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ABSTRACT

This paper presents a fully parallelized domain decomposition (DD)
technique for efficient simulation of large-scale linear circuits such
as power grids. Domain decompositions using non-overlapping
and overlapping partitions are developed to conquer the numeri-
cal difficulties in simulation. Experimental results show that by the
proposed parallel DD framework, existing linear circuit simulators
can be improved for large-scale power grids. Detailed analysis in-
dicate that DD combining multi-grid is suitable for DC simulation
and that DD combining LU decomposition performs best for tran-
sient simulations.

Categories and Subject Descriptors:B.7.2 [Integrated circuits]:
Design aids—simulation

General Terms: Algorithms, design

Keywords: Power grid, domain decomposition, large scale system

1. INTRODUCTION

Although several techniques have been developed in literature to
simulate power grids, no fully parallelized simulator has been pre-
sented. In this paper, based on techniques of divide-and-conquer,
we present a parallel domain decomposition [12, 13] approach for
power grid analysis. The proposed approach allows solving several
subcircuits in parallel to obtain the solution of the original circuits.
Domain decomposition leads to parallelism through assigning sub-
problems to multiple processors. Parallel computing has received
revived attention because of the multi-core architecture in main-
stream computers. Our approach has improved simulation perfor-
mances in comparison to the original circuit simulator. Simulation
results show that by the proposed DD framework, existing linear
circuit simulators can be extended to handle otherwise intractable
systems, e.g., a circuit with 10M nodes.

The rest of the paper is organized as follows. Section 2 presents
a background on power grid analysis. Section 3 describes the pro-
posed approach using domain decomposition. Section 4 describes
a domain decomposition preconditioner. Section 5 includes simu-
lation results and discussions. Section 6 gives a conclusion.

With increasing power consumption and faster operating frequency

of microprocessors, the design of effective power distribution net-

2. BACKGROUND

works has emerged as a critical design challenge. The parasitics as-~

sociated with the power distribution network and time-varying cir-
cuit currents induce supply voltage variations across the integrate
circuit. Such power supply variations may impact circuit perfor-

mance and compromise noise immunity. Extensive simulations are

usually performed to identify and correct such instances during de-
sign. The power distribution network typically has a grid structure
and is commonly referred to as the power grid. The power grid for
a modern integrated circuit may consist of several million electrical
elements, which makes simulation computationally (time-resource)
intensive.

The power grid is traditionally described as a large-scale linear
system. Simulation of power grids usually consists of both DC

and transient analysis. DC analysis is used to estimate the IR volt-

The power grid can be described using the Modified Nodal Anal-

gysis (MNA) [10] as

1)

wherezx is an dimensional real vector of node voltages and in-
ductor currentsG is an x n conductance matrix;’ denotes the
capacitance and inductance terms, a(d includes the loads and
voltage sourcesn can be of the order of millions for reasonable
size power grids.

By applying the backward-Euler method to the system of equa-
tions in (1), we obtain

(G + C/h)x(t + h) = u(t + h) + Cx(t)/h,

Gz(t) + Cz(t) = u(t),

@)

age drop by solving the system once, whereas transient analysi§ynerey, is a fixed time step for the transient analysis. The system

needs simulate the system several times to verifyltth&/d¢ volt-
age drop.
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of equations (2) can be rewritten as
Axz(t+h) = B, 3)

whereA = G 4+ C/h andB = u(t + h) + Cz(t)/h. The ma-
trix A usually lacks the sparse symmetric positive definite structure
when inductance effects are considered. As a result, the Cholesky
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Two kinds of approaches widely used to solve Eqn. (3) are di-
rect solvers and iterative solvers. Both have been implemented
as solvers of subdomains in our DD framework. Our results will
demonstrate that the choice of solvers has profound impacts on the



simulation performance in terms of CPU time and memory require- random walks, model order reduction, and hierarchical analysis.
ments. Here, we give a brief introduction to relative approaches.  Statistical techniques based on random walks [8, 11] are very fast
Direct solvers perform a factorization such as Gaussian elimi- but suffer from accuracy loss and convergence issues. Model order
nation on the matrix4 to get lower and upper triangular matrices reduction methods are inefficient for power grid simulation due to
L andU. The system is then solved using forward and backward (i) a large number of external terminals and (ii) the loss of sparsity
substitutions on the vectd. After factorization, direct solvers are  in the reduced model [4,16]. Hierarchical techniques are applicable
usually much faster than iterative solvers. Whereas factorization if the power grid is not flattened, and macro-models for local grids
is significantly more expensive than the substitution pass, direct can be built to speed up simulation at the global level [7,17].
factorization of A by LU decomposition may be still justified in In this paper, we propose a divide-and-conquer approach based
transient analysis. This is because the factorization can be reusedn DD. It complements traditional factorization-based methods as
in each time step, and its cost is negligible when amortized over well as preconditioner-based iterative methods, and provide im-
hundreds of time steps in transient analysis. The primary draw- provements in both runtime and problem tractability.
backs of direct methods are memory requirement and fill-in. Direct

factorization of a large matrid is computationally (CPUtimeand 3. DOMAIN DECOMPOSITION

meltmorty) |ntratcrt]at()jle iszthe size |slgrOW|tng. tions t id th Domain decomposition methods refer to techniques of divide-
erative methods [ : ] use simple matrix operations to avoid the and-conquer that have been primarily developed for solving partial
costly direct factorization. Two of the most common computational it antial equations [12] [13]. They are based on the general con-
kernels are matrix-vector multiplication or transpose matrix-vector cepts of graph partitioning. We present two domain decomposi-

multlpllcatlon._ lterative solvers can be very fast_ wher_l solving 8 tion techniques, Schur complement and additive Schwarz precon-
system a few times. However, as the number of simulation steps iN- Sitioner. with different involved domain partitions

crease, they are inefficient due to the similar workload at each time

step. The cumulative costs over several time steps during transient3.1  Non-overlapping domain decomposition

analysis may exceed the cost of direct factorization. Suppose the power grid described by (3) has been partitioned
A good preconditioner is necessary for most iterative solvers. jniq subdomaing2;, i = 1,2, ...,m by reordering the vari-

Preconditioning is a kind of modification of the original problem o165 The nodes in the original system is classified into (i) interior

that accelerates the iterative methods. Forexamplg,lm solving alin-hoqes of subdomains and (ii) interface nodes. Note that interface

ear systenz = B, an explicit or implicit operatoP™ " such that  5qes are not contained in any of the subdomains. Based upon this,

~ i 71 = 71 Tl o . . . . .
P~ Als sought to solve”>™" Az = P B efficiently. The pre- ¢, 5 general partitioning of the original system intosubdomains,
conditioners used in this paper are incomplete factorization, alge- (3) has the following structure:

braic multi-grid, and additive Schwarz. For a sparse matrithe

incomplete factorization computes a sparse lower triangular ma- Ay Ey 1 1

trix L and a sparse upper triangular mattix The purpose is to Az Es T2 f2

make the residuall — LU satisfy the constraints. The basic idea . . : - : (4)

of multi-grid preconditioning is to approximate the original system ' A E ) f.

by interpolations of a smaller system on coarse grids. The additive roR Fm Am Lm m

Schwarz preconditioner uses domain decomposition as a precondi- L 2 m r Y 9

tioner, and will be elaborated in this paper. In this system, the matrice4;, A,, ..., A,, correspond to then
subdomainsAr corresponds to the interface nodes, &QdEs, . . ., E,

2.1 Previous solutions andFy, Fs, ..., F,, are matrices that capture connectivity informa-

tion between the interface and the corresponding subdomain. Each
x; represents the sub-vector of state variables that are interior to
subdomairf2;, andy represents the sub-vector of all interface vari-
ables. The matriceg, f2, ..., fm correspond to the loads and
voltage sources contained within the corresponding subdafhain
and the matrixy corresponds to the loads and voltage sources at the
interface nodes. Figure 1 shows an example of the partition.

Several simulation techniques have been developed for power
grid simulation and analysis in literature. Sparsity and the grid
structure in the power distribution network are usually exploited to
reduce computational complexity [1, 6, 14,18]. A preconditioned
conjugate gradient iterative method, using incomplete Cholesky
factorization as the preconditioner, was described in [1]. Although
this preconditioner-based iterative method reduces the computa-
tional complexity of DC analysis of power grids @(n?), it is not THEOREM 3.1. If there is no direct coupling capacitance and
efficient for transient analysis since it is not possible leverage pre- no direct mutual inductance between subdomains, the systems de-
vious simulation runs. A multi-grid approach that also exploits the scribed by equations (3) and (4) are equivalent.
grid structure by mapping the original system to a coarsened grid,
solving the coarsened grid, and remapping back to the original grid
was described in [6]. The solution of the original system through
remapping is obtained through an interpolation procedure. How-
ever, in the absence of error bounds, this method may not always
be accurate. Moreover, the effort to keep track of the geometri-
cal information of the power grid is expensive, further limiting its
applications. Algebraic multi-grid methods were proposed in [14]
and [18] to handle general network topologies. Algebraic multi- Note that the assumption of Theorem 3.1 is generally true be-
grid methods can be thought of as iterative solvers that use thecause mutual inductance effects in the power grid are still negli-
multi-grid operator as a preconditioner. In such methods, the com- gible [15]. Furthermore, flip-chip technology uses C4 bumps that
putational cost in each time step of the transient analysis is com- provide a more direct power delivery path in modern designs, re-
parable to that for DC analysis, making it unsuitable for efficient sulting in power grid shells [2] and localized responses at frequen-
transient analysis. Other approaches to power grid analysis includecies greater than 250MHz [9]. These properties can be exploited to

PrROOF When DD is used to partition the original system, the
nodes are classified into either interior nodes or interface nodes.
Cross terms between; andz; (¢ # j) are encountered during
MNA only if coupling capacitances or mutual inductances exist in
the system. Since such effects can be negligible at the interface
nodes (see note below), the cross terms are zero and the two sys-
tems are equivalent.[]
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Figure 1: This figure illustrates circuit partitioning with four
domains and a single interface. The sparse structure of the
original matrix A (top-half of the figure) was preserved in each
of the subdomainsA; (bottom-half of the figure). The matrices
FE;, F;, and Ar are also circled for illustration in the bottom-
half of the figure.

1. Solve Ap P = E for P, i.e., obtainP = A5'E

2. Form the Schur complement mati$k= Ar — F'P
3. SolveApq = f for q, i.e., obtaing = A" f

4. Calculatey’ = g — Fgq

5. Solve the equatioSy = ¢’ for interface variableg
6. Solvex = ¢ — Py for the subdomain variables

There are three opportunities for parallelization in the above al-
gorithm, all of which exploit the block diagonal structure of matrix
Ap. They are in (i) step 1 where the equatidp P = F is solved,

(i) step 3 where the equatioAnq = f is solved, and (iii) step 6
where the equatiom = ¢ — Py is solved.

3.3 An example of two subdomains

An example based on two subdomains to illustrate the above al-
gorithm is as follows. With two subdomains, equation (3) has the
following form:

A1 0 Er 1 b1
O A2 E2 ) = bg (9)
Fl F2 AI‘ Yy g

wherex, xz2, andy are the vectors of node voltage and induc-
tor current in subdomain 1, subdomain 2, and the interface respec-
tively. For this system (9), the Schur complement matrix is

S =Ar — FLAT'E) — F, Ay ' Es. (10)

The interface variablg can be obtained by solving the equation

select interface nodes that naturally isolate the original system into Finally, z; andz» can be obtained by

subdomains.

3.2 Schur complement
To simplify notation, (4) can be rewritten as
x

(5)- () (B 1)

F Ar
Consider the linear system written in (5), in whidh, is assumed

to be non-singular. From the first equation, the subdomain variablesZation cost ofA. Note thatA;

x can be expressed as

z = Ap'(f — Ey). (6)

Sy=g— F1A] b1 — FA; by (11)
z1 = AT b, — AT By, (12)
T2 = A;lbz - A;lEQy. (13)

Suppose that the inverse operatbr ' is implemented by LU
factorization. For the example above, the LU factorization is per-
formed for A, and A,. If A; is half the size of the original matrix
A, the total factorization cost fod; and As is less than the factor-
'E, and A5 ' E> are computed by
solving the equationd; P, = E; for P;, and that theZ; are sparse
matrices. Once the Schur complement maftigiven by

S=Ar — 1P — F2 P, (14)

Substitution of this form into the second equation yields the follow-

ing system of equations:
(Ar — FAR'E)y = g — FAR'f. @)
The matrix
Ar — FAS'E (8)

is called theSchur complemembatrix associated with the interface
variablegy. Solving equation (6) constitutes the computational core

of the DD technique. A consolidated three-step procedure to solve

the original system is as follows. First form the Schur complement
matrix Ar — FAZ'E and the right hand side of (7). Next, solve
equation (7) for the interface variablgsFinally, by substituting,
in equation (6), obtain a solution for the subdomain variables

A high-level DD algorithm BoMAIN-DECOMPOSITION SOLVER
thattakes as inputdp, Ar, E, F, f and returns the solution for the
interface variableg and the subdomain variabless as follows.

is obtained, the equationd;q; = b; are solved forg;. The g;
are easy to compute, since the LU factorizations forAhean be
reused. The interface variables can be computed by soBling

g — Fiqi — Faq2. Here, S is a small matrix in comparison to
A. Finally, the subdomain variables are obtained by solving the
equation

3.4 Complexity analysis

Without loss of generality, assume that a circuit witmodes is
partitioned intom equal sub-circuits. Then, each subdomain ap-
proximately has:/m nodes. Suppose that solving a linear system
by direct or iterative methods has a complexity®(fn?), wheren
is the size of the linear system apd> 1. Using the proposed DD
technique, the computational cost of solving a single sub-system is
O((n/m)P). Multiplying by m, the complexity of the solution for



the entire system i©((n?)/(m?~")). Note that this only occurs in The partition in the additive Schwarz procedure can be imple-
the theoretically ideal case. For most practical cases, it is essentialmented on the matrix directly rather than on the power grid phys-
to factor in auxiliary computations in DD algorithms, such as addi- ically. Here, we assume that the rows of the sparse malrace
tion, multiplication, the formation of the Schur complement matrix distributed on a parallel machine. In the beginning, each row can
(which is much smaller than the subdomain matrices), and the costonly be assigned to one processdr; will be easily extracted on
for solving the interface. Based on this, it is reasonable to expect each processor from its own part in the matixby dropping all
that a parallel version of the DD algorithm will achieve speed-up off-processor columns. Oncé; is known, matrixesk; and P; are

over solving the original system for large implicit. In this non-overlapping case, there will be no communi-
cation among processors.
_ _ Next, by enlarging the set of rows on each processor, we have a
4. NON-OVERLAPPING DOMAIN DECOM partition with wider overlapping. It means that any processor can
POSITION share common rows with any other processors. Such overlapping

The above Schur complement approach requires a clear partitionrequires more data communication among processors. Information
of original circuit. Another approach using an overlapping partition recording the allocation of rows iith processor is the matrik;.

to build a preconditioner is described in this section. we useR; = P/ to extract block4; such thatA; = R;AP;.
. o Fig. 3 is an example to show the matridgsand R; in extracting
4.1 Additive Schwarz preconditioner block A; from matrix A. We associate one subdomain with one

In the additive Schwarz procedure, the original matrix A is par- Processor to achieve parallelism.
titioned into overlapping subdomains, instead of non-overlapping

subdomains in the Schur complement approach. The overlapping As p
regions from different subdomains play a role in data communica- 1.2 0 02 O !
tion. 3 4 5 0[0 0 e
6 07 4(3 O 0 0 1
0O 0f0o 1/0 O 00 0
some 0 43 0 5 0 0 00
Aq non-zero o olo o 2 &6 000
entries —_p
A, A, Ri=P,
Q, A; Figure 3: The matrix A is divided into two subdomains, subdo-
i |...Some main 2; from rowl to row 4 and subdomain 22 from row3 to
non-zero
entries A4 rowo6 .

4.3 Parallelism strategy

The construction of the preconditioner can be well parallelized
by calculating the LU factorization afi; on each processor. For
the solution of the preconditioned linear system

Figure 2: Overlapping matrix partition

Considering a linear systedxz = b, Fig. 2 is an example of
its partition. A is partitioned into four blocks from; to A4, and
two regions with some non-zero entries. Eathis defined by PXslAl" = p;é%b. 17)

A; = R; AP;, whereP; is the operator that maps from subdomain ) ) ) ) ] ) )
Q; to Q2 andR; is the restriction operator which restricts the global  the main workload in every iteration of any iterative method (like
vector to the vector o2;. Subdomair2; has the same rows as GMRES) s to evaluate = P, 5 Az. The evaluation contains two

block A; but the same columns as the whole mattix steps (1 = Az and (2)z = P,5y. Inthefirststep) = Az, since
The additive Schwarz preconditiond?;(é) of the linear system A is already distributed along rows, each processor computes only
is defined by its local part inAx. The global vectoy is formed by collecting all

local vectors from all processors and then is broadcasted back to all
processors. In the second step= Pgsly, each processor already
knows the global vectoy. Note thatPgS1 =>", Pl-Ai’lRi.
N _ z = Pysy is available by computing; = P;A; ' R;y on each

The term additive Schwarz simply refers to the fact that the com- processor and adding alf's together.
ponents of the preconditioners are added toglether. Both direct and
iterative methods can be used when applyitjg to an vector.

This additive Schwarz preconditioner is able to accelerate the 5. NUMERICAL EXPERIMENTS
convergence of iterative methods by a block-like structured pre- The proposed domain decomposition methods have been imple-
conditioner. For instance, we compare DC simulations dfl& mented and integrated into a linear simulator written in C++. Mesh
power grid using three preconditioners, no preconditioner, a three- networks were used to model the upper-two global power grids,
step Jacobi preconditioner, and a four-subdomain additive SchwarzWwhich consist of RLC wires, voltage sources, current sources, and
preconditioner, in a GMRES algorithm. Here, we use a same stop- decoupling capacitors. Fig. 4 shows a part of a grid model used in
ping criteria||Az — bllz < 107°||b||>. GMRES converges after ~ Our experiments.
4631 iterations (28.94 secs) without any preconditioner, 1550 it- . . .
erations (14.82 secs) with the Jacobi preconditioner, and only 12 5.1 Simulation environment
iterations (0.29 secs) with the additive Schwarz preconditioner. A cluster machine with 4 nodes. Each node has

e CPU: AMD Opteron 146 (2.0 GHz)
e Memory: 4.0 GB

Pis=> PA 'R (16)

=1

4.2 Algebraic partition



Figure 4: This figure illustrates a small portion of the power

grids used for the simulations. The matrix A lacks the sparse
symmetric positive definite structure due to the inductance.
Hence, the conjugate gradient algorithm is not used in the sim-
ulations.

e OS: Red Hat Enterprise Linux 4.0, x88! (2.6.9-11 kernel)
e Compilers: GCC (g77, gcc and g++) 3.4.3
e Message Passing: MPICH 1.2.6

e Packages: Trilinos 6.0.15 (compiled without MPI), SuperLU
3.0

5.2 Implementation

The simulation results for 4 circuits, A witf0K nodes, B with
1M nodes, C withdM nodes, and D witHOM nodes are presented
here. Circuits A, B, and C were partitioned into 4 domains. Circuit
D was partitioned into 8 domains.

Tables 1 and 2 report the average CPU time in seconds for DC
and 20-step transient simulations of the four circuits respectively.
Note that “—" means that the algorithm either ran out of memory
or that it could not finish in a reasonable time allowed for comple-
tion. “x” means the results are not available because we did not

have the necessary 8 processors. The different power grid simula-

tion frameworks that were implemented (or used) are summarized
below.

e SPICE: a general circuit simulator

e LU: computing LU factorization, solving the linear systém

times by forward and backward substitutions;

IF: generating incomplete LU factorization preconditioner
(IF) with drop tolerance 0.001, solving the linear system
times by GMRES method with IF preconditioner. For a sym-
metric positive definite structure, incomplete Cholesky fac-
torization may preform better, but our system does not have
such structure;

MG: generating five-level multi-grid preconditioner (MG)
with direct solver on coarse grid and Gauss-Seidel prior/post
smoothers, solving the linear systemtimes by GMRES
method with MG preconditioner;

DD+LU: DD method solving the linear systeintimes with
direct solver (LU) for subdomain problems;

DD+IF: DD method solving the linear systeintimes with
iterative solver (IF preconditioner) for subdomain problems;

DD+MG: DD method solving the linear systetritimes with
iterative solver (MG preconditioner) for subdomain problems;

e AS: iterative GMRES solver with addive Schward precon-
ditioner. LU factorization is used to solve the subdomain
problems.

Note that the Trilinos [5] package we used for computation has
already been well optimized for large-scale sparse computing. The
direct solver that was used, SuperLU [3], for LU factorization is
also one of the best available packages. Our DD-based approaches
have shown that existing algorithms can be extended to large-scale
power grid analysis.

Table 1: Runtimes for DC simulation (secs)

Circuit A B C D
No. nodes 40K 1M 4M 10M
No. subdomaing 4 4 4 8
SPICE 250.00 — — —
LU 0.81 | 124.85 — —
IF 1.29 | 310.72 — —
MG 0.56 20.44 — —
DD+LU(serial) | 0.44 56.30 — —
DD+IF(serial) | 46.41 | 1338.06 — —
DD+MG(serial) | 3.16 | 143.69 — —
DD+LU(MPI) 0.16 14.32 | 157.20 | 449.32
DD+IF(MPI) 14.45 | 402.07 | 4340.94 —
DD+MG(MPI) 1.23 39.82 | 178.43 | 653.17
AS(MPI) 0.29 27.11 | 234.73 *

Table 2: Runtimes for transient simulation with 20 time steps
(secs)

Circuit A B C D
No. nodes 40K 1M 4M 10M

No. subdomaing 4 4 4 8

SPICE 563.48 — — —

LU 3.67 | 230.22 — —

IF 17.53 | 3061.75 — —

MG 8.45 | 339.89 — —
DD+LU(MPI) 1.14 18.96 183.80 | 517.21

DD+IF(MPI) 31.56 | 873.84 | 13297.53 —
DD+MG(MPI) 2.58 85.69 376.11 | 1377.16

AS(MPI) 3.12 | 308.74 | 1543.72 *

5.3 DC simulations

The computational cost of DC simulation consists of pre-computing
and one step substitution. The pre-computing means LU factoriza-
tion (for LU), generating preconditioner (for MG, IF, and AS), or
forming Schur complement matrix and its factorization (for DD+LU,
DD+MG and DD+IF). For single processor machines, if sufficient
memory is available, the iterative solver with MG preconditioner is
faster than all the methods except DD+LU(MPI). This is because
the computational cost of forming a dense Schur complement ma-
trix S defined by Eqn. 8 may surpass the gain from solving sub-
domains. However, the memory requirement of MG limits its ap-
plying to large-scale problems directly. Note that MG is a GMRES



Table 3: Runtimes analysis with various interface nodes for DD+LU, 4M size (secs)

No. interface nodes 40 100 200 400 800 1000 2000 | 4000
LU(A,) 123.40| 26.10 127 | 134.57| 131.69| 129.73| 131.48| 133.78
FA7'E; 5.73 14.20 | 29.15 | 61.74 | 123.53| 147.64| 307.89| 651.40
LU(S) 0.01 0.01 0.01 0.01 0.10 0.19 1.45 11.01

One substitution | 1.25 1.47 1.53 1.78 1.89 1.96 2.13 2.36
Total 130.39| 141.78| 157.69| 198.10| 257.21| 279.52| 442.95| 798.54

iterative solver with a MG preconditioner. Total memory require- ear circuit simulators to handle otherwise intractable systems. The
ment contains the storages of multigrid preconditioner, GMRES, numerical results successfully demonstrate our parallel domain de-
and a sparse matrid. For instance, solving 4M linear system, a composition approach.

GMRES algorithm with restarting eve0 inner iterations needs

at leasdMB x 60 x 8 ~ 1.92GB memory. The storage for the
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