MATH 126D MIDTERM TwO AUTUMN, 2001

1. (10 points) Decide whether the following statements are true or false. (In this problem no explanation is
needed. In all other problems you have to explain your answers!) Each answer is worth 2 points.

1) The volume of the parallelepiped determined by the vectors a, b, and c¢ is always a nonzero F
scalar.

The volume is zero if the vectors are co-planar.

2) In three dimensions, < 0,0,0 > is the only vector with magnitude 0. T
This was mentioned in lecture and is on page 790.

3) If a and b are coplanar, then a-b = 0. F
a-b = 0 if and only if a and b are orthogonal. Vectors that are coplanar are not necessarily
orthogonal.

4) Two planes are orthogonal if their normal vectors are parallel. F
Two vectors are orthogonal if their normal vectors are orthogonal.

5) If a is parallel to ¢, then a x (b x ¢) = 0, where a,b and c are nonzero vectors. F
Note, b x ¢ is orthogonal to a. The cross product is zero for parallel vectors.

2. (10 points) Peter from One Guy and a Pick-up Truck Moving Company pushes a couch up a ramp that is at
an angle o above the horizontal. The ramp is also 1 meter high and 1.5 meters long at the base as seen in the
picture below. If the force that Peter exerts on the couch has a magnitude of 24 N and is at an angle of 30°
above the horizontal, what is the work done? (Note, a does not necessarily equal 30°.)

1.0m
ratmp

1.5m

Solution
F = (24c0s30°, 245in30°) = ((24) (@),(24) (1) = (12v3,12). D = (1.5,1). Thus W = F-D =

12v/3(1.5) + 12(1) = 18y/3 + 12. [Alternatively, the ramp has angle of & = tan™'({%) = tan~!(2) above

the horizontal. Since tan 30° = % = ﬁ < % = tanq, then 30° < a. Thus, angle between F and D is

6 = a — 30, implying W = |F||D| cos(a — 30) = 24+/3.25 cos(a — 30).]

3. (10 points) A brick has dimensions 2 x 1 x 1 as shown in the picture below. Find the angle between a diagonal
of the brick with its longest edge. (Finding arccos@ or arcsin@ will suffice as the answer.)

Solution

(This is similar to 12.8 #55.) For convenience, consider consider a brick with the given dimensions positioned
so that its back left corner is at the origin, and its edges lie along the coordinate axes. Further, assume its
longest edge lies along the x-axis. The diagonal of the rectangle that begins at the origin and ends at (2,1,1) has
vector representation a =< 2,1,1 >. The angle between this vector and the vector of the longest edge which

a-

also begins at the origin and runs along the x-axis [this is, b =< 2,0,0 >] is given by cos§ = % = \/Lﬂ = \/lg.

|a]
=12
Hence, 6§ = cos (_\/6)
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4. (20 points) A 10-kg weight hangs from two wires as shown below. Find the tensions (forces) Ty and Tz in
both wires and their magnitudes.

N

10 kg

Solution
Note, T1 =< —|T1]cos30°,|T1|sin30° >=< —§|T1|,%|T1| > and T =< |T2|cos60°,|T2|sin60° >=<

2T, §|T2| > We can consider the weight of the chain to be concentrated at its midpoint. This vector is
given by w =< 0, —10g >=< 0,(—10)(9.8) >=< 0,—98 >.

Since the system is in equilibrium, we must have T; + T2 = —w. Therefore, —‘/7§|T1| + %|T2| = 0. So,
V3|T1| = |Ta|.

We also have 1|T1| + ‘/7§|T2| = 98. Substituting our previous result yields that |T1| + 3|T1| = 196.

We have our result: |T1| = 49, |T2| = 49v/3, T1 =< —@49, % > Ty =< ‘/7549, léﬁ > .

5. (30 points). A roller coaster is designed to follow a path along a curve C' given by the parametric equations:
z=cos’t, y=sint, 0<t<T.

1) (10 points) Find dy/dz.

2) (5 points) Sketch C.

3) (10 points) Find the area bounded by C and the lines z =1 and y = 1.

4) (5 pts) Write down, but do not evaluate, an integral that represents the length of C.
Solution

1) First, dz/dt = —2costsint,dy/dt = cost. Therefore, dy/dz = (dy/dt)/(dz/dt) = —1/(2sint) provided
dr/dt = —2costsint #0. That is, t #0,+5,+m,....

2) Sketch is z = 1 — y? in the first quadrant.

3) Area of region = (area of 1 by 1 square) — (area under C' and above z-axis). The area under C' and
above z-axis = fol ydr = ff/z sint(—2costsint) dt = —2 f:/2 sintcost dt —y—sint —2 flo w? du =
—2“; 9 = —2(0® —13) = 2. Thus, area of region = 1 — 2 = 1. [Alternatively, area = fol(l —y)dz =

)

f:/z(l—sint)(—Qcostsint dt = 3]

t
4) C is traversed once for 0 < t < 7/2, thus its arclength is OW/Q \/(—2costsint)? + (cost)? dt =
f0”/2 \/(4sin2t +1)cos?t dt = f0"/2 cost\/4sin’t +1 dt.

6. (20 points) Consider the line L: —z = § = % and the two points A(1,0,0), B(0, 1,0).

1) (5 points) Find parametric equations for the line through A and parallel to L.
2) (10 points) Find an equation for the plane that contains B and the line found in part (1).
3) (5 points) Notice that L is parallel to the plane found in part (2). Find the distance from L to this plane.
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Solution

1) L has direction v = (—1,3,4), so the line also has v as its direction. Then the line has parametric
equations: x =1—t,y = 3t,z = 4t.

2) The plane contains A and B. A third point in the plane can be found by taking any other point on the
line found in part (1). In particular, taking ¢t = 1 gives the point C'(0,3,4). Then, a normal vector for the

i Jj k
planeisn=AB x AC = | —1 1 0 | =4i— (=4)j + (=2)k = (4,4, —2). Since A is in the plane, an
-1 3 4

equation for the plane is (4,4,—2) - (x — 1,y, z) = 0 or, equivalently, 4x + 4y — 2z —4 = 0.
3) The distance from L to this plane equals the distance from any point in L to the plane. One point in L

is 0(0,0,0). Tts distance to the plane is given by |comp, 40| = |ni?| = |<f/’i’2;24)2'g:(3232>| = \/%_6 =2




