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A bst r act

This paper studies degree-bounded vertex part it ions. In part icular, it discusses
analogues for well-known results on the chromat ic number and graph perfect ion.

1 Prel iminar ies

All graphs G = (V, E) in this paper are Þnite, undirected, and simple. Given a vertex
v ! V , deÞne NG(v) := { u ! V | uv ! E} , degG(v) := |NG(v)|, ! (G) := maxv! V degG(v),
and δ(G) := minv! V degG(v). The complement graph G = (V, E) has edge set E , where
e ! E " e #!E. The girth g(G) is the length of a smallest cycle in G. For a subset K $ V,
G[K ] denotes the subgraph induced by K . In this paper, k % 1 is always a posit ive integer.

D eÞnit ion 1. K $ V induces a k-plex if δ(G[K ]) % |K | & k.

D eÞnit ion 2. S $ V induces a co-k-plex if ! (G[S]) ' k & 1.

D eÞnit ion 3. A part it ion of the vertex set into disjoint , nonempty co-k-plexes deÞnes a
co-k-plex coloring of G.

Seidman and Foster [5] int roduced DeÞnit ions 1 and 2 and showed that a co-k-plex in
G is a k-plex in G. Let ωk(G) denote the cardinality of a largest k-plex in G. Not ice that
1-plexes are complete subgraphs. Let αk(G) denote the cardinality of a largest co-k-plex in
G. Not ice that co-1-plexes consist of pairwise nonadjacent vert ices, or stable sets. The terms
k-plex and co-k-plex refer to both the vertex sets and the corresponding induced subgraphs.
This paper studies co-k-plex colorings and their relat ionship with ωk(G).

A coloring of G is a funct ion cm : V () { 1, ..., m} such that cm(u) #= cm (v) for each
edge uv ! E. The chromatic number, χ(G), of G is the smallest m for which there exists a
coloring cm. If K $ V induces a 1-plex, then cm(u) #= cm (v) for all u, v ! K . It follows that
ω1(G) ' χ(G).

A coloring funct ion part it ions V into co-1-plexes to obtain an upper bound on ω1(G).
Similarly, part it ioning V into degree-bounded subgraphs leads to an upper bound on ωk(G).
Let S1, ..., Sm be a co-k-plex coloring of G, and let K $ V be a maximum k-plex in G.
Observe that

ωk(G) = |K | =
m

∑

i=1

|K * Si | '
m

∑

i=1

ωk(G[Si ]),
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where the inequality follows from the fact that k-plexes are closed under set inclusion [5].
Let " denote the set of all co-k-plex colorings of G.

D eÞnit ion 4. The co-k-plex chromatic number of G is deÞned as

χk(G) := min{
∑

S! P

ωk(G[S]) : P ! " } .

Not ice that χk(G) % ωk(G). Moreover, χ1(G) = χ(G) since ω1(S) = 1 for any co-1-plex
S. An optimal co-k-plex coloring S1, ..., Sm sat isÞes χk(G) =

∑m
i=1 ωk(G[Si ]). Sect ion 2 uses

the following result :

Lemma 1. If G has at least k vertices, then there exists an optimal co-k-plex coloring
S1, ..., Sm of G such that |Sj | % k for some j .

Proof. Supposethelemma is false. Choosean opt imal coloring S1, ..., Sm with |S1| maximum.
Not ice that m % 2 since |V| % k and |Si | < k for all i . Moreover, |Si | < k implies that
ωk(G[Si ]) = |Si |. Choose v ! S2. DeÞne S"

1 := S1 + { v} and S"
2 := S2 \ { v} . Not ice that

χk(G) =
m

∑

i=1

ωk(G[Si ]) =
m

∑

i=1

|Si | = |S"
1| + |S"

2| +
m

∑

i=3

|Si |,

so S"
1, S"

2, ...Sm is an opt imal co-k-plex coloring such that |S"
1| > |S1|. This contradicts the

maximality of S1.

Sect ion 2 deÞnes k-plex perfect ion, contains examples of k-plex perfect graphs, and ex-
plores k-plex analogues for certain propert ies of perfect graphs. Sect ion 3 establishes the
existence graphs with large girth and large co-k-plex chromat ic number. This result is a
straight forward generalizat ion of a famous theorem by Erdýos.

2 Per fect ion

This sect ion develops and studies a not ion of k-plex perfect ion. Recall that a graph G is
perfect if χ(G") = ω1(G") for every vertex-induced subgraph G" $ G.

D eÞnit ion 5. A k-plex perfect graph G sat isÞes ωk(G") = χk(G") for all vertex-induced
subgraphs G" $ G.

It is clear that any co-k-plex S is k-plex perfect since χk(S) = ωk(S) by deÞnit ion.
Therefore, k-plex perfect ion follows from the fact that every vertex-induced subgraph of a
co-k-plex is also a co-k-plex [5]. Recall that a Þnite set X and a family I of subsets of X
deÞne a matroid if the following axioms hold:

1. ! ! I

2. I " $ I ! I implies I " ! I

3. Every maximal set in I has the same cardinality
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Given a graph G = (V, E), deÞne

K = { K $ V : δ(G[K ]) % |K | & k} .

K is the set of k-plexes in G, and (V, K) sat isÞes the Þrst two matroid axioms for any graph.

T heorem 1. If M := (V, K) defines a matroid, then G is k-plex perfect.

Proof. Given any vertex-induced subgraph G" = (V ", E "), deÞne D := V \ V " and K" = { K $
V " : δ(G[K ]) % |K | & k} . Observe that

(V ", K") = (V \ D, K") = : M \ D

is again a matroid known as a delet ion matroid, so it su# ces to show χk(G) = ωk(G).
DeÞne x(A) =

∑

a! A xa, S = { S $ V : ! (G[S]) ' k & 1} , and Sv = { S ! S : v ! S} .
Consider the following dual pair of linear programs:

max{ x(V) : x % 0, x(S) ' ωk(G[S]) for all S ! S} (1)

min{
∑

S! S

ωk(G[S])yS : y % 0, y(Sv) % 1 for all v ! V } . (2)

Since M is a matroid, a theorem of Edmonds [2] implies that opt imal solut ions for (1)
and (2) are integral. Observe that ωk(G) and χk(G) are the opt imal object ive values for (1)
and (2), respect ively. Moreover, ωk(G) = χk(G) by strong duality.

Corol lary 1. If G is a k-plex, then G is k-plex perfect.

Proof. Given any K " , V and v ! V \ K ", K " + { v} deÞnes a k-plex. It follows that all
maximal k-plexes have cardinality ωk(G) = |V|, so G is k-plex perfect by Theorem 1.

Recall that an r -part ite graph is r -colorable. The complete r -part ite graphs have all
possible edges between dist inct color classes.

T heorem 2. If G is the complete r -partite graph K n1,...,nr , then G is k-plex perfect.

Proof. Let K be a maximal k-plex in G and Si the i th part it ion class. Clearly, |K * Si | '
|Si | = ni . In addit ion, |K * Si | ' k. For if not , let v ! K * Si , and not ice that NG(v) * Si = !
implies

degG[K ](v) = |K | & |K * Si | < |K | & k,

which contradicts that K is a k-plex. Therefore, |K * Si | ' min{ k, ni } for each Si .
Suppose for contradict ion that |K | =

∑r
i=1 |K * Si | <

∑r
i=1 min{ k, ni } . Then there

exists a j such that |K * Sj | < min{ k, nj } , and |K * Sj | < nj implies that there exists a
vertex v ! Sj \ K . Consider the set K " := K + { v} and a vertex u ! K " \ Sj . Since uv ! E,

degG[K ! ](u) = degG[K ](u) + 1 % (|K | & k) + 1 = |K "| & k.

Now suppose u ! K * Sj . Observe that degG[K ! ](u) = degG[K ](u) = |K | & |K * Sj | > |K | & k
since uv #!E and |K * Sj | < k. It follows that

degG[K ! ](u) % |K | & k + 1 = |K "| & k.

Thus, since degG[K ! ](u) = degG[K ! ](v), K " is a k-plex in G, which contradicts the maximality
of K . It follows that all maximal k-plexes in G have cardinality

∑r
i=1 min{ k, ni } , so G is

k-plex perfect by Theorem 1.
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It turns out that many propert ies of perfect graphs do not have k-plex analogues. Con-
sider the complement K r,r of a complete bipart ite graph. Both components H1 and H2 of
K r,r are complete subgraphs.

Lemma 2. Let k % 1. If r = 2k & 1, then αk(K r,r ) = 2k and ωk(K r,r ) = 2k & 1.

Proof. In the proof of Theorem 2, it was shown that

ωk(K r,r ) =
2

∑

i=1

min{ k, r } = 2k.

Thus, αk(K r,r ) = ωk(K r,r ) = 2k.
Now ωk(K r,r ) % 2k & 1 because each component Hi is complete and hence a k-plex of

cardinality 2k & 1. Suppose for contradict ion that ωk(K r,r ) > 2k & 1. Then there exists a
k-plex K $ V such that |K | = 2k. If |K * Hi | ' k, then

degK r ,r [K ](v) ' k & 1 < k = |K | & k for all v ! K * Hi .

This contradicts the deÞnit ion of k-plex. Therefore, |K * H1| > k and |K * H2| > k, which
contradicts |K | = 2k.

T heorem 3. Let k > 1. If r = 2k & 1, then K r,r is not k-plex perfect.

Proof. By Lemma 2, it su# ces to show that χk(K r,r ) % 2k. Clearly, χk(K r,r ) % ωk(K r,r ) =
2k& 1. Suppose for contradict ion that χk(K r,r ) = 2k& 1. Lemma 1 implies theexistence of an
opt imal co-k-plex coloring S1, ..., Sm of K r,r such that |S1| % k. Therefore, ωk(K r,r [S1]) % k.
Furthermore, χk(K r,r ) < 2k implies that all other sets Si sat isfy |Si | < k. Not ice that

2k & 1 = χk(K r,r ) =
m

∑

i=1

ωk(K r,r [Si ]) % k +
m

∑

i=2

ωk(K r,r [Si ]) = k +
m

∑

i=2

|Si |.

Consequent ly, k & 1 %
∑m

i=2 |Si |. Now since the sets Si part it ion V and |V | = 4k & 2,

|S1| = |V | &
m

∑

i=2

|Si | % 3k & 1.

Therefore, k > 1 implies that |S1| % 3k & 1 > 2k. This contradicts Lemma 2 because S1 is a
co-k-plex and αk(K r,r ) = 2k.

Lov«aszÕs [4] replicat ion lemma is a well-known result from the theory of perfect graphs.
Replicat ion of a vertex v ! V corresponds to the following operat ion: create a new vertex v"

and join it to v and all the neighbors of v. The replicat ion lemma states that replicat ion of a
vertex in a perfect graph produces another perfect graph. However, for k % 2, replicat ion of
a vertex in a k-plex perfect graph does not necessarily produce another k-plex perfect graph.

Fix k > 1. Consider the edgeless graph G on two vert ices v1 and v2. G is a co-k-plex
since ! (G) = 0. It follows that G is k-plex perfect . Construct G" by performing 2k & 2
replicat ion operat ions on each of v1 and v2. This construct ion implies that G" = K r,r , which
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is not k-plex perfect by Theorem 3. Therefore, vertex replicat ion does not preserve k-plex
perfect ion.

Theorem 3 also illustrates the following interest ing property: G might not be k-plex per-
fect even if all components of G are k-plex perfect . This statement follows from Corollary 1
and Theorem 3.

The Þnal topic of this sect ion is a k-plex version of the Weak Perfect Graph Theorem [4].
The Weak Perfect Graph Theorem states that G is perfect if and only if G is perfect .
Theorems 2 and 3 together providecounterexamples for k-plex analoguesof theWeak Perfect
Graph Theorem for any k % 2.

3 Gir t h and Co-k-plex Color ing

In 1959, Erdýos [3] showed that the di$erence χ1(G) & ω1(G) can be arbit rarily large. More
precisely, he showed that for every integer r % 1, there exists a graph G" with girth g(G") > r
and chromat ic number χ(G") > r . Observe that g(G) > 3 implies ω1(G) ' 2. Therefore,
ErdýosÕs theorem establishes the existence of graphs with high chromat ic number and low
clique number. Analogously, one might ask if the di$erence χk(G) & ωk(G) can also be
arbit rarily large. This sect ion shows that ErdýosÕs theorem does indeed generalize.

Lemma 3. Every co-k-plex S has at most |S|á(k# 1)
2 edges.

Proof. |E(S)| = 1
2 á

∑

v! V (S) degG[S](v) ' 1
2 á

∑

v! V (S)(k & 1) = |S|á(k# 1)
2 , where the inequality

follows from the deÞnit ion of co-k-plex.

The following lemma and theorem together o$er a straight forward generalizat ion of the
Erdýos theorem. The proofs have been adapted from [1]. Let Gn,p be the random graph on n
vert ices where each edge exists with probability 0 ' p ' 1. Let q = 1 & p.

Lemma 4. For all integers n % t % k + 1, the probability that G ! Gn,p has a co-k-plex of
size t is at most

P[αk(G) % t] '
(

n
t

)

qt(t# k)/ 2.

Proof. Consider a Þxed t-set U $ V. By Lemma 3, theevent that U isa co-k-plex iscontained
in the event that

|E(G[U])| '
t(k & 1)

2
. (3)

Thus, the probability of the lat ter is an upper bound on the probability of the former. Now
(3) requires that at least

(t
2

)

& t(k# 1)
2 edges are missing. That is, (3) occurs with probability

at most q(t
2)# t ( k " 1)

2 . The lemma follows from the fact that G contains
(n

t

)

t-sets U.

It is worth ment ioning that if t ' min{ k, n} , then every t-set is a co-k-plex, and Lemma 4
fails.

T heorem 4. Given any integer r > k, there exists a graph G with girth g(G) > r and
co-k-plex chromatic number χk(G) > r .
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Proof. For n large, suppose t % n
2r > k and (8r ln n)n# 1 ' p ' 1. By Lemma 4,

P[αk % t] '
(

n
t

)

qt(t# k)/ 2 ' ntqt(t# k)/ 2 = (nq(t# k)/ 2)t ' (ne# p(t# k)/ 2)t .

Therefore,
P[αk % t] ' (ne# pt/ 2epk/ 2)t ' (ne# 2(ln n)ek/ 2)t = (n# 1ek/ 2)t .

Now limn$ % n# 1ek/ 2 = 0, so

P[αk %
n
2r

] <
1
2

(4)

for su# cient ly large n.
On the other hand, Þx ε with 0 < ε < 1/ r , and let X (G) denote the number of cycles of

length at most r in G ! Gn,p. Erdýos showed (see [1]) that for large n and p = n! # 1,

P[X %
n
2

] <
1
2

. (5)

Finally, Þx n large enough to sat isfy (4), (5), and n! # 1 % (8r ln n)n# 1. Let p = n! # 1.
There exists a G ! Gn,p such that αk(G) < n

2r and G has less than n
2 cycles of length at

most r. Construct the graph H by removing a vertex from each cycle of length at most r.
Then |H | % n

2 and g(H ) > r . Furthermore, αk(H ) ' αk(G) < n
2r implies that any co-k-plex

coloring of H requires more than r co-k-plex sets. Consequent ly, χk(H ) > r .

Corol lary 2. Given any integer r > k + 2, there exists a graph G with χk(G) > r and
ωk(G) < k + 2.

Proof. If ωk(G) % k + 2, then G contains a k-plex K of cardinality k + 2. Moreover,
δ(G[K ]) % 2 by deÞnit ion of k-plex. It follows that G[K ] $ G contains a cycle of length at
most k + 2 = |K |. Therefore, g(G) > k + 2 implies that ωk(G) < k + 2. The assert ion now
follows from Theorem 4.
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