Model Reduction of Large-Scale System'

CESAME (UCL)AND CSIT (FSU)

Model Reduction using Multi-point Interpolation
Structure Preserving Model Reduction
H_., norm error estimation

Application to the Building Model



Model reduction via interpolation I

We consider input/output Linear Time Invariant systems:
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They correspond in the Laplace Domain to a transfer function

T(s) = C(sl, — A)™'B,

wheren is the state space dimension.



Model Reduction via projection'

Projection methods construgt V ¢ R™*** with Z*'V = I, such that
T(s)=CV(sly — ZTAV)"'ZTB =~ T(s)=C(sl,—A)"'B.

Different techniques produce different approximations
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Balanced truncatiosersusmulti-point rational interpolation



SISO Multi-point Interpolation I

Pack interpolatiorexpandsl'(s) in a series
T(S) '=1Mmp.1S + m0,232 + ...+ mO,de + ...

and constructé”(s) such thatng ; = mg,; forl <i <d

A

. X 2 5 d
T(s) :=mp15+ Mmpas” +...+mMyas" + ...

Multipoint Pack interpolatiordoes that for the interpolation set
I = {(O-la dl)a SRR (0-7“7 d"/’)}

In other words]'(s) interpolatesI’(s) ato; up to thed;-th order

i1 dl |
—17(s); = =Ty, 1<j<d
dsJ dsJ

S=0; S=0;




Projected systeffi'(s) = CV (sl — ZT AV)~1ZT B interpolatingT'(s)

e can always be obtained vidylov methods

K, (A= 0iIn) " (A= 0:L,)"'B) € Im(V),

1=1

O Ke, ((A—o;In)"" (A—0;L,)""C") C Im(Z)

e Or, equivalently, via the solution &ylvester Equations
AVM® — VN 4y By =0 , MWzZTA-NOZT £ XC =0,

whereM () N A and N define the interpolation conditions

e is universal: everyT'(s) can be obtained via projection froff\(s).



MIMO multi-point interpolation I

Consider the x 2 case:

A A

t11(8> tlg(S) ~ t11<8) tlg(S)
ta1(s) t22(s) ta1(s) taa(s)

Standard interpolation at= ¢ would imply

. — t11(0) = €11(U), t12(0) = 7{12(0),
to1(0) =ta1(0), taa(o) = taa(0),

This is too restrictive—- Tangential interpolation



e Left Tangential Interpolation :

/N

{5131 ZEQ}T(U):{M $2}TU)

r1t11(0) + ot o) = 1t o)+ xotog (0o
111() 221() 111() 221()

A

T1t12(0) + xataa(0) = $1?§12(0) + Totos(0)

e Right Tangential Interpolation :

T(O‘) Y1 _ T(O‘) Y1
Y2 Y2
e Two-Sided Tangential Interpolation :
Yy ~ Y1
{ 1 T2 }T(U) Fl = { 1 T2 }T(U)
Y2 Y2




In general, Tangential Interpolation :

Left Tangential Interpolation conditions :

di—l di_l ~

TEETE) = msle@le)
Right Tangential Interpolation conditions :

di—l dz’—l N

T TV = s e

Two-sided Tangential Interpolation conditions :

dft9—1

= e BT ()

dft9—-1
d3f+9_1

{aV(s)T(5)y'9 ()}




Less powerful results in MIMO I

T'(s) interpolating?’(s) tangentially in directions contained i, Y

e can always be obtained vigeneralized Kryloymethods

UKo, (A=) (A= 0l,)'B,Y) C Im(V),
1=1
U Ke, (A=ojIn)"" (A—0;L,)""CT, X) C Im(Z)
j=1
e Or, equivalently, via the solution &ylvester Equations
AVM®™ — VN 1By =0 , MOZTA-_NOZT £ XC =0,

whereM () N MO and N define the interpolation conditions

e IS very general butot universal anymore



Model Reduction of Structured Systemj

G (s) is a set of subsystenTs(s) that interconnect:

G(s)
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Examples:

e Controller Order Reduction
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New model reduction techniques for structured system'

e Interconnected System Balanced Truncation algorithm:
Project each subsystem(s) by keeping the dominant part of the
state with respect to the mapping frarfs) to y(s) and nota;(s) to

bi(s).
— Generalization of Balanced Truncation for interconnestgstems
— Unify other existing structured model reduction techngjue
— O(n?) technique
e Structure preserving Krylov:

Project subsysteriE;(s) in order thatG(s) andG(s) satisfy
(tangential) interpolation condition®(n) if sparsity).



Error estimation via Chandrasekhar equations'

ForE(s) = C.(sI — Ac)"'B. = T(s) — T(s), computey* = || E(s) ]|
Estimatey* using the (Riccati difference) iterations
P =A'PA. +CYC, - K!'R7'K;,
where K, = BZPiAe; and R; = BZPiBe — ’yz]m
e Convergence behaviour and speed allows to estinagecurately.

e Use factored Chandrasekhar iteration for cheap (sparkeilaons :
5P@ = L;FEQLZ, R;, = S,LTzlSZ, and K, = S,;rElGZ

e Construct a/-orthogonal matrix?, i.e.,Q* JQ = J, such that

Sz' Gi Sz' Gi >
Q = i i ., Where J = !
L;B., L;A. 0 L4 P




Application: Model Reduction of a Building I
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It is a second order system, i.e. it can be modelled as

Md(t) + Dq(t) + Sq(t) = Bu(t)
y(t) = Cq(t)

o M € C™*™ |s the mass matrix

: where

e D c C™™isthe damping matrix
o S € C™"*" is the stiffness matrix

S-O models appear in mechanical engineering, circuit sitran,...



Model approximation via interpolation I

T(s) = BY(Ms? + Ds+ S)~ 1B,

T
ct'=B= 1 ... 1 ,

n = 26394,

can be described as an
Interconnected system

M is diagonal,
S is symmetric and sparse
Too complex to computé@'(s)
exactly!

Structure of S
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Comparison of Different Reduced Order Systemj
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