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Abstract

This paper describes certain facet classes for the planar subgraph polytope. These facets are exten-

sions of Kuratowski facets and are of the form 2x(U)+x(E(G)\U) ≤ 2|U |+|E(G)\U | −2 where the edge

set U varies and can be empty. Two of the new types of facets complete the class of extended subdivision

facets, explored by Jünger and Mutzel. In addition, the other types of facets consist of a new class of

facets for the polytope called 3-star subdivisions. It is also shown that the extended and 3-star subdi-

vision facets are also equivalent to members of the class of facets with coefficients in {0,1,2} for the set

covering polytope. Computational results displaying the effectiveness of the facets in a branch-and-cut

scheme for the maximum planar subgraph problem are presented.

keywords: planar graph, planar subgraph polytope, polyhedral combinatorics

1 Introduction

Network visualization arises when one is given related data with the task of navigating through the data in

order to find a pattern or a “method to the madness”. Network visualization has numerous applications. Such

applications include, but are not limited to, site maps of web pages, genetic maps in biology and chemistry,

class browsers for object-oriented systems, PERT diagrams used in project management situations, scene

graphs used in virtual reality and circuit schematics used in VLSI design [17]. An excellent annotated

bibliography on algorithms for network visualization can be found in di Battista et al. [3]. For a nonplanar

graph G, one would start with some planar subgraph of G and then add the remaining edges in order to

achieve some aesthetically pleasing drawing of G [25]. If there is a ranking of the edges, then one could

incorporate this preference with edge weights where the more important edges are assigned heavier weight.

Thus, the maximum planar subgraph problem, which is NP-hard [16], is one of the foundational problems
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in network visualization. Another application of the maximum planar subgraph problem is in facility layout

design [6]. In this application, the “departments” are represented by the nodes of an input graph and

the weight of an edge in the graph is proportional to the interest in the nodes being close in the layout.

The maximum weight planar subgraph of the input graph would constitute the optimal layout (dual of

the resulting graph) of the facility considering the favored inter-departmental interactions. Facility layout

design has been used in the design of industrial plants [6], airports [2], hospitals [12], universities [11] and

libraries [15]. These applications illustrate the importance of the maximum weight planar subgraph problem.

Given a nonplanar graph with positive edge weights, the objective of the maximum weight planar sub-

graph problem is to find a planar subgraph of the given graph with largest total edge weights. For this

problem, Foulds and Robinson [14] proposed a branch and bound algorithm but showed it only had success

on small dense graphs. Cimikowski [9] also offered a branch and bound algorithm for the problem with the

addition of pruning techniques to reduce the number of subgraphs processed during the search. Jünger and

Mutzel [18] proposed a branch-and-cut method to the problem that offered promising results for unweighted

test instances. Excluding the aforementioned efforts, most of the work on this problem has been on graph

based heuristics. One is referred to the work of Caccetta and Kusumach [6] for a full description of the well

known heuristics for this problem. In addition, there has also been work in finding approximation algorithms

for the problem. Most notable is the work of Calinescu et al. [7, 8].

Jünger and Mutzel’s [18] proposed branch-and-cut method is the basis of this work. We will investigate

this problem by examining the planar subgraph polytope in order to derive new facets to be utilized in a

branch-and-cut scheme. For instance, we introduce a new class of facets, 3-star subdivisions, and we also

complete the extended subdivision class, discovered by Jünger and Mutzel [18], by introducing two new

types of facets. We offer an heuristic for the separation of these cuts and illustrate their effectiveness in

a branch-and-cut scheme with computational results to show that the added facets effectively reduce the

run-time for most problems.

Foundational definitions and background on the planar subgraph polytope are given in Section 2. Sec-

tion 3 describes the new facet classes. Section 4 offers the description and details of the branch-and-cut

scheme. Sections 5 and 6 are reserved for computational results and conclusions respectively. The reader is

referred to an excellent book on graph theory by West [26] for graph theory terms used but not defined in

the paper.
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2 Preliminaries and the Planar Subgraph Polytope

A graph G = (V, E) is planar if it can be drawn on the plane or sphere such that no edges cross. Since

loops and multiple edges do not affect planarity, we may assume that all graphs are simple. A subdivision

of a graph G is a graph obtained from G by replacing its edges by internally vertex disjoint paths. By

Kuratowski’s Theorem [19], planar graphs are characterized by not containing K5 or K3,3 subdivisions. K5

and K3,3 are illustrated in Figure 1. Given a subdivision G of some graph H , let us define the nodes of G

that correspond to the nodes of H as base nodes. The term used most often in the literature [21, 26] for

a base node is a “branch node”, however, since this paper deals with branch-and-cut, we will use the term

“base node” to avoid confusion. In addition, one could partition the paths of a subdivision into sets we will

call legs by the edges in H and let us define the nodes of G on the paths between base nodes as subdivision

nodes.

Figure 1: Kuratowski subgraphs

Given a graph G, the planar subgraph polytope of G, denoted Ppl(G), is defined as the convex hull of

incidence vectors x ∈ {0, 1}|E(G)| corresponding to all planar subgraphs of G. Thus, the maximum planar

subgraph problem can be described as the optimal solution to the linear program max{wT x | x ∈ Ppl(G)}

where w is the vector of the given edge weights. In addition, notice that since each edge of G is itself

a planar subgraph of G then Ppl(G) is a full dimensional polytope. The aforementioned fact is also true

because planar subgraphs of a given graph form an independence system. For notation purposes, for a set

F ⊆ E(G), x(F ) = Σe∈F xe.

In the work of Jünger and Mutzel [18], the authors proved that for all edges e ∈ E(G) the inequalities

0 ≤ xe ≤ 1 are facet defining for Ppl(G). The authors also showed that if F , a subgraph of G, is a subdivision

of K5 or K3,3 then the inequality x(F ) ≤| F |−1 is facet defining for Ppl(G).

Before we discuss extended subdivisions and the facets associated with them, we need to prove a lemma

that will be used throughout the paper. In order to prove the lemma we need a definition of a planarizing

set for a nonplanar graph. Thus, given a nonplanar graph G, a set F ⊆ E(G) is called planarizing if the

3



graph subgraph induced by the edge set E(G) \F , denoted G[E(G) \ F ], is planar. Also, an edge e is called

planarizing if the minimal (by inclusion) planarizing set containing e is {e}.

Lemma 1 Let G be a nonplanar graph and let U be the union of all planarizing edges for G (if any). Also,

let k denote the cardinality of the minimum planarizing set for G. If k is equal to one, then the inequality

2x(U) + x(E(G) \ U) ≤ 2|U |+| E(G) \ U |−2 is a valid inequality for Ppl(G). Otherwise, the inequality

x(E(G)) ≤|E(G)|−k is valid for Ppl(G).

Proof: For the case when k is one, let x̂ denote the incidence vector for H , a planar subgraph

of G. If x̂e = 0 where e is a planarizing edge of G then x̂ satisfies the inequality. Otherwise,

there exist a minimal planarizing set D such that |D|≥ 2 and x̂d = 0 ∀ d ∈ D. Thus, x̂ would

also satisfy the inequality.

For the other case, assume that k > 1 and let x̂ denote the incidence vector for H , a planar

subgraph of G. Since H is planar and k > 1 then there exists some planarizing set D such that

|D|≥ k and x̂d = 0 ∀ d ∈ D. Thus, x̂ would also satisfy the inequality.

Notice, that the K5 and K3,3 subdivision inequalities, also called Kuratowski inequalities, are members

of the class of the first case of the inequalities in the aforementioned lemma. Given a K5 subdivision plus

a path P between two subdivision nodes, w1 and w2, where w1 and w2 are not on the same leg in the K5

subdivision, the resulting graph is called an extended K5 subdivision. Facets of these types were discovered

by Jünger and Mutzel [18]. The extended K5 subdivision inequalities also falls into the first case of Lemma 1.

The extended subdivision cuts for K5 are illustrated in Figure 2. Also, by symmetry, these are the only

extended subdivisions derived for K5.

Jünger and Mutzel [18] also introduced other facets called s-chorded cycles, which are special types of

partitionable graphs, Möbius ladder, V2k, and F4k inequalities as well as the two types of Euler inequalities,

based upon whether the underlying graph being bipartite or not, for the planar subgraph polytope. In

addition, Jünger and Mutzel [18] also constructed new facets by composing support graphs by 2-sums. In

contrast, only the Euler and Kuratowski inequalities were used to solve problems computationally. Jünger

and Mutzel [18] did not include extended K5 subdivisions in their branch-and-cut scheme because they

noted that just these facets in addition with the Kuratowski and Euler cuts did not reduce the runtime

nor number of branch nodes in their computational results [22]. However, from the empirical study of just

using Kuratowski cuts in a branch-and-cut scheme, one noticed that more K3,3 subdivisions were discovered

compared to K5 subdivisions. Also, Jünger and Mutzel [18] stated in their computational results that

subdivisions of K3,3 occur more frequently than subdivisions of K5. In addition, extended subdivisions seem
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Figure 2: Examples of extended subdivision facets for K5

more easier to discover than the other facets given that one already finds Kuratowski cuts anyway. Hence,

the full class of extended subdivisions and others of this type could be computationally beneficial. Thus, for

our discussion, we are only concerned with extended subdivisions and a certain Möbius ladder inequality (as

we shall see later on), however, one is referred to Jünger and Mutzel [18] for a more detailed description of

these other types of facets.

Before the new types of facets are introduced, we need to define a way to prove that the inequalities of

the type offered in Lemma 1 are indeed facets. The method uses the more general result of Balas and Ng [1]

which gave a complete characterization for all facets with coefficients {0, 1, 2} for the set covering polytope.

Let G be a nonplanar graph and define Q as the polytope obtained by replacing x ∈ Ppl(G) by ~1−x. Notice,

that there is a mapping from the facets for Ppl(G) to facets for Q and that Q is the set covering polytope

defined by the inequalities x(H) ≥ 1 where H is a subdivision of K3,3 or K5. Hence, solving the problem

min{wT x | x ∈ Q} where w = ~1 is equivalent to finding the skewness of a nonplanar graph.

Given a nonplanar graph G with U given as in Lemma 1, let F = E(G)\U and define GF = (F, S) where

ef ∈ S if {e, f} is a minimal planarizing set for G. We have the following lemma which is a direct result of

Theorem 2.6 of Balas and Ng [1] (written in the context of the planar subgraph polytope).

Lemma 2 Let G be a nonplanar graph such that the cardinality of the minimum planarizing set for G,

denoted k ≤ 2. Also, let U be the union of all planarizing edges for G (U could be empty). Let cT x ≤ δ

denote the inequality 2x(U) + x(E(G) \ U) ≤ 2|U |+| E(G) \ U |−2. Let F = E(G) \ U . cT x ≤ δ induces a

facet for Ppl(G) if and only if F = ∅ or if F 6= ∅ and every component of GF contains an odd cycle.
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Given a connected graph G, an odd 1-tree is a spanning tree T of G with the addition of an edge

e ∈ E(G) \ E(T ) such that the unique cycle, C, created by the edge has an odd number of nodes. An even

1-tree is defined similarly. Thus, we will show that the inequalities that we are considering are facet inducing

by displaying odd 1-trees for the inequalities. This is just another way to prove that the inequalities are facet

inducing by the direct construction method [10]; however, the odd 1-trees are in the same spirit of network

visualization, aesthetically pleasing and more succinct than listing vectors.

3 New Facets

In this section we will “extend” the class of extended subdivision facets by introducing the extended subdi-

vision facets for K3,3. This extension of the class includes only two members. We will also describe a new

class of facets called 3-star subdivision and prove the existence of seven new types of facets in this class

which include two types of facets which are derived from extended subdivisions on K5 but does not contain

all of the legs of the K5 subdivision. In addition, we will also prove that all of these types of facets except

one type are also facets for the planar subgraph polytope for any graph that contains a subdivision of the

corresponding support graphs.

3.1 Extended K3,3 facets

As noted by Jünger and Mutzel [18] in their computational results, subdivisions of K3,3 occur more frequently

than subdivisions of K5. This observation leads one to consider extending a K3,3 subdivision. The facets

for the extended K3,3 case are offered in Figure 3. In addition, from symmetry, these are the only extended

subdivisions for K3,3. Thus, the extended subdivision class is complete. Below is the proof that they are

indeed facets.

Theorem 1 For the graph displayed by (a) Figure 3, the inequality 2x(U) + x(E(G) \ U) ≤ 2|U |+| E(G) \

U |−2 where U = {ae, af, ag, be, bf, bh, cd, ce, cf} induces a facet for the planar subgraph polytope of the graph.

In addition, For the graph offered by (b) Figure 3, the inequality 2x(U)+x(E(G)\U) ≤ 2|U |+| E(G)\U |−2

where U = {ae, ag, bd, bf, ce, ch, dg, hf} induces a facet for the planar subgraph polytope of the graph.

Proof: For the graphs offered by (a) and (b) in Figure 3, it is trivial to observe that the edges

that are solid and bold are planarizing edges of the respective subgraphs. Thus, by Lemma 1,

both inequalities are valid. Let GFa denote the corresponding GF for the graph offered by (a)

and denote GFb similarly. Thus, by Lemma 2 we just need to show that GFa contains an odd

1-tree since GFa has only one component. We will also repeat the process for GFb since GFb has
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Figure 3: Examples of extended subdivision facets for K3,3

only one component as well. Figure 4 illustrates the odd 1-trees for GFa and GFb . Thus, both

inequalities are facets.

Figure 4: Corresponding odd 1-trees for GFa and GFb derived for the graphs offered by (a) and (b) of Figure 3

Now, one has to show that these inequalities are indeed facets for any graph containing a subdivision of

the corresponding support graph (i.e. all other edges not in the subdivision can be zero-lifted). To show

zero-lifting, we will use the sequential zero-lifting theorem of independence systems and the following lemma

for the aforementioned facets and the other facets offered as well.
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Lemma 3 (Jünger and Mutzel [18]) Let G be a nonplanar graph, K be a nonplanar subdivision con-

tained in G, and cT x ≤ δ denote a facet for Ppl(K). Let e ∈ E(G) \ E(K) such that e has at most end w

such that w ∈ V (K). Then cT x ≤ δ is also facet-defining for Ppl(K ∪ {e}) (e can be zero-lifted). 2

Lemma 4 Let G be a nonplanar graph, K be a nonplanar subdivision contained in G, and cT x ≤ δ denote

a facet for Ppl(K) such that every edge on a leg of K have the same cost value. Also, let f1 and f2 be legs

of K with base nodes v1, u1, v2 u2 and let e = pr ∈ E(G) \ E(K) such that p is a node on the leg f1 and r

is a node on the leg f2. Then cT x ≤ δ is also facet-defining for Ppl(K ∪ {e}) (e can be zero-lifted) if one of

the following conditions is satisfied:

(Z1) there exists a planar subgraph H of K such that the incidence vector for H satisfies cT x ≤ δ

with equality such that legs f1 and f2 of K share a region in a planar embedding of H;

(Z2) for any base node v of fi i ∈ {1, 2}, there exists a planar subgraph H whose incidence vector

satisfies cT x ≤ δ with equality such that an edge of fi is not an edge of H, and v and fj share a

region of H for all j ∈ 1, 2 \ {i};

(Z3) for any base node w of f1 and z of f2, there exists a planar subgraph H whose incidence

vector satisfies cT x ≤ δ with equality such that an edge of f1 and an edge of f2 are not edges in

H, and w and z share a region in a planar embedding of H.

Proof: For the proof, one has to find a planar subgraph H of K such that the incidence vector

for H satisfies cT x ≤ δ with equality and H ∪ {e} is planar. Without loss of generality, we can

assume that G is a complete graph. The proof is trivial for the Z1 case.

Suppose that Z2 is satisfied. There are three cases to consider: both p and r are base nodes

(trivial), p is a base node and r is a subdivision node (also trivial), and both p and r are

subdivision nodes. If both p and r are subdivision nodes then by Z2 there exists an edge f

of f1 that is not an edge of H and either u1 or v1 shares a region with f2, say u1. Since

f ∈ F = E(K) \E(H), then any edge q of f1 has the property that D = K \ ((F \ {f})∪ {q}) is

planar and satisfies cT x ≤ δ with equality since edges of a leg have the same cost value. Thus,

delete any edge on f1 between p and v1 for the desired planar subgraph.

Suppose that Z3 is satisfied. There are three cases to consider: both p and r are base nodes

(trivial), p is a base node and r is a subdivision node, and both p and r are subdivision nodes.

If p is a base node and r is a subdivision node, then by Z3 there exists an edge of f1 and an

edge f of f2 that are edges of H and p shares a region with either u2 or v2, say u2. Since
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f ∈ F = E(K) \E(H), then any edge q of f2 has the property that D = K \ ((F \ {f})∪ {q}) is

planar and satisfies cT x ≤ δ with equality since edges of a leg have the same cost value. Thus,

delete any edge on f2 between r and v2 for the desired planar subgraph. If both p and r are

subdivision and u1 and u2 share a region in H , then delete any edge on f1 between p and v1 and

any edge on f2 between r and v2 for the desired planar subgraph.

Lemma 4 is another way to show that for our inequalities, which all have the form 2x(U)+x(E(K)\U) ≤

2|U |+|E(K) \ U | −2 where the edge set U varies and can be empty, if there exists vw ∈ E(G) \ E(K) such

that v, w ∈ V (K) then there exists either fvw ∈ U or f1
vw, f2

vw ∈ E(K) \ U such that (K \ fvw) ∪ vw or

(K \{f1
vw, f2

vw})∪vw is planar. For the sake of brevity, we will only give a zero-lifting proof for the extended

K3,3 subdivision and just state the theorems for the remaining subdivision since the proofs of the remaining

seven types of facets would be trivial but time consuming and would follow the same format as the proof

below.

Theorem 2 For a graph G, if G contains a subdivision of a graph offered in (a) or (b) described in Figure 3,

then the corresponding inequality is a facet of Ppl(G).

Proof: For the subdivision offered by (a), notice that the legs of the subdivision can be parti-

tioned into three groups: G1 = {dg, dh, gh}, G2 = {ag, bh, cd}, and G3 = {ae, af, be, bf, ce, cf}

where every leg in a group can be mapped to another leg in the group. Thus, instead of consid-

ering 66 cases, we only have to consider four cases. We will use Z1 of Lemma 4 to prove all cases

for (a). Let f1 and f2 be two legs of the subdivision and let the base nodes of f1 be u1 and v1

and the base nodes of f2 be u2 and v2, respectively.

Case 1a: Suppose f1 and f2 share a base node w (e.g. w = u1 = u2). If f1 is G1 and f2 is not,

then delete one edge from each of the other legs in G1. Otherwise, delete an edge from the other

leg incident to w that is not f1 nor f2.

Case 2a: Suppose there exist other legs between u1 and u2 and between v1 and v2 without loss

of generality. This can only occur if f1 and f2 are in G3. In this case, either u1 or v1 is incident

to a leg e in G2. Delete an edge from e.

Case 3a: Suppose there only exists a leg e between u1 and u2. If u1 or u2 is incident to a leg p

in G2 or G3 that is not e, f1, nor f2, then delete an edge from p. Otherwise, e is in G1 with f1

and f2 being in G2. In this case, delete one edge from each of the other legs in G1 that are not e.
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Case 4a: Suppose u1 doesn’t share a leg with u2 nor v2 and the same is true for v1. This can

only occur if f1 is in G1 and f2 is in G2 without loss of generality. In this case, u1 is incident to

a leg e in G2. Delete an edge from e.

In all these cases, the resulting planar subgraph has an embedding such that f1 and f2 share a

region and the subgraph’s incidence vector satisfies the corresponding inequality with equality.

Thus, by Lemmas 3 and 4, the corresponding inequality for the subdivision offered by (a) is a

facet of Ppl(G).

For the subdivision offered by (b), notice that the legs of the subdivision offered by (b) can be

grouped into two groups: G1 = {ae, ag, bd, bf, ce, ch, dg, fh} and G2 = {af, be, cd, gh}. So, as

with (a), instead of 66 cases, we only have to consider four cases. We will use Z1 of Lemma 4 for

the first three cases and Z2 for the last case. Let f1 and f2 be two legs of the subdivision and let

the base nodes of f1 be u1 and v1 and the base nodes of f2 be u2 and v2, respectively.

Case 1b: Suppose that both f1 and f2 are in G1 or G2 such that there exist legs, fu and fv,

between u1 and u2 and between v1 and v2 without loss of generality (i.e. if the legs were replaced

by edges it would be a cycle on four nodes). In this case, let e be the leg incident to u1 but is

not f1 nor fu. Delete an edge from e.

Case 2b: Suppose f1 and f2 share a base node w, say w = u1 = u2. If f1, f2 ∈ G1, then v1 has

a leg e ∈ G1 such that e 6= f1. Delete an edge from e. If f1 ∈ G1 and f2 ∈ G2 without loss of

generality, then w has a leg e that neither f1 nor f2. Delete an edge from e.

Case 3b: Suppose there only exists a leg p between u1 and u2. If f1, f2 ∈ G1 and p ∈ G2, then

let e1, e2 ∈ G2 such that e1 is incident to v1 and e2 is incident to V2, respectively. Delete one

edge from each of e1 and e2. If f1, f2, p ∈ G1, then v1 is incident to another leg e in G1. Delete

an edge from e. Otherwise, f1, p ∈ G1 and f2 ∈ G2 without loss of generality. In this case, u2 is

incident to another leg e in G1. Delete an edge from e.

In all these cases, the resulting planar subgraph has an embedding such that f1 and f2 share a

region and the subgraph’s incidence vector satisfies the corresponding inequality with equality.

The only case left is where f1 = af and f2 = cd without loss of generality.

Case 4b: For this last case where f1 = af and f2 = cd, we will use Z2 of Lemma 4. Let s be a

subdivision node of af and t be a subdivision node of cd. Delete an edge on the path from s to

f on the leg af and an edge of the leg be. The resulting planar subgraph graph has an incidence

vector that satisfies the corresponding inequality with equality and has an embedding such that
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f and cd share a region. Delete an edge on the path from s to a and an edge of the leg be to

achieve a similar result for a and cd. Delete an edge on the path from t to d and an edge of the

leg be to achieve a similar result for d and af . Finally, delete an edge on the path from t to c

and an edge of the leg be to achieve a similar result for c and af .

Thus, by Lemmas 3 and 4, the corresponding inequality for the graph offered by (a) is a facet

of Ppl(G).

It can be shown that these facets are also Chvátal-Gomory cuts derived from the different K3,3 subdivi-

sions contained in the graphs [1]. Also notice that the support graph and inequality offered by (b) of Figure 3

is in fact the Möbius ladder and corresponds to a V2k inequality, as Jünger and Mutzel [18] called them.

In addition, the graphs offered in Figure 3 complete the class for the K3,3 case and the class in general by

symmetry.

3.2 3-star Subdivisions

Building upon this notion of “extending” a subdivision, a new class of facets was discovered by adding

an extension leg connecting a subdivision node of the extension leg of an extended subdivision to another

subdivision node on the subdivision where the two subdivision nodes are not on the same leg together. The

first case we will consider will be the K3,3 case.

Figure 5: Examples of 3-star subdivision facets for K3,3

For the K3,3 case, one can “extend” the extended K3,3 subdivision. The graphs illustrated in Figure 5
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are the resulting facets. Below is the proof.

Theorem 3 For the graph offered by (a) in Figure 5, the inequality 2x(U) + x(E(G) \ U) ≤ 2|U |+| E(G) \

U |−2 where U = {af, ag, bf, cd, ce, ei} induces a facet for the planar subgraph polytope of the graph. Secondly,

for the graph offered by (b) in Figure 5, the inequality 2x(U) + x(E(G) \ U) ≤ 2|U |+| E(G) \ U |−2 where

U = {dg, eh, fi} induces a facet for the planar subgraph polytope of the graph. Finally, for the graph offered

by (c) in Figure 5, the inequality x(E(G)) ≤|E(G)|−2 induces a facet for the planar subgraph polytope of the

graph.

Proof: For the graphs offered by (a), (b) and (c) in Figure 5, it easy to observe that the edges

that are solid and bold are planarizing edges of the respective subgraphs. Thus, by lemma 1, both

inequalities corresponding to the graphs offered by (a) and (b) in Figure 5 are valid inequalities.

For (c), notice that deleting any edge will give the graph offered by (b) in Figure 3. Thus, the

cardinality for the minimum planarizing set for the graph offered by (c) in Figure 5 is two and

by lemma 1 its corresponding inequality is valid. Let GFa denote the corresponding GF for the

graph offered by (a) and denote GFb and GFc similarly. So, in order to prove that the inequalities

associated with (a), (b) and (c) are indeed facets, we just need to show that GFa contains an odd

1-tree and repeat the process for GFb and GFc . Figure 6 illustrates the necessary and sufficient

odd 1-trees for GFa , GFb and GFc . Thus, the inequalities associated with the graphs offered by

(a), (b) and (c) in Figure 5 are facets.

Figure 6: Corresponding 1-trees for GFa , GFb and GFc derived from (a), (b) and (c) of Figure 5
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Figure 7: Examples of 3-star subdivision facets for K5

Below is a theorem stating that these inequalities are indeed facets for any graph containing a subdivision

of the corresponding support graph. Again, for brevity, the proof of the following theorem is omitted since

the proof would be trivial but time consuming and would follow the same format as the proof for Theorem 2.

Also, notice that the 3-star subdivision class for K3,3 is complete by symmetry.

Theorem 4 For a graph G, if G contains a subdivision of a graph offered in (a), (b) or (c) described in

Figure 5, then the corresponding inequality is a facet of Ppl(G).

For the K5 case, four types of facets were derived. Two of the four contains all the legs of the K5

subdivision. The other two types were found that were contained in graphs that are 3-star subdivisions on

K5, but only one leg of the K5 subdivision is missing. These types of facets will be presented later in the

section. However, the first two types of facets for the K5 case are illustrated in Figure 7 and we will prove

that they are indeed facets in the following theorem.

Theorem 5 The inequalities (a) and (b) described in Figure 7 are facets for the planar subgraph polytope

for the graphs offered by (a) and (b) in Figure 7 respectively.

Proof: For both (a) and (b) in Figure 7, it easy to observe that the edges that are solid and

bold are planarizing edges of the respective subgraphs. Thus, by lemma 1, both inequalities

corresponding to the graphs offered by (a) and (b) in Figure 7 correspond to valid inequalities.

Let GFa denote the corresponding GF for the graph offered by (a) and denote GFb similarly. So,

in order to prove that the inequalities associated with (a) and (b) are indeed facets, we just need
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to show that GFa contains an odd 1-tree and repeat the process for GFb . The Figure 8 illustrates

the necessary and sufficient odd 1-trees for GFa and GFb . Thus, one can tell from Figure 7 that

(a) and (b) are facets.

Figure 8: Corresponding 1-trees for GFa and GFb derived from (a) and (b) of Figure 7

Now, the following theorem shows that (a) of Figure 7 is indeed a facet for any graph containing a

subdivision of the corresponding support graph. For brevity, the proof of the following theorem is omitted

since the arguments would follow the structure as the proof given in Theorem 2.

Theorem 6 For a graph G, if G contains a subdivision of a graph offered in (a) described in Figure 7, then

the corresponding inequality is a facet of Ppl(G).

The only case that prohibited the inequality corresponding to (b) of Figure 7 from being zero-lifted is

the case where the edge ci is added to the subdivision. Thus, the associated inequality of (b) Figure 7 with

the addition of a leg between c and i with weight one is the true lifted facet for any nonplanar graph contain

a subdivision of the graph offered by (b) in Figure 7.

The two other types of facets that can be derived by investigating 3-star subdivisions for K5 are presented

in Figure 9 and proved in the following theorem.

Theorem 7 The inequalities (a) and (b) described in Figure 9 are facets for the planar subgraph polytope

for the graphs offered by (a) and (b) in Figure 9 respectively.

Proof: For both (a) and (b) in Figure 9, it easy to observe that the edges that are solid and

bold are planarizing edges of the respective subgraphs. Thus, by lemma 1, both inequalities
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Figure 9: Examples of other 3-star subdivision facets derived from K5

corresponding to the graphs offered by (a) and (b) in Figure 9 correspond to valid inequalities.

Let GFa denote the corresponding GF for the graph offered by (a) and denote GFb similarly. So,

in order to prove that the inequalities associated with (a) and (b) are indeed facets, we just need

to show that GFa contains an odd 1-tree and repeat the process for GFb . The Figure 10 illustrates

the necessary and sufficient odd 1-trees for GFa and GFb . Thus, one can tell from Figure 9 that

(a) and (b) are facets.

Figure 10: Corresponding 1-trees for GFa and GFb derived from (a) and (b) of Figure 9
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Also, by symmetry the class of 3-star extended subdivisions for K5 is complete. Now, the following

theorem shows that these inequalities are indeed facets for any graph containing a subdivision of the cor-

responding support graph. For brevity, the proof of the following theorem is omitted since the arguments

follow the format as the proof given in Theorem 2.

Theorem 8 For a graph G, if G contains a subdivision of a graph offered in (a) or (b) described in Figure 7,

then the corresponding inequality is a facet of Ppl(G).

4 The Branch-and-Cut Algorithm

The code for the detection and usage of Kuratowski, extended subdivision, and 3-star subdivision cuts was

implemented in a branch-and-cut scheme which used a cut pool. This sections covers some of the details

used in the implementation.

All input graphs are assumed to be simple and the scheme used a planarity testing code provided by

John Boyer [5]. At the root node of the branch and bound tree, the initial LP only included the upper and

lower bounds as well as the Euler inequality x(E(G)) ≤ 3|V (G)|− 6.

At any branch node (including the root node), the following procedures are conducted. Let x be an LP

solution produced in the cutting plane procedure. First, the cut pool is searched to find the best cuts (up

to 500), whose violation is at least 0.25, from the cut pool to be added to the formulation. If the number

of cuts found is below 500, then the code tries to find a new lower bound. Otherwise, the code re-solves

the modified formulation. The algorithm that computes a lower bound also simultaneously finds nonplanar

subgraphs. This procedure is conducted by first ordering the edges by the preference xe ∗ we greatest to

least where xe is the solution value for edge e and we is the input weight of e. For, 0 ≤ θ ≤ 1, let Eθ

denote the edges of G whose x-value is at least θ. Next, the greedy heuristic would start with an empty

graph H and add edges to H from the sorted list (greatest to least) intersected over Eθ to build a maximal

planar subgraph. For the root, θ = 0.25 was used but for subsequent branch nodes θ = 0.75. During the

process of finding a lower bound, the heuristic would come across nonplanar subgraphs. Each time the greedy

heuristic finds a nonplanar subgraph, another algorithm is called to extract a K5 or K3,3 subdivision. This

algorithm is detailed in the following paragraph. Once a K5 or K3,3 subdivision is found, its corresponding

inequality is put into the cut pool (violated or not) and the subdivision is used to generate extended and

3-star subdivisions, detailed later in the section, which are also added to the cut pool. Next, the best cuts

(up to 500 total), whose violation is at least 0.25, from the cut pool were added to the formulation. The new

formulation is solved and cuts are examined to be taken out of the formulation and put back into the cut

pool based upon the number of consecutive times the inequality has a slack of one or higher. We used a limit
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of two for putting inequalities back into the cut pool from the formulation. In addition, if a inequality has

a slack of one or more for 500 consecutive times it is considered in the cut pool, that inequality was deleted

from the cut pool. The aforementioned procedures constitute one “round” at a branch node. At the root

node, a round is performed until the best lower bound is equal to the upper bound or the optimality gap

has not improved for 25 consecutive rounds. At subsequent branch nodes, a round is conducted as long as

the best lower bound is lower than the upper bound at that node and the difference in the optimality gaps

between consecutive rounds is at least 10 − 10(lb/ubinitial) where lb is the best lower bound and ubinitial

is the initial upper bound computed at that branch node. The bound on the difference in the optimality

gaps, which is labelled the “progress bound”, helps keep the number of rounds performed at a branch node

proportional to the initial optimality gap at the branch node. It is not known if this type of progress bound

has been used in other literature but it proved beneficial for the computational results.

A simple O(e(G)n(G)) algorithm is used to derive a K5 or K3,3 subdivision from a nonplanar graph where

e(G) =|E(G)| and n(G) =|V (G)|. Let F be a nonplanar graph. For each f ∈ E(F ), if F \ f is nonplanar

then F becomes F \f . Otherwise, F remains the same. Note that this procedure was also conducted aligned

with the aforementioned ordering. Hence, edges with lower modified weight are considered first for deletion

from F . This small detail seems to be very beneficial to the overall performance of the code.

Now, we detail the separation heuristic for the extended and 3-star subdivisions. Actually, there is a

polynomial time algorithm for the separation of both extended and 3-star subdivision cuts because of their

relationship with the facets with coefficients {0, 1, 2} for the set covering polytope that could be derived

from the work of Bienstock and Zuckerberg [4]; however, such an algorithm has not been used in a practical

setting. Let K be a K5 or K3,3 subdivision. For each subdivision node of K perform a shortest path

algorithm on the graph (V, Eθ) where θ = 0.5 to find a extended subdivision where for every e ∈ Eθ, the

weight of e for the shortest path algorithm is 1 − xe. Once a violated extended subdivision is found, the

inequality is put into the cut pool only if it is violated and other extended subdivisions are explored from

K. A similar procedure is performed on the newly found extended subdivision to find a 3-star subdivision.

Once a violated 3-star subdivision is found, the inequality is put in the cut pool only if it is violated and

other 3-star subdivisions for K are explored.

Branching takes place once it is determined by the previous conditions that no more rounds will be

conducted for the branch node. The edge e is picked for branching base upon if its value is closest to 0.5

with the largest weight. The objective values of created branch nodes are used to put the branch nodes into

a priority queue; the branch node with the highest objective value in the queue is chosen first to derive new

cuts. This concludes the details of the branch-and-cut algorithm. Next, we examine the effectiveness of the

new type of facets within the context of the aforementioned branch-and-bound scheme.
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5 Computational Results

There are three classes of test instances: facility (F), Mutzel (M), and TSP (T). The class labelled facility is a

set of test instances related to facility layout design collected by Brett Peters. The class Mutzel is a collection

of test instances for the maximum planar subgraph problem collected and provided by Petra Mutzel. The

class TSP is a set of test instances of fractional vectors from TSP instances collected by Bill Cook. Because

of the work of Fleischer and Tardos [13] and the work of Letchford [20] of finding comb inequalities in planar

graphs, there has been a growing interest in finding maximum or maximal planar subgraph in the fractional

vectors of TSP instances. Note that class F has only integer weighted test instances, class M has mostly

instances with weight one, and class T has test instances whose weights are real numbers between zero and

one.

Table 1: Computational Results for Facility class

graphs nodes/edges opt soln method best soln K-cuts E-cuts S-cuts bnodes time (sec)

bazaraa12 12/59 2205
K 2205 1581/347 0 0 10809 437
E 2205 1842/404 39/13 0 7372 186
S 2205 1842/404 39/13 0 7372 186

bazaraa14 14/57 1244
K 1244 73/29 0 0 95 2.1
E 1244 122/56 3/2 0 77 1.7
S 1244 122/56 3/2 0 77 1.7

class12 12/45 143
K 143 1506/14 0 0 2988 87.9
E 143 654/8 248/4 0 1174 19.6
S 143 1024/12 383/5 18/0 1740 43.7

class15 15/65 214*
K 214 14753/60 0 0 14664 3822
E 214 9654/78 3701/37 0 9294 1574
S 214 3864/38 1438/17 106/5 3793 312

class20 20/141 ≤ 358
K 312 4320/43 0 0 148281 >9000
E 313 4394/60 2111/30 0 136111 >9000
S 312 4104/46 1948/23 513/3 126831 >9000

All computations were done on a 500 MHz Origin 3800 using Cplex 8.1 callable library in conjunction

with a C++ code for the branch-and-cut algorithm with reduced cost fixing at the root node. Cplex with

the default settings was used to solve the LPs. Tables 1, 2, 3 and 4 give a summary of the results. To

give some clarification of the column headings, “opt soln” gives the optimal solution of the test instance.

Under the “method” column of the tables, “K” corresponds to just using Kuratowski subdivisions for cuts;

“E” corresponds to using both Kuratowski and the extended subdivision cuts while “S” corresponds to

Kuratowski subdivisions, extended subdivision, and 3-star subdivisions including the other facets derived

from 3-star subdivisions on K5. Hence, for the “K-cuts”, “E-cuts”, and “S-cuts” columns, the number of

cuts derived from K3,3 and K5 respectively are separated by “/” and a single “0” under the cuts columns
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means that zero cuts were found deriving from both K3,3 and K5. For a comparison standpoint, method “K”

can be considered a simplified version of the algorithm used by Jünger and Mutzel [18]. Also, “best soln”

gives the best lower bound found by the method for the test instance while “bnodes” offers the number of

branch nodes created by each method per test instance. In addition, the asterisk (*) next to “88” in Table 2

means that the optimal solution for the problem which previously was open has been found proved optimal.

Jünger and Mutzel did provide a lower bound of 88 but they could not prove that the bound was optimal

within their set time limit (1000 seconds). Other asterisks under the “opt soln” for other tables illustrate

problems that were open for previous versions of the branch-and-cut code.

For Table 1, methods “E” and “S” had faster runtimes than method “K” for all of the test instances

that could be solved to optimality. For instance, average factor speedup for method “E” was 2.625 and 7.13

for method “S” (only test cases where 3-star subdivision facets were found). For Table 2, method “E” had

a faster runtime than method “K” for 9 of the 16 test instances that could be solved to optimality and tied

method “K” for 5 of those 16 test instances. Method “S” had a similar performance; it had a faster runtime

compared to method “K” for 8 of the 16 instances and tied for 5 test instances. In addition, if one only look

at test instances where the lowest runtime was at least twenty seconds, the ratio of performance becomes

even better. For Table 3 the performance of using 3-star subdivision was mixed. Method “E” had a faster

runtime than method “K” for 8 out of the 29 test instances that could be solved to optimality and tied for

8. Also, method “S” had a faster runtime than method “K” for 4 out of the 7 test instances that could be

solved to optimality and actually found 3-star subdivisions.

In terms of comparing method “E” with method “S”, we believe that there is no clear winner. This

phenomena maybe can be explained by two factors. First, finding 3-star subdivision were based upon finding

extended subdivisions. Thus, if the quality of the 3-star subdivision cuts were not beneficial for a particular

test instance then one may have been doing extra work without any benefit. Also, since both extended

and 3-star subdivision are both equivalent to members of the class of facets with coefficients {0, 1, 2} for

the set covering polytope, then they should have the same relevant strength in terms of performance. Also,

even though Jünger and Mutzel [18] reported using Euler inequalities, from earlier computational runs, the

Euler cuts didn’t seem effective and few were found even with the “K” method. Hence, the usage of Euler

cuts is omitted from the computational results. In contrast, for all tables, the number of K3,3 subdivisions

found greatly outweighed the number of K5 subdivisions found which would explain why Jünger and Mutzel

reported that the inclusion of extended K5 subdivisions did not add value to their computational results [22].
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6 Conclusions

In conclusion, the extended subdivision and 3-star subdivision facets are valuable to decrease the runtime

for most test instances which is an improvement upon previous work by Jünger and Mutzel [18]. In addition,

new insight has been gained in the planar subgraph polytope with the discovery of nine new types of facets

in which eight of the nine can be zero-lifted. In addition, the connection of the facets with corresponding

facets for the set covering polytope may open a direction of research for this area, especially with all work

conducted for the set covering polytope. In this vein, a future direction would be to investigate how the

support graphs for the facets with coefficients {0, 1, 2, 3} would look like and if a separation algorithm can

be obtained. This work would be similar to the work of Saxena [23, 24]. Another interesting direction is

to find a combinatorial algorithm based on the work of Bienstock and Zuckerberg [4] to separate extended

subdivision, 3-star subdivision and other members of the class of facets with coefficients {0, 1, 2} for the

planar subgraph polytope. Further, another avenue for future work is to investigate the polyhedral structure

of independence systems in relation to set covering where the circuits of the independence system form

the initial LP relaxation since planar subgraphs are independence systems as well as bipartite subgraphs,

independent sets, and node induced cliques.
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Table 2: Computational Results for Mutzel class

graphs nodes/edges opt soln method best soln K-cuts E-cuts S-cuts bnodes time (sec)

cim.60.166 60/166 165
K 165 36/0 0 0 1 5.3
E 165 48/0 24/0 0 1 3.6
S 165 24/0 12/0 6/0 1 1.8

comp.20.30 20/30 28
K 28 14/0 0 0 5 0.2
E 28 20/0 10/0 0 1 0.1
S 28 20/0 10/0 1/0 1 0.1

fac.foro.8.24 8/24 113
K 113 1/0 0 0 1 0.0
E 113 1/0 0 0 1 0.0
S 113 1/0 0 0 1 0.0

fac.foul.8.28 8/28 1982
K 1982 10/1 0 0 1 0.0
E 1982 20/2 5/1 0 1 0.0
S 1982 20/2 5/1 0 1 0.0

fac.leun.10.44 10/44 1105
K 1105 1455/51 0 0 3007 102
E 1105 1564/72 323/20 0 1679 45.9
S 1105 1350/50 276/16 1/1 1304 38.0

hims.34.45 34/45 43
K 43 6/0 0 0 1 0.1
E 43 12/0 4/0 0 1 0.1
S 43 12/0 4/0 0 1 0.1

hims.46.64 46/64 62
K 62 30/0 0 0 1 1.1
E 62 36/0 18/0 0 1 0.8
S 62 32/0 16/0 1/0 1 0.7

hims.48.69 48/69 64
K 64 253/3 0 0 239 14.8
E 64 400/6 179/3 0 158 14.0
S 64 412/8 180/4 19/0 167 15.0

jaya.10.22 10/22 20
K 20 9/0 0 0 1 0.0
E 20 14/0 3/0 0 1 0.0
S 20 14/0 3/0 0 1 0.0

kant.45.85 45/85 82
K 82 13/0 0 0 1 0.8
E 82 24/0 12/0 0 1 0.7
S 82 24/0 12/0 0 1 0.7

mart.30.6.56 30/56 53
K 53 7/0 0 0 1 0.2
E 53 7/0 0 0 0 0.2
S 53 7/0 0 0 0 0.2

mart.45.8.98 45/98 88*
K 88 1753/22 0 0 3346 312
E 88 2014/16 479/4 0 3518 261
S 88 2434/20 548/6 26/1 3144 286

mart.47.8.99 47/99 91
K 91 504/4 0 0 643 62.6
E 91 836/10 195/10 0 627 61.0
S 91 816/6 186/0 1/0 650 58.4

mart.47.9.101 47/101 ≤ 94
K 89 16376/72 0 0 49195 > 9000
E 88 11558/72 5387/35 0 59873 > 9000
S 89 12110/66 5506/32 800/13 49823 > 9000

mart.17.4.39 17/39 35
K 35 78/7 0 0 4 1.0
E 35 116/18 39/2 0 3 0.9
S 35 136/24 45/3 2/0 2 1.1

pol.pm1604 78/126 122
K 122 58/0 0 0 14 7.1
E 122 144/0 60/0 0 7 8.7
S 122 132/0 52/0 3/0 5 8.0

sug.43.62 43/62 58
K 58 102/0 0 0 14 4.0
E 58 202/0 87/0 0 18 4.0
S 58 140/0 57/0 6/0 18 3.0
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Table 3: Computational Results for TSP class

graphs nodes/edges opt soln method best soln K-cuts E-cuts S-cuts bnodes time (sec)

att532 532/697 531.962
K 531.962 1/0 0 0 1 7.9
E 531.962 2/0 1/0 0 1 8.0
S 531.962 2/0 1/0 0 1 8.0

brg180 180/223 178.544
K 178.544 348/0 0 0 282 300
E 178.544 470/0 235/0 0 164 198
S 178.544 458/0 229/0 95/0 203 191

ch130 130/177 129.929
K 129.929 1/0 0 0 1 0.5
E 129.929 2/0 1/0 0 1 0.5
S 129.929 2/0 1/0 0 1 0.5

d1291 1291/1699 1290.91*
K 1290.91 33/0 0 0 1 806
E 1290.91 66/0 32/0 0 1 810
S 1290.91 66/0 32/0 4/0 1 814

d1655 1655/1800 1654.59
K 1654.59 8/0 0 0 1 344
E 1654.59 16/0 8/0 0 1 345
S 1654.59 16/0 8/0 0 1 348

d657 657/838 656.538
K 656.538 18/0 0 0 1 131
E 656.538 32/0 16/0 0 1 116
S 656.538 32/0 16/0 0 1 116

fl1400 1400/1962 1399.93
K 1399.93 7/0 0 0 1 235
E 1399.93 14/0 6/0 0 1 238
S 1399.93 14/0 6/0 0 1 238

fl1577 1577/2099 1576.64*
K 1576.64 52/0 0 0 1 1951
E 1576.64 102/0 51/0 0 1 1919
S 1576.64 102/0 51/0 7/0 1 1928

fl3795 3795/4760 ≤ 3794.318
K 3794.26 70/0 0 0 1 >9000
E 3794.26 140/0 65/0 0 1 >9000
S 3794.26 140/0 65/0 2/0 1 >9000

gr431 431/563 430.977
K 430.977 1/0 0 0 1 5.1
E 430.977 2/0 1/0 0 1 5.2
S 430.977 2/0 1/0 0 1 5.2

kroA150 150/214 149.955
K 149.955 1/0 0 0 1 0.7
E 149.955 2/0 1/0 0 1 0.8
S 149.955 2/0 1/0 0 1 0.8

kroA200 200/329 199.953
K 199.953 8/0 0 0 1 8.2
E 199.953 16/0 8/0 0 1 8.3
S 199.953 16/0 8/0 0 1 8.3

lin318 318/420 317.763
K 317.763 1/0 0 0 1 2.7
E 317.763 2/0 1/0 0 1 2.7
S 317.763 2/0 1/0 0 1 2.7

pa561 561/714 560
K 560 32/0 0 0 1 207
E 560 36/0 18/0 0 1 106
S 560 60/0 30/0 4/0 1 177

pcb1173 1173/1335 1172.93
K 1172.93 1/0 0 0 1 30.2
E 1172.93 2/0 1/0 0 1 30.1
S 1172.93 2/0 1/0 0 1 30.1
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Table 4: Other Computational Results for TSP class

graphs nodes/edges opt soln method best soln K-cuts E-cuts S-cuts bnodes time (sec)

pr1002 1002/1207 1001.97
K 149.955 1/0 0 0 1 27.8
E 1001.97 2/0 1/0 0 1 27.6
S 1001.97 2/0 1/0 0 1 27.6

pr2392 2392/2597 2391.97
K 2391.97 1/0 0 0 1 138
E 2391.97 2/0 1/0 0 1 138
S 2391.97 2/0 1/0 0 1 138

pr299 299/416 298.857
K 298.857 1/0 0 0 1 2.6
E 298.857 2/0 1/0 0 1 2.6
S 298.857 2/0 1/0 0 1 2.6

pr439 439/558 438.863
K 438.863 1/0 0 0 1 5.2
E 438.863 2/0 1/0 0 1 5.2
S 438.863 2/0 1/0 0 1 5.2

rl1304 1304/1700 1303.77
K 1303.77 15/0 0 0 1 365
E 1303.77 30/0 14/0 0 1 370
S 1303.77 30/0 14/0 0 1 370

rl1323 1323/1626 1322.81
K 1322.81 13/0 0 0 1 361
E 1322.81 24/0 11/0 0 1 318
S 1322.81 24/0 11/0 1/0 56 322

rl1889 1889/2327 1888.87
K 1888.87 17/0 0 0 1 896
E 1888.87 36/0 18/0 0 1 955
S 1888.87 36/0 18/0 2/0 1 967

si175 175/229 174.75
K 174.75 2/0 0 0 1 1.2
E 174.75 4/0 2/0 0 1 1.2
S 174.75 4/0 2/0 0 1 1.2

si535 535/710 533.692
K 533.692 134/0 0 0 5 751
E 533.692 246/0 123/0 0 15 763
S 533.692 246/0 123/0 0 15 763

ts225 225/285 224.37
K 224.37 28/0 0 0 1 22.9
E 224.37 42/0 21/0 0 1 17.3
S 224.37 42/0 21/0 0 1 18.5

tsp225 225/287 224.995
K 224.995 1/0 0 0 1 1.3
E 224.995 2/0 1/0 0 1 1.3
S 224.995 2/0 1/0 0 1 1.3

u1817 1817/2234 1817
K 1817 1/0 0 0 1 85.9
E 1817 2/0 1/0 0 1 86
S 1817 2/0 1/0 0 1 88.8

u724 724/1279 723.5
K 723.5 1/0 0 0 1 11.9
E 723.5 2/0 1/0 0 1 11.9
S 723.5 2/0 1/0 0 1 12.7

vm1084 1084/1279 1083.55
K 1083.55 5/0 0 0 1 90.2
E 1083.55 10/0 4/0 0 1 91.3
S 1083.55 10/0 4/0 0 1 91.5

vm1748 1748/2351 1747.86
K 1747.86 27/0 0 0 1 1341
E 1747.86 54/0 25/0 0 1 1350
S 1747.86 54/0 25/0 2/0 1 1359
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