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Abstract

This paper investigates the local convergence of the Lagrange—SQP—-Newton method applied to an optimal control
problem governed by a phase field equation with distributed control. The phase field equation is a system of two
semilinear parabolic differential equations. Stability analysis of optimization problems and regularity results for
parabolic differential equations are used to proof convergence of the controls with respecfz@heorm and
with respect to thd>°(Q) norm.
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1 Introduction

In this paper we investigate the local convergence of the Lagrange—Sequential-Quadratic—Programming— (SQP)—
Newton method for the solution of an optimal control problem governed by a phase field equation. Phase field equa-
tions are used to model solidification. They are systems of partial differential equations (PDEs). The unknowns in the
system of PDEs are the order parametdalso called phase function) and the temperaturgnlike in the classical

Stefan problem which models a sharp solid-liquid interface, phase field models allow for a mushy region. The phases
are identified using the order parameterAssuming a suitable normalizatiofy; € |¢(x) = 1} is the liquid region

and{z € Q|p(z) = —1} is the solid region. The interface is described by paints 2 for which the order param-

eter takes values if+1, 1). We consider the phase field model introduced in [7], [13], [18] that consists of the two
differential equations

%u+ g%@ = kKAu+f (1.1)
inQ x (0,71,
T%(p = EAp+g(p) +2u (1.2)
with boundary conditions
%u =0, ainw =0, ondQx(0,7T), (1.3)
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and initial conditions
u="uy, P =0 in Q. 1.4

The function—g(2) is the derivative of a so—called double well poten@igk). OftenG(z) = £ (2% —1)2. We assume
thatg(z) = az + bz? — cz® with bounded coefficient functions b, c and strictly positive:. In the modek denotes
the heat conductivity, the latent heats is the relaxation time, anglis the length scale of the interface. Other, more
complicated phase field equations have been derived. See, e.qg, [28, 29, 38, 39, 41].

In this paper we study a constrained distributed control problem in which the state equation is given by the phase
field model. The objective is to find a heat ingusuch that the resulting temperatur@nd phase match desired
temperature and phase profilegandp,, respectively. Mathematically, the problem is formulated as

(g J(D), (1.5)

where the objective function is given by

T
J(u, @, f) = /0 /Q %(u(x,t) — ud(:n,t))2 + g(go(:v,t) — c,od(:v,t))2 + %(f(x,t))2 dxdt. (1.6)
The set of admissible controls has the form
Faa={f € L*(Q % (0,7)) | f(z,t) € Fa.e.}, a.7)

whereF' C R is a closed interval, e.g’ = [—1, 1]. We do not requird’ to be bounded. In the objective function
u andy are the solutions of (1.1) to (1.4) corresponding to the conftrarhus, the right hand sidg is the control
and the paifu, @) is the state. In the objective functienandg are weighting parameters, a@dfOT If(®)]]? dtis a
regularization term. We assume that

ug,pq € L*(Q x (0,T))

are given functions and that, 3, and~y are positive constants. Later we will require that p; € L7(Q x (0,T))

with ¢ > 2if n = 2 andg > 5/2 if n = 3 to derive regularity estimates for the adjoint variables and our strongest
convergence estimates for the optimization algorithm. The requirement0 is important for our second order
sufficient optimality condition. It can only be expected to holg i 0.

The infinite dimensional phase field model (1.1) to (1.4) has been analyzed in [7, 17, 24, 10]. In [7, 17] the case
f = 0is considered. Numerical investigations of the phase field model (1.1) to (1.4) can be found e.g., in [18, 34, 19,
8, 12, 10]. Numerical simulations using other phase field equations have been performed, e.g., in [9, 25, 29].

The control problem stated above has been analyzed in [10, 11, 24]. In [10, 24] the infinite dimensional control
problem is considered. Existence and uniqueness results for the optimal control are derived and the differentiability
of the state with respect to the control is analyzed. In [10, 11] a discretization of the control problem is introduced
and some of its approximation properties are analyzed. The gradient method for the numerical solution of the control
problem (1.5), (1.6), (1.1), (1.2), (1.3), (1.4) is studied in [11]. For optimal control problems governed by the Penrose—
Fife phase field model [38] existence of solutions and their characterization is studied in [25, 42, 43].

The purpose of this paper is the analysis of the Lagrange SQP—Newton method for the solution of the above men-
tioned control problem. SQP methods are used to solve nonlinear constrained optimization problems. Their success
for finite dimensional problems has sparked the research on their application to optimal control and other infinite di-
mensional problems. SQP methods treat states and controls as independent variables. The nonlinear problem is solved
using a sequence of linear quadratic problems. In the context of control problems with linear control constraints the
constraints of the quadratic program are given by the linearized state equation and the linear control constraints. In our
analysis we use exact second order derivative information and, since we are interested in the local convergence anal-
ysis, we use the quadratic model of the Lagrangian about the current iterate as the objective function in the quadratic
programming subproblems. This method is called Lagrange—SQP—Newton method. If no control constraints are given,
then near to a local minimum point that satisfies the second order sufficient optimality conditions the Lagrange—SQP—
Newton method is equivalent to the Newton method applied to the necessary optimality conditions. In the presence of
control constraints it is equivalent to the generalized Newton method applied to a set of generalized equations [1, 40].
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Since states and controls are treated as independent variables the nonlinear state equation does not have to be
solved in every iteration, but is part of the constraints and is satisfied in the limit. Another attractive feature is the fast
local convergence speed of SQP methods. If exact second derivative information is used these methods show a local
g—quadratic convergence behavior. If quasi—-Newton approximations for the second derivatives are used, then they
show some kind of g—superlinear convergence. SQP methods for finite dimensional nonlinear programming problems
are discussed, e.g, in the overview article [5]. Theoretical and numerical studies of SQP methods applied to optimal
control problems in an infinite dimensional framework can be found, e.g., in [1, 2, 3, 20, 23, 27, 30, 32, 44, 45]. A
local convergence analysis for reduced SQP methods in Hilbert spaces using quasi—-Newton updates is given in [31].
Studies of the local convergence behavior of the Lagrange—SQP—Newton method for several classes of optimal control
problems can be found, e.g., in [1, 2, 4, 44].

The general outline of our convergence proof for the Lagrange—SQP—Newton method for (1.5), (1.6), (1.1), (1.2),
(1.3), (1.4) is identical to the ones in [1, 44]. The details of the convergence proof, however, are very different from
those in [1, 44]. These differences are due to differences in the governing equations. In [1] the governing equations are
ordinary differential equations and in [44] the governing equation is the linear heat equation with a nonlinear boundary
condition. Here we carefully use the structure of the phase field equations (1.1), (1.2), (1.3), (1.4) to overcome a two—
norm discrepancy and to show convergence of the controls with respect & tfy norm and with respect to the
L*>(Q) norm. In particular, we will show that

[t = uellyzr + [lor — @ullyzr +[1f+ = fulloe + 1A = Adlla,

< C (e = wellyzs +llpe = oellyss +l1fe = Follie + e = Adlla,)? 8
whereC' is some positive constant agd> 2 if n = 2 0orq > 5/2 if n = 3. Here the subscripts, +, ¢ denote
optimal solution, new iterate, and current iterate, respectivelypaadp, 1) are the Lagrange multipliers in the dual
spacel, = W21 (Q) x W' (Q). A complete review of the notation applied in this paper is given at the end of this
section. The surprising feature of the estimate (1.8) is thaLfienorm of the error in the new contrgl, — f, can

be estimated using the much weakérnorm of the error in the current contrf} — f..

It is necessary to discuss what we mean by a two—norm discrepancy. Often, differentiation of the objective and
constraints is only possible with respect to a rather strong norm in the control space, 9a¥-therm, whereas
the second order sufficient optimality conditions hold only with respect to a weaker norm, shy-therm. This
two—norm discrepancy principle plays an important role in the analysis of nonlinear control problems and we refer to
[2, 15, 16, 36] as a selection of references in which various aspects of this and related issues are investigated. More
references can be found in those papers. In our case the situation is slightly different in that the nonlingam term
the state equation is a polynomial of degree three. Usimigét’s inequality it can be seen that— g(¢) is infinitely
often differentiable as an operator frafi(Q) to L?(Q). Using the smoothness of solutions of parabolic equations this
enables us to prove convergence of the controls3()). This seems to be the natural space if the set of confgls
is unbounded. However, if,; is bounded, then the controls arelif°(Q) and one wants to establish convergence
with respect to this stronger norm. It is in this case that the two—norm discrepancy issue arises. The difficulties that
have to be overcome are the same. However, the reason for the two—norm discrepancy is different. Differentiability
can be shown iy — g(¢) is viewed as an operator frofif (Q) to L%(Q). For the problem under consideration these
norms are "compatible”. The desire to have convergence of the controls with respecti tlie—norm, which is
important from a numerical point of view, e.g., for the identification of active indices, causes the incompatibility.

In [22] a multilevel Newton method is applied to solve the unconstrained control problem (1.5), (1.6), (1.1),
(1.2), (1.3), (1.4) is solved and in [23] the constrained control problem studied in this paper is treated numerically. The
multilevel Newton method in [22] is an extension of the SQP method in that it incorporates an efficient solution method
for the computation of the steps. Its convergence, however, requires contiol$@h) with ¢ > 4. The numerical
method in [23] is a combination of the multilevel Newton method in [22] and the projected Newton method in [26].
While no convergence analysis for the algorithm in [23] exists, the strong convergence results for the Lagrange—SQP—
Newton method proven in this paper might serve as an indication why the algorithm [23] perfomed well numerically.

As in [44], our second order sufficient conditions requires the positive definiteness of the Hessian of the Lagrangian
on the space of functions satisfying the homogeneous linearized state equations. In the presence of bound constraints
on the controls this seems to be too strong, because the active bound constraints limit the space of functions on which
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the Hessian of the Lagrangian has to be positive definite further. See, e.g., [37]. In the papers [20, 45] convergence
of the Lagrange—SQP—-Newton method for some semilinear parabolic control problems is proven under second order
sufficient optimality conditions weaker than the ones we use. Active bound constraints are incorporated into the
positive definitness conditions. The mathematical tool in [20, 45] is the convergence analysis of Newton’s method for
generalized nonlinear equations [1, 40]. The price for the relaxation of the second order sufficient optimality condition,
however, is that a constraint involving the optimal control has to be introduced into the quadratic—programming (QP)
which generates the new iterate. Since the purpose of the Lagrange—SQP—-Newton method is the determination of the
optimal control such a constraint is not practical. Fortunately, its inclusion does not seem to be necessary in practice
[20, 21]. This shows, however, that there still is a gap between practical, efficient algorithms for semilinear control
problems and their theoretical justification. This paper is meant to narrow this gap.

The outline of the paper is as follows: In Section 2 we review some results on the existence and uniqueness of
solutions of the state equation and of the optimal control problem. Necessary and sufficient optimality conditions
are discussed in Section 3. The SQP method and basic properties of the iterates will be discussed in Section 4. The
convergence proof for the SQP method is based on the observation that the iterates can be interpreted as solutions of
a perturbed quadratic problem obtained from a linearization of the original problem around the solution. This relation
and some important estimates for the solutions of the perturbed problem are discussed in Section 5. The results of
Sections 4 and 5 are used in Section 6 to derive the desired convergence estimates.

Before we start with the discussion of the control problem, we state the assumptions which are assumed to hold
throughout this paper:

(A1) The domaim? Cc IR", n = 2,3, is a bounded’'?>—~domain.

(A2) The coefficients in (1.1), (1.2) satisfy
Kk, &, 6, 7>0

and the functiory is given byg(z) = az + bz? — cz® with
a(z,t) <@, blz,t) <b, 0<c<cle,t)<e

(The results can be generalized to the case whegel, andr are strictly positive, sufficiently smooth func-
tions.)

(A3) The initial conditions satisfy
Uo, Yo € WOQO(Q)

and the compatibility conditions
0

ol = 5,.%0=0.
We use the following notation: The space-time—domain is denotéy2 x (0,7). Forp € [1, c0) we define
Ou O0’u Ou
2,1 — e et p
Wp (Q) {u | b a.Z’i’ 6372»8;1:]-’ ot €L (Q)} '
The spacéV ' (Q) equipped with the norm
1/p

Ou n 0%u ou
P ST | dad
oz, ! +ij:1|axiaxj| gl de

n
lulyzog) = | [ 1P+ Y
Q =1

is a Banach space. We often omit the sp@cand uséV>!, L? instead ofi”’2*(Q), L*(Q), respectively. By, -)
and|| - || we denote the scalar product and norndit{((2).
In the SQP method we use the following notations: The current iterates are denoted by a sub#uziptew
iterates are indicated by a subscriptand the optimal values have a subsckpfThus, (u., ¢¢, fc), (ur, pt, f+),
(u«, @, f+) denote the current iterate, new iterate, and minimum point, respectively. Moreover, we use the notations

v=(u,,f), A=(»), (1.9)
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for the triple of states and control and the pair of co—states, respectively. Similar notations are used,feic.
Finally, we introduce the product spaces

Vo =WrHQ) x Wil (Q) x LUQ), Ay =W2H(Q) x W2H(Q). (1.10)
Forq = 2 we simply writeV = V5 andA = A,.
In all our proofs,C will be a generic positive constant.
2 Well-Posedness of the State Equation and Existence of Optimal Controls

Existence and uniqueness of the solution of the state equation (1.1), (1.2), (1.3), (1.4) are proven in [10] and in [24].
Other proofs for the casg = 0 can be found in [7] and [17]. The following result is taken from [24].

Theorem 2.1 If the assumption§A1)—(A3) are satisfied, then for each € L(Q), ¢ > 2, there exists a unique
solution(u, ¢) € W2'(Q) x W-'(Q) of the state equatiofi.1)to (1.4). Moreover, the solution obeys

lullwzr +llellwzs < Clluollwz @) + lleollwz @) + [1fllze)-

Here the parametep is given by

_ 53‘12q if g €[2,2)andn =3,
p= any positive number if > 2 andn = 3, orif g > 2 andn = 2.

Note that sinceéq/(5 — 2q) > ¢ for ¢ € [2,5/2) we may sep = ¢ in Theorem 2.1. In addition tp = ¢ we will
frequently use Theorem 2.1 with= 2, p = 10.

The proof of Theorem 2.1 uses the Leray—Schauder fixed point theorem and the following imbedding results due
to Lions and Peetre:

Theorem 2.2 If Q C IR? is a bounded domain having the cone property, then the imbeddings

WELQ) C L¥(Q), a>2,

and
W3 H(Q) € L*®(0,T; LP(Q)) N L1(0,T; L=(Q)), p,q € [1,00)

are continuous; the imbedding® ! (Q) C L?(Q), p € [1,00), ¢ € [2, c0) are compact.
If @ C IR? is a bounded domain having the cone property, then the imbeddings

Wi Q) C LP(Q),

where
00 if g >5/2,
p = <{ any positive number if =5/2,
55—%@ ifqg<5/2,

are continuous; the imbedding®>! (Q) C L”~(Q), wherep is given as above and> 0, are compact.
Proof: The assertions are proven in [35, pp. 14,15,24,25]. m|

We will frequently use this theorem with=q orq = 2,p =10 0rqg = 10,p = co.
Theorem 2.1 allows us to define the solution operator

S: LUQ) — W2HQ)x W2H(Q),

oo (), 2.1)
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mapping the right hand side into the solution of the state equations (1.1)—(1.4). It is shown in [24] that the solution
operator is continuous anddatiet differentiable. In particular, it holds that

lullyzs + lellwzs < e (luollwz, + lleollwz, + 1f1lz2) , (2.2)

wherec = ¢(¢,£,T), and
lur — usllyzr + ller = @allyzr < Cllfy = follze (2.3)

for (u;, ;) = S(fi), i = 1,2, whereC depends offu; ||, 2.1, ||@illyy21, i = 1,2. If us, 4,4 = 1,2, are contained in
2 2

bounded subset§ C (W;>")2, which will be the case in our analysis, théhcan be assumed to depend only®n
but to be independent of individual, p; € B, 1 = 1,2. In particular, if f;, f> are in a bounded séft, C F,q4, then
(2.2) implies that (2.3) holds with' depending only orF,,. If F,4 is already bounded, then there i€¥asuch that
(2.3) is valid for allfy, f> € Fuq.
Since the objective function (1.6) includes a regularization tgrmT IIf (&) dt, v > 0, one can show the exis-
tence of a minimizing sequené¢, }, which is bounded iiL?(Q).
Using the existence of weakly converging subsequences and the weak lower semi—continuity of the objective
function one can prove the existence of an optimal control. For details we refer to [10] and [24} (f and if F
is bounded, then one can extract a subsequence out of the minimizing sequence that is weak* convefgenj.in
Using arguments as before, one can establish the existence of an optimal control. In [24] it is also shown that the
optimal control is unique if the final tim& is sufficiently small. The existence and uniqueness results for optimal
controls are summarized in the following theorem taken from [24]:

Theorem 2.3 Let the assumptions of Theorem 2.1 be validy 3 0 or if F' is bounded, then there exists an optimal
control f. € L?(Q). The optimal control satisfies. € L>(Q) if F' is bounded. Moreover, if > 0 and if the final
time T is sufficiently small, then the optimal contifl is unique.

For our analysis we do not need this strong result. All statements in the following sections hold for local solutions
(u«, @) that satisfy the second order sufficient conditions.

Characterizations of the optimal controls are given in the following section.

We introduce the auxiliary system

el (e

SUuU+ 5590 = KAu+ fru+
A . Prutfi inQ x (0, ], 2.4)
Tap = EAp+lp+2u+t fo

with boundary conditions (1.3) and initial conditions (1.4).

This linear system will play an important role. In factfif = h, fo = 0, up = 0,0 = 0, andg3; = 0, Bz (z,t) =
g'(¢c(z,t)), then the solutiorfu, ) of (2.4), (1.3), (1.4) is the first Bchet derivativéu, ¢) = (u s (fe)h, or(fe)h
of (u(f),e(f)) at the controlf.. Moreover, withf; = f, fo = g(¢¢), 81 = 0, andBs = ¢'(¢.) the system (2.4),
(1.3), (1.4) essentially defines the péir;, ¢ ) of the new iterate in the SQP method. See Section 4.

Theorem 2.4 Let the assumption@1)—(A3) be valid and suppose thdt, f» € L1(Q), ¢ > 2. If 81, 32 € L3(Q),
then there exists a unique solutitm ¢) € Wq?vl(Q) X Wq?v1 (Q) of the systen(2.4), (1.3), (1.4). The solution obeys

[ullyzr + ez < Clluollwz @) + lpollwz, @) + 1 fillze + [l f2llze)

with constanC' = C(, 32) depending only ofi831]|z3, || 321|r3. Moreover, the functiof3;, 82) — C(B1, B2) maps
bounded sets into bounded sets.

Proof: The proofis given in the appendix. ]

The conditions orB;, i = 1,2, are clearly satisfied if; € L>°. However, they are also satisfieddif is of the form

Bi(w,t) = a(z,t) + bz, )p(x, 1) — c(z, H)(x, t)*
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or, more generally, of the form

Bi(z,t) = Z cj(z,t)p(z, t)7,

with ¢; € L>(Q) andp € L*™.

3 First and Second Order Optimality Conditions

The first order necessary optimality conditions for the optimal control problem under investigation are established in
[10] and [24]. We state the first order necessary conditions in the form needed for our purposes and derive second
order sufficient conditions.

The Lagrange function for the optimal control problem is given by

T
14
Lo o) = g $)= [ [ plu+ oo ndu— f] dodt

T
—/0 /Q¢ [Toe — € Ap — g(p) — 2u] dadt

which, using integration by parts, can be written as

T
Cluo fopt)) = T(uof)— / (ur + Lorap) + 1(Vu, Vp) — (f.p) dt

2
T
= [ o) + €4V, V0 — (g(0) + 2u,0) . 3.1
0
For fixedp andy the Lagrangian splits into a linear pait and a nonlinear pad,, £ = £, + L2, where
T
Lol fop) = T D)+ [ lo(o),0) de. (3.2)
0
The first order necessary optimality conditions for the optimal control problem are:
'C(u,tp) (U*,w*;f*;p*,i/}*) 0, (33)
Lp,p) (s, 0, frr Pr¥e) - = 0, (3.4)
['f(u*a@*af*:p*a'ﬁb*)(f_f*) > 0 vfej:ad: (35)
fo € Faa (3.6)

The equation (3.4) means that the state equation has to be satisfied. An evaluation of (3.3) shows th@pthe pair
has to satisfy the adjoint system

-9 - A + 2 + * 5
, o ¢, (. = ua) in 0 x (0, ], 3.7)
—Ta —55p = EAY+ G (0)Y + Bles — wa),
with boundary conditions
0 0
%p =0, %1/1 =0, onofN x (O,T), (38)
and final conditions
p(x, T)=0, ¢(x,T)=0 in Q. (3.9

The inequality (3.5) is equivalent to the variational inequality

T
/0 /Q (e + 1L — fu) dadt >0V f € Fua.
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Sincey > 0, a standard discussion gives

fe(z,t) = Pr(—y 'p.(z,t)) a.e. onQ, (3.10)

wherePr : IR — F denotes the projection onto the closed Bet

Theorem 3.1 Let the assumption®1)—(A2) be valid and suppose that the right hand side funcfian (1.1) obeys
f e LYQ). fug,pa € L*(Q), 1 € [2,00), then there exists a unique solutign ) € W21(Q) x W21(Q) of the
adjoint system (3.7) to (3.9). Moreover, the solution obeys

IPllwzr + 191wzt < Clllue —ualle + llow = @allzr),

whererv = min{u, 5f—q2q} if2<qg<5/2andn = 3,andv = pif ¢ > 5/2 or n = 2. The constanf€’ depends only
OoNpy.

Proof: The assumptions (A1)-(A2) anfde L7 guarantee that the solution of the state equation obgys. € Wq“.
See Theorem 2.1. Thus, by Theorem 2.2~ ug4, v« — @q € LY, wherev is defined above.

If one introduces the transformation~ 7' — ¢, then (3.7) to (3.9) is equal to (2.4) with homogeneous initial and
boundary conditions and witly = a(u. — ua), f2 = B(p« — wa), andB1 = g'(p.), P2 = 0. Thus the assertion
follows from Theorem 2.4. |

In the following we use the notations (1.9) and (1.10).
We will show thatv, is a locally optimal point if it satisfies the first order optimality condition and
Loy (v, M), 0] > 0 ([lullZe + lelz2 + 1 f1I72) (3.11)
forallv = (u, ¢, f) € V satisfying the linearized state equation

%u+§%<p = kAu+ f,

in Q x (0,77, (3.12)
TEe = EAp+g(p)e+ 2,

with homogeneousitial and boundary conditions. Note that Theorem 2.4 shows that the solution of (3.12) obeys

1£llz2 > C(llullypza + llllpza) -

Hence,
Lou(ve Ao, 0] > 3. 11122 (3.13)

forallv = (u, @, f) satisfying the linearized state equation (3.12) is necessary and sufficient for (3.11).

Theorem 3.2 Suppose that the necessary optimality conditi@8)(3.6)are satisfied atu., ¢., f«) and that(3.11)
holds. Then there exist> 0 andc > 0 such that

T(us 0, ) 2 T (a0, fo) + el = wallGyzs + 1l = @ullfyzn + 1 = fillZ2)
for all feasible(u, ¢, f) with || f — fi||z2 < e.

Proof: Let f € F,4 be given and letu, ») be the corresponding solution of the state equation.
First we note that (2.3) implies the estimate

lu = wellygzs + Nl = ullyzs < CUIF = felloe < Ce (3.14)
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The first order necessary conditions (3.3)—(3.5) imply

Jw) = L(v,A)
> J(v*)+%Ew(v*,)\*)[v—v*,v—v*]+r(v*,)\*)[v—v*,v—v*],
where
T
Lon(e Ao = vev =] = [ (g0 )(0 = 9% 0 i+ (o)l — vy = v
0

T
/0 (25— Beg.) (0 — pu)? i) dt (3.15)

T
4 [ allu =l + Bl = ol +lf ~ P
0
and the remainder term is given by
1 p7 pT
oA v —vd = [t ne - 00) - "0 — 022 0 dedn s
0J0J0

1 pr pT
= [ [ ] t-6ente - g v dedyar (3.16)
0J0J0
cf. (3.2). Thus, using (2.3) and Theorem 2.2,

[P (0es Ao = 02,0 = 0] | < Cllllizllp = oulife < CIF = £l (3.17)

Let (u, p) be the solution of (2.4) wittf; = f: f—= [« f2=0,81 =0, B> = g'(¢.), and homogeneous initial

~

and boundary conditions, i.e. Iet= (u, , f) solve the linearized state equation. Then Theorem 2.4 and (2.3) give
the estimate

[allio +[[@lle < C(l[ullyzr + 1Pllwzr) < CNF = Fellz- (3.18)

The pair
(6’(1,6@) = ('U/,QO) - (’U,*, 90*) - (’U’: (0\)

is the solution of (2.4) withf; = 0, fo = g(¢) — g(px) — ¢ (p«)(p — @x), B1 = 0, B2 = ¢'(p«) and homogeneous
initial and boundary conditions. From Theorem 2.4 and the imbedding Theorem 2.2 we find that

lloull 1o + [[0l|L0 < Cllg(p) — g(px) — g'(0a) (@ — @)l L2 (3.19)

The definition ofg yields

9(0) = g(ps) — g' () (0 — ) = bl — 9u)* — el + 20.) (0 — ) .
This equality, (2.3), (3.14), and Theorem 2.1 imply that
lg(0) = g(ps) = g' () (0 = wu)llL2
16(e — ) — el + 20.) (¢ — u)?|| L2

Clle = @ullzs + Clite + 20 lnalle — @ullis
Clle = wullis < Clf = fullie, (3.20)

whereC depends only ofif|| 2, || f«||z2 and therefore only oa. Inserting (3.20) into (3.19) and using (2.3) yields

<
<

[16ullp10 + [I0¢llz10 < COllf = fullZe - (3.21)
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We setd f = 0 anddv = (du, dp, df).
From (3.18) and (3.21) we obtain the inequality

T T
|Low(va, A)[B,00]| = |/Q <(2b—-6cw*yﬁéw,¢*>dt|4—)C (@, 6u) + B(3,50) di

IN

126 = 6cp. || L2 1@l s [106l| sl || s + edlal] [[oul| + B2l [0l
ClIf = fl3=- (3.22)

IN

Using similar estimates we find that

T
[ Loy (Vs, As) [0V, 00] | < |/0 ((2b — 6ep.) (69) b dt|

T
+/‘awmﬁ+ﬂwmﬁ+vwﬂﬁm
0

< CONf = fellze - (3.23)
Combining the convexity assumption (3.11) and the estimates (3.17), (3.22), (3.23) we can deduce that

Jw) > J(v.)+ %ﬁw(v*,/\*)[v — Vs, U — Vs + 7(Vs, A) [V — 0, 0 — 0]
= J(v)+ %Cw(v*, A)[B, 8] + Lo (ve, M) [5, 6]
+%£mj(v*, M) [00,00] 4+ r(vi, M) [V — Ui, v — 4]
> J(ve)+oullf = follz = Ollf = fll2: -
With (2.3) this gives the desired result. |

We conclude this section with a brief discussion of the first and second order remainder terms arising in the Taylor
expansion of the Nemytskioperator §” defined byy — g(p).

Sinceg is a polynomial of degree three we can view as an operator fronL®(Q) into L?(Q). In this setting
" ¢" is infinitely often differentiable. Note that we apply™to solutionsy of parabolic equations. The regularity of
solutions and the imbedding theorem guaranteeghatiV,"' (Q) ¢ L5((Q). We make use of this particular form and
this will enable us to derive convergence estimategdop, f) in the spacé?,;"' (Q) x W2 (Q) x L*(Q). Thisis a
reasonable choice if the admissible $&f; is unbounded.

However, we also may view the Nemytsléperator §” as an operator it. > (), which is the appropriate setting
if F,qis bounded. This setting usually also has to be chosgisifiot a polynomial. In this case one has to overcome
the so—called two—norm discrepancy: The second order sufficiency condition (3.11) can only be expected to hold in
the L2(Q)—norm, whereas differentiability is given only with respect to f¥&(Q)—norm.

In our situation the reason for having to cope with difficulties usually arising in the two—norm discrepancy is not
the lack of differentiability in a space with weaker topology tHz#(Q), but the desire to obtain the convergence of

controls inL>(Q).
The first order remainder terny") of the Nemytski-operator %" is obtained from

gl +h) —glp) = g'(p)h + /0 (9' (¢ +7h) —g' () hdr

and is given by
1
(e, h) = /0 (¢'(¢+7h) —g'(p)) hdr.
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From the differentiability ofy in L°°(Q) it follows that ||rs") (0, h)||p /||hl| L~ — 0 as||h||~ — 0. However, the
weaker condition

17 (0, )|l

il —0 as|hllre —0 (3.24)

can also easily be shown. Similarly, one can show that the second order remaindé”tq;iven by

A 1/t A
o) =5 [ g+ ) - g () dr
0

obeys
2
Ir§” (o, 1)l
17017
The conditions (3.24), (3.25) are the key observations needed to overcome the above mentioned two—norm discrepancy.
Similar relations are also to be used ifvere not a polynomial.

—0 as ||hllz~ = 0. (3.25)

4 The Lagrange—SQP-Newton Method

The Lagrange—SQP—-Newton method solves the nonlinear, non—convex optimal control problem (1.5), (1.6), (1.1),
(1.2), (1.3), (1.4) through a sequence of linear—quadratic control problems.

We continue to use the notations (1.9) and (1.10). Moreover, we denote the currentitétate\by = (uc, pe, fe, Pe, Ye)
and the new iterate bfv, Ay) = (us, o4, f+, D4, V4).

In the Lagrange—SQP—-Newton method the new iterate is computed as the solution of the following minimization
problem:

Minimize go(v) = J, (ve) (v — ve) + %,cm,(vc, Ao = ve,0 — 2] @.1)

subject to the linearized state equation

0 (0
&u—l- 5&(,0 = Iﬁ:AU-f-f (42)
in 2 x (0,7,
0 .
Top = EAp+glpe) +9'(pe)p —pe) + 2u (4.3)
with boundary conditions
0 0
5. 4=0, =0, 0ondQx(0,T), (4.4)
and initial conditions
U =1Uog, ¢ =%o in Qa (45)
and subject to the control constraints
f € Faa. (4.6)

Lemma 4.1 Let the assumption@\1)—(A3) be valid. If (u.,o.) € W' (Q) and f € L4(Q), then there exists a
unique solutiony = (u4, ¢+, f+) of (4.2H4.5). The solution obeys

lutllwzr + llotllwzr < Clluollwz, @) + llvollwz @) + 1 f+llze + loellyz)- (4.7)

The constant’ depends only o, and can be chosen independentfif . is contained in dV,)"' —bounded set.
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Proof: The pair(u,, ¢4) satisfies the system (2.4) with = f, fo = g(¢¢) — ¢ (¢c)pe, 81 = 0, andB2 = g'(p¢)-
Sinceq € [2,5/2) implies5q/(5 — 2q) > 3q the imbedding Theorem 2.2 implies that., p.) € L*(Q) if ¢ €
[2,5/2), that(u,, ¢.) € L¥(Q) forallv € [2,00) if ¢ = 5/2, and tha{u,, ¢.) € L>®(Q) if ¢ > 5/2. Moreover, since
g is a polynomial of degree three with coefficientdiff (Q) it holds that

1fallze = llg(ee) — 9'(pe)pellLe < Clligellzss < Cligellyzr -

Inserting this estimate into Theorem 2.4 we obtain the desired result. m|

The objective of the quadratic subproblem is given by
T
wlopd) = [ [ alue—uu=w) + Blee = a)lp = oe) + 1ol = £ dadt
0
1 T 2 2 2
A alu —ue)” + Blp = ¢c)” +y(f — fo)” dwdt
0

T
sg | [ ved"eato - po? daar. (@)

Using standard techniques one can show that a solgtiny , f1) of the quadratic subproblem (4.1)—(4.6), if
it exists, satisfies (4.2)—(4.6) and

T
| [ el 427 00) (£ = fulnt) dodt 20 ¥ f € Fua, (4.9)
0
where(p, 4 ) is the solution of the adjoint equation for the linearized problem which is given by
—2p = kAp+2¢+ a(uy — uq)
in Q x (0,77, (4.10)
—THY =55 = EAY+ g ()P + ey (0) (1 — #e) + Bt — pa),
with boundary conditions
o} o}
%p—O, %1/1—0, onofl x (O,T),

and final conditions
p(z,T)=0, ¢(z,T)=0 in Q.

Analogously to Theorem 3.1 one can show thatif o, € L*(Q), 1 € [2, o), the adjoint system (4.10) has a unique
solution(p, ) € W2H(Q) x W21(Q) which obeys

||p+||W3,1 + ||1/’+||W3v1

(4.11)
< O(lluy —ualle + 1o+ = @allos + o+ — @ellzn) -

The constan€ depends only op. and can be chosen independenpefif ¢, is contained in V' ~bounded set.

The parameter is given byr = min{y, 53—‘1%} if g €[2,5/2) andn = 3, andv = pif ¢ > 5/2 orn = 2. Hereq is

determined by the contrgl, € L9(Q). Note thatf, € L>(Q) if F,q is bounded ang, € L?(Q) otherwise.
Sincey > 0, then (4.9) is equivalent to

f+(1’,t) = PF(_'yiler(m:t)) : (412)

If ¢. is convex, then the first order conditions are not only necessary but also sufficient. In the following we
will establish the existence of a unique solution of the quadratic subproblem. This will be done by showing that the
objective functiory, is strictly convex on the null space of the linearized constraints i close to a poinv, at
which the second order sufficient optimality conditions are satisfied. The following lemma shows that the positivity of
the Hessian of the Lagrangian (3.11) is preservéd.if A,) is replaced by a sufficiently close poiat., \.).
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Lemma 4.2 Let the assumption®\1)—(A3) be valid and let.. = (u., ¢«, f+) € V satisfy the second order sufficient
optimality conditions. Then there exist- 0 ando > 0 such that

Loy (ve, A)[v, 0] > o ([lullZ2 + llell7z + 1 fII72) (4.13)
forall v = (u, ¢, f) € V satisfying

u+ ;0 = KAu+ f

inQ x (0, 7], (4.14)
© = EAp+g'(pe)p+2u,

T

gl Q°|°3

with homogeneous initial and boundary conditions and fowal\. with [|v. — v ||y + ||Ac — Alja < e
Proof: Letv = (u, @, f) satisfy the linearized state equation (3.12). Then, by Theorem 2.4,

lallyzs + 1@l < Cll e (4.15)

The definitions of the Lagrangian apdjive

Lon(veA)[v,0] = / CallulP + Bl + AP + (2 6ep)? ) d
cf. (3.1), (3.2). Thus,
| Lo (v, A)[0,8] = Lo (ve, A) [0, 7]
= | [ (6eto ~ g7 ) + (@ = 60 0 — v |
< c(ugoc = @l @1 el llzo + 125 = 6cpella @l e — thellze ) -
If . is in an neighborhood af.., then||2b — 6¢p.|| 2 < C. From this bound and (4.15) we find that

|/3m,(v*, A)[0,0] = Loy (e, Ae) [0, 6]|
< O(llpe = walluallllze + lle = gullze ) 1A13=

Thus, there existé > 0 such that

3
Loy (ve; A)[0,0] > Jou (([all7= + 112117 + 1£1172) (4.16)
forall o = (4, §, f) satisfying the linearized state equation (3.12) and fos al\. with [[ve. — v. ||l + [|]A — Ac[la < &.
Letv = (u, ¢, f) satisfy (4.14). Thew — v satisfies (2.4) withfy = 0, f> = (¢'(¢+) — ¢'(ve)) ¢, B1 = 0,
B2 = ¢'(v«), and homogeneous initial and boundary conditions. Hence, Theorem 2.4 yields

= @ll 21 + [l = Bllyz

< Ol (pe) = ' (0x)) Pl L2

< Cllg'(we) — 9" (@)l allellns

S C“Qb(@c_@*) +3c(<Pc+<P*)(<Pc _<P*)||L4||f||L2

< C(llee = ellza + e +wulluslloe = eellzs )12

< Cllve = vellv I fllze - (4.17)
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Suppose that,, A, obey||v. — v« ||V + ||A — Xe|]|a < €. Using (4.15), (4.16), (4.17), the imbedding Theorem 2.2,
and the definition of2,,, we find that

Ly (ve, Ac)[v, V]
= Et!v(vc:Ac)[ﬁ‘{‘(U—ﬁ),ﬁ+(v—ﬁ)]
= Lu (UC’ AC)[& EJ\] + 2Lyy (UCv AC)[& (U - 6)] + Loy ('Uc: Ac)[v - ﬁa v — 6]

3 N ~ ~
> oe(lfallze + 1@llze + 1 llz2)

T
—0/0 2 [((2b — bepe) Bl — @), ve)| + [((2b = bewe) (¢ — 8)*, ¢he)| dt

> o (Il + 1813 + I7132)
—C12b = 6cgellallvell e (1Bl o lle = Blize + o — @ll76)
> 2ol + 1813 +I1FI)
~Cl fllz2llve = vullv | fllz2 = Cllve = vl NIF113 - (4.18)
With the equalityy = v + (v — v) and the estimate (4.17) the assertion follows from (4.18). m|

The definition (4.1) of;. and Lemma 4.2 imply the following result:

Corollary 4.3 Let the assumptionfA1)—(A3) be valid and letv, = (u«, s, fx) € V satisfy the second order
sufficient optimality conditions. Then there exists> 0 such thatg. is strictly convex on the null space of the
linearized constraints for al., \. with ||v. — v.|lv + [|[Ae — Aulla < €.

The strict convexity of the objective function on the null space of the linearized constraints implies the existence
of a unique solution of the linear quadratic control problem. Moreover, one can derive an estimate for the difference
between new iterate and optimal point:

Lemma 4.4 Let the assumption@1)—(A3) be valid. Ifv. = (u«, p«, f«) € V satisfies the second order sufficient
optimality conditions, then there exists> 0 such that if|v. — v.||v + ||Ac — A«||a < e the linear quadratic optimal
control problem (4.1)—(4.6) has a unique solutiop = (u4, ¢4+, f+) obeying

1/2
log = vullv < C (lloe = vally + A = Adlla) (4.19)

and
IAslla <C.

Proof: (i) The existence and uniquenessugf follows from standard arguments using the convexity of the problem
established in Corollary 4.3.
In the following we consider points., A. with

lve — villv + [|Ae = Axlla < min{1, €}, (4.20)

wheree is determined by Corollary 4.3.

(ii) First, we derive a bound for the value of the objective of the subproblem at the new iterate.

Let (u, ) be the solution of (4.2)—(4.5) witlf = f.. We setv = (u,p, f.). Sincew is a feasible point for
(4.1)—(4.6), we find tha¢.(v+) < g.(v). Using the definition (4.8) of., the imbedding/Vf’l(Q) C L*%(Q), and
Holder’s inequality we can conclude that

¢e(v+) < qe(v) < C(llv —vellv + [Jv = vell},) - (4.21)
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Next we estimate — v,. The pair(u — u., p — p.) satisfies (2.4) with; = 0, B> = ¢'(ve)s f1 = fe — [
fo=g(ve) — glwe) + g'(pe) (s — ), and homogeneous initial and boundary conditions. Using the definitipn of
Theorem 2.4, and the imbedding Theorem 2.2, we can show that

I = wallyzr + [l = pullyzr < Clfe = fullz + llpe = pallyzr) < Clloe —villv (4.22)

cf. (3.20). Thus,
lo = vellv < [lo = vallv + [lvs = velly < Cllve — vallv-

Inserting this inequality into (4.21) and usifig. — v« ||y < 1 yields
0:(v4) < C(llve = vully + [[ve = vall}) < Cllve = velv - (4.23)

(iif) Next we prove the uniform boundedness of the new iterates.

If the set of admissible controlg,; is bounded, then Lemma 4.1 and (4.20) imply the boundedness of the new
iterate.

If the admissible sefr,,; is unbounded, we can use the convexityypfon the null-space of the linearized con-
straints to establish the boundedness of the iterate.

Let (u9, ¢9) be the solution of (4.14) witlf = f; and homogeneous initial and boundary conditions. Moreover,
let (ul, ) solve

d Lo

su+ 550 = KAu

e . , inQ x (0,7),

Ty = EAp+glpe) — g'(ec)pe +2u,
with initial conditions (4.5) and boundary conditions (4.4). Then
(ug, o4, fr) = (S, 0%, f4) + (ul, ¢}, 0).
Using Theorem 2.4 we find that
a2 + 94 w2 < Clluollwz + llgollwz, + I@ellwz). (4.24)

Using the definition (4.1) of, the convexity of the Lagrangian (4.13), and the bounds (4.23), (4.24) we find that with
someC > 0 depending o, but independent af ;. the inequalities

o(lluSlzz + NeSl7e + [1f41172) = C(1+ lulllZe + 13172 + lurllze + ol + 1 f+1lz2)
qc(vy)
Cllve — vi|v-

INIA

are valid. This gives the boundednesgof_||7 ., [|©% |7, and|| f1 |7 .. With Lemma 4.1 we can deduce the bound

v llv < C(L+[uelli/?). (4.25)

This shows that the new iterates are bounded, if (4.20) holds true.
(iv) The definition ofq, yields

1
ge(vy) = Jy(ve)(vg —ve) + 5501}(”6: Ae)[v4 = ve, vy — ve]
1
= Ju(ve)(vg —ve) + Ju(ve) (vs —ve) + 5['%(”6’ Ad) v — v, vq — ]

1
+Lyy ('Um )\c)[v-i- — U, Ux — Uc] + iﬁm,(vc’ )\C)[’U* — Ve, Usx — UC]

Y%

1
Jo(ve)(vg —vs) + §£vv(”c: Ac) v — ve, v4 — 0] = Cllve — vallv - (4.26)
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In the last estimate of (4.26) we used the boundedness of the new itertker’sl inequality and the imbedding
Theorem 2.2. These estimates are analogous to (4.18).
We will show in (v) that the estimates

Jo(ve) (v — i)

Evv (Uc; A(:)[UJr — U, Uy — U*]

Y%

—C ||ve — vV, (4.27)
O
< v+ = vl = C ([lve = vellv + [IAe = Adlla), (4.28)

Y%

hold. Using the estimates (4.27), (4.28) in (4.26) yields
o
6e(v4) = S llvr = valliy = Cllve = vullv = ClIAe = Aclla- (4.29)
If we combine (4.23) and (4.29) we obtain the desireddei estimate (4.19).

(v) For the proof of (4.27) we proceed as follows:
From the necessary optimality conditions for the nonlinear optimal control problem we find that

Jo(ve)(v —wve) >0 (4.30)
forallv = (u,p, f) with f € F,q and
%(U—u*)-{—%%((p—(p*) = HA(U_U*)+(f_f*)7 |nQ><(0 T] (431)
TEp— ) = CA(p—0.)+ g (0@ —pu) +2(u—u), Y '

with homogeneous initial and boundary conditions.
Letv = (u, p, f+) be defined by (4.31) witlf = f.
The triplevy — v, = (Uy — Us, O+ — @, f+ — f«) Satisfies (2.4) with; =0, B2 = ¢'(v«), fr = f+ — [«

f2=g(pe) = g(ps) — 9' () (01 — @x) + 9" (9e) [P+ — e), (4.32)
and homogeneous initial and boundary conditions.

The triplevy — 0 = (v — v,) — (U — v,) satisfies (2.4) withB; = 0, B2 = ¢'(¢«), f1 = 0, f2 given by (4.32),
and homogeneous initial and boundary conditions. Using

fo = glee) —gleos) — g () (g — @x) + 9" (0e) (o4 — @c)
= g(pe) = 9(@s) = g (@) (e — @) = 9" () (0 — @c) + g (0e) (Pr — e,

the boundedness of., v., the definition ofg and Hilder inequality, we can show that
1£2llz2 < Cllpe = @ullyzr < Cllve — vullv .
Thus, Theorem 2.4 yields
(s = v2) = @ = vl = log = Dllv < Cllve — vally . (4.33)

Combining (4.30), (4.33) and using (4.25) yields

Jo(ve) (v —vi) = Ju(ve)(vy —vi) + (Jv(UC) - Jv(v*))(”+ — ),
> Ju(va)(vg —ve) = Clloe —vllv,
= Ju(0)(0 —va) + Ju () (vg —ve = (0= 04)) = COlve — vy,
> Jo(0a)F =) = Clloe — vally -

This proves (4.27).
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The estimate (4.28) can be derived in a similar way. The boundedngss of v. ||y yields
Loy (Ve X[V = Va0 = 0] 2 Lo (04, M) [v4 — 04,04 — 0] = C(”Uc —vllv +l]Ac = /\*”A), (4.34)

cf. (4.18). As before, let = (u, ¢, f+) be defined by (4.31) witlf = f,, i.e. v — v, satisfies the linearized state
equation. Using (3.11) we can show that

Lo (Vs M) [ — vs, 01 — 0]
Loy (Viy M) [V — 04,0 — 0i] + 2Ly (Ui, M) [0 — s, 5 — 0] 4 Loy (0, Ak) [v4 — U, 04 — V]
Lov (02, A)[0 = 0,0 = 0] = C(I[0 = vl IV [0 = villv + llog =31}

oo = vl = C(II0 = vullv[[o = vt llv + [lvs = DIF)
0:[[0 = vel} = Cllo — vy llv
0:[[0 = val}y = Cllve = vsllv - (4.35)

vV IV IV IV

In the last two estimates of (4.35) we have used the boundedness afid the inequality (4.33). If we use =
vy + (U —wvy), (4.25), and (4.33), the inequality (4.35) yields

Loy (e, X4 = v, 04 — 0] > 0ul[0 = velf} = Clloe — villv
> oullor = vulliy = Cllve — vallv - (4.36)

This lower bound, together with (4.34) yields the desired estimate (4.28).
(vi) It remains to prove the estimate for the Lagrange multipigr This estimate follows easily from (4.11),
(4.20), and (4.25). In fact, we find that

IP+llwzs + [[0+llwzr < Cllus = walle + [lo+ = @allzz + o+ = @ellzz) < C-

This concludes the proof. O

In the following we improve the estimate (4.19). We will show that the error in the new iterate can be bounded
even in a stronger norm. The proof is based on the regularity estimates for the system (2.4). We have to require that
the iterates, the optimal point and the Lagrange multipliers satisfy,,v. € V, andA;, A+, A. € A4, whereV
andA, are defined in (1.10). The parameter> 5/2 if n = 3 andq > 2 if n = 2. The regularity of states and
adjoints can be guaranteed if the initial iterate is sufficiently smooth, if the desired temperature and phase function
obeyuq, pq € L1(Q), and if f., f+, f« € L1(Q), cf. Theorems 2.1, 3.1 and equations (4.7), (4.11). Singe0, the
conditionsf., f+, f« € L1(Q) are implied by the regularity, A\. € A, of the adjoint variables, cf. (4.9), (4.12).

Lemma 4.5 Let the assumption®1)—A3) be valid, letF,,; be boundedyamma > 0, and suppose that the second
order sufficient optimality conditions are satisfiedvat= (u., ¢«, f«) € V.
If for ¢ € [2,00) the iterates and the optimal point satisfy, vy,v. € V,, then there exists > 0 such that
lve — villv + IAc — Alla < e implies the estimates
1
los = vally, < C (o = vellv + 112 = Adlla) (4.37)

and
1
s = Alla, < C(1ve = vullv + Ae = Aulla) (4.38)

Moreover, ifn = 3 andq > 5/2 orif n = 2 andq > 2, then(4.37)can be replaced by

1
s = tallyzs + llor = pullyas + s = fullzm < O (o = velly + e = Aln) 7. (439)
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Proof: Using (4.19) and the boundednessff; we can conclude that

1+ = full L

T
//Qm AP U fe = £l dedt < Ol — full%s
0
< C’(||vc—v*||v—|—||/\C—)\*||A). (4.40)

The difference;. — v, satisfies (2.4) withfy = f1 — fu, f2 = g(pc) —g(ps) +9'(0e) (ps —pe), b1 = 0, B2 = g'(¢e),
and homogeneous initial and boundary conditions. Using the definitigntbé right hand sid¢» can be estimated

by
| f2llLe < Cllpe — @ullpsa -

Thus, from Theorem 2.4 and (4.40) we obtain

g = wallyzr + o4 = @ullwzr < Clllfillze + (1 fallza)
< COlfs = fullpa + llve = @ullLs0)
1
< C(llve = vallv + e = Alla) /" + Cllpe — pull oo (4.41)

Note thatW>»'(Q) c L*¥(Q) for ¢ € [2,5/2) andW>!(Q) C L¥(Q) for arbitraryr € [2,00) otherwise, cf.
Theorem 2.2. It < 1, then (4.41) yields

1
s = wallygza + los = @ullyzs < C(lve = velly + A = Alla) (4.42)

for all v, A With [|ve. — vi||v + |[Ae — Axl|a < €.
The adjoints can be estimated in a similar way. In fact, the differance \, satisfies

—Zp = kAp+2¢+aup —u), (4.43)
—tEY—L£8p = A%+ g (e )0+ (9 (0e) — g (0)) s + 9" (0e) (o4 — pe) + Blog — @), '

in © x (0, 7] with homogeneous initial and boundary conditions. Using the boundedness of the iterates and of the
Lagrange multipliers i andA, respectively, and Theorem 2.4 this yields

1P+ = Pellyzr + (194 = Pullyyz

< O(Ify = fellze + llpe = @llzs0)
1
< Ollve = vallv + e = Aulla) /7 + Clige — @ullse
< C(Ilve = vally + 11Ae = Adlla) 7, (4.44)

provided||v, — vi|lv + ||[Ae — Ail|a < 1.
Suppose that = 3, ¢ > 5/2 orn = 2, ¢ > 2. For the estimate dff; — f.||L~ we use the first order optimality
conditions. From (3.10), (4.12), (4.42), and the imbedding' (Q) C L*°(Q) we can deduce that

|f+(1‘,t) - f*(l‘,t)

|Pr(=y"'pi(2,1)) = Pr(=y'pu(z,1))]
Y P (@, 1) = pe(z, )|
< Cllve = vallv + Xe = Adlla) . (4.45)

IN
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5 A Perturbed Quadratic Problem

In the convergence proof of the Lagrange—SQP—-Newton method we will view the SQP subproblem (4.1) to (4.6) as
a perturbation of the SQP subproblem at the strict local minimizere., f.). To obtain convergence estimates

we have to study the dependence of the solution upon the perturlratiofir s, 7,) € (Lq(Q))Q. Herer; will be
a perturbation on the right hand side of the linearized state equation andll be a perturbation in the objective
function, which relates to a perturbation in the adjoint equation.

The perturbed quadratic subproblem is given by:

L 1
Minimize q.(v) 4+ (7q, @)z = Jo(ve) (v — vs) + 551,,,(1)*, AV — v, v — ] + (Ta, @) L2 (5.1)

subject to the linearized state equation

0 o

e u+ 25:? = kAu + f
inQ x (0,7, (5.2)
0
7o = CAptglp) +9'(0)lp —pu) +2u T
with boundary conditions
0 0
= 0, P = 0, ondQx (0,T), (5.3)
and initial conditions
U =1ug, ¥ =%o in Qa (54)
and subject to the control constraints
f € Faa. (5.5)

We recall, cf. (4.8), that the objective of the quadratic subproblem is given by
alp )+ g = [ / —ua) (=) + Blpe — 0a)p — 92) + Y fulf — £.) dadt

3 /0 /QO‘(“ —we)? + Blp — ) +y(f = fu)? dudt

T T
+1 / / Uu 9" (00) (0 — pi)? dadt + / / Tatp dzdt . (5.6)
2 Jo Ja 0Jo

Since the second order sufficient optimality conditions are satisfi¢d.atp., f.) the objective function is strictly
convex and one can use standard techniques to show the existence of a unique &ojution f,.). Of course,
if 73 = m, = 0, then(ux, or, fr) = (u«, @«, f+). Moreover, one can show that the soluti@rn., ¢, f) of the

guadratic subproblem (5.1)—(5.5) satisfies (5.2)—(5.5) and

T
// (pﬂ(l',t)+'7fﬂ(1',t)) (f(mvt)_fﬂ(l',t)) dﬂ?dtZO erj:ad, (57)
0JQ
where), = (pr, ) is the solution of the adjoint equation for the linearized problem which is given by
—%p = KAp+2¢ + a(ux — ug),
inQ x (0,7, (5.8)
—TEU —55p = AP+ g () + e (04) (pr — @i) + Bl — pa) + Ta,

with boundary conditions

9 9
amP=% 3

—nwzo, onof x (0,7),
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and final conditions
p(e,T)=0, (@ T)=0 inq.

If v > 0, then (5.7) is equivalent to
fﬂ(xvt) = PF(_'yilpﬁ(mvt)) : (5.9)

Using Theorem 2.4 one can see that the solution o, ) of (5.2) satisfies

lunllyz + sz

(5.10)
< C(lJuollwz, (@) + llpollwz @) + [ frllLa + |I7slLa) ,

providedf,,ms € L1(Q). Moreover, ifr, € L7(Q), then the solution of the adjoint equation (5.8) satisfies

Ipxllwzs + 19rllyze
(5.11)
< C(llux = wallis + llox = @allyzs + lox = walliw +llmalla) -

where the parameteris given as in (4.11).

Lemma 5.1 Let the assumptior(®1)—A3) be valid. Ifu ., u., ¢r, @« € W}1 (@), then there exists a constafit> 0
such that

r = Aallag < C(llun = uellyza + lox = @allyzs + Imallzs)
Proof: The differencdp,y) = A = (Ar — A,) satisfies the system

—%p = KAp+2¢ + a(ur — us),

Lo

5 in % (0,77,
—TH =550 = EAY+g' ()Y 4 Blor — pi) + Vg (0i) (Or — 9) + Ta,

with homogeneous initial and boundary conditions. The assumptions, pi., @, v« IMply u,,u,. € L(Q) and,
sincedq/ (5 — 2q) > 3qforq € [2,5/2), [|40.9" () (r = @u)llLe < |ullLeallg” (0s)llLzallor — @ullL2a- Thus, the

assertion follows from Theorems 2.2, 2.4. O
The next statement is rather standard for linear-quadratic control problems. We present the proof for convenience.
Lemma 5.2 Let the assumption&1)—A3) be valid. There exists a constafit> 0 such that
||U7T - 'U*HV S (/\1||7.‘-||(L2)2
forall m € (L*(Q))>.

Proof: The Lagrange function for the perturbed problem (5.1) to (5.5) is given by

1
L, Ar) = Ju(ve)(v—vs) + Eﬁw(v*,/\*)[v — Vi, 0 — ] + (Mo, ) 2

T

¢

—/ (us + §<pt,pﬁ> + k{Vu,Vpz) — (f,px) dt
0

T
- /0 (e, V) + E Vi, Vibr) — (g(x) + 9'(02) (0 — @u) + 2u + Ts,hr) dt . (5.12)

The first oder necessary conditions for (5.1) to (5.5) are given by

Lo(Vr, Ar)(v —vy) >0
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forallv = (u, ¢, f) with f € F,q. Using the definition (5.12) and inserting= v. this leads to
0 < Jv(v*)(v* - Uﬂ) + Evv(v*; /\*)[Uﬂ T Vs, Uy — 'Uﬂ'] + <7Ta; Px — @ﬂ')LZ

T
— [ =+ 5 = o) (T (= 1), Vo) = (F. = Fr)op)

T
_/0 T<(<p* - @W)t7¢ﬂ> + §2<V((,0* - @W)av¢ﬁ> - <gl(<p*)(90* - SOW) + 2(“’* - Uw)v¢7r> dt. (513)

The difference = v, — vy = (Usx — Un, Px — ©r, fr — fr) Satisfies

el Lo

Su+ 559 = kAu+f, .
ot 2?;“0 , f, in 2 x (0,7, (5.14)
o = EAp+g'(pe)p+2u—ms,

with homogeneous initial and boundary conditions. Hence, (5.13) is equivalent to
0< JU(U*)(U* - 'U7r) + [fvv(v*: A*)['Uw — Ux, Ux — Uﬁ] + (Wa:(p* - 9077>L2 + <7r871/}7r>L2 . (515)

On the other hand the first order necessary conditions (3.3)—(3.3) for the nonlinear control problem yiglddha.. ) (v, —
v,) > 0, or, using the definition (3.1) of,

0 < Jy(vs)(vg —wy)
T

~ [ (= it 0n = 020+ (Tt = 1), V) = (= £}

T
_/0 T((Pr — Pu)t, Pu) + 52<v(‘1077 = ¢), Vo) = (9" () (pr — @u) + 2(ur — ), 9hs) dt
= Jo(va)(vr —vs) = (T, Pu) 12 -
Thus,J, (vs)(ve — vr) < —(s, ¥4) 2. Inserting this into (5.15) and using Lemma 5.1 we find that

Evv(v*, )\*)[Uﬂ — Vs, U — 'U*]

< (Tay e — Pr)re — (T, (Vs — V) 12

IN

I7allzllow = prllnz + llmsll 2l = x| 2

IN

Cllmallce + llmsllze) (llus — unllywzs + llox — @xlly2r)
2
+C(|Imall> + [17sllz2) " - (5.16)

Next we derive a lower bound fat,, (v., A)[ve — va, v — v.]. Let(u, p) satisfy the linearized state equation
(3.12) with f = f. — f.. The second order sufficient condition (3.11) implies

Loo (v, M)[0,0] 2 0w ([lull> + ol + 1= = £illZ2), (5.17)

wherev = (u, ¢, fr — f«). Moreover, the triplé = v — (v, — v,) satisfies

o~ L0 ~ ~

SU+ 550 = KAU .

oo e in 2 x (0,7
T 0 = AP+ g ()P +2u—ms

with homogeneous initial and boundary conditions. Theorem 2.4 implies that

[0llwz1 < Climslle < Clixll 2z -
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Using this estimate, the representatios v + (v, — v.), and (5.17) we find that
Ly (Vs M) [V — Vs, U — 0]
> o (llullZe +llellze + I1fx = full2) + 2L00 (v, AT, 0] + Loy (vs, A)[0, 7]
> oullfr = fellze = Cl0llvIlvll = ClOI
> oullfr = fillze = C(lImllz2p2llor — vally + [I7[1F12)2)- (5.18)
Combining (5.16) and (5.18) yields

\Y

1fr = fellze < ClInllz2pellon = vally + 17 lIEL2)2)- (5.19)
Sincev = v, — v, satisfies (5.14), Theorem 2.4 implies the estimate
i = wellwz + lon = ellwzs < Ol = Fllzz + 7l epe). (5.20)
Inserting this into (5.19) gives
1fr = fellzz < ClImllz2p2ll fr = fellv + 7 llE2)2)- (5.21)

If || f= — fellzz < 2C||x||(z2)2, then the assertion follows instantly from (5.20)||ff: — f.]|7> > 2C||x||(2)2, then
(5.21) yields

| fx = fell> < cllmllz2)z - (5.22)
The assertion now follows with (5.20). |

Lemma 5.3 Let the assumption&®1)—(A3) be valid, letF,, be bounded, and suppose that the second order sufficient
optimality conditions are satisfied at = (u«, ¢«, f«) € V.
If for ¢ € [2, 00) the solution of the perturbed problem and the optimal solution satisfy. € V;, then

o = villv, < Cllxll(Lq)

forall m € (L1(Q))>.
Moreover, ify > 0 and ifn = 3 andg > 5/2 or if n = 2 andg > 2, the previous estimate can be replaced by

lur = sz + lon = @ellwzs + 1 fx = felleee < Climll(zayz -
Proof: As in the proof of Lemma 4.5 we can conclude that
I fr = fellLe < ClimllL2)= -
Sincev = v, — v, satisfies (5.14), we can appeal to Theorem 2.4 to show that
lur = uellza + llon = ullyza < C(Ifx = fulloo + llallrayz) < Climllzoye -
This gives the first estimate. We can use this inequality and Lemma 5.1 to conclude that
1Az = Adlla, < Clizll(Lay2 -
The desired estimate fdjif, — f.||r- can now be proven analogously to Lemma 4.5. |
As we have mentioned at the beginning of this section we interpret the SQP subproblem (4.1) to (4.6) as a perturbed

guadratic problem about the solutiop. The relation between the SQP subproblem (4.1) to (4.6) and the perturbed
subproblem (5.1) to (5.5) is exploited in the following lemma:
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Lemma 5.4 Let the assumption@1)—(A3) be valid. Ifv. = (u., p«, f«) € V satisfies the second order sufficient
optimality conditions, then there exists> 0 such that if|jv. — v.||v + ||[Ac — A«||a < € the solutions of the SQP
subproblem (4.1) to (4.6) are solutions of the perturbed subproblem (5.1) to (5.5) with

Ts = g(pe) = 9(s) + 9 () (o1 = pe) = g'(0:) (4 — 4) (5.23)

Ta = g (0)s +Veg"(0c) o+ — 0c) — 9 (0)r — g (D) (01 — 1) (5.24)
Proof: From Lemma 4.4 we know that there exists 0 such that ifl|v. — v.||v + |[|\c — A«||a < € there exists a
unique solution(u 4, ¢+, f+) of the SQP subproblem (4.1) to (4.6) which can be characterized by the linearized state
equations (4.2)—(4.5), the adjoint equations (4.10), and the conditions (4.9), or (4.12). From a comparison of (4.2)—
(4.5) and (5.2)—(5.4) one can see that, 1, f1) satisfies the perturbed system (5.2)—(5.4) wiftgiven in (5.23).

Moreover, one can see th@at, , o1, p., ¥ ) satisfies the perturbed adjoint system (5.8) withgiven in (5.24). This
implies the assertion. ]

Lemma 5.5 If the assumptions of Lemma 5.4 are valid, anddf o , p., ¢c, ¥4, b € W2 (Q), then

Imalle < Clllpe = @ulliyza + llee = @ullwzallos = @allyzr) (5.25)
Imallee < Clllpe = @ulliyza s llpzs + s = ullzlloe = @l
+(llve = ullyzs + lloe = ullyza) (low = ullyzs + lloe = @ullwza)] . (5.26)

The constan€ depends o, 1, ¥«, Ve, Y1, P, butis uniformly bounded ib., o, @, Pe, 1, 1, are contained
in a bounded set ifi’>! (Q).

Proof: From (5.23) we find that

s = (o) = glps) + 9" (0e)(0r — ve) — g'(0a) (P — @),
= g(pe) = 9(ps) — ' (@) (e — @u) + (9" (0e) — 9'(0x)) (04 — 0c) -

Using the definition of;, Holder’s inequality, and the imbeddiﬂ@}l(Q) C L37(Q) which holds true sincgq/(5 —
2q) > 3¢ forq € [2,5/2) or forg > 5/2, this gives the first estimate.
Similarly, (5.24) can be written as

Ta = ()y +0eg" (0e) 0+ = 0e) = 9 (0)V1 = Pug" (04) (01 — i)
= [9'(¢c) = 9'(0s) = 9" () (e — )] by + 9" () (Vs — Vi) (e — ©x)
+[10eg" (pe) — Vg (02)] (04 — 0c) -

Applying estimates analogous to the ones above gives the assertion. m|

6 Local Convergence of the SQP Method

As we have described in Section 4, the Lagrange—SQP—-Newton method solves the nonlinear, non—convex optimal
control problem (1.5), (1.6), (1.1), (1.2), (1.3), (1.4) through a sequence of linear—quadratic control problems. Given
current approximations for control, states and Lagrange multigliers\.) = (u., ¢¢, fe, e, ¥c) the new approxima-

tions for control, states and Lagrange multipliérs, \;) = (uy, v+, f+,p+, ¢+ ) are computed as the solution of
(4.1)—(4.6). In the previous section we have shown that this subproblem can be viewed as a perturbation of the linear
guadratic optimal control problem (4.1)—(4.6at= v.. This observation and the Lipschitz continuous dependence

of the solution of the perturbed problem upon the perturbation can be used to establish the quadratic convergence of
the Lagrange—SQP—Newton method.
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Theorem 6.1 Suppose that the assumptioffsl)(A3) are satisfied;y > 0, and that forq € [2,00) the desired
temperature and phase profiles satiafy ¢, € L7(Q). Moreover let the current iterate satisfy., A.) € V; x A,.

(i) If g =2andy > 0, then there exists > 0 such thaf|v. — v.||yv + ||Ac — As|a < e implies
log = vlly + s = Adlla < C (I[ve = vally + A = Aulla) -
(ii) If ¢ > 2 andif F,q is bounded, then there exists> 0 such that|v. — v« (v, + [|[Ac — Ail[a, < eimplies
lor = vallv, + A = Aulla, < C (lve = vally, + e = Adlla,)”

(i) fn =3 andq > 5/20rif n = 2 andq > 2 and if 7,4 is bounded, then there exists> 0 such that
lve — villv, + [|Ae = Ailla, < eimplies

2
lus = wallyzr + llos = @ullwer + 1+ = felloe + 1A = Adla, < C (llve = vallv, + 112 = Aslla,)”

Proof: By Lemma 4.4 there existg > 0 such that for albb, € V,A. € A with |Jv. — vi||v + [|[Ae — Al < @
there exists a unique solutien. € V' of (4.1)—(4.6) with corresponding Lagrange multipller € A. Moreover, the
assumptionsig, o4 € L(Q), (ve, Ae) € Vg x Ay imply that(vy, At ), (va, As) € V, x A,. See Theorems 2.1, 3.1,
Lemma 4.7, and equation (4.11).
(i) Lemma 4.4 guarantees the existence0€ (0, ¢;) such thatjvy ||y, [[A\+]||a < C forallv, € V, . € A with
[lve — vi|lv + |[Ae — Aclla < €2. The constan€ depends only oa,.
If we define the perturbation = (74, 7,) as in (5.23), (5.24), then Lemma 5.5 and the boundedness of the iterates
and Lagrange multipliers imply that
2
I7slle2 + lImallze < C(Ioe = vellv + [IAe = AllR)” + lloe = vallv + IAe = Adlla] -
Sincel|ve — v«||v + ||Ac — Axl|a < ez this gives the estimate
I7sllz2 + [17allz2 < C(llve = vsllv +11Ae = Aslla) - (6.1)

Lemma 5.4 shows that, is the solution of the perturbed problem with perturbatios (7, 7, ) given by (5.23),
(5.24) and corresponding Lagrange multiplier. Hence, the estimates in Lemmas 5.1, 5.2 and (6.1) show that

g = vl < O(llve = vally + A = Adla)

and
A+ = Alla < C([lve = vallv + [Ae = Aulla) -

Inserting these estimates into (5.25), (5.26) gives

2
17sllze + [1malle < C(llve = vsllv + [IAe = Aulla)”- (6.2)

Using the estimates in Lemmas 5.1, 5.2 and (6.1) again we derive at the desired inequalities

2
log = vlly < C(llve = vally + IAe = Adlla) (6.3)
and )
s = Al < C Il = vally + [[Ae = Adlla)” (6.4)
(i), (iii) These assertions can be proven analogously. We have to replace Lemma 4.4 by Lemma 4.5 and Lemma5.2
by Lemma 5.3. a

The previous theorem shows a quadratic reduction of the error for a single iteration. Standard induction arguments
can now be used to show that all iterates, \x) satisfy|jvy — v.|lv, + ||[Ax — As||la, < € which implies the local
guadratic convergence of the SQP method.
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7 Appendix
For convenience we restate the auxiliary system and the Theorem 2.4. The system is given by
%u%—é%@ = kAu+pBiu+ fi nQ x (0.7],
oY = EAp+fap+2ut fo
with boundary conditions
a%u =0, a%ga =0, ondNx(0,T),

and initial conditions
w=1ug, ©=o in Q.

(7.1)

(7.2)

(7.3)

Theorem 7.1 Let the assumption@1)—(A3) be valid and suppose thdt, f» € L1(Q), ¢ > 2. If 81, 32 € L3(Q),
then there exists a unique solutitm ¢) € Wq“(Q) X qu1 (Q) of the systen(7.1), (7.2), (7.3). The solution obeys

lullyz gy + lellwz gy < Cllluallwe (@) + lpollwe @) + IAillze) + I follzaa)) -

with a constantC’ = C(f,32) depending only or|B:zs(q). [|B2]lzs(q)- Moreover, the functiorts;, 3;) +

C(p1, B2) maps bounded sets into bounded sets.

Proof: Again,C denotes a generic constant independentafd.
(i) An a—priori estimate:

Suppose that, ¢ € {v|v e L*(0,T; H'(Q)), Zv € L*(0,T; (H'(2))")} solve (7.1), (7.2), (7.3). Multiplying
the first equation in (7.1) by(t) + %(p(t) and the second one lgy(t), using integration by parts, and applying the

Sobolev imbedding?!(Q) c L%(Q) yields

3o 00+ 5o0P dr+ [ wivu@P s+ S [ Tu¥e0do

= [ BOuO(u) + o) do + [ @) + 5eO)fi (0 da

12 1 / 1
< NB@llzs@llu®llzz@ llult) + 59@)lz@) + 5 llu®) + 5@@)”%2(9) +5lA Oll72(e)
/ 1 / 1
< ClB®lles@llu@®lizz@ llu) + 5ol @) + 5 llut) + 5@@)”%2(9) + §||f1(t)||%2(9)
C? 4 1 4 1
< E”ﬁl(t)H%ﬁ(Q)||u(t)||%2(§2) + g||V(u(t) + 590(15))“%2(9) + ;nﬂu(t) + 5@('5)”%2(9) + §||f1(t)||2L2(Q)
/
< SIV@®) + 500
12
+O (L4 181 (D)I72(e) (Ilu(?) + 5@('5)”%2(9) +llu®lzz() + CllA O3z (7.4)
and
0
v [ o2t [ o i
= [ Beltrelt? do+2 [ u@relt)ds + [ fatholt) da
Q Q Q
12
< B2z e 2@ llel o) + 2/9 (u(t) + 5@('5))90(15) dz + Cllo(t)l172(q) + Cllf2O72(q)
2 12
< EHV‘PU)H%Z(Q) + O (L +[182(0) 173 (0y) (lu(t) + 5@('5)”%2(9) +leDll72) + Cllf2(Dl72() (7-5)
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Multiplying (7.5) by A and adding the result to (7.4) yields

%% /Q(u(t) + §¢(t))2 + T Ap(t)? do + % /Q K| Vu(t)” + (A% - %)va(t)l2 dz

/
CL+ 1B (DFs ) + 182075 (0y) (lult) + 590(75)“%2(9) + lu@®720) + le®72(0))
+C A DN () + Cl L2720 (7.6)

If we choosed > 2(kf?/4 + 1)/£2, then (7.6) implies

IN

19 /Q(u(t) + L) 4 At do + %/Qm|Vu(t)|2 + V()2 do

20t 2

/
CL+ BN 20) + 1B2D1750)) (Nlut) + 590(75)“%2(9) +lu®)Z2(0) + le®lI720))
+CO i) I72(0) + CllL2B]72(q)- (7.7)

Integration ovet and by parts gives

IN

1 ? TA 1 [t
§IIU(t) + gw(t)llizm) + Tllw(t)lliz@ + 5/0 KlIVu(s)l|720) + IVe(8)]172(q) ds

1 /
3 (||U(0) + 5@(0)”%2(9) + TA||<P(0)2||%2(Q)) + Ol filli20) + Cllfell7o(o)

IN

t
+0/0 (L+ 81 (T30 + 1B2()Ts (@) (lu) 1720y + M)l ) ds. (7.8)
If 4> (1/2+ ¢*/4)/7, then

1
2 2
—b
a+2

DN | =

oo 2 _ 2 2y oo 2 Lo £, £, 2
(a+§b) +TAV: =a +€ab+zb +7AbV: > a — 50 _Eb +Zb + TAV >

for all a,b. Thus, forA > (1/2 + ¢2/4) /7 equation (7.8) gives the estimate

t
lu®)l720) + le®l72(q) +/0 Kl Vu(s)l[720) + 1Ve(s)l72(0) ds

< C'(||U(0)||2L2(Q) +leO)l72() + 1£ill72q) + ||f2||2L2(Q))
t
+C/0 (L + 1B Es () + N1B2(8)75(0)) (1u(s)l[720) + ll0(9)I72(0) ds. (7.9)
Now we can use the Gronwall-Bellman inequdlity derive the inequality

lu®)lI720) + le@®l72() < C(HU(O)H%Q(Q) + 1eO)72() + 1 f1ll72(0) + ||f2||%2(Q))'

LWe use the version of the Gronwall-Bellman inequality given in [6, L. A.4]: ketc I} (0,T),m > 0, a.e.[0,7T], anda be a positive
constant. Iy € C(0,T) satisfies the inequality

t
¥(t) §a+/ m(s)p(s)ds, te€[0,T],
0
then the following estimate is true:

t
P(t) < a exp (/ m(s)ds), te[0,T].
0
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Inserting this equation into (7.9) yields the a—priori estimate

t
)20y + N0y + [ FIVU ) + V() 0y s
< (IO 2@ + ke Oz + 1Aill3zg) + 1 £2ll3z() ) (7.10)

(il) Uniqueness of the solution: (fu;, ¢;),7 = 1,2 are solutions of (7.1), thefu, ) = (u1,p1) — (u2, p=2) solves
(7.1) with f; = f» = 0 and homogeneous initial and boundary conditions. The a—priori estimate (7.10) implies that
u=¢=0.

(i) Existence of the solution: From the a—priori estimate (7.10) we can deduce the existence of a solution

(o) € {v v e 2O.T @), Sve 20,7 @)} ¢ (00,1 2@)’

using the Galerkin method. This proof uses standard techniques, see e.g., [14, pp. 5092348, We omit the
details.

(iv) Regularity of the solution: To establish the regularity result, we first consider the second equation in system
(7.1) with givenu € L?(0,T; H'(Q)) on the right hand side. From ttig’ theory of linear parabolic equations in [33,
p. 341] we find that the solutiop is in Wj’l(Q). Using this regularity estimate, i.e. thgitcp € L?(Q), in the right
hand side of the first equation in (7.1), we can show by the same argumemsetﬁmf’l(Q).

Now we can apply the same arguments to show the desired regularity result. In the second equation in system (7.1)
we view By + 2u + f» as given. Since € L'°(Q), cf. Theorem 2.2, it holds that

B2l 1s0r13() < M1B2llLs(@llellzio(q) -

From this we deduce that € W),,(Q) C L*°(Q). Inserting this into the first equation givese W),,(Q) C
L3°(Q). Hence,

B2l 152y < M1B2llL2(@)llellLis(q)
andu, p € W, (Q) with p = min(g, 5/2). If 5/2 < g we can use the imbeddi§’}, C L*(Q) for all u € [1, o)
and repeat the previous steps to show that € W' (Q). O
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