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CUBICALL Y CONVER GENT ITERA TIONS FOR INV ARIANT
SUBSP ACE COMPUT ATION

P.-A. ABSILY, R. SEPULCHRE Z, P. VAN DOOREN *, AND R. MAHONY {

Abstract. We propose a Newton-lik e iteration that evolves on the set of xed dimensional
subspacesof R" and converges locally cubically to the invariant subspacesof a symmetric matrix.
This iteration is compared in terms of numerical cost and global behavior with three other methods
that display the same property of cubic convergence. Moreover, we consider heuristics that greatly
impro ve the global behavior of the iterations.
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1. Intro duction. The problem of computing a p-dimensional eigenspace(i.e.,
invariant subspace)ofann n matrix A = AT is ubiquitous in applied mathematics,
with applications in cortrol theory, pattern recognition, data compressionand coding,
antenna array processing,and a multitude of other domains.

Seweral methods for subspaceestimation were proposedin the late sewerties and
early eighties. Demmel [Dem87] provides a joint analysis of three of the early meth-
ods that re ne initial estimatesof arbitrary p-dimensional eigenspace®f a (possibly
nonsymmetric) n n data matrix A. The early methods depend on the various nu-
merical solutions of a common Riccati equation. These methods cornverge at best
guadratically (Chatelin's Newton-basedmethod [Cha84]) even when A is symmetric
and involve the solution of a Sylvester equation at ead iteration step. Moreover, the
iterations de ned depend on a choice of normalization condition usedto generatethe
Riccati equation as well as the preser iterativ e estimate of the eigenspace. More
recertly, iterations have beenproposedthat operate\in trinsically" on the Grassmann
manifold, the set of p-planesin R". Watkins and Elsner [WE91] have studied a multi-
shifted QR algorithm that, aswe will shaw, concealsa Grassmanniangeneralization of
the Rayleigh quotient iteration (RQI). Edelman, Arias, and Smith [EAS98] derived a
Newton iteration directly on the Grassmannmanifold to nd critical points of a gener-
alized Rayleigh quotient. A practical implementation of this method wasinvestigated
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by Lundstrom and Elden [LEOQ2]. In a recert paper [AMSV02], the authors proposed
a generalization of the RQI poseddirectly on the Grassmannmanifold where scalar
shifts are replaced by a matrix shift. All these algorithms are intrinsically de ned
on the Grassmannmanifold (i.e., the next iterate only dependson A and the current
iterate) and converge locally cubically to the isolated p-dimensional eigenspacef
A=AT,

In the presen paper, we comparethe three recertly proposedcubically corvergert
iterations [WE91, EAS98, LE02, AMSV02] and proposea fourth cubically corvergen
method inspired by the multihomogeneousNewton methods consideredby Dedieuand
Shub [DS0Q. The rst goal of this paper is to comparethe four iterations in terms
of numerical cost and global behavior. The global behavior of these iterations is of
particular interest as existing analytical results focus on the local convergencerates.
In the casewhere p = 1 and only a single eigervector is computed the three recertly
proposedmethods degenerateto the sameiteration, the classicalRQI, for which the
global behavior is well understood [PK69, Par80, BS89 PS95. In cortrast, almost
no global analysis has beenundertaken for the various iterations when p > 1. In this
paper, we show that although the local performance of the methods is comparable,
the global performancedi ers appreciably. In particular, we study for ead method
how the shape of the basin of attraction of an eigenspacedeteriorates when some
eigervaluesof A are clustered.

The secondgoal of this paper is to propose modi cations to the methods that
improve the global performanceof the iterations without compromisingthe local per-
formance. The purposeof the modi cations is to ensurethat ead given eigenspace
is surrounded by a large basin of attraction. This guaranteesthat the iteration con-
vergesto the targeted eigenspacesven when started rather far away from it. For the
GrassmannianRQI of [AMSV02] we proposea simple threshold on the distance be-
tweensuccessie iterates that improvesthe shape of the basinsof attraction. For the
two Newton-based methods, we intro duce a deformation parameter that achieves
a cortinuous transition betweenthe original iteration and a gradiernt ow with large
basinsof attraction. This deformation technique is related to line seardq methods and
trust region methods in optimization. We proposea simple choicefor that dramat-
ically enlargesthe basins of attraction around the attractors while preserving cubic
corvergence.In the caseof the new Newton-like iteration proposedin this paper, the
resulting algorithm (Algorithm 5.2) displays an excellert global behavior, combined
with a cubic rate of corvergenceand a numerical cost of O(np?) ops per iteration
when A is suitably condensed.

This paper is organizedasfollows. After a short review of subspaceseigenspaces
and their represenations (section 2), we state four cubically convergert iterativ e al-
gorithms for eigenspacecomputation (section 3). These iterations are compared in
terms of numerical costand global behavior in section4. In section5, we proposeways
of improving the global behavior of the iterations. The main results are summarized
in the concluding section 6.

2. Subspaces and eigenspaces. In the presen section, we intro duce concepts
and notation pertaining to subspacesand eigenspaces.

Unlessotherwisestated, all scalars,vectors,and matricesarereal. The superscript
T denotesthe transpose. Following convertions in [HM94], we use Grasgp;n) to
denote the Grassmann manifold of the p-dimensional subspacesof R", RP" ! =
Grasq1; n) to denotethe real projective space,and ST(p;n) to denotethe noncompact
Stiefel manifold, i.e., the setof n  p matrices with full rank. The columns spaceof
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Y 2 ST(p;n) is denoted by span(Y). The \span" mapping is an application on
ST(p;n) onto Grasqp;n) that is nowhere invertible. Given a matrix Y in ST(p;n),
the set of matrix represertations of the subspacespan(Y) is

span Y(span(Y)) = Y GL, := fYM : M 2 GLg;

whereGL,, denotesthe setof p pinvertible matrices. This identi es Grasgp;n) with
ST(p;n)=GL, := fY GLp : Y 2 ST(p;n)g. More details on the Grassmannmanifold
and matrix represertations can be found in [FGP94, AMS02, Abs03].

Let A beann n matrix. Let X be a p-dimensional subspaceof R" and let

= [XjX,]bean orthogonaln n matrix suc that X spansX. Then QT AQ may
be partitioned in the form QTAQ = 4 22 where Ay; 2 RP P. The subspaceX
is an eigenspce (i.e., invariant subspace)of A if and only if Ay; = 0. By spectrum
of X, we mean the set of eigervalues of A;;. The external gap of the eigenspace
X of A is the shortest distance between the eigervalues of A;; and the eigervalues
of Ay,. The internal gap of X is the shortest distance between two eigervalues of
A11. We say that X is a nondefective eigenspaceof A if A1 is nondefective. The
eigenspaceX is termed spectral [RR02] if A;; and Ay, have no eigervalue in common
(i.e., nonvanishing external gap). When A = AT, an eigenspaceis spectral if and
only if it is isolated, i.e., there exists a ball in Grasqp;n) certered on V that doesnot
contain any eigenspaceof A other than V. The span of a full-rank n p matrix Y
is an eigenspaceof A if and only if there exists a matrix L such that AY = YL, in
which caseY is called an eigenlasis and L the corresponding eigenblak [JSO01].

From now on, we assumethat A = AT unlessotherwise speci ed.

3. Four iterations for eigenspace computation. In this section, we de ne
four iterations that ewlve on the Grassmannmanifold of p-planesin R" and corverge
locally cubically to the spectral eigenspace®f a symmetric n  n matrix A.

3.1. Shifted inverse iterations. Inverse iteration is a widely used method
for computing eigervectors of A corresponding to selectedeigervalues for which an
approximation is available [Ips97]. Let ” be an approximation to an eigenvalue of A.
Inverseiteration generatesa sequenceof vectors xi starting from an initial vector xq
by solving the systemsof linear equations

(3.1) (A ")z = x

and usually normalizing the result xx+1 := z=kzk. From a theoretical point of view,
the norm of xy is irrelevant: the iteration (3.1) inducesan iteration on the projective
space,i.e., the set of one-dimensionalsubspacesof R". Except in some nongeneric
cases,the iteration corvergesto an eigervector of A with an eigervalue closestto ~
and the rate of corvergenceis linear. Howewer, a higher rate of corvergencecan be
achieved by adapting " \online" using the information given by the current iterate
Xk. For A = AT, the choice of the feedbak law " := (xx), where denotesthe
Rayleigh quotient

(3.2) (y) =

yTy
yields the well-known RQI

(3.3) (A X))z = Xk; Xk+1 = z=kzk:
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The fact that  provides a quadratic approximation of an eigervalue around the
corresponding eigernvector explains why the rate of corvergenceis lifted from linear
to cubic [Par80, AMSV02].

In the presen paper, we considertwo ways of generalizingthe RQI to the Grass-
mann manifold of p-planesin R". The rst possibility is to usemultiple scalar shifts,
where the shifts are the Ritz valuescomputed from the current subspace.

Algorithm 3.1 (RSQR). lterate the mappingGrasqp;n)3Y 7! Y, 2 Grasqp;n)
de ned by

1. Pick an orthonormal n  p matrix Y that spans Y.

2. Solvefor Z 2 R" P the equation

(3.4) (A 1) (A pl)Z =Y,

wher ;:::; , arethe eigenvaluesof YT AY repeated according to their multiplicity.

3. Dene Y. asthe span of Z.

We call this iteration RSQR becauseof its link with the generalizedRayleigh-
shifted QR algorithm studied in [WE91]. It comesas a corollary from the results
of [WE91] that RSQR cornvergeslocally cubically to the spectral eigenspace®f A =
AT, aswe now explain.

The RQI algorithm is related to the Rayleigh-shifted QR algorithm, as shown
e.g.,in the enlightening paper by Watkins [Wat82]. The QR algorithm on the matrix
A with Rayleigh quotient shift can be written asa QR decomposition

(3.5) (A kl)Qk = Qu+1 Ris1;

where  is the lower right elemen of A = QIAQK. Taking the inversetranspose
of (3.5) yields, assumingA = AT,

(3.6) (A «l) 'Qu= QiR
where kal is now a lower triangular matrix. The last column of (3.6) yields
(A k) xe= el X

where xy denotesthe last column of Q¢ and ry denotesthe lower right elemen of Ry.
This is RQI (3.3). In [WE91], Watkins and Elsner study a geneslized Rayleigh-
quotient shift strategy for the QR algorithm. It consistsin replacing (A kl) by
P (A), whereP( ) is the characteristic polynomial of the p p lower right submatrix
of Qf AQk. In this case,(3.5) becomes

(3.7) P(A)Qk = Qx+1 Rk+1
or equivalertly, taking the inversetranspose,

P(A) "Qx = Quu Ry
whoselast p columnsyield

P(A) Xk = Xy Lisr:

Here X denotesthe last p columns of Q¢ and P(A) = (A 1) (A ol),
where q;:::; , denotethe eigenvaluesof X AX . This iteration mapsthe span of
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Xk to the span of Xy41, and this is the above-de ned RSQR (Algorithm 3.1). The
dewvelopmernts in [WE91] show that this iteration convergeslocally cubically to the
spectral eigenspace®f A. That is, for ead spectral eigenspaceV of A, there exist a
scalar ¢ and a neighborhood B sud that dist(Y.;V) cdist(Y;V)3 for all Y in B.
The distance between two subspacescan be, e.g., de ned by the projection 2-norm
distpo(Y; V) = kPy  Pyka, wherePy and Py denotethe orthogonal projectors onto Y
and V, respectively [GV96]. Any compatible de nition, sud asthe geadesicdistance
on the Grassmannmanifold, can be used[EAS9S].

Another Grassmanniangeneralization of the RQI, which usesa matrix shift in-
stead of multiple scalar shifts, has been proposedin [AMSV02]. This iteration has
beencalled Grassmann-RQI (GRQI).!

Algorithm 3.2 (GRQI). Iterate the mapping Grasqp;n)3Y 7! Y, 2 Grasqp;n)
de ned by

1. Pick ahasisY 2 R" P that smnsY.

2. Solve
(3.8) TyZ:=AZ Z FYTY){ZlYTAY} =Y
Ra (Y)
forZ 2 R" P,

3. Dene Yg.1 asthe span of Z.

The matrix Ra(Y) can be interpreted as a block shift that reducesto the scalar
Rayleigh quotient (3.2) in the casep = 1. The computations in Algorithm 3.2are done
in terms of N p matrices, but they induce an iteration on the Grassmannmanifold.
That is, Yy+1 doesnot depend on the choice of the represenative Y of Yy chosen
in (3.8). The GRQI method corvergeslocally cubically to the spectral eigenspace®f
A [Smi97, AMSV02].

Like the classical RQI mapping, which is ill-de ned by (3.3) when (x) is an
eigervalue of A, the two iterations RSQR (Algorithm 3.1) and GRQI (Algorithm 3.2)
are de ned almost everywhere on Grasgp;n), i.e., there are points of singularity. In
order to characterize these singularities, we introduce notations that will be used

throughout the text. Let X denotean n p orthonormal matrix (i.e., XX = 1)
that spansthe current iterate, and let [XjX-, ] be an orthogonaln n matrix. De ne
A = XTAX, Az = XTAX 5, Ay = XTAX, Ay = XTAX,. Let 45:i0;

denote the eigervalues of A;; erumerated with their multiplicit y. Then the RSQR
and GRQI methods map the spanof X to the spanof ann p matrix

(3.9) Xy = ZM;
where M is any invertible p  p matrix chosensothat XX, =1, and Z veries
(3.10) RSQR:(A 41):::(A  ,1)Z=X;
(3.11) GRQI : AZ ZAj = X:
In RSQR, the matrices (A il) are invertible if and only if the ;'s are not

eigervaluesof A, in which caseZ is well de ned by the RSQR equation (3.10) and is
full rank. In GRQI, a Sylvesterequation (3.11) hasto be solved. The solution Z exists
and is unique if and only if the spectra of A and of A;; are disjoint. Indeed, rotating

1During the nal preparation of this manuscript, the authors became aware of an independent
derivation of the GRQI method in [Smi97].
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X 71 XQ sothat Ay = diag( 1;:::; p) decouplesthe Sylvester equation (3.11) into
p linear systemsof equations

(A )z = xi;

where x; and z; denotethe ith column of the rotated X and Z, respectively. So, the
conditions for existenceand uniquenessof Z are the samein both inverseiterations.
An additional subtlety of GRQI is that the computed Z may a priori berank de cient.
However, numerical experiments suggestthat if Z is the unique solution of the GRQI
equation (3.11), then it is full rank (see[AHO02] for details).

If the spanof X is closeto V, then the eigervaluesof Aj; are closeto the eigen-
valuesof Ajy, which are obviously eigervaluesof A. Therefore, (3.10) and (3.11) are
intrinsically ill-conditioned when the span of X is closeto an eigenspaceY. This
ill-conditioning is essetial for the fast corvergenceof the shifted iterations and does
not meanthat the span of the computed Z is ill-conditioned asa function of X . This
fact was already emphasizedin the casep = 1 by Petersand Wilkinson [PW79]. The
proof of cubic convergenceof RSQR and GRQI showsthat the spanof Z is well condi-
tioned when the spanof X is\su cien tly close"to the target eigenspace/. We shall
seelater (section 4.2) that the notion of \su cien tly close" dependson the structure
of A.

3.2. Newton iterations. It comesasa direct consequencdrom the de nitions
in section 2 that the p-dimensional eigerbasesof A are the full-rank n  p solutions
of the matrix equation

(3.12) F(Y):= v,AY =0;

where vy, := 1 Y(YTY) YT is the orthogonal projector onto the orthogonal
complemert of span(Y). This formulation of eigerbasiscomputation asa zero nding
problem calls for the utilization of the Newton iteration (see,e.g.,[DS83 NW99]) in
the Euclidean spaceR" P, which consistsin solving the Newton equation

(3.13) F(Y)+ DF(Y)[] =0;

where DF(Y)[] denotesthe directional derivative of F at Y in the direction of ,
and performing the update

(3.14) Y, =Y+

However, the solutions of (3.12) are not isolated in R" P, namely, if Y is a solution,

then all the elements of the equivalenceclassY GL, are solutions, too. In fact, since

F is homogeneousof degreeone,i.e., F(YM) = F(Y)M, the solution of the Newton

equation (3.13), whenunique,is = Y. Soany point Y is mappedto Y. = 0. This

is clearly a solution of F(Y) = 0, but it spansthe trivial zero-dimensionalsubspace.
A remedy consistsin constraining to belongto the horizontal space

(3.15) Hy:=f 2R" P:YT =0g;

orthogonal to the equivalenceclassY GL,. With this constraint on , the solutions
of F(Y + ) = 0 becomeisolated. Howewer, the Newton equation (3.13) has,
in general, no solution in Hy, sothe Newton equation (3.13) must be relaxed.



76 P.-A. ABSIL, R. SEPULCHRE, P. VAN DOOREN, AND R. MAHONY

We will considertwo approaches. The rst one consistsin projecting the Newton
equation (3.13) onto Hy

(3.16) v, F(Y)+ DF(Y)[]) =0, YT =0

The second approad consistsin solving the Newton equation (3.13) in the least
squaressense that is,

(3.17) = argymi_g KF(Y)+ DF(Y)[] k%

In the remainder of the presen section, we dewelop the ideas (3.16) and (3.17) and
show how they relate to methods proposedin the literature.

Dene amap Jy : Hy ! Hy by projecting the Frechet derivative of F in a
direction 2 Hy badk onto Hy,

(318) Jy:Hy! Hy: 7' y,DF(Y)] = A (YTY) YYTAY;
where is a shorthand notation for v, . Using this notation, (3.16) may be written
(3.19) Jv[] = F(Y):

The Newton{Grassman (NG) algorithm is formally stated as follows.

Algorithm 3.3 (NG). Iterate the mapping Grasgp;n) 3 Y 7! Y. 2 Grasqp;n)
de ned by

1. Pick abasisY 2 R" P that spans Y and solvethe equation

(3.20) A (YTY) 'YTAY =AY

under the constraint YT =0, where =1 Y(YTY) YT,
2. Perform the update

(3.21) Y+ = span(Y + ) :

Onechedsthat Y. doesnot dependonthe Y chosenin step 1. Indeed,if Y yields
the solution  of (3.20), then YM producesthe solution M for any M 2 GL,, and
spanY + ) = span(Y + ) M).

Algorithm NG admits the following geometric interpretation, valid for arbitrary
A. The Grassmannmanifold, endoved with the essetially unique Riemannian metric
invariant by the action of the group of rotations, is a Riemannian manifold. In [Smi94],
Smith proposesa Newton iteration on abstract Riemannian manifolds. This iteration,
applied on the Grassmannmanifold in order to solve (3.12), yields the seard direc-
tion given by (3.20), where s interpreted as an elemen of the tangent space
Ty Grasqp; n); see[AMSO02] for details. The update (3.21) is a simpli cation of the
Riemannian updating procedure

(3.22) Y. = Expy

consisting in following geadesicson the Grassmann manifold. Assuming A = AT,
Algorithm NGJlbut with geaesic update (3.22) instead of (3.21)|is also obtained
by applying the Riemannian Newton method on Grasgp;n) for nding a stationary
point of a generalizedRayleigh quotient [EAS9S].

Algorithm NG was previously proposedfor the caseA = AT in [LST98], where
guadratic cornvergence (at least) was proven. In [AMS02], it is showvn that for
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arbitrary A, NG with either geadesic update (3.22) or projected update (3.21) con-
vergeslocally quadratically to the spectral p-dimensional eigenspacef A. When
A = AT (which is assumedto hold in the presert paper) the rate of corvergenceof
NG is shown to be cubic.

Now we turn to the least squaresapproac (3.17). As shown in the appendix, the
solution  of the minimization problem (3.17) veri es

(3.23) JT J[] + AY(YTY) YYTAT = JT[F(Y);

where JT denotesthe adjoint of the operator J (3.18) de ned with respect to the
inner product h 1; iy, = trace((XTX) 1 I ;). AssumingA = AT, the operator
J is self-adjoint and we obtain the following algorithm.

Algorithm 3.4 (NH). Iterate the mapping Grasgp;n) 3 Y 7! Y. 2 Grasqp;n)
de ned by

1. Pick abasisY 2 R" P that spans Y and solvethe equation

(3.24) A? 2 A(C YTY) YYTAY + (YTY) YYTAY(YTY) yTAY
= A AY + AY(YTY) YTAY
for the unknown under the constraint YT = 0.
2. Perform the update
(3.25) Y, = span(Y + ) :

Here again, it is cheded that Y. doesnot depend on the Y chosenin step 1.
This least squaresapproac can be interpreted as a matrix generalization of the
homogeneoudNewton method proposedby Dedieu and Shub [DS0Q.

Algorithm NH convergeslocally cubically to the spectral eigenspace®f A. This
property can be deducedfrom the corresponding property in NG. Applying the oper-
ator J on the NG equation (3.19) yields

(3.26) JT J[] = JT[F(Y)]

which only di ers from the NH equation (3.23) by the term  AY (YTY) 1YTAT |
Since AY is zero at the solution and smooth, the operators in the left-hand side
of (3.26) and (3.19) di er only at the secondorder. Sincethe right-hand side is of
rst order, the discrepancy betweenthe solutions  of the NH equation (3.24) and
the NG equation (3.20) is cubic, whencecubic convergenceof NG is presenedin NH.

Like the inverse iterations (section 3.1), the two Newton methods NG (Algo-
rithm 3.3) and NH (Algorithm 3.4) have points of singularity. Let us rewrite the key
equationsin a slightly more compact form, using the notations of section 3.1. The
two Newton iterations map the span of an orthonormal X to the span of

(3.27) Xy =(X+)M=(X+X,H)M;

where M is chosento orthonormalize X+ (M can, e.g., be obtained by a QR factor-
ization), and  or H verify

(3.28) NG: A A= AX; XT =0
(329) or AxH HA11 = Ao
(3.30) NH : A2 2 A Ap+ AL = A AX + AXAy XT =0

(3.31) or (AnAz + ApAn)H  2AnHAL + HAY = ApAgr + AxAd:
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The inverseiterations (RSQR and GRQI) and the Newton iterations (NG and
NH) are built on very dierent principles. In the inverseiterations, a new basis Z
appearsdirectly asthe solution of a linear systemof equationsthat becomeamnore and
more il I-conditioned (i.e., almost singular) asthe iterate X approacesan eigenspace.
In the Newton methods, a correction , verifying the horizontality constraints, is
computed and addedto the current iterate X . It is thus not surprising that the two
approades involve di erent singularities. In NG (3.29), H exists and is unique if
and only if the spectra of Ay, and A; are disjoint. Note the di erence from inverse
iterations: the matrix A is replacedby the projected matrix Az,. In NH (3.31), H
exists and is unique if and only if the eigervaluesof the quadratic eigervalue problem
(A21A12 + AxnAs 2A5 + 2| )X (A21A12 + (A22 | )2)X = 0 are distinct from
the eigervalues of Aj;; see(4.6). When the span of X is closeto V, the residual
matrix A,; hassmall norm, and the Sylvesteroperator on the left-hand side of (3.29)
and (3.31) is well-conditioned. Indeed, the eigervalues of A,, are closeto those of
Ajv, , the eigervalues of A;; are closeto those of Ay, and the spectra of Ajy, and
Ay are separatedsince, by hypothesis,V is a spectral eigenspace.

4. Comparison of metho ds. In the previous section, we have formulated four
iterations|t wo shifted inverseiterations (RSQR and GRQI) and two Newton meth-
ods (NG and NH)|that ewlve on the Grassmann manifold of p-planesin R" and
converge locally cubically to the spectral p-dimensional eigenspace®f a symmetric
n n matrix A. Surprisingly, and in spite of di erent underlying approaces, RSQR
and GRQI coincide with NG in the particular casep = 1, as pointed out by seweral
authors [Shu86, Smi94, ADM * 02, MA03]. When p > 1, howewer, the four methods
dier.

In the presen section, we comparethe iterations in terms of numerical cost and
global behavior. Low numerical cost and large basins of attraction are two desirable
featuresfor methods that compute invariant subspacedrom a rst estimate.

4.1. Practical implemen tation. Comparing the implementation of the four
di erent techniques dependsto a large extent on the structure of the matrix A. If
we assume rst that A is dense,then all four methods have a comparable complex-
ity, namely O(pn?®), which mainly accourts for the p matrix factorizations that eac
requires. The RSQR solves

(4.1) RSQR:(A 11) (A ,1)Z=X;

which involvesp symmetric matrices (A il). In the caseof the three other methods,
the rst thing to dois to reduceA;; to a diagonal form. This is cheapsinceA;; is a
p p matrix and pis in practical applications typically much smaller than n. More-
over, the diagonalization always exists since A1; is symmetric. This diagonalization
decouples(3.11), (3.28), or (3.30) into p independert systemsof linear equations of
the form

(4.2)GRQI : (A il)z=x;

(43) NG: (A 1) = Ax X" =0

4.4 or (A, 1)h= Ape;

(45) NH: (A i1)? = gXx'" =0

(4.6) or (A21A + ApAz) 2An+ 21)h= (ApAxn AxAu)e
wheree 2 RP is the eigervectorde ned by A;;e= jeandx .= Xe z:= Ze, = ¢g

h:=He.
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Clearly O(pn®) seemsexcessie since most eigervalue solvers require only O(n?)
oating point operations (i.e., ops). A signicant improvemert is obtained by pro-
ceedingin three phasesas follows: (i) reducethe matrix A to a tridiagonal form in
O(n®) ops, (i) compute an eigenspaceof the tridiagonal matrix, (i) compute the
corresponding eigenspaceof the original A in O(np) ops. We now focus on the sec-
ond phaseand assumethat A is already in tridiagonal form. For RSQR the solution
of (4.1) requires now O(np?) ops, while for GRQI (4.2) this is O(np); the subse-
quert reorthogonalization of Z requires O(np?) for both methods. For the Newton
updates NG and NH, we usean idea from [PW79] which shaws that the direction of
the solution z of (4.2) is also given by the direction of x + where

In a similar fashion, onecanrewrite the Newton methodsNG andNH as(n+p) (n+p)
symmetric problems:

A il X . AX
(4.7) XT 0O m O
and

(A i1)2 X _ 9.
(4.8) XT O m 0 '

respectively, rather than solving the denseproblems (4.4) and (4.6). When (A
i1) is tridiagonal, (4.7) and (4.8) can be solved in O(np?) ops ead. The LDLT
decomposition of (A 1) and the QR decomposition of (A ;1) both require O(n)
ops. The above problems are then replaced by

LDLT X _ AX
(4.9) XT 0O m ~ 0
and

RTR X _ g .
(4.10) XxT 0 m=> o'

respectively, where L has only two diagonals and R only three. Solving the sys-
tems (4.9) and (4.10) (possibly with iterativ e re nement to ensurestability) requires
O(np?) ops ead. For a tridiagonal matrix A, the complexity for all four methods
is thus O(np?) in addition to the cost of phases(i) and (iii). We point out, however,
that there exist very e cien t numerical methods for computing all the eigervectors of
tridiagonal matrices such that the computed eigervectors are orthogonal to working
precision [DP03]. Moreover, the Multiple Relatively Robust Represeiations algo-
rithm announcedin [DP03] would compute p eigervectors of a tridiagonal matrix
with lower order of complexity, O(np), than the one reported above.

If the matrix A is sparseor banded, say with bandwidth 2g+ 1, then the numerical
cost per iterate of GRQI, NG, or NH is O(ng?p) + O(np?) assuming p;q << n.
If the bandwidth is su cien tly narrow, namely, o? p, then the numerical cost
remains O(np?). For RSQR, assumingthat the linear system(4.1) is solved by Gauss
elimination and badk-substitution, the numerical costper iterate is O(ng?p)+ O(nqp?);
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hencethe complexity of the algorithm essetially increasesby a factor q at most as
longasq p. Another possibility, explainedin section3.1,is to implement RSQR asa
multishift QR algorithm [BD89]. Chasingap p bulge down atridiagonal matrix can
be donewith approximately n Householderre ections of dimensionp p and applying
thoseto X will yield the solution Z of (32). The numerical cost is thus O(np?), but
this implicit method hasto be implemented with care [BBM02a, BBM02b] in order
to work properly.

Finally, if the matrix A is very large but sparse,one could consider alternativ e
sparsematrix techniquessud asreordering methods that reducethe bandwidth of A
or even iterative methods. If an approximate solution is sough using an iterativ e
solver, a stopping criterion has alsoto be chosenfor the inner iteration. Computing
the rst iterates with high precision may be unnecessary[EW96]. lIterativ e solvers
are consideredfor the casep = 1in [SE0Z, including a comparisonbetweenthe RQI
equation (4.2) and the Newton equation (4.3).

4.2. Basins of attraction. The four subspacemethods under investigation in
this paper, i.e., the two inverseiterations RSQR (Algorithm 3.1) and GRQI (Algo-
rithm 3.2) and the two Newton methods NG (Algorithm 3.3) and NH (Algorithm 3.4),
display local cubic convergenceto the spectral eigenspacesf the symmetric matrix A.
By \lo cal convergence,"it is meart that around ead p-dimensional eigenspaceV,
there exists a ball B in the Grassmannmanifold Grasqp;n) suc that the iteration
convergesto V for all initial point in B. But nothing has beensaid yet about the size
of theseballs. This is, howewer, an important issue,sincea large ball meansthat the
iteration will corvergeto the target eigenspacesven if the initial estimate is not very
precise.

It has beenshawn for previously available methods that the basins of attraction
are prone to deteriorate when some eigernvalues are clustered. Batterson and Smil-
lie [BS89 have drawn the basinsof attraction of the RQI for n = 3 and have shown
that they deteriorate when two eigervaluesare clustered. The boundsinvolved in the
convergenceresults of the methods analyzed in [Dem87 blow up when the external
gap vanishes.

In the presen section, we illustrate properties of the basinsof attraction on three
examples. The rst two examplesare low-dimensional problems(n = 3and p= 1;2)
for which faithful two-dimensional pictures of the basins of attraction can be drawn
(the dimension of Grasq1;3) and Grasg2; 3) is two). The third exampleis a higher-
dimensional case. In these examples, the matrices A are chosento illustrate the
in uence of the eigervalue gapson the basinsof attraction.

In order to graphically represert basins of attraction, we take advantage of the
following facts. Let F5 denote one of the four iteration mappings mertioned above.
The mappings are invariant by orthogonal changesof coordinates, i.e., QFA(Y) =
Fong 7 (QY) for all Q orthogonal. Therefore, we work without loss of generality in a
coordinate systemin which A is diagonal. Moreover, onceA is diagonal, the mappings
areinvariant by multiplication by a sign matrix. To show this, note that sign matrices
are orthogonal, replace Q above by a sign matrix S and usethe relation SAS = A.
Consequetly, it is su cien t to represen the basinsof attraction in the rst orthant.
The other orthants are deducedby symmetry. Note also that the matrices A, A,
and A | yield the samesequence®f iterates for all

Example 1 (Dep endence on external gap). We considerthe casen = 3 and
p = 1 (iterates are one-dimensionalsubspacesf R®). Then the two inverseiterations
(RSQR and GRQI) reduceto the RQI, which is equivalent to NG (see,e.g.,[Smi94]).
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gamma=0.2,p=1, span(Xk+1) =span Z gamma=0.01,p=1, span(xk+1) =span Z
2 2

1 1.8 1 1.99

Fig. 4.1. Basins of attraction for RSQR, GRQI, and NG (n = 3, p= 1). The three vertices
correspond to the three eigenspaces. A similar gur e appears in [BS89]. This gur e also applies to
NG with n = 3, p= 2 (see Example 2 in section 4.2).

Figure 4.1 represers the basins of attraction of the RQI for A = diag(1;2 ;2).
On the left-hand side of the gure = :2, and on the right-hand side is reduced
to 0:01 in order to illustrate the e ect of a small eigervalue gap. Figure 4.1 should
be read as follows. Displayed is the simplex fx 2 R" : x; + Xo + X3 = 1;%; > 0g.
The iterates|one-dimensional subspacesf R3|are represeited by their intersections
with the simplex. The three verticescorrespond to the three eigendirectionsof A, and
the corresponding eigervaluesareindicated. The three colorsindicate the three basins
of attraction. It is seenthat the basin of attraction of the upper vertex shrinks as
its external gap is reduced. The basins of attraction of NH are qualitativ ely similar
to the RQI-NG case. In conclusion, this simple example shows the dependenceon
external gap in all methods.

Example 2 (Dep endence on internal gap in GRQI). We now investigate
the casen = 3, p = 2 (iterates are 2-planesin R3®) using the sametwo matrices A as
above. Let us rst considerthe caseof RSQR. Its basinsof attraction are shavn on
Figure 4.2, where 2-planesare represenied by the intersection of their normal vector
with the simplex. The three vertices correspond to the three two-dimensional eigen-
spacesof A. For example,the upper vertex correspondsto the minor eigenspace.On
the right-hand plot of Figure 4.2 and the onesthat follow, the eigenspaceepresened
by the lower left vertex has a small internal gap and a large external gap, while the
two other vertices correspond to eigenspacewith a large internal gap and a small
external gap. Figure 4.2 shows that the basinsof attraction for RSQR collapsewhen
the external gapis small. On this low-dimensionalexample,a small internal gap does
not a ect the basin of attraction.

The basins of attraction of GRQI are shavn on Figure 4.3, with the samecon-
verntions as for the RSQR plot. One notices a peak growing towards the eigenspace
with small internal gap. The tip of the peakis very closeto the eigenspaceput this
can hardly be seenon the gure becausethe peakis very narrow. This shows that
for GRQI the basinsof attraction may deteriorate around the eigenspacesvith small
internal gap. We will explain this feature analytically in section4.3.
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p = 2, generalized Rayleigh-shifted QR p = 2, generalized Rayleigh-shifted QR
2 2

1 1.8 1 1.99

Fig. 4.2. Basins of attraction for RSQR (casep = 2, n = 3). The elements of Grass(2; 3) (i.e.,
2-planes in R3) are represented by the intersection of their normal vector with the simplex.

gamma=0.2,p=2, span(Xk+1) =span Z gamma = 0.01, p =2, span(X ) =spanZ

2 2

k+1-

Fig. 4.3. Basins of attraction for GRQI (casep= 2, n = 3).

The Newton iteration NG displays the following duality property: If XX is a
sequencef iterates generatedby NG, then XX alsoforms a sequenceof iterates of NG.
To seethis, let H verify the NG equation (3.29), note that X» X HT is orthogonal
to X + Xo,H,and( HT) veries A;z( HT) ( HT)A, = Ai,, which isjust the
NG at the iterate X, . By this duality property, the orthogonal complemeris of the
iterates of NG (p = 2, n = 3) are one-dimensionaliterates of NG (p = 1, n = 3).
Represeting 2-planesby the intersection of their normal vector with the simplex, the
picture for NG in the casep = 2, n = 3 is the sameas for the casep= 1, n = 3
illustrated on Figure 4.1.

The basins of attraction of the Newton iteration NH are shown in Figure 4.4,
with the corvertions explained above. The basinsof attraction do not collapsein this
low-dimensionalexample. One however should not concludethat everything goeswell
in higher dimensions,as we will show shortly.
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p =2, NH with tau=0 p = 2, NH with tau=0
2 2

1 1.8 1 1.99

Fig. 4.4. Basins of attraction for NH (case p = 2, n = 3). For the basins of attraction of NG
(p= 2, n= 3), see Figure 4.1.

In conclusion, this secondexampleillustrates that the four methods are di erent
whenp> 1. It alsorevealsa dependenceon internal gap occurring in GRQI.

Example 3 (Higher-dimensional case). The principal interest of the low-
dimensional example studied above lies in the two-dimensional represertation of the
basinsof attraction. We now consideran examplein Grasg3; 7), with dim Grasg3;7)
= 12,in order to further investigate the in uence of the eigervalue gapson the basins
of attraction. We usethe matrix

A = diag(1;2;2+ ;2+ 2 ;3;4;5);

where is a small number (wechoose = 10 2). We selectthree di erent eigenspaces
in order to illustrate the in uence of internal and external gaps. In ead case,we pick
10* initial points randomly at three given distancesof the targeted eigenspaceand we
count how often the sequenceof iterates fails to corvergeto the target. We declare
that the sequencecorvergesif dist(X*;Viar get) < 10 & with k = 100, where dist
denotes the largest principal angle between the two argumerts. The condition is
usually already veri ed for very small k (seeFigure 4.5), but if the iteration is started
closeto the boundary of the basin of attraction then the condition may be veri ed
after arbitrarily many steps.
Here are the results of our experimerts:

(i) Convergenceto the eigenspaceV,q; with eigervaluesl, 3, and 4. This eigen-
spacehas a large external gap and a large internal gap. The ratios of sequenceghat
failed to convergeto the targeted eigenspaceare shavn in Figure 4.5(a). As predicted
by the theory, the four methods (RSQR, GRQI, NG, and NH) invariably corverge
to the targeted eigenspacewhen the initial error is small. When the initial error is
large, the methods sometimesfail, and RSQR fails much more often than the other
methods.

(i) Convergenceto Viesi With eigervalues2,2+ |, and 2+ 2 (Figure 4.5(b)).
This illustrates the in uence of a small internal gap. All methods except GRQI have
a large basin of attraction around V,esi. This con rms the information obtained in the
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Fig. 4.5. Ratio of sequences that failed to converge to the targeted eigenspace in Example 3
(section 4). \Init. err" gives the value of the largest princip al angle between the initial subspce and
the targeted eigenspace. Each ratio has been estimated using 10* randomly chosen starting points
in each case. The absene of bar means that the sequence converged for all trials. We declare that a
sequence converges if the largest princip al angle between the 100th iter ate and the target is smaller
than 10 . The numbers between parentheses indic ate the maximal number of iter ates (evaluated
on the 10* trials) necessary for the convergence condition to be satis e d.

lower-dimensionalcasethat the basinsof attraction of eigenspacesvith small internal
gap are collapsedin GRQI (seethe peak obsened for GRQI in Figure 4.3).
In a dierent experiment not reported on the gure, we also consideredinitial
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points situated at the distance %5 of Viesi. At sud a distance, V|es is seldomthe
closesteigenspaceso corvergenceto Ve is not expected. And indeed, the iterates
of GRQI, NG, and NH seldomconvergedto Vesi (probability of convergencearound
0:02). Howeer, the iterates of RSQR did very often convergeto V|esi, with probability
0:95. This meansthat the basin of attraction of V|es has a very large area under
RSQR. It suggeststhat the eigenspacewvith clustered eigervalueshave an oversized
basin of attraction under RSQR, to the detriment of the other basinsof attraction.

(i) Convergenceto Vs with eigervalues 2, 3, and 4 (Figure 4.5(c)). This
eigenspacehas a large internal gap but a small external gap. The number of failures
of RSQR is about 10 times worse than for the other methods, and all the methods
sometimesfail to corvergeto Vse i unlessthey are started very closeto it. This means
that the basin of attraction of Vg is small for ead method. Therefore, one usually
tries to avoid small external gaps by enlarging the targeted eigenspaceto include
whole clusters of eigervalues. However, this approacd requiresa priori information on
the eigervalues. In section 5 we will proposemodi ed Newton methods that display
large basinsof attraction around eigenspacesike Vsei.

4.3. Dependence on eigenvalue gaps. The numerical experiments reported
in the previous section have led to the following obsenations. For the four methods
under investigation, collapsed basins of attraction are obsened around eigenspaces
with small external eigervalue gap. The basinsof attraction of GRQI alsodeteriorate
when the internal gap between eigervaluesis small. Under RSQR, the eigenspaces
corresponding to clusters of eigervalueshave a particularly large basin of attraction.
In the presen section, we justify these obsenations analytically. As an aside, we
obtain an alternativ e proof of cubic convergencefor the Newton methods.

RSQR. For simplicity of the argumen, consider A = diag(1;1+ ;2) with
small. Let V be an eigenspaceof A with small external gap, e.g., V = span(e;; e3)
corresponding to the eigervalues1+ and 2. We now exhibit a subspaceX ° closeto
V that is mapped by RSQR to a subspacecloseto span(e;;ey). Let X° = span(e, +

e es+ e) with j j;j j<< 1. Then X° is closeto V. The Ritz valuesof (A; X°)
are =1+ 2 +40(H+0(2%22%and ,=2 2+0(%H+0(? ?,and
one obtains for the new iterate computed by RSQR from X °

0 2 31 2

3

1
Xt=span@A 1) (A L) 41 05A " spand 1 0 5:
0 1 o =3

If << 3 then X! is closeto span(e;;e,). In other words, given a X° that is close
to V but doesnot contain es, if the cluster is su cien tly tight, then X1 is closeto
the eigenspacecorresponding to the cluster. This shows that the basin of attraction
of span(e;; ;) contains points closeto V.

The behavior we have just obserned canbeinterpreted asa\co operation” between
clustered eigervalues. If a Ritz value is a good shift for one eigervalue in a cluster,
it is also a good shift for all the eigervaluesin the cluster. Moreover, Ritz values
of a randomly chosen subspaceare more likely to be closeto a cluster than to an
isolated eigervalue. This explains the oversizedbasins of attraction obsened around
eigenspacesvith clustered eigervalues.

GR Ql. For GRQI, both a small external gap and a small internal gap may a ect
the quality of the basin of attraction of V, aswe now show.
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GRQI mapsthe basisY = V + \, K to the Z = VZ; + V, Z,, where

(4.12) 1Z1+ Z1(lp+ KTK) Y 1+ KT 2K) = 1p;
(4.12) 2Zy+ Zo(lp+ KTK) ( 1+ KT ,K)=K;

see[AMSV02, Abs03]. Dene K, = Z,Z; ! sothat the spanof Z is the sameas the
spanof V + V, K., .

Let us rst consider equation (4.12). This is a Sylvester equation. It is well-
conditioned when K is small, therefore Z, = O(K) due to the right-hand side. If the
external gap of V is small, i.e., gap[ 1; 2] is small, then the Sylvester operator is
arbitrarily ill-conditioned for small K, soZ, and K. may be large.

Now consider equation (4.11). This Sylvester equation is ill-conditioned when
K is small. Since ; is diagonal, the lines of (4.11) are decoupled. Without loss of

generality, let us considerthe rst line. Put Z; = ( o Z) 1=( )HE= 1 (p+

KTK) 3 1+ KT 2K)=(E* E2). The rst line of (4.11) yields (see[AMSV02])

21 E22
(4.13) 11=[Eun Ewn(lp + Ep) 'Ex] b
(4.14) 2= 11Ewn( Ip + Ep)

One obtains that Z, * = O(E) = O(K?) and concludesthat K, = O(K %), sothe
algorithm convergeslocally cubically [AMSV02]. Howewer, if is closeto an eigervalue
of (i.e., if the internal gap is small), then ( 1 Ex) 1is large for somesmall
E (i.e., small K). This suggeststhat if the internal gap is small, there are somesmall
K s for which Z, * is large, whenceK . is large.

Newton metho ds. We show here that NG cornvergeslocally cubically to V
and that the basin of attraction collapseswhen the external gap is small, but not
when the internal gap is small. A similar dewelopmen for NH leads to the same
conclusions.

Let V be an orthonormal basis of the eigenspaceV such that VTAV = | is
diagonal, and let V, be an orthonormal basis of V, suc that V?TAV? = 5is
diagonal. The external gapofVisgap 1; 2]. After somemanipulations, oneobtains
that under NG (Algorithm 3.3with projective update), the spanofV +V; K is mapped
to the spanof V + V, K., whereK, veries

(415) K, =(K+(0+KKT) (L K)I KT(+KKT") Y} K) 1
in which L solves

(416) ( 2+ K KNI +KKT) 'L LU+KTK) }( 1+KT ,K)
= [K KT+ KKT) T+ (I +KKT) * 1K
KO+ KKT) KT LK+ (1+KTK) T 1) 4]

One deducesfrom (4.16) that L = O(K ®) and then K, = O(K ®), which meansthat
the Newton iteration NG corvergescubically; the reader is referred to [AMS02] for
a detailed proof of cubic corvergence. If the gap[ 1; 2] is small, then the Sylvester
operator on the left-hand side of (4.16) becomesarbitrarily ill-conditioned for small
K's (remember that the eigervaluesof a Sylvesteroperator are the di erences between
the eigervaluesof the two matrices involved in the equation [Ste73), whenceK . can
be large even if K is small. This reasoning suggeststhat if the external gap of V
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is small, then someinitial points closeto V do not yield corvergenceto V. On the
other hand, the conditioning of the Sylvester operator in (4.16) is not a ected by the
internal gap of V.

5. Impro ving the basins of attraction. Large basins of attraction are de-
sirable as they ensurethat the iteration will corverge to the targeted eigenspace
ewven if the initial subspaceis a relatively poor estimate. The analysis in section 4
has shavn that a small external gap, and in the caseof GRQI a small internal
gap, producesa degradation of the basins of attraction of the iterations de ned in
section 3. For this reason,we now discussways of improving the shape of the basins
of attraction.

5.1. GRQI with limited variations. By experimenting with GRQI, we no-
ticed that the sequence®f iterates that divergefrom the target eigenspacestart with
a big jump, i.e., the distance betweenthe initial and seconditerates is large. In an
attempt to prevent this behavior, we apply a threshold value on the distance between
two successie iterates.

This can be implemented in the following way. Let X be the current iterate and
let X be an orthonormal n  p matrix that spansX. Let nax be athreshold value
on the principal anglesbetween X and X.. Compute Z, the solution of the GRQI
equation (3.11). Orthonormalize Z, e.g., by a Gram{Schmidt process. Then, by the
CS decomposition theorem [PW94, GV96], there exist orthogonal matrices U; and V;
and an orthonormal matrix Y with YT X = 0 sudh that

ZVh = XU;C + YS;

where C = diag(coq 1);:::;co p)), S = diag(sin( 1);:::;sin( p)), with O 1

p 5. The j's are the principal angles between span(X) and span(Z),
and the columns of X U; and ZV; are the corresponding principal vectors. De ne
(% = minf i} max 9. Then dene C"™" = diag(coq 1°¥);:::;coq ®")), S"™" =
diag(sin( 1°*);::: ;sin( ;°")), and let the new iterate X. be the span of Z"" =
XU CnewW + Y gnew,

The matrix Z"" is obtained from the original Z in O(np?) ops by computing the
singular value decomposition XTZ = U;CV/, then S = sin(arccosC), and solving
YS =2V, XU;C. In fact, only the last columns of Uy, S, and Y corresponding
to the ;'s larger than the threshold nax have to be computed; the other columns of
Z\V, areunmodi ed in Z"V,

We chose max = 15 In numerical experiments. The basins of attraction of this
modi ed GROQI are displayed on Figure 5.1 for the low-dimensional case(n = 3,
p = 2) investigatedin the previous section (Example 2). Compare Figure 4.3 (GRQI)
and Figure 5.1: the peak has beenremoved. Experimental results for the higher-
dimensional case(Example 3 in the previous section) are displayed on Figure 4.5 (see
columnslabelled\GR QIlim"). They illustrate that this heuristic e ectiv ely suppresses
the problem of dependenceon the internal gap.

Another (arguably more natural) modi cation of GRQI consistsin taking X. on
the Grassmanngealesic[EAS98, AMS02] betweenX and span(Z) with (X ;X.) =

max - This amourts to dening ™" = ; with = mf;* . Howevwer, the previously
described technique works slightly better in experimernts.
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gamma = 0.2, p = 2, GRQI with maxvar=.5*pi/5 gamma = 0.01, p = 2, GRQI with maxvar=.5*pi/5
2 2

1 18 1 1.99

Fig. 5.1. Basins of attraction for GRQI with limite d steps (section 5.1) in the case p = 2,
n = 3. Compare with the original GRQI (Figur e 4.3).

5.2. Modied Newton metho ds.

Deformation parameter . As explainedin section 3.2, the NG iteration at-
tempts to nd a p-plane Y such that ead basisY of Y veri es

(5.1) F(Y):= v, AY =0

where v, ;=1 Y(YTY) YT. Equation (5.1) holdsif and only if Y is an invariant
subspaceof A.
Let us de ne a cost function

(5.2) f(Y) = %trace((YTY) YE(Y)TF(Y)):

It is easily cheded that f (Y) dependsonly on the spanof Y, and not on the basisY
itself [AMSO02]. So,the costfunction f de nes a scalar eld on the Grassmannmani-
fold. This scalar eld is zeroat the eigenspace®f A and strictly positive everywhere
else. An illustration of the level curvesof f is shavn on Figure 5.2. We stressthat
f reachesits minimum value (zero) at all the eigenspace®f A, and not only at an
extremal eigenspace.This is a fundamental di erence with the more familiar Rayleigh
guotient.

Section 4 has shown that the basins of attraction of the two Newton methods
(NG and NH) deteriorate in the presenceof a small external gap. On the other hand,
Figure 5.2 suggeststhat the basins of attraction of the steepest descen ow of the
cost function f remain broad even when the eigervalue gap shrinks. A numerical
simulation of the steepest descemn ow of f in Example 3 of section 4 shaws that the
distance betweenead eigenspaceand the boundary of its basin of attraction is large
(greater than %5) in all cases.

This prompts us to follow the steepest descen of f when the solution is far away
from a solution and usethe Newton method in the neighborhood of a solution. 1t is,
howevwer, di cult to decidewhenthe commutation betweenthe two behaviors should
occur. If the Newton iteration takesover too soon, the basins of attraction may be
collapsed. If the transition occurslate in the iterativ e processthen more stepswill be



ITERA TIONS FOR INVARIANT SUBSPACE COMPUT ATION 89

Fig. 5.2. Level curves of the cost function f dened in (5.2). The cost function vanishes at
the three eigenspaces (r epresented by the three vertices) and is strictly positive everywhere else. The
gradient desent ow for f consists in following the steepest desant path of these level curves.

necessarybefore obtaining a good approximation of the eigenspace.A remedy is to
implemernt a smooth transition betweenthe two behaviors by meansof a deformation
parameter, an idea which connectswith trust region methods (see, e.g., [DS83 or
Chap. 11in [NW99]). We now shaw how this deformation approac works out in our
case.

Let Y be a basisfor the current subspacejet Hy be the horizontal spacede ned
asin (3.15), andlet J :Hy ! Hy : D F(Y)[] beasin (3.18). The derivative of
the cost function f in the direction of , with YT = 0, is given by

Df (Y)[] = trace((YTY) *F(Y)TDF(Y)[])
trace((Y'Y) F(Y)TJI[))
trace((Y'Y) *QTIF(YV)DT)

trace( TITF(Y)I(YTY) b);

where JT denotesthe adjoint of the operator J de ned with respect to the inner
product h 1; 2iy, = trace((YTY) ' I ). Then a formula in [AMS02] directly
yields

(5.3) grad f (Y) = JT[F(Y)]:
On the other hand, the NG equation (3.20) readsJ[] = F(Y), or equivalently
JT J[] = JT[F(Y):

A continuous deformation between the gradient desceth ow of f and the Newton
method NG is thus given by

@7 I+ Id)[] = JIT[F(Y):

If is small, then is closeto the NG-vector given by the NG equation (3.28), and
the iteration is closeto pure NG. If is large, then the direction of is closeto
the negative gradient of f, and the iteration is similar to a Euler integration of the
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gradient descem ow of f . Becausewe assumeA = AT, the operator J is self-adjoint
and the modi ed NG algorithm can be expressedas follows.

Algorithm 5.1 (NG-tau). Iterate the mappingY 7! Y, de ned by

1. Pick an orthonormal hasis Y that spans Y and solvethe equation

(5.4)
A A + YTAYYTAY 2 A YTAY+ = (A AY AYYTAY);
whee := (I YYT), under the constraint YT = 0.

2. Perform the update Y, = span(Y + ) :

We now introducea deformation parameter in the NH iteration sud that the
limiting cases = 0and = 1 correspond to pure NH and gradiert descen for f,
respectively. This is easily donebecausehe right-hand side of the NH equation (3.30)
is precisely grad f (compare (3.23) and (5.3)).

Algorithm 5.2 (NH-tau). Iterate the mappingY 7! Y. de ned by

1. Pick an orthonormal basis Y that spans Y and solve the equation

(5.5)
A2+ YTAYYTAY 2 A YTAY+ = ( A AY AYYTAY);
where = (I YYT), under the constraint YT = 0.

2. Perform the update Y. = span(Y + ) :
Note that the only di erence between NG-tau and NH-tau is in the rst term
of (5.4) and (5.5).

Practical implemen tation. The major computational work in NG-tau (Algo-
rithm 5.1) or NH-tau (Algorithm 5.2) is solving (5.4) or (5.5) for . Like in the
caseof the original NG and NH iterations (seesection4.1), the rst thing to dois to
diagonalizethe small p p matrix Ay := YTAY. This decouples(5.4) or (5.5) into
p individual systemsof linear equations of the form

(5.6) « A inZ 1) = gv’
(5.7) (A D2 1) = gV’

0;

for NG-tau and NH-tau, respectively. In the caseof NH-tau (5.7), the projectors are
outside the matrix, which allows for the utilization of the techniquesdescribedin sec-
tion 4.1. It is possibleto obtain the Choleskydecomposition of (A ;)> | = R'TR
from that of (A {)2= RTR in O(n) ops whenR hasonly three diagonals[Par80].
The algorithm NH-tau will thus again require O(np?) ops per iteration. In the case
of NG-tau, in the absenceof an e cien t algorithm for solving (5.6), the cost for pro-
ducing a new iterate involvesO(n?®) ops, evenif A is tridiagonal. Thus, NH-tau has
a seriousadvantage over NG-tau in terms of numerical cost.

Cho osing the deformation parameter. There exist many strategiesfor tun-
ing the parameter in order to improve the global behavior of the algorithm while
preserving the ultimate rate of corvergenceof the Newton method. In a line seard
approad, one selects so that the direction of K remains in a sector around the
negative gradient of f and then perform a line seard along the direction of the K
computed from (5.4). Equation (5.4) is alsohelpful in trust region methods. A large
corresponds to a small trust region, while = 0 corresponds to a trust region that
cortains the exact next Newton iterate.
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p = 2, NG with tau parameter p = 2, NG with tau parameter
2 2

1 1.8 1 1.99

Fig. 5.3. Attraction basins for NG with = f (5.4) in the case p= 2, n = 3. Compare with
original NG on Figure 4.1. Local cubic convergence is preserved.

Classical strategies for choosing involve se\eral parameters that the user can

chooseat his corvenience[DS83 NW99]. In the presen case,the very simple choice

= f presenesthe local cubic convergenceand considerably enlargesthe basins of
attraction around the eigenspacesboth for NG-tau and NH-tau.

p = 2, NH with tau=f p = 2, NH with tau=f
2 2

1 1.8 1 1.99
Fig. 5.4. Attraction basins for NH-tau with := f (5.4) in the casep= 2, n= 3.
Local cubic corvergenceof NG-tau and NH-tau with = f isdirect: is quadratic

in the distance between the current iterate Y and the target eigenspaceV, while
the right-hand side of (5.4) or (5.5) is linear in the distance. Consequetly, the
perturbation on the solution K of (5.4) inducedby = f is cubic.

The global behavior of NG-tau and NH-tau is illustrated on Figures 5.3 and 5.4
in our low-dimensional example utilized in section 4.2. Comparison with Figure 4.1
shows that the basinsof attraction have beenconsiderably enlargedaround the three
eigenspaces. The improvemen is even more spectacular in the larger dimensional
case(Example 3 in section 4.2); seeFigure 4.5. Both NG-tau and NH-tau invari-
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ably convergedto the targeted eigenspace. We had to choosethe largest principal
angle betweenthe rst iterate and the target greater than %5 in order to obsene
corvergenceto a wrong eigenspace.

Note that the balls certered on the eigenspace®f A overlap if their radius (mea-
suredin arc length on Grassmann[AMSO02] or by meansof the largest principal angle)
is larger than =4. Sothere is a geometrical limitation on the size of the basins of
attraction. Our results shaw that in the NG-tau and NH-tau, the basinsof attraction

are so large that the geometrical limit is almost reached.

6. Conclusion. We have compared four iterative methods, i.e., RSQR (Algo-
rithm 3.1), GRQI (Algorithm 3.2), NG (Algorithm 3.3), and NH (Algorithm 3.4),
that operate on the set of p-dimensional subspacesf R" and re ne initial estimates
of invariant subspacesof a symmetric n n matrix A with cubic rate of conver-
gence. Methods RSQR and GRQI are formulated as shifted inverseiterations. The
former usesmultiple scalar shifts while the latter involvesa matrix shift. Algorithms
NG and NH are derived from a Newton argumert. Algorithm RSQR can be traced
bad to [PK69, PP73] and its proof of cubic local corvergenceis implicitly contained
in [WE91]. GRQI is studied in [Smi97, AMSV02]. NG appearsin [LST98, EAS9S,
LEO2] and is connectedto [Ste73 DMW83, Cha84, Dem87, Fat98, DF01]. Its lo-
cal rate of convergenceis studied in [AMSO02]; seealso sections3.2 and 4.3. To our
knowledge, NH was never mentioned beforein the literature.

We have shown that although these four iterations cornverge locally cubically
to the spectral (i.e., isolated) eigenspace®f A, they appreciably di er in their global
behavior. The basin of attraction of an eigenspaceV collapseswhenthe eigernvaluesof
A relativeto V are not well separatedfrom the other eigervaluesof A. Moreover, in the
caseof GRQI, the basin of attraction of V also deterioratesif the eigervaluesrelative
to V are clustered. This dependenceon eigervalue gaps meansthat the sequenceof
iterates may divergefrom V even if the initial point is a good approximation of V.

For three of the methods, we have proposedways of improving the shape of the
basins of attraction. In the GRQI case,our numerical experiments suggestthat a
simple heuristic imposing a limitation on the distance between successie iterates
removes the bad in uence of clustered eigervaluesin the target eigenspace.In the
Newton case,we have intro duced a deformation parameter that achievesa cortinuous
deformation betweenthe pure Newton case(NG or NH) and the gradient descen ow
of a cost function. Our experimerts shav that a simple choice of the deformation pa-
rameter spectacularly improvesthe shape of the basinsof attraction while preserving
the ultimate cubic corvergencerate.

We also commerted on the practical implementation of the various iterations.
With the exception of the deformed NG iteration, a new iterate of ead method can
be computed in O(np?) ops when A has bandwidth 2q+ 1 and q= O(p'™2). When
g = 1 there exist very e cien t methods that compute all eigervectors; see[DPO03].
When A is sparsebut not banded the computational cost of one iteration step will
depend on the type of sparsity, but the complexity is essetially that of p sparsesolves
and therefore likely to be only linear in n.

In the Newton methods presenied here, it is essetial to compute the updateswith
high accuracyin order to take advantage of the cubic rate of corvergence. Another
approad consistsin using accelerationtechniquesthat exploit the usefulinformation
given by the previous updatesin order to improve the current approximate solution.
This allows for lower accuracy solves of the Newton equations, e.g., using iterativ e
solvers; see[FSV98, Kny01] for more details. In the p = 1 case,this approac yields
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e.g., the celebrated Jacobi{Davidson method [SV96] for which the use of iterativ e
solvers as inner solution processis well understood [Not02, Not03]. As an aside, the
Jacobi{Davidson method is equivalent to RQI with p = 1 whenthe Newton equations
are solved exactly (this rejoins our remark on the p = 1 casein section 4). In the
p > 1 case,we obtain a \blo ck Jacobi{Davidson" that was touched upon in recert
referencegLEO2, Bra03].

Among the algorithms consideredhere, our study suggestshe NH algorithm with
deformation parameter (Algorithm 5.2) as the method of choice for its remarkable
combination of advantages: excellent global behavior, cubic rate of corvergence,and
low numerical cost O(np?) when A is suitably condensed.

App endix. Deriv ation of Algorithm NH. In this section,we explain how the
NH equation, i.e., (3.23) or (3.24), is derived from the minimization problem (3.17).

Let F bedened asin (3.12), F(Y) := v, AY and let Hy denotethe horizontal
space(3.15), Hy := fYT = 0g: Let J denote the operator DF (Y) restricted to act
onHy,

J] = A (YTY) YYTAY Y(YTY)  TAY =J[] Y(YTY) ! TAy;

whereJ denotesthe operator DF(Y) de ned in (3.18) restricted to act on Hy . Let
my () = SKF(Y) + 0] K = Jtrace(YTY) MF(Y)+ 3D T(F(Y)+ D)

where the (YTY) 1! factor is introduced sothat myy ( M) = my() foral M 2
GL, (this allows usto take Y not necessarilyorthonormal).

The minimization problem (3.17) is to compute = argmin 4, my() : To
this end, de ne JT, the adjoint of J, by requiring that J7 is on R" P into Hy and
veries trace((YTY) 1 TJ[]) = trace((YTY) *@A"[]) 7) foral 2 R" P and
all 2 Hy. One obtains

J[] =371 AY(YTY) 1 Ty
and
JT:Hy! Hy: 70 AT (YTY) LYATYT:
Then one readily obtains
Dmy ()l ~1=trace((YTY) *QT[F(YV)1+J" JD ")

hencethe solution  of the minimization problem (3.17) veri es the normal equations
JU ) 1= JT[F(Y)] that is

(6.1) JT J[ 1+ AY(YTY) YYTAT = JF(MY):

If A= AT, then J is self-adjoint and the latter equation developsinto the NH equa-
tion (3.24).
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