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Problem 1.

(a)

The eigenvalues of the operator

Pu  0%u

with homogeneous boundary conditions on the unit square can be obtained by substituting the
eigenfunctions

¢jk(z,y) = 2sin(jre) sin(kry)

into the formula that defines the operator

Pojk o
Loiw = = 83;2 oy
= —(- 2] v sm(]wm) n(kny)) — (—2k?w? sin(jra) sin(kmy))

= (.7 7 + kP 2)¢j,k( z,y)

So we have
Loy = (77" + K1) ;1
which implies that ¢;\ is an eigenfunction of L with the corresponding eigenvalue
N =32 + k22
We search for the solution of the heat equation
= Au
in the form

o0
Iya Za]k ¢jk )

J,k=1

By substituting this formula into the equation and interchanging the infinite sum with the differ-
entiation operation we get

da , ( ) >
Z P k() = > ajk(t)Ajn(,y)
Gok=1 drk=1
Now we use the fact that ¢;x(x,y) are the eigenfunctions of L = —A with the eigenvalues

)\j,k — j271'2 + k‘271'2



Z d‘”"( g3l 3 4Nz, y)
k=

J,k=1 J,

Z ajc’l:( )sm(jﬁx) sin(kmy) = Z a1k ( ] 7 4 k27T2) sin(jmx) sin(kmy)
k=1 k=1

We take inner product of both sides with

Gmn(T,y)

and interchanging the inner product with summation we obtain

d %)
Z a];i ( )(¢],k7 ¢m n) = Z a;, ¢],k7 ¢m n)
k=

J,k=1 7,k=1

Now we use the fact that {¢; (x,y)}5%_, is an orthonormal system of functions, thus

_ [0, it jEmMm k#En
((bj,k,(bm,n) - { 1, otherwise

Only one term is left on each side

daj k(t)
dt

= —Aj k4 k

which is the ODE for a; 5 (t).
We can derive the initial conditions for a; x(t) by representing the initial condition

U(:L‘,y, 0) = ¢($a y)

as a Fourier series

y) = Z bjk®jk(T,Y),

dk=1

(¢7¢j,k> _ )
(¢j,ka¢j,k) - (¢7¢]7k)'

Using the same argument as for the derivation of ODE we get

where b; ;, =

Zajk )67,k (,y) Z bj k®; k(. Y)

J,k=1

a;j k(0) = bjk
which gives us the initial conditions for the ODE.
The solution to the ODE in (b) can be obtained by separation of variables
a1 (t) = Ce ikt
where the constant C' is determined from the initial condition a;(0) = b; x

—Xj Kt
ajg = bjke”

Thus the formula for the solution of the heat equation u(x,y,t) becomes



(d)

u(z,y,t) Z (1, pjr)e Yt sin(jma) sin(kmy)

7,k=1

Since the sine function is bounded by 1 we may write a bound on

oo
Ju(z, u, )] < D 1%, din)le
j,k=1

Remember that \; = j2m% + k?m? > 0 increases with j, k — oo, thus

Vj,k Z O eiAJﬂkt S e*)\lylt — 67271—275
Finally we get
R o0
u(a, u, 1)) < e8|, 650)]s
jk=1
implying that u(x,u,t) decays exponentially as ¢ — oo at the same rate as e~ 2t

Here we solve

uy = Au

with the boundary conditions

z,0
1

v(

v(x,
0,y
v(l,y

given the function v(z,y) = x that satisfies these boundary conditions.

Il
o8 8

)
)
)
)

Suppose that we know the solution u to our problem, then w = v — u must satisfy homogeneous
boundary conditions. We also have

—Aw=(v—u) — Av—u).
Since v is linear and does not depend on t we have Av = 0 and v; = 0. Using the fact that u
solves the heat equation we write
—Aw = (v — Av) — (uy — Au) =0+ 0=0.

So for w we have a homogeneous heat equation with the homogeneous boundary conditions. The
initial conditions for w can be obtained from

w(mvyvo) = 'U(.’E,y) - U(l’,y,O) =T - 1/)(%31)

Solving the homogeneous heat equation for w with the homogeneous boundary conditions using
the formula from (c) and initial conditions w(z,y,0) = « — ¥ (x,y) we have the solution of the
IBVP with inhomogeneous boundary conditions in the form u(z,y,t) = v(z,y) — w(z,y,t) =

x—w(x,y,t).



Problem 2.

(a)

We search for the eigenvalues A\, of the operator

Pu
dz?

with the homogeneous Neumann boundary conditions

Lu=

ou ou
%(0) = 3?( )

in the form

ox(x) = A siny/ Agx + B cos/ Az, k=1,2,...

Notice that the operator L with the homogeneous Neumann boundary conditions is singular,

d2
i.e. there exist a non-zero function ¢y such that L¢y = —d—(b; = 0. Obviously, the only twice
x

continuously differentiable function that satisfies the equation

2
P
dxz?
with homogeneous Neumann conditions is a constant function. Since we can normalize the
eigenfunctions in any way we like we may take ¢g(x) = 1. So we have found one eigenpair
)\O = 07 ¢0(I) =1
For k=1,2,... we have

doy

e A/ AR cos A\px — B/ A\ sin A\px

Using the boundary conditions at x = 0 and z = 1 we derive a system of two equations for Ay,
By, and \g

Ak\/)\k -1 - Bk:\/)\k -0=0
Ak\//\k- COS )\k- — Bk\//\k sin)\k =0

this implies that A, = 0 and sin A, = 0, so for the eigenvalues \;, we have a relation v/, = 7k, or
A = m2k2. Since we have only 2 equations for 3 unknowns we may choose B;, at our discretion,
say By = 1.

The eigenpairs for k =1,2,... are

br(x) = cos(mkx), N\, = n°k?

It is easy to observe that these eigenfunctions form an orthogonal system with respect to the
standard L, inner product.

We look for a solution to one dimensional wave equation with the homogeneous Neumann bound-
ary conditions in the form

o0
u(z,t) = Z ak (t)or ()
k=0
We plug this expression in the PDE and interchange the infinite sum operation with differentiation

s dzak

= APy
az = kza’“ da?
=0

k=0



2
u
We now use the fact that ¢ (z) are the eigenfunctions of Lu = ——, thus

dz?
%) dgak o
> g2 o= > kit
k=0 k=0

Applying the same argument as in 1.(b) we deduce that the ODE for ay(¢) has the form

d2ay, (t)
T:—)\kak(t)7 k:O717
As in 1.(b) the initial conditions for the ODEs defining ay(t) can be obtained by expanding the
ou

initial condtions u(z,0) = ¥ (z), —(z,0) = y(z) in the basis of the eigenfunctions

ot
Y(@) =) brdr, (@) = crdr
k=0 k=0
The argument similar to the one in 1.(b) provides us with the initial condition for ODEs

dak
dt
We notice that the ODEs in the previous section look a lot like the equations which define the

eigenfunctions of the second derivative operator. The only difference is that we now solve an
initial value problem instead of boundary value problem. We search for the solutions in the form

ar(0) = by, 0)=ck, k=0,1,...

a(t) = Ak cos /At + By sin / A\t

We use initial conditions to determine coefficients Ay and By,

bk = ak(O) = Ak

d
Ccr = ﬁ(O) = —Ap\/Apsin0 + B/ A cos0 = B/ Ak

dt
Notice that the above formulas are valid for £ = 1,2,..., we consider the special case k = 0
separately
d2a0
W = —/\oao =0

so it must be that ag(t) = Aot + By, where we determine Ay, By from

(Lo(O) = BO = bo
d2a0

Using the formulas from the previous two sections we derive an expression for the solution to one
dimensional wave equation with the homogeneous Neumann boundary conditions

u(x,t) = bg + cot + Z(bk cos \/ A\t + %sin V Axt) cos Tk
k=1 k

We observe that the solution has a term which grows or decreases (depending on the sign of ¢p)
linearly as t — oo as well as a term which keeps oscillating as the solution evolves in time.



For the heat equation with homogeneous Neumann boundary conditions the solution has the form

uw(z,t) = bg + Z bre Mt cos Tk,

k=1
. . o (1% (bk) _ !
where by, has the same meaning as for the wave equation IBVP by, = Oron) 2 [Y(z)cos(mka)dx
ky Pk 0
(7/}a¢0) L . o es .
for k=1,2,... and by = (G0.0) = [¢(x)dz is an average of the initial profile over the interval
0, Y0 0

[0,1]. In contrast to the solution to wave equation, the solution of the heat equation with the
same bounudary conditions has a limit as ¢ — oo, u(z,t) — by. The solutions flattens out to an
average of the initial data.

Problem 3.

(a)

Fredholm alternative tells us that for an equation Ax = b with a singular linear operator A we
have exactly two possibilities

e If b € Range(A), then Az = b has infinitely many solutions.
o If b ¢ Range(A), then Az = b has no solutions.

We see that the case when A is singular and Az = b has a unique solution is impossible. Indeed,
suppose that A is singular, hence NullA # (). Let zq satisfy Axzg = b, then for y in the null space
of A we have A(xg +y) = Axog+ Ay = b+ 0, so zp + y also solves Az = b. Thus, existence of
solution of Az = b implies that infinite number of solutions exist.

—500 500
A‘( 500 —500)

A — < —500x1 + 500z4 )

In our case A is given by

500z1 — 500z2

One can easily observe that

Range(A):<g>, Nuu(A):<g), a€R, BeR

Thus if b € Range(A) dJa € R b = ( 73 ) Then we can find solutions of Az = b as ( ;1
2
a o
satisfying 1 — xo = 200 We can take xg = 58 and generate a general solution by adding

any vector from the null space of A.

o

| = ﬂ)

T = —I—(
508 B

We compute matrix exponential et4 using diagonalization of A. The eigenvalues of A are \; = 0,
Ao = —1000. Corresponding eigenvectors are

o=y(1) w=()

Since A is symmetric, we can represent A in factored form A = QDQ”, where Q = (q1, ¢2) is an
orthogonal matrix and



0 0
D(o —1000)

We use the fact that for diagonalizable A we can represent matrix exponential as et4 = et@P Q" =
QetPQT. This results in

etA B 1 ( 1 +e—1000t 1— e—lOOOt )

- 5 1— 671000t 1+ 6710007&

We observe that as t — oo, et — I, where I is 2 x 2 identity matrix.

We consider an ODE in vector form

Z00) = Au(t)

For forward Euler we use the approximation

Y(tkt1) — y(te)

A = Ay(ty).

The iteration is

Y(ths1) = (I + AtA)y(tx).

For backward Euler we approximate the ODE by

Y(tkt1) — y(te)
At

At each iteration we have to solve a linear system

= Ay(tis1)-

(I = AA)y(tesr) = y(tr),

so the expression for y(t) becomes

y(trs) = (I = AA) " y(ty).

We have proved that e — I ast — oo. The solution to the ODE with initial conditions y(0) = o
is given by y(t) = e*yo, so if we want the numerical solution to mimic the behavior of the true
solution we must have y(tx) to stay bounded for any initial guess yo.

For forward Euler we express the solution at time step k in terms of initial value yq as

y(te) = (I + AtA)*y,

We use the fact that (I + AtA)* stays bounded as k — oo if all the eigenvalues of (I + AtA) are
inside the unit circle on the complex plane. If we denote by A(A) the eigenvalue of A we should
have

AT + AtA) =1+ A(AtA) = 1+ AX(A)

In our case A\(A) = {0,—1000}, so we must have

1+A-0/<1, |1—A-1000 <1,

so the condition for the time step At is



<= -
At s 1000 500

For backward Euler we have

y(te) = (I — AtA) ¥y,

The relation for the eigenvalues becomes

1

M+ AtA)™Y) = T AN

Substituting A(A) = {0, —1000} we get
1 1
S T —
1—A-0 - [1+A-1000]

Observing that the inequalities above are valid for any positive At we deduce that backward Euler
method is unconditionally stable for our problem.

Problem 4.

(a)

Consider the PDE

Ut(xvt) - umx(wvt) - eu(ac,t) = f(.’ﬂ,t)

with homogeneous Dirichlet boundary conditions, then if we take the inner product of both sides
with the test function v(z) that satisfies the same boundary conditions, we integrate the middle
term on the left by parts to get the weak form

(ut,v) + (e, vz) — €(u,v) = (f,v), Yo e C?0,1]: v(0) =v(1) =0

Now if we consider some finite functional space Vi with the basis {¢1,...,¢n} we can expand
our approximate solution uy in this basis

t)=> ap(t)pr(x)
k=1

we apply Galerkin method to the weak form

d d d al
(%Zak(t)aﬁk,%) + (@Z ak(t)or, 7-0;) = > ar(t)or, 6;) = (f,65)
k=1 k=1 k=1

N
d
de ) (ks 5) Zak ¢k7 Zak (Pk: 85) = (f. &),
k=1
where (.,.) is a standard Ly inner product with respect to = € [0, 1].
ay(t)
I we let at) = : , then we can rewrite the equations in the previous section in matrix
an(t)

form as

d
AZalt) + Ba(t) = £(t)



d d

where A;j = (¢4, ¢5), Bij = (@@% %d’j) — €(di, b5),

(f(xa t), ¢1)
ft) = : . We can derive the initial conditions for the system of ODEs above

(f(xz t)a ¢N)
by projecting the initial condition of the continuous problem w(z,0) = v (z) on the finite di-
mensional space Vy. We take yy(z) = fo:l Oror(x), where we get the vector of coefficients
B = (B1,...,0n)" by solving the projection problem G = v, where Gij = (¢i,¢;) is Gram
matrix, and ¢y, = (1, @) is the right-hand side.

(d) We apply backward Euler method to our problem

aftks1) — alty)

A
At

+ Ba(tiy1) = f(tr)
(A+ AtB)a(tpy1) = Aa(ty) + At f(tey1)

atp1) = (A+ AtB) " (Aa(ty) + At f(tg41))

(e) The finite element solution does not depend on the choice of the basis functions ¢y but only on
the space Vy.

=0
:17

)

(f) If we solve the problem with inhomogeneous Dirichlet boundary conditions u(0,t) = a, u(1,t
we have to add to the basis two additional functions ¢g, ¢n+1 such that, for example ¢q(0)
¢Nn+1(1) = 1. Our finite element solution then has the form

N

un (z, 1) = ago() + bon1(x) + Y a(t)di(x)

k=1

We modify the right-hand side of the finite element equations accordingly

(f(z,t), 1) — al¢o, ¢1) — b(dN+1, 1)
ft)= :
(f(x,t),on) — al¢o, dn) — b(ON11, dN)



