thus on the system, and if the singular valuegof~' BP, " are bounded by a small constast If
the eigenvalues of, 'H,P, ' andP, " H,P, ! are close to one and i#! < 1, whereo") denote the
singular values of P A=1 BP, 1), we can deduce

—_

)\ny+nu ~ 1, )\ny+nu+1 ~ 5( - \/g)a

so that the eigenvalues of the preconditioned system are bounded away from zero. If in édbjtidm.
the constantp in (6.7) is of moderate size, Lemma 5.1 guarantees that the condition number of the precon-
ditioned systerrPflKPfT is small. MINRES and SYMMLQ will perform very well on the preconditioned
system. This is confirmed by our numerical tests. See Table 1.

The preconditioner will perform poorly if the singular valueslngi—lBPu—T are not small. This
happens in two of the remaining three cases.

Case2¢ <« 1, D, =0, D, = 0): If a small paramete determines the size of the eigenvalues of the

matrix M,,, we must expect that bounds on the nqrmyl/QA—lBHJl/ZH grow with the reciprocal of/7.
Denoting byal@) the singular values cﬂ;/QA*IBHJl/Q, we have the relationship

o = L0

S
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For decreasing values afthe spectrum oPyTA—lBPu—T expands and the conditioning of the precondi-
tioned system deteriorates.

Case 3¢ =1, D, =0, D, > I): In this caseH,, = yM, + D,, whereD, >> I, i.e. some diagonal
entries may become very large. Analogously we wifte= vPo + Pp, wherePp stands for the (large)
diagonal entries ané®, for the off-diagonal entries that are generally of moderate sizef?’éyve denote
the singular values oP?’ A= BP, 7. We obtain the estimate

o = P (PIA-'BP;T)

13 13

= 0(3)(P5A_IB(’)/PO + PD)_T)
(

)

o) (PT A BP;T (vPy Po + 1))

< 1Py A B|1P;" | Iv(Py' Po+1) T
. 1
< P AT BI|P,| —7
! L= |lyP5Pp|

If D,, dominates the matri¥,,, ||yPo P, " || will be of negligible size. If additionallyy < 1, this contributes
to reducing the factot/(1—||yF» Py, '||) to a constant close to one. The ndtﬂﬁ*lBH can be expected
to be of moderate size, whileP;! || will be very small. The singular valueg®) converge to zero as the
entries in the diagonab,, and with it in Pp, grow. In the case of large diagonal entriesHp we can
expect a good performance of the solvers on the preconditioned system, due to a small condition humber
of P-'K P " which is in turn induced by small singular values §fA='BP;". The performance of
MINRES and SYMMLQ on the preconditioned system is documented in Table 2.

Case44¢ =1, Dy, > I, D, = 0): If we denote byF, the preconditioner fof, and byFo, Pp its
off-diagonal part and its diagonal part, respectively, then we see that the attix' BP, ™ will have
very large singular values. This is indicated by the estimatés<(A—'BP,; TP, ' BT A-T)

Amaz((Po + Pp)T M (Po + Pp)) > Amaw(PhMPp) + Ain (P MPo + PSMPp + PEMPp)
and
Amin((Po + Pp)T M (Po + Pp)) < Amin(PSMPp + PEMPo + PYMPp) + Mpaz(PSMPp).

For the estimates see [11, p. 411]. While the preconditioner yields a considerable improvement over the
unpreconditioned system, the improvement is less than in Cases 1 and 3. See Table 3. However, the im-
provement is expected to decrease as the diagondlsbecome larger.

6.2 The Second Preconditioner

We have seen that the effectiveness of preconditidghelepends on the size of the singular values of the
matrix B defined in (6.5). The preconditiond is designed to isolate the effect®f In order to make the
action of the second preconditioner transparent, we consider the ideal vergfpderfoted by, i.e. we
chooseP, = Hy/?, P, = H;/Z, andA = A. For the general form of the preconditioner, which is used in
the computations, we refer to [3].

The ideal preconditionel; is given by its inverse as

Hy'? 0 0
P~ = o0 H, ' 0
—H,M? —HY?AS'BHTY HYPA
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The ideal preconditioned system is

ny 0 0
P2*71KP2*7T: 0 Inu 0~~ )
0 0 —(I, + BBT)

whereB is defined by (6.5) witt?, = H,/?, P, = H,/?, andA = A.

The application of the precondition&s is roughly as expensive as the application of the preconditioner
P,. The performance o, is slightly inferior to the performance df. See Tables 1-3. The eigenvalue
distribution of the preconditioned system, i.e. the eigenvalue distributi¢f,of- BBT), can be analyzed
analogously to the previous case.

6.3 The Third Preconditioner

Athird preconditioner is derived from reductions performed to solve QP subproblems in sequential quadratic
programming methods, see e.g. [7]. As before we use the ideal form for the presentation of the precondi-
tioner. The general form of the preconditioner, see [3], is used in the computations. The ideal preconditioner
Py, given by its inverse as

- I, 0 —1/211(%,4—1
(P3) = 0 0 A )
—(A'B)" I, (A'B)TH,A™!

transformsK into the preconditioned system

0 I 0
(PHTEMP) ™ = I, 0 0 :

—A'B H, 0

The matrixI¥ is a representation for the nullspace(dt= (A|B). The matrixiW? HW is given by

where

WTHW = BT ATH,A"'B + H, = HY?(B B + I, ) H}/%,

where B is defined by (6.5) with?, = H,/?, P, = H,/?, andA = A. Note that the partitioning of the
blocks in the preconditioned system has changed.

The preconditionel? is the most effective in reducing the number of iterations. See Tables 1-3. How-
ever, the application of the general preconditioReis roughly twice as expensive as the application of the
preconditionersP, and P,. See [3]. The eigenvalue distribution Bff HW can be analyzed analogously
to the preconditioned system with.
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Table 1
Iterations of MINRES and SYMMLQ oK withy =1, D, =0, D,, = 0.

grid sized, || 5 | 10 | 15 | 20 25 30
dimension|| 92| 282 | 572| 962| 1452| 2042

Without Preconditioning
MINRES || 47| 185| 431 | 784 | 1070| 1483

SYMMLQ || 47 | 179 | 407 | 647 | 902| 1209

Preconditionet’
MINRES || 23| 25| 24| 21 21 19

SYMMLQ (| 23| 24| 22| 21 19 19

Preconditioner
MINRES || 24| 35| 37| 37 35 35

SYMMLQ || 24| 35| 36| 35 35 33

Preconditionet
MINRES || 7 6 5

SYMMLQ 7 6 5 5 5 4

7 Conclusions

In this paper we have derived preconditioners for matri&earising in the numerical solution of certain
distributed linear quadratic control problems by interior—point methods. The preconditioners are in block
form, with blocks composed of preconditioners for the individual blocks of the m&iriX his allows the
incorporation of known preconditioners for the governing equations of the original problem and it allows
to reuse computationally expensive information within all interior—point iterations. The effectiveness of the
preconditioners was analyzed using the properties of the control problem and its discretization, the block
structure of the matriX<, and information from the optimality conditions. Numerical results supporting the
theoretical analysis were given.
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