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Abstract

We study the effect of the streamline upwind/Petrov Galerkin (SUPG) stabilized finite element
method on the discretization of optimal control problems governed by linear advection-diffusion equa
tions. We compare two approaches for the numerical solution of such optimal control problems. In
the discretize-then-optimize approach the optimal control problem isfirst discretized, using the SUPG
method for the discretization of the advection-diffusion equation, and then the resulting finite dimen-
siona optimization problem is solved. In the optimize-then-discretize approach one first computes the
infinite dimensional optimality system, involving the advection-diffusion equation as well as the adjoint
advection-diffusion equation, and then discretizes this optimality system using the SUPG method for
both the original and the adjoint equations. These approaches lead to different results. The main re-
sult of this paper is an estimates for the error between the solution of the infinite dimensional optimal
control problem and their approximations computed using the previous approaches. For a class of prob-
lems prove that the optimize-then-discretize approach has better asymptotic convergence properties if
finite elements of order greater than one are used. For linear finite elements our theoretical convergence
results for both approaches are comparable, except in the zero diffusion limit where again the optimize-
then-discretize approach seems favorable. Numerical examples are presented to illustrate some of the
theoretical results.

Key words Optimal control, discretization, error estimates, stabilized finite elements.
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1 Introduction

This paper is concerned with the accuracy of numerical solutions of optimal control problems governed by
the advection-diffusion equation. Specifically, weareinterested in the effect of the streamline upwind/Petrov
Galerkin (SUPG) stabilized finite element method on the discretization of the optimal control problem. To
be more precise, we consider the linear quadratic optimal control problem

1

min§/g(y(:ﬂ) — 7(z))%dx + §/Qu2(x)d:c (1.1
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2 S.S. COLLIS AND M. HEINKENSCHLOSS

subject to
—eAy(z) + c(x) - Vy(z) + r(x)y(z) = f(x) + u(z), x € Q, (1.29)
y(z) = d(x), x eIy, (1.2b)
6% (x) = g(x), z eIy, (1.2c)

whereI'; NI, =0, IyUT, = 99, c,d, f,qg,r,y ae given functions, ¢,w > 0 are given scaars, and n
denotes the outward unit normal. Assumptions on these data that ensure the well-posedness of the problem
will be given in the next section.

For advection dominated problems the standard Galerkin finite element method applied to the state
equation (1.2) produces strongly oscillatory solutions, unless the mesh size & is chosen sufficiently small
relative to ¢/||c(z)||, z € 2. To produce better approximations to the solution of (1.2) for modest mesh
sizes, various augmentations of the standard Galerkin finite element method have been proposed. For an
overview see[11, 12, 13]. In this paper we focus on the streamline upwind/Petrov Galerkin (SUPG) method
of Hughes and Brooks [2]. The SUPG method adds to the weak form of the state equation (1.2) aterm with
the properties that (a) the weak form of the modification has better stability properties than the bilinear form
associated with (1.2) and (b) the added term evaluated at the exact solution of (1.2) vanishes. Because of
these properties the SUPG method is called a strongly consistent stabilization method [12].

For the numerical solution of the optimal control problem there are at least two approaches. In the first
approach, called the optimize-then-discretize approach, one first derives the optimality conditions for (1.1),
(1.2). In Section (2.1) we will see that the optimality conditions consist of the state equation (1.2), the
adjoint partial differential equation (PDE)

—eAN(z) —c(x) - VA(z) + (r(x) = V- c(2)A\(z) = —(y(x) — y(z)), T €€, (1.39)
Az) =0, z ey, (1.3b)
e((;in)\(x) + c(z) -n(z) M(z) =0, zely, (1.3¢)

and the gradient equation
Az) = wu(x) x € Q. (1.9

Then one discretizes each equation (1.2), (1.3) and (1.4), using possibly different discretization schemes
for each one. Since the adjoint equation (1.3) is also an advection-diffusion equation, but with advection
—c, we discretize it using the SUPG method. If we proceed this way, the optimize-then-discretize approach
leads to a discretization of the optimality system (1.2), (1.3), (1.4) that is strongly consistent. However,
this discretization of the optimality system (1.2), (1.3), (1.4) leads to a nonsymmetric linear system, which
implies that there is no finite dimensional optimization problem for which this discretization of (1.2), (1.3),
(1.4) isthe optimality system. The details of the optimize-then-discretize approach will be discussed in Sec-
tion 2.4. In the other approach for the numerical solution of (1.1), (1.2) called the discretize-then-optimize
approach, one first discretizes the state equation using SUPG and the objective function and then solves
the resulting finite dimensional optimization problem. The optimality conditions of this finite dimensional
optimization problem contain equations, which we call the discrete adjoint equation and the discrete gradi-
ent equation, that can be viewed as discretizations of (1.3) and (1.4), respectively. The SUPG stabilization
term added to the state equation (1.2) produces a contribution to the discrete adjoint equation and to the
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discrete gradient equation. This contribution to the discrete adjoint equation has a stabilizing effect, but the
discrete adjoint equation isin general not a strongly consistent stabilization method for (1.3). We will give
adetailed discussion of the optimize-then-discretize approach in Section 2.3. The main goa of this paper
is to derive estimates of the error between the solution ¥, u, A of the infinite dimensional optimality system
(1.2), (1.3), (1.4) and their approximations computed using both, the discretize-then-optimize as well as the
optimize-then-discretize approach. Such error estimates will be provided in Section 4. Section 5 contains a
few numerical results that illustrate our theoretical findings.

We will see that even in our simple model problem (1.1), (1.2) differences can arise between the
discretize-then-optimize and the optimize-then-discretize approach. It is important to understand and an-
alyze these to better assess the implication of numerical solution approaches to much more complicated
optimal control or optimal design problems that involve nonlinear state equations solved using stabiliza-
tion techniques. We also note that the general issues described here for the SUPG stabilization also arise
when other stabilizations are used, such as the Galerkin/L east-squares (GL S) method of Hughes, Franca and
Hulbert [6] and the stabilization method of Franca, Frey and Hughes [4].

Throughout this paper we use the following notation for norms and inner products. We define (f, g1z =

fG f(@)g(x)dz, ||[v]o,00,¢ = €SSUP,c|v(2)] OF [|[V][o,00,6 = €SSSUP,cay/ D ; vi(2)? for vector valued

v, and
1/2 1/2
v = o (x))2da v = () dx
ol (Zk /G © <>>d) oo (Zk /G 0 <>>d) |

where G € Q € RYor G ¢ 90 and o € IN¢ isamulti-index, |a| = 37, a;, and 9 = 91 ... 9%, If
G = Q weomit G and simply write (f, g), etc.

2 A Model Problem

2.1 Existence, Uniqueness and Char acterization of Optimal Controls
We define the state and control space
Y={yeH(Q): y=donTy}, U=L*Q) (2.1)
and space of test functions
V={veH'(Q):v=00nT4}. (2.2

The weak form of the state equations (1.2) is given by

a(y,v) + b(u,v) = (f,v) + (g,v)r,, Yv eV, (2.3
where
a(y,v) = /QeVy(x) -Vou(z) + c(z) - Vy(z)v(z) + r(x)y(z)v(z)dz, (2.9
b(u,0) = — /Q u(@)v(z)de, (2.5)
o) = [ fap@de o, = [ gfaote)de (26)
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We are interested in the solution of the optimal control problem

1 N w

minimize {1y ~ 13 + o lull? (273

subiectto  a(y,v) +b(u,v) = (f,v) + (g, v)r, Vo eV, (2.70)
yeY uel.

We assume that

£, € L3Q),ce (Who(Q)?,r e L®(Q),d € HY/2(Ty),g € H/XT,),w>0,e>0, (289

I, C{ze€d: c(z) n(x) >0} (2.8b)
and

r(z) — 3V -c(z) >y > 0ae inQ. (2.8¢0)
If Ty # 0, thereexists « > 0 such that |y|; < «||y||; for al y € V and (2.8c) can be replaced by

r(z) — 3V -c(z) >ro > 0ae inQ. (2.8d)

For the well-posedness of the optimal control problem it is sufficient to impose fewer regularity requirements
on the coefficient functions than those stated in (2.8a). We assume (2.8a) to establish convergence estimates
for the SUPG finite element method.

Under the assumptions (2.8), the bilinear form a iscontinuouson V' x V and V-dliptic. Infact, a(y,y) >
e|[Vyll2 + rolly|| for al y € V (e.g., [12, p. 165] or [11, Sec. 2.5]). Hence the theory in [10, Sec. 11.1]
guarantees the existence of a unique solution (y,u) € Y x U of (2.7).

Theorem 2.1 If (2.8) are satisfied, the optimal control problem (2.7) has a unique solution (y,u) € Y x U.

The theory in [10, Sec. I1.1] also provides necessary and sufficient optimality conditions, which can be
best described using the Lagrangian

Ly u,2) = 5lly = 313+ 5l + afy, 2) + b, ) = (£,0) (g, o), 29

The necessary and, for our model problem, sufficient optimality conditions can be obtained by setting the
partial Fréchet-derivatives of (2.9) with respect to states y, controls u and adjoints A equal to zero. This
gives the following system consisting of

the adjoint equation

a(h,A) ==y —9,¢) VeV, (2.104)

the gradient equation
b(w,A) + w(u,w) =0 Yw e U, (2.10b)

and the state equation

a(y,v) + b(u,v) = (f,v) + (g,v)r,, YveV. (2.10c)
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The gradient equation (2.10b) simply means that \(z) = wu(x), x € Q (cf. (1.4)) and (2.10a) is the weak
form of (1.3).

The adjoint equation (1.3) isalso an advection-diffusion equation, but advection is now given by —c and
the reaction termisr — V - c.

The convergence theory for SUPG methods requires that the solution y, u, A is more regular than indi-
cated by Theorem 2.1. This can be guaranteed if the problem data are such that the state equation (1.2) and
adjoint equation (1.3) admit more regular solutions. This motivates our regularity assumptions (2.8a) on the
data. Thefollowing result is an application of [5, Thm. 2.4.2.5] to (1.2) and (1.3).

Theorem 2.2 Let 2 be a bounded open subset of I?* witha C'! boundary and I’y = 0. If the assumption
(2.89) is satisfied and r > 9 > 0 a.e., then the unique solution of the optimal control problem (2.7) and the
associated adjoint satisfy y € H?(Q),u € H?(Q),\ € H?(9Q).

2.2 Discretization of the State Equations

For the discretization of the state equation we use conforming finite elements. We let {7}~ be afamily
of quasi-uniform triangulations of 2 [3]. To approximate the state equation we use the spaces

Yo = {yneY : yplr e P(T)fordl T € 7,},

Vi = {vpeV e P(T)fordl T € 7}, k>1. (2.11)

For advection dominated problems the standard Galerkin method applied to the state equation (2.3)
produces strongly oscillatory approximations, unless the mesh size h is chosen sufficiently small relative
to €/||cllo,.o. TO Obtain approximate solutions of better quality on coarser meshes, various stabilization
techniques have been proposed. For an overview see[12, Secs. 8.3.2,8.4] or [13, Sec.3.2]. We are interested
in the streamline upwind/Petrov Galerkin (SUPG) method of Hughes and Brooks [2]. The SUPG method
computes an approximation y, € Y}, of the solution y of the state equation (2.7b) by solving

ay, (Yn, vn) + b5 (un, vn) = (f,vn)}, + (g, vn)r,,  Yoi € Vi, (2.12)
where
a(y,vn) = aly,vn)+ D Tel{—eAy+c-Vy+ry,c Vop)z,, (2.139)
Te€Ty
bZ(U,Uh) = _/ u(w)vh(:c)d:c— Z Te<U,C'V’U}L>T8, (213b)
Q TeeTh
(fron)h = (frvn) + Z Te(f ¢ - Vop)T,. (2.13c)
Te€Ty,

In (2.15b) the superscript s is used to indicate that the stabilization method is applied to the state equa-
tion, i.e, al parameters in the stabilization method are based on information from the state equation only.
The reason for the additional superscript s will become apparent in Section 2.4. The addition of the
term > r 7 Te(—€Ay + ¢ Vy +ry,c - Vup)r, 10 a(y, vy) introduces additional element wise diffusion
(c - Vy,c- Vo), and enhances the stability properties of a(y,v,) (See Lemma 4.1 below). Thetermsin
(2.12) added to the standard Galerkin formulation are such that the exact solution y of (1.2) satisfies (2.12),
provided y € H?(T.), T. € T;,. We will review the error estimates for the SUPG method in Section 4.1.
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2.3 Discretization of the Optimization Problem

A frequently used approach for the numerical solution of an optimal control problem isto discretize the opti-

mal control problem and to solve the resulting nonlinear programming problem using a suitable optimization

algorithm. Thisisalso called the discretize-then-optimize approach. Inthis scenario, the discretization of the

optimal control problem typically follows discretization techniques used for the governing state equations.
In our problem we select the spaces (2.11) for the discretization of the state and

U, = {uh el : uh\T S Pm(T) foral T e ZL}, m > 0, (2.14)

for the control. To discretize the state equation, we apply the SUPG method. The discretized optimal control
problem is given by

N 1 N w
minimize =1y, — 51§ + 5 [lunl3, (2.152)

subjectto @, (yn, vn) + by (un, vn) = (f,vn)i + (9, vn)r,, Yo € Vi, (2.15b)
yn € Yn, up € Up,

where a; (y, vr), b}, (u, vp), (f,vp); are defined in (2.13).
The Lagrangian for the discretized problem (2.15) is given by

1 > w S S S
Ln(yns uns An) = 5llyn — glls + §||uh||3 + ag,(Yns An) + b7, (uns An) = (f, An)y = (9, v)r,,  (2.16)
where y, € Yy, up € Uy and A\, € Ay Ly, The necessary and sufficient optimality conditions for the
discretized problem are obtained by setting the partial derivatives of (2.16) to zero. This gives the following
system consisting of
the discrete adjoint equations

ag,(Yn, An) = —(yn — 9,¥n)  Vibu € Vi, (2.173)

the discrete gradient equations
bZ(wh, )\h) + w(uh, wh> =0 Ywy, € Up, (2.17b)
and the discretized state equations

ay (Yn, vn) + b3 (un,vn) = (fyon);, + (g, v)r,,  Yop € V. (2.17¢c)

We use discrete adjoint equations and discrete gradient equations to mean that these are the adjoint and gra-
dient equations for the discretized problem (2.15). We will use the phrases discretized adjoint equations and
discretized gradient equations to refer to discretizations of the adjoint equation (1.3) and gradient equation
(1.4), respectively. Aswe will see in the next section, there are significant differences between the discrete
adjoint equations and the discretized adjoint equations as well as between the discrete gradient equations
and the discretized gradient equations.

We notice that the discretized state equation (2.17¢) is strongly consistent in the sense that (2.17¢) is
satisfied if uy,, y;, are replaced by the optimal control « and the corresponding optimal state y. However,



ANALYSIS OF THE SUPG METHOD FOR THE SOLUTION OF OPTIMAL CONTROL PROBLEMS 7

strong consistency islost in the discrete adjoint equations (2.17a) and the discrete gradient equations (2.17b).
Specificaly,

a5, (Vn, An) = a(tn, Ap) + > TS(—eAPy + - Vi + 1P, ¢ - VAT,
T.€T;,

The amount > 7. . 72(—c - Vi, —c - VAp)r, of streamline diffusion added to a (v, As) in the adjoint
equation appears to be right in the sense that this amount (although possibly with a different £) would be
added if the SUPG method had been applied to the adjoint equation (1.3). However, (2.178) is not satisfied
if yn, Ay, are replaced by the optimal state y and corresponding adjoint A. This lack of strong consistency
is due to the fact that the discrete adjoint equation is not a method of weighted residuals for the continuous
adjoint problem. In particular, the resulting stabilization term is not a weighted residual of the continuous
adjoint equation on element interiors since the diffusion, reaction, and source terms are not accounted for.
Similarly, b3 in the gradient equation contains terms that arise from the stabilization of the state equation
and (2.17b) is not satisfied if wu;,, \j, are replaced by the optimal control « and corresponding adjoint A.

2.4 Discretization of the Optimality Conditions

Alternatively to the discretize-then-optimize approach discussed in the previous section, one can obtain an
approximate solution of the optimal control problem by tackling the optimality system (2.10) directly. This
leads to the optimize-then-discretize approach. Here each equation in (2.10) is discretized using a potentially
different scheme. In our case, we will use the same triangulation for all three equations and we will use the
state space (2.11) and the control space (2.14) for the discretization of states and controls, respectively, and
we will use

Ay, = {Uh eV . 'Uh’T S Pg(T) foral T e IEL}, {£>1, (2.18)

for the discretization of the adjoints. It ispossible to choose ¢ # k. Now we take into account that the adjoint
equation (1.3) is aso an advection dominated problem, but with advective term —c - V. We discretize (1.3)
using the SUPG method. This leads to the discretized adjoint equations

ag(Yny An) = —(Yn — 9,%n)  Vibn € Ap, (2.193)

where

@ (Un ) = aln, N+ Y T2(—eAX—c VA+(r—V-c)\, —c- Vi), (2.19)
Te€Ty

<y - yA7 ¢h>2 = <y - :&7 ¢h> + Z 7_: <y - :’;7 —C- V¢h>Te- (2190)
Te€Ty

Here and in the following the superscript a isused to indicate that the SUPG method is applied to the adjoint
equation, i.e., all parameters in the stabilization method applied to (1.3) are based on information from the
adjoint equation (1.3).

The gradient equation (2.10b) is discretized using

b(wh, )\h) + w(uh,wh> =0 VYw, € Uy, (2.19d)
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and the discretization of the state equations is identical to the one used in the previous section, i.e.,

ai(yh,vh) + bi(uh,’l}h) = <f, Uh>i + <g,’l)h>rn Yo, € V3. (2.196)

Unlike the discrete adjoint and gradient equations, the discretized state, adjoint and gradient equations are
strongly consistent in the sense that if 3, u, A solve (2.10) and satisfy y, A € H?(T.), for al T, € T3, then
Y, u, A aso satisfy (2.19).

Due to the occurance of the SUPG terms in the right hand side of (2.19a) and in §,, the discretization
(2.19) of theinfinite dimensional optimality conditions leads to a nonsymmetric system for the computation
of yn,un, Ap. This implies that (2.19) cannot be a system of optimality conditions for an optimization
problem, e.g., a perturbation of (2.15).

3 Abstract Formulation

To analyze the error between the solution of the optimal control problem (2.7) and the solution of the dis-
cretized optimal control problem (2.15) we could apply the approximation theory for saddle point problems
described, e.g., in [1]. However, the optimize-then-discretize approach leads to a non-symmetric system
(2.19). Thus there is no optimization problem whose optimality system is given by (2.19) and the theory in
[1] can not be applied to this situation. We prefer to use a framework that is common in Numerical Analysis
for the estimation of the approximation error in operator equations. We give a brief review here and apply it
in the following section to our problem.
The necessary and sufficient optimality conditions (2.10) can be viewed as an operator equation

Kx=r (3.1

in X*, where X' is a Banach space, X* isits dud and K € L£(X,X™) is continuously invertible. In
the following section we describe in detail how (3.1) relates to our problem. The discretized problem is
described by the equation

Khxh =T, (32)

in X7 where ), isafinite dimensional Banach space with norm || - ||, and K, € £(X},, X}’) is continuously
invertible.
To derive an error estimate we let Ry, : X — X, be arestriction operator and we consider the identity

Kh(Xh — Rh(X)) =rp — Kth(X).
We immediately obtain the estimate
Ixn — Ri(x)|ln < 1K, I lItn — KR (x) |12, (33

where | K, ! ||, denotes the operator norm of K * induced by | - ||5. If there exists x > 0 independent of 7
such that the stability estimate

IK; 'ln < s foralh (3.4)
isvalid and if we can prove a consistency result of the form

rn — KpRp (%) |l = O(RP), (3.5
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then we obtain ||x;, — Ry (x)[|n, = O(RP). If || - ||, can be extended to define a norm on X', and if we can
prove

[x = Rp(x)[ln = O(?), (3.6)
then a simple application of the triangle inequality shows
e = xln < 1K, Hlallen — KnRa()[ln + | Ra(x) = x|l = O(r™ P} 3.7)

In (3.7) the error is measured in a norm that depends on h. Thisis certainly not problematic if there exists
n > 0 independent of h such that ||x;, — x| < n||x, — x||, for al h, which will be true in our situation.

In our applications, &, = Y; x U, x A with some finite dimensional Banach spaces Y;,, Uy, Ay,
equipped with norms || - ||y, , || - ||, @nd || - ||a,,, respectively. The norm || - ||, on A}, is defined as ||x3 |, =
lunlly, + llunllo, + [[Aslla,, wherex = (yp, up, Ap). Furthermore, in our applications the operator K, is
of the form

oY HM A
K,=| oY H™ B |- (39
A, B, 0

The operator K, is not necessarily selfadjoint, i.e., we do not assume that A5 = A%, By = E;;, (HY)* =
HYY, (H)Y)* = H}Y, or (H"™)* = H/"™. We assume, however, that A, and A4;, areinvertible.
To estimate | K, ! ||, we consider

"y Ar H I 0 0 HY A; 0
A, 0 By, =1 0 I 0 A, 0 0
H" B HM™ Br(A)~t (HYY = Bi(A) T THM AT T 0 0 H,
I 0 A By,
x| 0 I (A)NH"-HYA'B) |, (3.9)
0 0 I
where
Hy = H™ — Bj(A;)"'HY" — HYA;'By, + B (A;) ' HYY A, 1By, (3.10)

The operator on the left hand side in (3.9) is just a symmetric permutation of Kj,, which does not effect the
invertibility of K, or the estimate for ||K,;1\|h. Under the assumption that A4, and A; are invertible, (3.9)

shows that K, isinvertible if and only if ﬁhis invertible. Using

HYY  Ax B 0 Ay
( A, 0 o (AZ)—l _(A;«L)—lH}ziyA}—Ll (3.11)

and (3.9) we immediately obtain the following resullt.

Lemma3.1 If Ay, A: and Hj, are invertible for all /. and if 14 N eve e 1CAD) M lzcas )
15, ewnonys 1AL Bullcwayiys 1B Hewr s 1HYY — Bi(A) 7 HY) A ooy o
(AR~ (HP — HYPY Ay By ey g @nd [[(AL) " HPY A £y, @re uniformly bounded, then there
exists k > 0 such that (3.4) holds.
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4 Error Estimatesfor the SUPG M ethod

In this section we derive estimates for the error between the solution of the optimal control problem and
the computed approximations using both, the discretize-then-optimize and the optimize-then-discretize ap-
proaches.

Beforewe apply the theory outlined in Section 3 to the optimization problem, we briefly review estimates
for the error between the solution y of (2.3) and its approximation y, by the SUPG method. Such estimates
are given in the paper [8] and the books[9, 13]. Seealso [12]. We sketch the main points of the error analysis
to recall some basic estimates needed in our analysis of the SUPG discretization for optimal control.

Throughout this section we assume that the Dirichlet boundary data are d = 0. This can aways be
achieved by a shift of the state.

4.1 Error Estimatesfor the State Equation
We define

[vllEp = el +rollollg + Y 7ele- Voll§r,. (4.2)
Te€Tn

Recall that £ > 1 isthe polynomial degree of the finite element spaces Y;,, V}, defined in (2.11). For
y € H1(Q) welet y! beits Yj,-interpolant. We recall the interpolation error estimate

=y pr < pinthE T Pyl forp=0,1,2 (4.2)

and the inverse inequalities

lonlir, < pinvhe Honlloz,  [1Avllor, < pinvhe M| Vorllor,, Yon € Va, (4.3)

see, eg., [3, Thms. 16.2, 17.2]. Here h. denotes the radius of the cicumscribed circle of 7, and h =
maxr, e7;, he. Thefollowing lemma can be found, e.g., in[13, L. 3.28] or in [9, pp. 325,326].

Lemmad4.l If

s [ R ro
0 < 77 <min 5 ) (4.9
EHiny HT||07007T5

then
a5, (vn,vn) = gllonllEp  Von € Vi (45)
Thefollowing inequalities can be found in [13, p. 232] or in [9, pp. 327,328].

Lemmad.2 Lety € H’““(Q) with & > 1. There exists a constant C' > 0 dependent on 4, ¢, 7, but
independent of A, 7. such that

[« =) V)| < C Ryl lonllso (46)

1/2
(e V" — )+ 1" —y)om)| < Chk<2(1+1/73)h§yk+1,Te) lonllsp — (47)

Te€Ty,
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for all v, € V},. Furthermore, if 7. satisfies (4.4), then

| Y AW —y) e VO -y 1 -y e )
Te€Ty,

1/2
< cn ( > (€+Tes)yi+1,n) [vnllsp  forall vy, € Vj,. (4.8)
TeeTh

The stability result (4.5), the estimates (4.6)-(4.8), and the identity a,(y — yn,vn) = 0 for dl v, € Vj,
yield

N

o' —wllip < an@ =y’ —un) = an@’ — v, v" —un)

1/2
< onf ( > (6+T§+h5/73+h§)yi+1,n) ly" = ynllsp. (4.9)
TeeTh

The stabilization parameter 7 is chosen to balance the termsin e + 75 + h2 /75 + h2. In particular, if

he
o T (4.10)
Tohe, Pee > 1,

where 7, 75 > 0 are user specified constants and

pe, — IClloco:he (4.11)
2¢
is the mesh Péclet number, then
Iy" = ynllsp < CRF(e? + hM2)|y[i1. (4.12)

Anestimate of ||y’ —y||sp using inequalities similar to thosein Lemma4.2 and an application of thetriangle
inequality leads to the error estimate stated in the following theorem, see [13, Thm. 3.30] or [9, Thm. 9.3].

Theorem 4.3 Let (2.8) be valid and let the solution ¥ of (2.7b) satisfy y € H**'(Q) with k& > 1. If 7,
satisfies (4.4) and (4.10), then the solution , of (2.12) obeys

ly — ynllsp < CRE(EY? + BV |ylpi1. (4.13)
4.2 Error Estimatesfor the Optimal Control Problem
We apply the framework of Section 3 to our problem. In this case,
x = (y,u,\), X =Y xUxA,
where Y, U aredefined in (2.1) and A = V is specified in (2.2). Furthermore,

Xh:YhXUhXAh,
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where the discretized state and control spaces are given by Y;,, Uy, are defined in (2.11) and (2.14), respec-
tively. If we use the discretize-then-optimize approach, the discrete adjoints arein A, = V},, where V}, is
defined in (2.11). If we use the optimize-then-discretize approach, then A, isdefined in (2.18). The discrete
state and control spaces will be equipped with norms

lynllss, = lynllzp = elynli + rollunlls + > 7elle - Vunllor, -
TeETh

and || - ||, = || - [lo, respectively. If the discretize-then-optimize approach isused, then || - |n, = | - lv;, =
| - ||sp- If the optimize-then-discretize approach is used,

MR, = [MnllEn = elAnld + rollAnlls + D 72lle - VAullE 1,
TeeTh
Since stabilization parameters 75 and 72 might be different in the discretization of state and adjoint equation,

it is not quite accurate to use || - ||sp to denote both norms || - ||y, and || - ||a,. However, we hope that its
meaning is clear from the context. The space A, will be equipped with norm

[1%nlln = llynllsp + llunllo + [[Anllsp,

where x;, = (yh, Up,, )\h)T.

The equation (3.1) corresponds to the optimality conditions (2.10). Depending on whether the discretize-
then-optimize approach or the optimize-then-discretize approach is used, the discrete equation (3.2) corre-
spondsto (2.17) or (2.19), respectively.

Astherestriction operator Ry, : X' — A}, we choose

yl
Rh(X) = ( Pu ) s
)\I

wherey!, Al denote the interpolants of i, A onto ;,, A, and where P : U — Uj, isthe L2-projection defined
by

(Pu,wp) = (u,wp) Ywp € Up. (4.14)

If m > 1andif u € H™1(Q), then the optimality of the projection P and the interpolation estimate (4.2)
imply that

|u— Pullo < ||lu—ulllo < pinsh™ |l it (4.15)

where u! isthe Uj,-interpolant of w.

Recall that &,/ > 1 and m > 0 are the polynomia degrees of the finite element spaces ¥,, Ay, Uj,
defined in (2.11), (2.18) and (2.14), respectively. If the discretize-then-optimize approach isused, A, = V},
andweset ¢ = k.

The following lemma provides an estimate for the term ||R, (x) — x||;, in the abstract error estimate
(3.7).

Lemma4.4 Letx = (y,u,\) bethesolution of (2.7). If k, £,m > 1andy € H**'(Q), v € H™(Q) and
A € H(), then there exists a constant C' depending on sy, ¢, such that ||y — v/ |lsp < Ch¥(e'/? +
P2 ylkr1, X = Msp < ChY(eY/2 + hY/2)|Agy1 and |lu — Pullg < Ch™ uly,41 for all h.
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Proof: Theestimatesfor ||y —v'||sp, [|A — A||sp follow from the interpolation estimate (4.2) using stan-
dard arguments, see [13, Thm. 3.30] or [9, Thm. 9.3]. The estimate for ||u — Puljy isshownin (4.15). O

Note that u € H™1(Q), A € H*1(Q) and the optimality condition (1.4) imply that A\ = wu €
H™in{t+1m+1} (). However, in Lemma 4.4 and in the following we prefer to impose the regularity as-
sumption on A and v seperately, to better indicate where each is used.

4.3 Discretize-Then-Optimize

In the discretize-then-optimize approach the discrete equation (3.2) corresponds to (2.17). The components
of K;, in (3.8) are given by

(HY yn, vn)vexvi, = (Ynsvn)y  (HiMup, wp)us v, = wlup, wy), HyY = H" =0 (4.16)

(AnYn, vn)viexvy, = @3, (Ynsvn)s  (Brun, n) vy xvi, = b5, (un, vn), Ap=An, By =By

In particular, K, is selfadjoint.
The next result establishes a stability estimate for the optimal control problem.

Lemma4.5 Let £ > 1 and suppose the solution x = (y,u, \) of (2.7) satisfies y € H*T1(Q) and \ €
HEL(Q). If 75 satisfies (4.4) and (4.10), then there exists x > 0 such that (3.4) holds.

Proof: We apply Lemma3.1. By Lemma4.1 A, isinvertible and satisfies HAElHL(Y;,Yh) < 2. Itiseasy
to see that there exists ¢ > 0 such that || Byl z(v,,v;) < ¢ and [H}||z(v,,v) < cfor al h. Finaly, since
Bi(A;) "t HY A, ' By, is postive semi definite,

(Huun, un)uz <, > (Hj un, un)ug <o, = w|lunlf3,

whichimplies [|H, ||z 0,) < w ™. O

Now we turn to the consistency, i.e., we want to find an estimate for ||, — KRy, (x)]| in our abstract
error estimate (3.7). Let z, = (Yp,wp,vp) € X The optimality conditions (2.17) of the discretized
problem imply that

as (n, NV) + (y' — 9, ¢n) )
(4.17)

(rn — KpRp(x), zn) xp 2, = ( bs (wp, A1) + w(Pu, wp,)
a3, (y", ) + b5, (Pu,vn) — (f,vn)5, — (g, vn)r,,

Since the solution x = (y, u, A) of (2.7) satisfies (2.10) and since y satisfies (1.2) on each . € 7}, we find
that
a’(whv)‘) = _<y_g7wh>7
b(wp, A) + w(u, wp)
a?L(yanh) +b2(u’vh) = <fa /Uh>71 + <9,Uh>rn

I
L
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for al vy, vy, € Vy, and wy, € Uy. With (4.14) thisimplies

Sorer, Te{—€AYn 4+ ¢ Vi + i, ¢ - VA o + (y' =y, ¢n)
(rn, — KnRp(x), zp) ap 2, = A =M vn) = Yog e, Te(wn, e - VA o,

a3, (y" =y, vn) = Yopeq, Te(Pu —u,c- Vup)or,
(4.18)

Lemma4.6 Let k,m > 1 and suppose the solution x = (y,u, \) of (2.7) satisfies y, A € H*+1(Q) and
u € H™FL(Q). If 75 satisfies (4.4) and (4.10), then

("2 + B2y ligr + B2 2
+he V2|V |0 + R*F L (Jylkst + [ ks1), Pe. <1,
lrn — KnRp(x)[[xr < C (4.19)
(/2 + W2 Rk |yl p1 + RT3 2 uf
+(€2 + B2V g + B (Jyligr + [Aeg1), Pee > 1.

Proof: Thetermsin (4.18) can be estimated as follows. Using the Holder inequality and (4.3) gives

> m(—eAp,c- VA or | < ) e Avnllozllclo.se,z VA oz
T.€T;, Te€Ty
1/2 1/2
< C| D VN, > ellVenlgr | (4.20)
T.€T}, Te€Ty

Standard estimates give

Y e Vipe- VAo | < Y welle Viullozllelloor VA o,

Te€Ty, Te€Ty
1/2 1/2
< D VAR > e Vinllir | (421)
Te€Ty, Te€Ty
and
S wrdne- VAN or| < > Elrlloces ¥nllo.z lcloer VA oz,
Te€Ty, Te€Ty
1/2
< C Z(TS)ZHVVH%,Q 1<nllo- (4.22)

TeeTh
The estimate (4.2) implies

' —yn)| < ey s [ ¥nllo- (4.23)
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Combining (4.20)-(4.23) gives

S 7S~y + ¢ - Vibh + ribn, e - VAo, + (4 — y,0n)
Te€Ty,

1/2
< (D (P n2 4+ VNI L) +hk+lyk+1] lonllsp (4.29)
Te€Ty,

Analogously to (4.22), (4.23) we obtain

> 7w, c- VA o, |+ (</\f —)\,wh>‘ <C

1/2
(3 @RIV EL) +hk+lxk+1] leen o

Te€Ty, Te€Th
(4.25)
Using the esimates in Lemma 4.2 we find that
1/2
|45,y =y, on)| < Ch* ( Yo (T Hng/Te+ h?)yiﬂ,n) [onl[sD- (4.26)
T.€T;,

Finally, using standard estimates and (4.15) we obtain

1/2 1/2
Y. m(Pu—uc-Vuor| < | D mlPu—ulliy, > 7le- Vol s,
Te€Ty, Te€Ty, Te€Ty
< C(max 7)Y2h™ w1 |Jonllsp- (4.27)

Te eTh
The desired results now follows from (4.18), the estimates (4.24)-(4.27), the fact that

h2/e, Pe.<1,

s 2/.s 2< s\2 /1,2 s 52<
CHEEREE RS Clebh), G Pmarte <o 1/ fes)

for 75 satisfying (4.10), and

r, — KpRp(x), 2p)

(4.28)
2z, #0 HZhHXh

If we apply the abstract error estimate (3.7) and combine the results in Lemmas 4.4, 4.5 and 4.6 we
obtain the following error estimate.

Theorem 4.7 Let k,m > 1 and suppose the solution (y,u, \) of (2.7) satisfies y, A € H*TY(Q), u €
H™(Q). If 75 satisfies (4.4) and (4.10) and if 72 satisfies (4.44) and (4.10), then the error between the
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solution (y, u, \) of (2.7) and the solution (y,, un, Ap) Of the discretized problem (2.15) obeys
lyn = yllsp + llun — ullo + |An — Allsp

(€2 + B2 hF|ylpsy + R P22 fuf g

+he Y2V o + B (Jy kst + [ Ars), Pe. < 1,
(4.29)

(€72 + Y2V R ylesr + W32 |ul g
(24 B2 VM [l + R (Jylrer + [ Alet1), Pee > 1.

Theorem 4.7 gives an estimate for the states, controls and adjoints combined. Our numerical resultsin
Section 5 show that this error estimate is often too conservative for the states and the controls. The reason
for thisis that while the error A — ), inthe || - |sp norm behaves asin (4.29), the error A — ), measured
in the Z2-norm is often much smaller. Because of the optimality conditions (1.4) and (2.17b) this tends to
imply asmaller error ||u — uy||o in the control than the one suggested by (4.29). I? and L>° error estimates
for the SUPG method are discussed, e.g., in [14, 15]. See also the overview in [13, Sec. 3.2.1]. However,
L? estimates for the error A\ — ), in the optimal control context and I? estimates for the error u — w;, have
not yet been established.

If the error u — wy, in the control is smaller than the upper bound established in (4.29), we can obtain an
improved estimate for the error in the states. Thisis stated in the next theorem.

Theorem 4.8 Let k& > 1 and suppose the solution y of (2.10c) satisfies y € H*+1(Q). Furthermore, let y,
solve (2.17c). If 7 satisfies (4.4) and (4.10), then there exists C' > 0 such that

ly = wnllsp < C(RH(E2 + B ylss + fun = ullo) Vb (4.30)
Proof: Lety;, € Y} bethe solution of
ay,(Yns vn) + by (u,v) = (fyvn)h + (g, vn)r,  Yon € Vi (4.31)
Theorem 4.3 implies
ly = Fnllsp < CRF(E? + W) |ylesr.
To estimate y;, — y;, we subtract (4.31) from (2.19¢),
ap,(Yn — Yn,vn) + bj (up, —u,vp) =0 Vo, € Vi,
set v, = yp, — yp, and apply Lemma 4.4 to obtain
5lun — Unllsp < @ (yn — Uns Y — Un) = =05, (un — u,yn — Gn) < [lun — ullollyn — Fnllsp-
Thisimplies the desired estimate. g
The next result indicates that the estimate (4.29) for the error in the adjoints cannot be improved. Even

if we solve the discrete adjoint (2.17a) with g, replaced by the optimal state y, i.e., the solution of (2.7), we
obtain an error estimate comparable to (4.29).
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Theorem 4.9 Let y be the optimal state, i.e., the solution of (2.7). Let £ > 1 and suppose the solution A of
(2.10a) satisfies A € H**+1(Q). Furthermore, let \;, solve

ap,(Yn, An) = —(y — 9,¢n)  Vbn € Vp. (4.32)
If 75 satisfies (4.4) and (4.10), then

he 12| VAo, Pe. <1,
A =Anllsp <C (4.33)
(€2 4 W12V AL g, Pe, > 1.

Proof: This result follows from the stability result (4.5) and the consistency estimates (4.20)-(4.22). All
other steps in the proof of this result are analogous to those in the proof of Theorem 4.3 given, e.g., [13,
Thm. 3.30] or [9, Thm. 9.3]. O

4.4 Optimize-Then-Discretize

In the optimize-then-discreti ze approach the discrete equation (3.2) corresponds to (2.19). The components
of K; in (3.8) are given by

(HY yn, Un)ax xa, = Yns Vn)h = Yhs Vn) + D op e, Te(Yns —C - Yn) T,

(Hi"up, wn)usxv, = wlun, wy), Hy,Y = H" =0, (430
(AnYns vn)virxv, = @5, (Ynsvn)s  (Brun, vn)vyexvi, = b5, (un, vn), '

@hﬂ)h,)\m/\;x/\h = a} (¥, An)s <§huh,)\h>A;xAh = by (un, An)-

As we have pointed out at the end of Section 2.4, the discretization of the optimality system leads to a
non-selfadjoint system. This makes the derivation of a stability result (3.4) more complicated than in the
discetize-then-optimize approach. On the other hand, derivation of a consistency estimate is just a simple
application of the standard SUPG consistency estimates reviewed in Section 4.1.

Wefirst derive a stability result. The next lemma collects some preliminary results on the solution of the
state and adjoint equations as well as their approximations computed using the SUPG method.

Lemma4.10 i. Let u € L?(£2). Suppose that the solution z(u) € V of
a(z,v) =blu,v) YveV (4.35)
satisfies z(u) € H?(Q) and that there exists C' > 0 independent of « such that
12(u)ll2 < Cllullo- (4.36)
If zp, (up) and zp, (uy,) solve
ay,(2n,vn) = by, (u,vp) Vo € Vi (4.37)
and

ap(Zn, Yn) = b(u,¥n)  Vibn € Ap, (4.38)
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respectively, and if 77 satisfies (4.4) and (4.10), then there exists C' > 0 independent of v, such that

lzn(w)llsp < Cllullo,  lIZ0(un)llsp < Cllullo, (4.39)
lzn(w) = z(u)[lsp < Ch(e"? + B2)|Jullo- (4.40)
ii. Let € L?(£2). Suppose that the solution p(z) € V of
a(¥,p) = (z,¢) VeV, (4.41)
satisfies ;1(2) € H?($) and that there exists C' > 0 independent of z such that
[1(2)ll2 < Cllz[lo- (4.42)
If /Lh(z) € Ay, solves
a5 (n, i) = (2, 0n) + D 72z, —c- Vn)r,  Vab € Ay, (4.43)
Te€Tn
and if 72 satisfies
h2 To }
0 < 72 < min —, 4.44
i e (449
and (4.10) with 7¢ replaced by 72, then
lin(2) = 1(2)lsp < Ch(e? + hY?)|z]lo. (4.45)
Proof: The inequalities (4.39) follow from the SUPG stahility estimate Lemma 4.1, inequalities (4.40),
(4.45) follow from the SUPG convergence theory, cf. Theorem 4.3. O

Lemma4.11 Let the assumptions of Lemma 4.10 be satisfied. Let k,¢,m > 1 and suppose the solution
x = (y,u, \) of (2.7) satisfiesy € H**1(Q), u € H™T1(Q), A € HF1(Q). If 5 satisfies (4.4) and (4.10)
and if 72 satisfies (4.44) and (4.10) with 75 replaced by 72, then there exist b > 0 and x > 0 such that K,
isinvertible for all h > and |K; ||, < & for all h > h.

2,

¢,

Proof: We apply Lemma 3.1. By Lemma4.1 A;, and A, are invertible and satisfy |’A}71”£(Yhf7yh)
||ﬁ,jl||£(A27Ah) < 2. Itis straightforward to verify that there exists ¢ > 0 such that || B, ||z, v;)
HBhHL(Uh,A;) <c and HH}Z{yHE(Yh,A;) < cfor al h.

The proof of uniform boundedness of H, ! is alittle bit more involved than in Lemma 4.5 because
Bjj(Ay) " H}Y A, By, is not symmetric. o

By Definition 4.34 of Ay, Ay, By, and By, the vectors z;, = A, ' Byuy, and Z, = A; ! Byuy, solve (4.37)
and (4.38), respectively, with u = wj,. Let » be the solution of (4.35) with v = w;,. From the Definition 3.10
of Hj, we obtain

IA A

(Hpup, un)us v,
= (Hj"up, un)ur <, + (Bi(AL) " HYY Ay By, un)us v,
= (H}"un, un)urxv, + (HYY Ay Brun, Ay Brun) as <a,

= wllunll§ + (HYY 2, 2)ap xn,, + (HEY (2n = 2), Za)ag ca,, + (HYY 2,20 = 2)agxa,,. (4.46)
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Applying the definition (4.34) of H;¥ and (4.36)-(4.40), we obtain

(Hz, 2088, = 215+ DY 72(z,—c- Va)r,
Te€eTy,

> l2lI§ - nax 72 |Icllo,00 12 llo] 2|1

> |2l5 - Cma} 72 |Iello,00|lunlf (4.47)
and
(HY (zn — 2),Zn)azxa, = —llzn = 2llollZllo — max 72 [|clo,00 |20 — 2|0l 221
h T.€T},

> =M1 (Lt el i 72 ) funlf (449

Te€Ty

To estimate the last term in (4.46) we set we set i = (A*) 'HYYz and py, = (A*)~'HY 2. Theidentity
A*[i = H}Yz and the definitions of A and H}Y imply that

a(yy, i) = (z,0) + Y 12(z,—c-V)g, VeV
Te€Ty

Similarly, py, solves (4.43). If u solves (4.41), then the Lipschitz continuity of the solution of the adjoint
equation with respect to perturbations in the right hand side implies

—qll; < a < a )
I = filly < € max 7 leloo|2lly < € max 72 flefl1.c0[unllo
(To obtain the last inequality, recal that z solves (4.35) with u« = v, and that (4.36) holds with v = w.) If
1 solves (4.41), then (4.45) and (4.36) imply
= mnllsp < CR(EV +12)|12]lo < Ch(€V? + 1) ||uplfo-
Hence
(HP 2,2 — 2)arxn, = (A" HY 2 — (A7 HY 2, Byup)a, xay
= {Ji — sy Brup)a,xar > ||f — Hh||SD||§huh||A;
> c( max 72 + h(e/? + h1/2)> [l |2. (4.49)

Te€Ty
Estimates (4.46)-(4.49) imply the existence of h > 0 such that <ﬁhUh,Uh>U;;th > Lw|upll3. This
implies HﬁngL(U};U}L) < 2w~ The desired result now follows from Lemma 3.1. O

Now we turn to the consistency, i.e., we want to find an estimate for ||r, — K, Ry(x)|| in our abstract
error estimate (3.7). The discretized optimality condition (2.19) imply that

a5, (Y, A1) + (y' = g, 9n);,
<I‘h — Kth(X), Z>X;,Xh = b(wh, )\I) + w(Pu, wh>
a3, (y", vn) + b, (Pu, o) — (f, o), — (g, va)r,
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Since the solution x = (y, u, A) of (2.7) satisfies (2.10) and that y satisfies (1.2) on each I, € 7}, we have

ap(Yn, A) = —(y — G, ¥n)h
b(wp, A) + w(u,wp) = 0,
ap(y;vn) + b (uw,vn) = (f,on)h + (g vn)r,,
for al vy, vy € Vi, and wy, € Uy. With (4.14) thisimplies
a’?z(wfw )‘I - )‘) + <yI - y7wh>2
(rn — KpRp(x),2) xp 2, = b(wn, AT = N) .
a3, (y" = y,vn) = Yor,eq, Te(Pu—u, ¢ vp)or,

Lemma4.12 Let k,¢,m > 1 and suppose the solution x = (y,u, \) of (2.7) satisfies y € HT1(Q),
u € H™H(Q), A € H*1(Q). If 75 satisfies (4.4) and (4.10) and if 72 satisfies (4.44) and (4.10), then

Jen = KR ()l < € (€172 4+ RY2) (W [ylis + B Alen) + B ulin ) . (450)
Proof: Using the estimates in Lemma 4.2 we find that

1/2
a;(y' —y,on) < Ch ( > (€+T§+h5/T§+h§)y%+1,Te> lonllsp,
TeeTh

1/2

aj(p, N = X) < CRE | Y (e+ 2+ 12/ + W) M Er | [enllsp
TeeTh

Furthermore, (4.2) implies

b(wh, A = N) < prineh A1 Jw o

By (4.27),
> m{Pu—u,c-v)or| < C max TRl l|vnl sp-
TeeTh e€ly
Finally
W =yn)n < panth" Tyl [ ¥nllo + Z 72 pinth5 |y ksr,z e - Vullor,
Te€Th
< CH*Yylepallnllsp-

The inequality (4.50) is obtained by combining the above estimates, using that (4.10) impliese + ¢ +
h? /7. + h? < C(e + he) and the identity (4.28). 0

If we apply the abstract error estimate (3.7) and combine the results in Lemmas 4.4, 4.11 and 4.12 we
obtain the following error estimate.
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Theorem 4.13 Let k,¢,m > 1 and suppose the solution (y,u, \) of (2.7) satisfiesy € H*+1(Q), u €
H™HQ), A € HH(Q). If 75 satisfies (4.4) and (4.10) and if 72 satisfies (4.44) and (4.10), then the error
between the solution (y, u, A) of (2.7) and the solution (y,, u, Ap,) of the discretized optimality conditions
(2.19) obeys

lyn = llsp + llun = wullo + A = Allsp
< O ((@2 4+ R ylers + AN es) + Bl ) (451)

Asin the case of Theorem 4.7, Theorem 4.13 also gives an estimate for the states, controls and adjoints
combined. This error estimate is sometimes too conservative for the controls for the same reasons sketched
after Theorem 4.7. Asin the discretize-then-optimize case, I? estimates for the error A — ), in the optimal
control context and L? estimates for the error u — w;, have not yet been established.

If the error u — wy, in the control is smaller than the upper bound established in (4.51), we can obtain an
improved estimate for the error in the states and in the adjoints. Thisis stated in the next theorem. Note that
if abetter estimate for the error A — ), can be obtained, this might also allow to further improve the error
u — uy, in the control.

Theorem 4.14 Let k,¢ > 1 and suppose the solution (y,u, \) of (2.7) satisfies y € Ht1(Q), A €
H1(Q). Furthermore, let y;,, A, solve (2.19a) and (2.19¢), respectively. If 75 satisfies (4.4) and (4.10) and
if 72 satisfies (4.44) and (4.10), then there exists C' > 0 such that

ly=willso < C(RH(E2+nD)lyluss + llun —ullo) — Vh, (452)
IN=Millsp < C(hE 2 + RV Nkos + lyn —yllo) V. (453)
Proof: The proof is anaogous to the proof of Theorem 4.8. O

A comparison of Theorems 4.7 and 4.13 indicates that the optimize-then-discretize approach leads to
asymptotically better approximate solutions of the optimal control problem than the discretize-then-optimize
approach, because the estimate (4.51) is dominated by the term he 1/2||[V ! ||g and (¢1/2 4+ R1/2)||V A |0,
respecively. The differences between the error bounds provided in Theorems 4.7 and 4.13 is small when
piecewise linear polynomials are used for the discretization states, adjoints and controls, i.e.,if k = ¢ =m =
1. We also note that in the case of piecewise linear finite elements the contributions (—eAy,, ¢- V)1, and
(—eANp, —c - Vibp,)1, of the SUPG method to the bilinear forms (2.13) and (2.19b) disappear and, hence,
one source of difference between the discretize-then-optimize approach and the optimize-then-discretize
approach is eliminated. This would not apply if reconstructions of second derivative terms had been used
[7].

The differences between the discretize-then-optimize approach and the optimize-then-discretize ap-
proach are the greater the larger &, 7, i.e., the higher the order of finite elements used for the states and
the adjoints. Theorem 4.9 and Theorems 4.13, 4.14 show that there is a significant difference in quality of
the adjoints computed by the discretize-then-optimize approach and the optimize-then-discretize approach.
The latter leads to better adjoint approximations. This is confirmed by our numerical results reported in
Section 5. However, our numerical results also show that this large difference in the quality of the adjoints
does not necessarily implies a large difference in the quality of the controls. Often the observed error in
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the controls computed by the discretize-then-optimize approach and the optimize-then-discretize approach
isvery similar, which by Theorem 4.8 and 4.14 leads to very similar errors in the computed states for both
approaches.

5 Numerical Results

51 Examplel

Our first example is a one dimensional control problem on Q2 = (0, 1) with state equation

—ey"(z) +y/(x) = f(z) + u(z)on (0,1), y(0) =y(1)=0. (5.1)
The functions f and 7 are chosen so that the solution of the optimal control problem is

Ceplle-D/0—ep(-19 (| ep(-ajd —exp(-1/c)
= exp(—1/c) ’Ae"”‘<1 = oxp(—1/) )

and uex = w'Aex. This example is modeled after [13, pp. 2,3]. We set ¢ = 0.0025 and w = 1. In
our numerical tests we use equidistant grids with mesh size h. If piecewise linear functions are used, the
stabilization parameter for the state and adjoint equation is chosen to be

[ h?/(4e), Pe. <1,
o { h/2 Pe. > 1. (5.2

Yex(2) = @

For piecewise quadratic finite elements the stabilization parameter for the state and adjoint equation is given
by (5.2) with h replaced by h/2.

Errors and estimated convergence order for the discretize-then-optimize approach aswell asthe optimize-
then-discretize approach using linear (k = ¢ = m = 1) and quadratic (k = ¢ = m = 2) finite elements are
givenin Tables 5.1 and 5.2. In al examples we estimate the convergence order by taking the logarithm with
base two of the quotient of the error at grid size h and the error at grid size h/2. In al examples the linear
systems arising from the discretization of the discretized optimal control problem or from the discretization
of the infinite dimensional optimality conditions are solved using a sparse L U-decomposition.

For this example Pe, = 1 for h = 5 - 1073, i.e,, half of the datain Tables 5.1 and 5.2 correspond to the
case Pe, < 1.

If linear finite elements are used, i.e, if &k = m = ¢ = 1, Theorems 4.7 and 4.13 predict that the
error for states, controls and adjoints behaves like O(h) for Pe. < 1. Thisis confirmed by the results in
Table 5.1. Table 5.1 reveals few differences between the discretize-then-optimize and the optimize-then-
discretize approach. If linear finite elements are used, both produce states and adjoints that are of the same
quality. The controls computed using the discretize-then-optimize approach are slightly better than the
controls obtained from the optimize-then-discretize approach. However, we have seen examples where the
opposite istrue.

The situation changes if quadratic finite elements are used, i.e, if &k = m = ¢ = 2. In this case
Table 5.2 shows that convergence order for the adjoints computed using discretize-then-optimize approach
is one, whereas the convergence order for the adjoints obtained from the optimize-then-discretize approach
is two. This agrees with the theoretical results in Theorems 4.7, 4.9 and in Theorem 4.13, respectively.
However, in both cases the observed convergence order for the I2 error in the adjoints is one higher than the
convergence order for the SUPG-error. The L? error for the controls is much smaller than the SUPG-error
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in the states. In fact, the term 7 (e'/2 + h'/2)|y| 41 dominates ||uy, — uex||o ad Theorem 4.8 predicts that

in the discretize-then-optimize approach the states converge with order two, instead of the pessimistic state
error bound provided by Theorem 4.7. For the optimize-then-discretize approach Theorem 4.13 predicts that
order of convergence in the SUPG error for both the states and the adjoints istwo. The observed convergence
order for the L? error in the adjoints is one higher than the convergence order for the SUPG-error. Since
the controls are multiples of the adjoints, the observed convergence order for the 17 error in the controls is

three, one higher than the convergence order prediced by Theorem 4.13.

Table 5.1: Errors and estimated convergence order. Example 1, k = ¢ = m = 1.

The discretize-then-optimize approach

lyn — vexl| l|un — tex]| [An — Aex]|
h ||-llo |order | ||-|lsp | order | |-|lo | order | | -|lo | order | | -||lsp | order
1.00e-1 | 1.86e-1 6.21e-1 7.76e-2 1.74e-1 6.20e-1

500e-2 | 1.24e-1 | 059 | 7.47e1 | -0.27 | 445e-2| 080 | 1.19e-1| 054 | 7.47e1| -0.27
250e-2 | 7.69%-2 | 0.69 | 1.11e+0 | -0.57 | 2.18e-2| 1.03 | 7.51e-2| 0.67 | 1.11e+O| -0.57
125e-2 | 465e-2 | 0.73 | 986e-1 | 0.17 | 1.37e-2| 0.67 | 458e-2| 0.71 | 9.87e-1| 0.17
6.25e-3 | 2.64e-2 | 082 | 6.42e-1 | 062 | 1.03e-2| 041 | 261e-2| 0.81 | 643e1| 0.62
313e-3 | 958e-3| 146 | 3.0lel | 1.09 | 5.05e-3| 1.03 | 950e-3| 146 | 3.0lel| 1.09
156e-3 | 257e-3 | 190 | 1.35e-1 | 1.16 | 1.55e-3| 1.70 | 255e-3| 1.90 | 1.35e-1| 1.16
78le-4 | 6.54e-4 | 197 | 6.48e2 | 1.06 | 4.15e-4| 190 | 6494 | 197 | 648e-2| 1.06

The optimize-then-discretize approach

Hyh_yeXH ||uh_uex|| ||)‘h _)\exH
h ||-llo |order | ||-|lsp | order | | -|lo | order | | -|lo | order | | -||lsp | order
1.00e-1 | 1.85e-1 6.35e-1 1.83e-1 1.83e-1 6.76e-1

500e-2 | 1.23e-1 | 058 | 7.50e-1 | -0.24 | 1.23e-1| 058 | 1.23e-1| 058 | 7.58e-1| -0.16
2.50e-2 | 7.66e-2 | 0.69 | 1.11e+0 | -0.57 | 7.63e-2| 0.69 | 7.63e-2| 0.69 | 1.11e+0| -0.55
125e-2 | 463e-2| 073 | 986e-1 | 0.17 | 461e2| 0.73 | 461le-2| 0.73 | 9.86e1| 0.17
6.25e-3 | 2.63e-2 | 0.82 | 6.42e-1 | 062 | 2.62e-2| 082 | 262e-2| 0.82 | 641el| 0.62
3.13e-3 | 956e-3 | 146 | 3.0lel | 1.09 | 952e-3| 146 | 952e-3| 146 | 3.01lel| 1.09
1.56e-3 | 256e-3 | 1.90 | 1.35e-1 | 1.16 | 255e-3| 1.90 | 255e-3| 1.90 | 1.35e-1| 1.16
78le-4 | 6.52e-4 | 197 | 648e2 | 106 | 6.50e4| 197 | 6.50e-4| 1.97 | 647e-2| 1.06

We have aobtained qualitatively similar results when the choice (5.2) of the stabilization parameter is
replaced by 7. = (|b|h/2)(coth(Pe.) + 1/Pe.), which applied to certain classes of state equations with
fixed control gives approximations that are nodally exact [2], [13, p. 234].
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Table 5.2 Errors and estimated convergence order. Example 1, k = ¢ = m = 2.

The discretize-then-optimize approach

lyn — Yex|| l|un — tex]| [An = Aex]|
h Il-1lo |order | ||-|lsp | order | |-|o |order| | -|o | order| ||-]|lsp | order
1.00e-1 | 1.21e-1 6.11e-1 3.89e-2 1.21e-1 591e-1

5.00e-2 | 7.61le-2 | 067 | 3.62e-1| 0.76 | 200e-2| 0.96 | 7.99e-2| 0.60 | 3.55e-1| 0.74
2.50e-2 | 3.89e-2 | 097 | 5.15e-1| -051 | 423e-3| 224 | 4.70e-2| 0.77 | 593e1| -0.74
125e-2 | 1.73e-2 | 117 | 444e1| 021 | 653e-3| -0.63 | 292e-2| 0.69 | 6.32e-1| -0.09
6.25e-3 | 3.71e-3 | 222 | 1.65e-1| 143 | 3.83e-3| 0.7/ | 1.22e-2| 126 | 3.85e-1| 0.71
313e-3 | 423e4| 313 | 421e2| 197 | 1.29e-3| 157 | 354e3| 178 | 1.92e-1| 1.00
156e-3 | 456e-5| 3.21 | 1.04e-2| 202 | 3.62e-4| 183 | 9.27e4| 193 | 959%-2| 1.00
7.8le-4 | 5.33e-6 | 3.10 | 258e-3 | 2.01 | 945e-5| 194 | 235e-4| 198 | 4.79%-2| 1.00

The optimize-then-discretize approach

lyn — Yex|| l|un — tex]| [An — Aex]|
h Il-1lo |order | ||-|lsp | order | |-|o |order| | -|o | order| ||-]|lsp | order
1.00e-1 | 1.21e-1 6.19¢-1 1.20e-1 1.20e-1 6.40e-1

5.00e-2 | 759 -2 | 0.67 | 3.64e1| 0.77 | 7.56e-2 | 0.67 | 7.56e-2| 0.67 | 3.69%-1| 0.79
2.50e-2 | 3.88e-2 | 097 | 5.14e-1| -050 | 3.87e-2| 097 | 3.87e-2| 097 | 5.13e-1| -0.48
125e-2 | 1.72e-2 | 117 | 444e1| 021 | 1.72e-2| 117 | 1.72e-2| 117 | 444e1| 0.21
6.25e-3 | 3.70e-3 | 222 | 1.65e-1| 143 | 3.70e-3| 222 | 3.70e-3| 222 | 1.65e-1| 1.43
313e-3 | 423e4 | 313 | 421e2| 197 | 423e4| 313 | 423e4| 313 | 421e2| 197
1.56e-3 | 456e-5| 3.21 | 1.04e-2 | 2.02 | 4.56e-5| 3.21 | 456e5| 3.21 | 1.04e-2| 2.02
7.8le-4 | 5.33e6| 3.10 | 258e-3| 2.01 | 533e6| 310 | 533e6| 310 | 258e3| 201

5.2 Example?2

The second example is atwo dimensional control problemon 2 = (—1,1) x (0, 1). We use the data

— 72
I =(0,1) x {0}, Tq=09\T,, c(z)= < Sl ) =0,

e =10"° and w = 10~2. The functions f, d, g and 7 are chosen so that the solution of the optimal control
problem (1.1), (1.2) is given by

Yox () = 1 + tanh(1 — (2(30% + x%)l/Q +1)), Ax(z)= (CC% — 1)30%(:62 -1)

and uex = w™ ' \ex. Thisexampleis motivated by the first model problemin[11, pp. 9,10]. Our triangulation
iscomputed by first subdividing €2 into squares of size h x h and then dividing each square into two triangles.
If piecewise linear functions are used, the stabilization parameter for the state and adjoint equation is chosen
to be

h?/(4e) Pe, <1
< 7 o1 5.3
{ h/(2||cllo,00,7.) Pec > 1. (5.3
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Table 5.3: Errors and estimated convergence order. Example 2, k = ¢ = m = 1.

The discretize-then-optimize approach

Hyh_yeXH ||uh_uex|| ||)‘h _)\exH
h Il-1lo |order | |-|lsp | order| | -|lo | order| | -|lo | order | | -|lsp | order
2.00e-1 | 1.6%-1 1.12e+0 8.27e-1 1.67e-2 5.32e-2

1.00e-1 | 852e-2 | 099 | 6.11el1 | 087 | 427e-1| 095 | 9.18e-3| 0.86 | 2.80e-2| 0.93
5.00e-2 | 2.35e-2 | 1.86 | 258e-1 | 124 | 1.77e-1 | 127 | 460e-3| 1.00 | 1.20e-2| 1.22
250e-2 | 460e-3| 235 | 950e2 | 144 | 4692 | 192 | 221e3| 1.06 | 3.47e3| 1.79
1.25e-2 | 850e-4 | 244 | 3.35e-2 | 150 | 7.75e-3| 2.60 | 1.09e-3| 1.02 | 8.66e-4| 2.00
6.25e-3 | 1.96e-4 | 212 | 1.18e2 | 151 | 1.17e-3| 2.73 | 548e4| 0.99 | 282e4| 1.62

The optimize-then-discretize approach

lyn — Yex|| l|un — tex]| [An — Aex]|
h Il-1lo |order | |-|lsp | order| | -|lo | order| | -|lo | order | | -|lsp | order
2.00e-1 | 1.76e-1 1.12e+0 751le-1 7.51e-3 4.78e-2

1.00e-1 | 864e-2 | 1.03 | 6.12e-1 | 0.87 | 414e1| 0.86 | 414e-3| 0.86 | 2.59-2| 0.88
500e-2 | 2.38e-2 | 1.86 | 25% -1 | 124 | 1.74e-1| 125 | 1.74e-3| 1.25| 1.13e-2| 1.20
250e-2 | 464e-3 | 236 | 950e2 | 145 | 4.66e-2| 190 | 466e4| 1.90 | 3.13e-3| 1.85
1.25e-2 | 855e-4 | 244 | 3.35e-2 | 150 | 7.72e-3| 259 | 7.72e-5| 259 | 6.75e-4| 2.21
6.25e-3 | 1.97e4 | 212 | 1.18e2 | 151 | 1.17e-3| 272 | 1.17e5| 272 | 204e-4| 1.73

For piecewise quadratic finite elements the stabilization parameter for the state and adjoint equation is given
by (5.2) with h replaced by h/2.

Errors and estimated convergence order for the discretize-then-optimize approach aswell asthe optimize-
then-discretize approach using linear (k = ¢ = m = 1) and quadratic (k = ¢ = m = 2) finite elements
are given in Tables 5.3 and 5.4. All the data in Tables 5.3 and 5.4 correspond to the case Pe > 1. The
sizes of the smallest and largest systems (2.17) and (2.19) arising in our calculations are 198 x 198 and
155043 x 155043, respectively. To avoid contamination of the convergence errors by the truncation of an
iterative scheme, these systems were solved using a sparse LU-decomposition.

In this example our exact adjoints and controls are designed to be functions with small gradients. If
linear finite element approximations are used, the observed convergence order for the SUPG error in the
computed gjoints and the computed states is greater than one for both approaches. See Table 5.3. The
observed convergence order for the I?-error in the computed adoints is only one for the discretze-then-
optimize approach, while for the optimize-then-discretize approach the observed convergence order for the
L?-error in the computed adoints is one higher than the observed convergence order for the SUPG-error. In
this example the optimize-then-discretize approach produced better approximations.

If quadratic finite elements are used, i.e., if K = m = £ = 2, then the optimize-then-discretize approach
leads to superior results. See Table 5.4. For this approach, the observed convergence order for the SUPG
error in the computed gjoints and the computed states is greater than the guaranteed convergence order
of two. The observed convergence order for the I?-error in the computed adoints is one higher than the
observed convergence order for the SUPG-error, which leads to an observed convergence order greater than
three for the L?-error in the controls. This is different for discretze-then-optimize approach. Initially the
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Table 5.4. Errors and estimated convergence order. Example 2, k = ¢ = m = 2.

The discretize-then-optimize approach

lyn — Yex|| l|un — tex]| [An = Aex]|
h Il-1lo |order | ||-|lsp | order | |-|o |order| | -|o | order| ||-]|lsp | order
2.00e-1 | 5.60e-2 6.64e-1 3.22e-1 8.34e-3 2.91e-2

100e-1l | 143e2| 197 | 238e-1| 148 | 9.68e2| 173 | 4.24e-3| 098 | 1.07e-2| 1.45
5.00e-2 | 1.92e-3 | 2.89 | 541e-2| 214 | 1.62e-2| 258 | 214e-3| 099 | 2.77e-3| 194
250e-2 | 352e4| 245 | 1.28e-2| 2.08 | 278e-3| 254 | 1.08e-3| 098 | 1.33e-3| 1.06
125e-2 | 1.27e-4 | 147 | 8.01e-3| 0.67 | 2.75e-3 | 0.02 | 5.46e-4| 099 | 1.99e-3| -0.58

The optimize-then-discretize approach

9n — Yex|| |un — tex| [An — Aex|l
h Il -llo | order | | -|lsp | order | ||-|lo | order | | -|lo | order | | -|sp | order
2.00e-1 | 5.74e-2 6.66e-1 3.08e-1 3.08e-3 2.54e-2

100e-1l| 1452 | 199 | 239%-1| 148 | 943e2| 171 | 943e4| 171 | 897e3| 150
500e-2 | 1.92e-3| 291 | 53%-2| 215 | 1.53e-2| 262 | 1.53e-4| 262 | 159 3| 249
2.50e-2 | 3.26e-4 | 256 | 1.12e-2 | 2.26 | 1.26e-3| 3.61 | 1.26e-5| 3.61 | 1.49%-4| 341
125e-2 | 566e-5| 253 | 223e-3| 233 | 1.23e4| 335 | 1.23e6| 3.35| 1.97e5| 292

observed convergence orders for the SUPG-errors in states and adjoints as well as the I7-error in control

are comperable to those achieved by the optimize-then-discretize approach, but deteriorates subsequently.
We note that in this example the gradients of 1, are ailmost perpendicular to c. Because of this feature,

the standard Galerkin finite element method produced good solutions to the optimal control problem.

5.3 Example3

In our third example we use Q = (0,1)? and

Ty=08Q, c(z) = (cos(d) sin(d))", § =45°, r=0,

e = 1072 and w = 1. The functions f, d, g and 3 are chosen so that the solution of the optimal control
problem (1.1), (1.2) is given by

Yex () = n(z1)n(22), Aex(®) = p(z1)p(2),

n(z) =z — exp((z —1)/e) — exp(—l/e)j u(z) = <1 L exp(—z/€) — exp(—l/e)>

1 —exp(—1/e) 1 —exp(—1/e)

and uey = w ' Aex. Our triangulation is computed by first subdividing € into squares of size h x h and
then dividing each square into two triangles. Our choice for the stabilization parameter is the same as in
Section 5.2. Errors and estimated convergence order for the discretize-then-optimize approach as well as
the optimize-then-discretize approach using linear (k = ¢ = m = 1) and quadratic (k = £ = m = 2)
finite elements are given in Tables 5.5 and 5.6. All but the last row in Table 5.5 and al data in Table 5.6
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correspond to the case Pe, > 1. The sizes of the smallest and largest systems (2.17) and (2.19) arising in
our calculations are 363 x 363 and 77763 x 77763, respectively. These systems were solved using a sparse
L U-decomposition.

Computed Control Computed Control
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discretize-then-optimize optimize-then-discretize

Figure 5.1: Computed controls, Example 3,k = ¢ =m =2, h = 0.1.

The observations drawn from Tables 5.5 and 5.6 for this example are very similar to those of Example
1. However, when quadratic finite elements are used, we observed small node-to-node oscillations in the
adjoints and controls computed by the discretize-then optimize approach. These are not present in the
adjoints and controls computed by the optimize-then-discretize approach. See Figure 5.1. Such node-to-
node oscillations in the adjoints and controls did not develop in either approach when linear finite elements
are used as seen in Figure 5.2. For better visibility we show the results on a coarse grid, but the plots of our
results on finer grid are qualitatively comparable to those in Figures 5.1 and 5.2.

We remark that for this example the standard Galerkin method produced poor results. For smaller
diffusion ¢ even SUPG using either approach did not produce satisfactory approximations to the optimal
control, states and adjoints for coarser grids.

6 Conclusions

We have studied the effect of the SUPG finite element method on the discretization of optimal control
problems governed by the linear advection-diffusion equation. Two approaches for the computation of
approximate controls and corresponding states and adjoints were compared: The discretize-then-optimize
approach and the optimize-then-discretize approach. Theoretical and numerical studies of the error between
the exact solution of the control problem and its approximation were provided. Our theoretical results
show that the optimize-then-discretize approach leads to asymptotically better approximate solutions than
the discretize-then-optimize approach. The theoretical results also indicate that the differences in solution
quality is small when piecewise linear polynomials are used for the discretization of states, adjoints and
controls, but that they can be significant if higher-order finite elements are used for the states and the adjoints.
There is aways a significant difference in quality of the adjoints computed by the discretize-then-optimize
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Figure 5.2: Computed controls, Example3, k ={=m =1, h = 0.1.

approach and the optimize-then-discretize approach if finite element approximations with polynomial degree
greater than one are used, and the optimize-then-discretize approach |eads to better adjoint approximations.
However, our numerical results have also shown that this large difference in the quality of adjoints does not
necessarily imply alarge difference in the quality of the controls.

Often the observed error in the controls computed by the discretize-then-optimize approach and the
optimize-then-discretize approach is rather similar — even if the adjoints computed using both approaches
are significantly different. This seemsto be related to the fact that we consider distributed controls and that
errors in the controls are measured in the I? norm whereas errors in the adjoints are measured in the SUPG-
norm. Since the distributed controls are multiples of the adjoints, our numerical results indicate that the
L?-error in the adjoints is much smaller than the error in the SUPG-norm. Whether these good convergence
properties in the control also materialize if Neumann or Dirichlet boundary controls are used or if other
objective functionals acting on the state are given is part of future studies. Another subject of future study
is the influence of stabilization methods on the control of systems of advection diffusion equations, like
the Navier-Stokes equations, where additional inconsistencies in the discretize-then-optimize approach can
occur.

We conclude by reiterating that care is required when using the SUPG method for the solution of optimal
control problems. If the discretize-then-optimize approach with SUPG is used, the order with which the
computed solutions of the optimal control converge to the exact solution may be much lower than what
one would expect from the solution of a single advection diffusion equation using SUPG. The asymptotic
convergence behavior expected from the SUPG method applied to a single advection diffusion equation can
be maintained for the optimal control problem if the optimize-then-discretize approach is used.
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Table 5.5: Errors and estimated convergence order. Example 3,k = ¢ =m = 1.

The discretize-then-optimize approach

lyn — vexl| l|un — tex]| [An — Aex]|
h ||-llo |order | ||-|lsp | order | |-|lo | order | | -|lo | order | | -||lsp | order
1.00e-1 | 1.20e-1 1.25e+0 491e-2 1.09e-1 1.26e+0

500e-2 | 743e-2 | 069 | 1.11e+t0 | 0.17 | 248e-2| 098 | 6.31e-2| 0.79 | 1.09e+0| 0.20
250e-2 | 4.17e-2 | 0.83 | 7.58e-1 | 055 | 1.36e-2| 0.87 | 3.28e-2| 094 | 7.22e-1| 0.60
125e-2 | 146e-2 | 151 | 383e1 | 099 | 588e-3| 1.21 | 1.13e-2| 154 | 3691 | 0.97
6.25e-3 | 3.86e-3 | 192 | 1.83e-1 | 1.07 | 1.68e-3| 1.81 | 2993 | 1.92 | 18lel| 1.03

The optimize-then-discretize approach

1Yn = Yex|| [un — vex| 1A = Aex|
h |- llo |order| ||-|lsp |order| |-]lo |order | |-[lo |order| |-[lsp | order
100e1 | 1.22e1 1.25e+0 118e1 118e1 1.25e+0

500e-2 | 7.54e-2 | 0.70 | 1.11e+tO | 0.17 | 7.36e-2| 0.69 | 7.36e-2| 0.69 | 1.11e+tO| 0.17
250e-2 | 422e-2| 0.84 | 7591 | 055 | 412e-2| 083 | 412e-2| 0.83 | 7.56e-1| 0.55
125e-2 | 1.47e-2 | 152 | 383e1 | 099 | 1.45e-2| 151 | 145e-2| 151 | 3821 | 0.98
6.25e-3 | 3.88e-3| 192 | 1.83e1 | 107 | 3.82e3| 192 | 382e3| 192 | 183e1l| 1.06
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