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3.12 Fundamental Principles for Second-Order
Sufficiency

Theorem 3.12.1 (Fundamental Principles for Second-Order Suffi-
ciency). Consider Problem (3.1) and z* € S.
Assume

(a) X is a normed linear space.

(b) [ is Fréchet dz’ﬁeréntiable in a neighborhood of x* and has a second
Fréchet derivative at x*.

(c) There exists a local lower support function F for f at z*.

Then

(i) The condition that for each {zx # z*} C S converging to =* satisfying

lim ! z* (——k i ) = O, 3.62
it fOllO’lUS that

lim in Al (1 LI S > >0, (3.63)"

|z — z*||” [l — 22|

is sufficient for * to be a strict local minimizer of f in S.

i equivalent to the statement

(i1) The condition that for each nonzero » € T(S,z*)

Moreover, if X = IR", then statement (i)

satisfying

f@)(z)=0 (3.64)
it follows that

F'(z*)(z,2) > 0, (3.65) |

is sufficient for z* to be a strict local minimizer of f in S.
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Example 3.12.2. We wish to see what our fundamental principle for second-
orfde'r sufficiency, Theorem 8.12.1, gives with respect to unconstrained min-
imization in IR™. Consider f : R™ — IR and z* € IR". Assume that f has a
Fréchet derivative in a neighborhood of x* and has a second Fréchet derivative
at z*. Our first-order necessary condition is that V f(z*) = 0. Hence, we let
f serve as its own support function. This means that one of our assumptions
must be V f(z*) = 0. This assumption is not restrictive since it must hold if
sufficiency holds. It is clear that Ty(IR™,z*) = IR"; hence T;(IR",z*) = R",
since the latter tangent cone contains the former. We see from part (ii) of
Theorem 8.12.1 that x* will be a strict local minimizer if

f"(z*)(z,2) = (V2f(z*)z,2) >0 for all z#0.

Hence, sufficiency conditions for z* to be a strict local minimizer of f : R™ —
IR are

(i) f is Fréchet differentiable in a neighborhood of z* and has a second
Fréchet derivative at x*,

(1) Vf(z*) =0, and

(ii) V2 f(z*), the Hessian matriz of f at =*, is positive definite.
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Sufficiency For Nonlinear Programming
Problems in R"

Theorem 14.2.1 Application Theorem One: Sufficiency for Con-
strained Optimization in R". Consider Problem (-.bv‘;["ﬁ, where f,hi, g;
IR" — IR and are twice continuously differentiable. Sufficient conditions for
a* to be a strict local solution of Problem (L@ are:

(i) There exists \*, u* such that (z*, X", u*) is a KKT point.
(11) Whenever z # 0 is such that
2IVgi(z*) > 0 for 1 € B(z*)
TVg(z™) = 0for i€ B‘{%“*—! (il s > 0}
ZIVhi(z*) = Ofor i=1,...,m,
then zTV§R(.@*,/\*,u*)z>’O.
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gi(z” + 6¢k) — gi(z7)

v
o H

Ok
therefore Vgi(:c*)Tﬁ > 0 for 2 € B(z*). Also,
hi(CIZ* + 5&3/:) — h,‘((l)*) -0

Ok
so Vhy( é 0fori=1,...,m. It follows that
0 = Vf(z 3 Y i Valz 3

t€B(z*)

" B(x2 MM CondiTreis
Thus, Vgi(z*) 3 — 0 for i € BER) and PAAeadl all of the gesssaplions in

(ii) of Theorem 13.2.1 are satisfied. Hence, we have

j’ Vzigm,)\,y5§>0

and

Qur general principle for sufficiency holds. O
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13.3 Sufficiency For Nonlinear Programming
Problems in Hilbert Space

In this section, we study sufficiency results in infinite dimensions. First, we
consider the case of an unconstrained optimization problem.

Theorem 3.3.1 Application Theorem Two: Sufficiency for Un-
constrained Optimization in Hilbert Space. Consider f:H =R,
where H is a Hilbert space. Assume that f € C?. Sufficient conditions for
+* to be a strict local minimizer of f are

() Vi) = 0.
(i1) nT V2f(z*)n > c|nl|* for alln # 0 in H and some ¢ > 0.
Proof: Clearly (i) and (ii) of Theorem 1311 are satisfled. O

Remark 1).3. = R" 11 S 1
UTV2?E‘:C*)?>% I; H p R", then (zz) of Theorem 1331 is implied by
n or all n # 0. This fact follows directly from the fact

that the Rayleigh quotient (nTV*f(z* TN +
. nIV2f(z*)n)/(n"n) is minimized by th llest
eigenvalue of V2 f(z*), which is necessarily positive. yhe smanes
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Considﬁr&Froblem (1), where f, h;, and g; all have their domains in H.
Problem (+1:1) is now an infinite-dimensional constrained nonlinear program.
For the remainder of this section we use the notation

B* = {i:g(z*)=0}
D* = {iigi(z*)=0, uf >0} = B(fj/‘ﬂ)
T* = {de H:Vhi(z*)'d=0, t=1,...,m;

Vg:(z*)Td =0, i € D*;

) o
Td>0,ic B}, = M(;j‘//r)

To the best of my knowledge, the following result is new and not in previous
literature.

Vgi(z~

Theorem 13.3.2 Application Theorem Three: Sufficiency for Con-
strained Optimization in Hilbert Space.  Assume Problem ( &)
€ C%  Sufficient conditions for z* to be a strict local solution of Prob-

lem (#ff are (

2 ) 5y AKT Lol .
(1) There exist \*, u* such that A 0 g TN .

(i) AT QN ) d > || for all d € T,
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Let {z} be a feasible sequence such that 24 # ™,
i = 2*, and limy Vf(z*)Td, = 0, where d;, = (zr — 2*)/||lzx — z*||. Let
o = ||z — 27| '
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0
(I) We know ¥ Y
hi(x* -+ O'kdk) —_ hi(:r*)

o = 0 / (J{r
Vhi(z*)(di) — 0. By f

Therefore,

(IT) We also have
gi(a” + oxdy) — gi(z")
Ok

> 0.

Thus,
lim inf Vg;(2*) d > 0 fori € B™.

(IIT) For i € D* (i.e. uf > 0), e have by definition

= Vi) de+ > Ar Vhi(a*)T dy

=1

= > V(=) de.

1€D*

ng('c*, A%, /*L*)T dk

However, since

vafe X,

-

*) = 0, Vf(:z:*)Tdk x 0, L/
m >

and Z/\:‘ Vhi(.’b*)Tdk x 0,
i=1

we know that

Zu’{Vgi(m*)Tdk — 0.

i€D*
Thus, Vgi(z*)Tdy — 0 for all 7 € D*.
(IV) By choosing a subsequence, we have
Vgi(:ck)Tdk — 3; >0 forall 1€ B*—D".
Let
¥ = {Vhi(z*):i=1,...,m} U {Vgi(z"): 1€ D"}
U {Vg(z*):1i€ B*~ D" and §; = 0},
and let ¢ = span(¥).
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(V) Define v : ¢ — Rl so that the components of the vector space v(d)
are
Vhi(z)'d for 1=1,...,m,
Vgi(z*)Td for i€ D*, and
Vgi(z*)Td for i€ B*—D*and g =0.
Notice that v is one-to-one, since
vd=0 = VId=0 forallvey = d7d=0 = d=0.

Therefore, dim(y) = dim(IR(v)), and v is a map between the finite-
dimensional spaces ¥ and IR(r). Then, there exists a > 0 such that
llvd]| > elld|] for alld € . (Note that |v(-)|| achieves its minimum

on the unit sphere.)

(VI) Consider the decomposition H = (b & 1/)1" We can write dy = d} + d
uniquely, where di € ¢ and d} € ¢ Now,

v(dy) = v(d}) + v(d}).

However, v(d?) = 0. From (1), (II), (I}, and (IV), we have v(d;) — 0,
and so v(dl) — 0. Also, since d} € ¥, |[v(d})|| > alldill. Then, di — 0.

(VII) Now, for i € B* — D and §; # 0, we have
Vgi(z)dy = B = Vg(z*)d; — B >0.
(Recall Vg;(z*)Td; — 0.) Thus, for k large, Vgi(z*)'d} > 0 and
d? € T for k sufficiently large.

(VIII) We have
@) Ve i) > ol

for k large. In the following equations, we use the shortened notation

Vgﬁ(m*, Nu*) = Vﬁx* Then,
(V) = (@) (V2R )k + 20 (VI )+ ()(VEL )
> ol = 2| V24 I kil Rl = V2471 I
= afld2|2 = V24 {201 I + N1 }

Q

—2— for k large.
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To obtain this result we used the fact that d,lc — 0.

Our conclusion df V:%Q,(m*, A, u*)dy > af2 for k large contradicts the sup-
position

lim &I e, ¥, w)de < 0.

Thus, our theorem holds. O
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