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DISCONTINUOUS GALERKIN FINITE ELEMENT
APPROXIMATION OF NONLINEAR NON-FICKIAN DIFFUSION IN
VISCOELASTIC POLYMERS*

BEATRICE RIVIERE! AND SIMON SHAW#

Abstract. We consider discrete schemes for a nonlinear model of non-Fickian diffusion in
viscoelastic polymers. The model is motivated by, but not the same as, that proposed by Cohen,
White, and Witelski in SIAM J. Appl. Math., 55 (1995), pp. 348-368. The spatial discretization is
effected with both the symmetric and nonsymmetric interior penalty discontinuous Galerkin finite
element method, and the time discretization is of Crank—Nicolson type. We also discuss two means
of handling the nonlinearity: either implicitly, which requires the solution of nonlinear equations at
each time level, or through a linearization based on extrapolating from previous time levels. The
same optimal orders of convergence are proven in both cases and, to verify this, some numerical
results are also given for the linearized scheme.
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1. Introduction. In [24] Thomas and Windle demonstrated by experiment that
the diffusion of organic penetrants into glassy polymers does not obey the classical
Fick’s law. At moderate temperatures the profile of diffusing penetrant (methanol in
their case) forms a steep front which travels at a constant speed into the polymer.
In [25] they developed a model for this “anomalous” diffusion in terms of an ordinary
differential equation for the fractional swelling of the polymer.

However, in order to have more predictive value, a mathematical model for this
behavior in the form of a partial differential equation is more desirable. Such a model
has been proposed by Cohen, White, and Witelski in [6] (see also the references
therein). Recognizing that viscoelastic stress relaxation effects are significant in poly-
mers, they add such a term to Fick’s law and drive this stress through a nonlinear
relaxation equation which is adjoined to the diffusion equation. Solving the system
then results in a heat equation with a nonlinear viscoelastic memory term in the
form of a Volterra integral—typical of continuum models of polymers (see, e.g., [8] for
polymer theory and [14] for a similar model of heat conduction).

In terms of the underlying physics, it seems that high levels of penetrant concen-
tration can cause a rubber-glass phase change. The polymer’s viscoelastic properties
change dramatically across this transition layer, and this can cause sharp fronts to
develop in the diffusing penetrant.

The model proposed in [6] seems to be difficult to handle in terms of obtaining
estimates and so, as a stepping stone to that model, we deal here with a simpler
version which involves a vector of stresses in the diffusion equation, rather than (as
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in [6]) the gradient of a scalar stress. The reason this is a simplification can be better
explained once we have seen the equations.

Our model is as follows. For an open bounded domain Q C R¢ (d = 2 or 3) and
a time interval I := (0,7T), for some T" > 0, we want to find the “concentration,”
u: Q x I — R, and viscoelastic stress, o: Q x I — R?, such that in  x I,

(1) ut(t) — V- DVu(t) = f(t) + V- Ko (t),

(2) oi(t) +v(u)o(t) = pVu(l),

where o = (01,...,04)T. These are subject to the initial conditions,
(3) u(x,0) = u(x) and o(x,0) =&(x),

and the boundary conditions,

u(x,t)=0o0onT'p x I and

@ (DVu(z,t) + Ko (x,t)) - n(x) = g(x,t) on Ty x I,

where ' pUT'y = 0Q, I'pNT'y = @, 'y has outward normal n, and I'p is closed
with positive surface measure. Note that in (1) and (2), and usually below, we drop
the x dependence.

In [6] the vector of stresses, o, is replaced by the gradient of a scalar stress, Vo.
Our model is a simplification because, in weak form, we can generate the term (o, Vu)
in both equations and therefore easily merge them as a starting point for estimates.
This is clearly illustrated below in Theorem 1.1.

In our equations D, K, and p are positive constants. Also, the nonlinear function

1

(5) Y(u) = 5 (Yr +76) + % (YR — @) tanh (lL_AuRG> ,

with constants vp > vo > 0, models the sharp change in material properties across
the rubber-glass transition. The sharpness of the change is controlled by the positive
constant A, and the location of the change is controlled by the constant transition
concentration urg. Regions where u < ugg correspond to the “glassy” phase while
regions where u > ugrg are “rubbery.” When u is in or near a A-neighborhood of
upa the polymer is in a nebulous phase transition state.

Since this simplified model is motivated by a diffusion problem we have continued
to refer to u as a concentration. However, because the underlying physics may have
been lost in the simplification, it may not actually have the correct physical properties.

We note that

(6) 0<ve<(y)<wm YyeR
and

(7) 7 (y) = T sech? (y — ) :
so that

(8) 0<(y) <C =209 yyeRr,
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Also,

" _ (7RG Y — URG 2 (Y — URG
7' (y) = <A2 >tanh <A >sech (A ),

which gives

TR — VG
9) WIS Cyi=—xg— WeER

We also note that we can solve (2) to get

t
(10) o(t) = ge= i@ o, / e~ JIAE) 7y (5) ds
0

and use this in (1) to arrive at (assuming & = 0)
t "
(11) us(t) = V- DVu(t) = f(t)+ V- ,uK/ e~ [ 1w@) deigy () ds.
0

We recognize this as a parabolic partial differential equation with a nonlinear Volterra-
type memory term typical of that arising in viscoelasticity theory. We could work
directly with this formulation in constructing our numerical approximation, but we
prefer to work with the system, (1) with (2), since we then need not be concerned with
the discretization of the Volterra integral. Also, representing viscoelasticity through
evolution equations for internal variables is often preferred to the use of Volterra
integrals. See, for example, [11, 10, 3]. It is important to realize that introducing
internal variables does not introduce more unknowns and lead to a more complex
scheme than would result from using the Volterra formulation directly. In the latter
case the “history” in the Volterra integral needs to be stored and updated at each time
step. This is exactly analogous to storing the previous value of the internal variable
and then updating it through a time-stepping scheme.

This is the third in a series of papers extending the (spatially) discontinuous
Galerkin (DG) finite element method (FEM) to viscoelasticity problems. In [16] we
considered an elliptic stress analysis problem with memory and in [17] we extended
this to a second-order hyperbolic problem with memory. Both of these deal only with
linear problems, but below we “complete the set” by considering a parabolic problem
and including a physically relevant nonlinearity.

DG methods offer several advantages. The lack of continuity constraints between
the local approximations allows for an easy implementation of mesh adaptivity. Unlike
the classical continuous FEM, the DG method can handle unstructured nonconform-
ing meshes with several hanging nodes per edge (or face). In addition, increasing the
polynomial degree does not require any major modification of the software. It is rela-
tively easy as well to have polynomial degrees that vary from one mesh element to the
next. Finally, one inherent property of DG methods is the local mass conservation.
While this property is essential in many flow and transport problems, it remains to
be seen that local mass conservation is important for non-Fickian polymer diffusion
problems. A deeper numerical investigation is needed. This will be the object of
future work.

The layout of this article is as follows. In section 2 the equations are spatially
discretized using an interior penalty DG FEM, and we consider both the symmetric
and nonsymmetric variants. The time discretization is a standard Crank—Nicolson
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method with a choice of treatments for the nonlinear term. Either this term is ap-
proximated in an implicit way, which involves a nonlinear equation set at each time
level, or it is handled by extrapolating the current approximation of w to the current
time level from the two previous time levels (similarly to [5]). Special care is needed
at the first time step, but we can show optimal second-order convergence in each case.
The error estimates are contained in section 3 and some numerical experiments are
given in section 4. We finish with some comments regarding our model and approach
in section 5, as well as discuss the potential for extending this work to Cohen, White,
and Witelski’s model.

For background on the DG FEM we refer the reader to [18, 21, 9, 20], and for the
numerical analysis of generic parabolic problems with memory we refer the reader to
[5, 12, 23, 26, 13] (but there are many others).

However, apart from [17], we are not aware of any error analysis for numerical
approximations to viscoelasticity problems where the Volterra integral is replaced
with internal variable evolution equations, such as (2).

Our notation is standard. For w C  we use (,-), to denote the Ly(w) inner
product and simply write (-,-) when w = Q. Also, we use || - ||y to denote the H?(w)
norm and write || - ||,, as an abbreviation for || - ||, q-

We set HP(2) := (H?(2))?, but in the notation just described we do not distin-
guish between inner products and norms on H? () (as used for u) and inner products
and norms on H”(Q) (as used for o).

Since our functions are time dependent we take the usual approach of thinking
of them as maps from I to some underlying Banach space, X. For 1 < p < oo the
L,(0,t; X) norms are given by

t 1/p
1ol o) = ( JRLCIE dt) ,

with the usual “ess sup” modification when p = co.

To finish this introduction we derive a stability estimate for this problem; the
proof is a model of how to proceed with the estimates for the discrete scheme that
follows. To begin we note that if

Vi={ve H(Q):v=00onTp},

then a variational formulation of (1)—(2) is as follows: find maps u: I — V and
o: I — Ly(f2) such that

(12) (w(t),v) + (DVu(t), Vo) + (Ko (t),Vv) = L(t;v) Yo eV,

(13) (ou(t) +y(uw)o(t), w) = (uVu(t),w) Vw € La(9),
where

(14) L(t0) = (£(t),v) + (9(8), ).

We can now state a basic stability estimate which does not require Gronwall’s
lemma.

THEOREM 1.1 (basic stability). There exists a constant C' > 0, independent of
T, such that, if (u,0) is a solution of (12), (13), then

[ + o (1) 3 + / (ID2Vu(s) 3 + llo()I) ds

< € (i3 + 1813 + 17102000 + 1913 002wy
for allt > 0.
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Proof. Choose v = u in (12) and w = (K/u)o(t) in (13) and add the resulting
equations to get

(ue(t),u(t)) + (DVu(t), Vu(t)) + (Ko (t), Vu(t))
+ L od).0(0) + 5 ()0 (1) - (Ka(t), Vu(t)
— (1), u(t)) + (9(8), ul®))ry-
Hence, using Poincaré’s inequality

GO + - 2o )1 + 21D 2Vl + 2 (e (0. o(b)

<20 @Bl D2V u(t)|lo + 2C | g(t)llo.0n | D2V u(t)o
<207 f@)II5 +2C3 g5, ry + D2V u(®)][5.
Integrating then gives

2Kq

@l + 2l ol + [ (||D1/2w<s>||3+ ||a<s>||3) s

y K, .
<l + 1813 + 207 (U1 aouacon + 19 Ea0itaenn)

This concludes the proof. 1]
Last in this section, we recall Young’s inequality in the form
al  elb?
ped T q
for all a,b >0, € >0, and p,q € (1,00) such that 1/p+1/q = 1.

(15) ab <

2. The numerical scheme. The first step is to establish notation for the spatial
discretization. Let &, = {E} be a nondegenerate quasiuniform subdivision of 2, where
E is a triangle if d = 2, or a tetrahedron if d = 3. The nondegeneracy requirement is
that there exists p > 0 such that if hy = diam(E), then E contains a ball of radius
phg in its interior. Let h = max{hg : E € &,}; the quasiuniformity requirement is
that there exists 7 > 0 such that h/hg < 7 for all E € &;,. We denote by T'j, the set
of interior edges (faces for d = 3) of &,. With each edge (or face) e, we associate a
unit normal vector n.. For a boundary edge e, n. is taken to be the unit outward
vector normal to 0€).

We now define the average and the jump operators. For each of the interior edges,
suppose that e is shared by E{ and E3 such that n. points from Ef to E5 and for a
boundary edge, suppose that e belongs to Ef. We define the averaging operator {-}
by

(wlge)le + 3 (w]Eg)le ife cQ,
{w} =
(w]zg)le if e C 00
and the jump operator [-] by
(wlgg)le — (w]Es)le if e C 0,

[w] :=

(’U}‘Ele)‘e if e C 09
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The distinction between [] and —[] can be made because each edge e, has a unit
normal associated with it. The “direction” in which the jump takes place is unimpor-
tant.

These operators are well defined if w|g: € H%‘“(Efl) for i = 1,2 and € > 0.
Below, we use |e| to denote the (d — 1)-dimensional surface measure of the edge/face
e. We also frequently use the estimate, |e| < Ch%~! which arises as a consequence of
our assumptions.

Define the broken spaces for any integer r > 0 as

Dr(gh) = {U € LQ(Q) : U‘E c ]P)T(E) VE € gh}7
Dr(gh) = Dr(‘sh)da
H™" (&) = {’U € Ly(Q) :v|lg € H'(E) VE € 5h}-

For these finite element spaces we have the following interpolation-error estimates.
If v € H'(E) NC(Q) and p = min{r + 1,n} then there is an interpolant o €
D, (&) N C(Q) such that for each E € &,

(16) v = 0|lm,p < Chly ™||v||n,E forn>m >0,
A7) v = lmsy < CRE 2 0] for m = 0,1 and n > m,
where v C OF.

Define the bilinear forms

Tl (wv) = Y jﬁ/e[w}[v] for > (d—1)71,

ecl',Ul'p

A(w,v):Z/EDVw-Vv—&—Jg’B(w,v)— S [(Dve -]

eel'p,Ul'p €
+kK Z {DVv - n.}w].
ecl'p,Ul'p €

Here « is a switch: we set kK = 1 to obtain the nonsymmetric DG scheme, and k = —1
to obtain the symmetric scheme. Following from these definitions are the norm and
seminorm

[lv]] 4 := (|v|§ + Jg’ﬁ(v,v))E and [v|g == <Z /EDVU : VvdE) .
Ecé&y

We will need the following estimates.
LEmMMA 2.1. We have

(18) [vllo < Cyllvlla Vo e H' (&)
and
[vllory < Coh™2vlla Yo € Dp(En),

for constants C'y and Cy, independent of h.
Proof. For the first inequality we refer to [9, Lemma 6.2], and for the second
inequality we use the first one with Sobolev interpolation to get

ory = 2 Ilg. <Y n Hollo.elVollos < Ch™H(CF + D7 Y)|v]l%-
E

eel'n

[v

This completes the proof. 0
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We note that if u(t) € C(Q) for each ¢, then

(ue(t),v) + A(u(t),v) = L(t;v) — Z(Kc’(t), Vv)g

(19) + Z {Ko(t) - n.}v] Yo € Dy (Ep),
and
(20) (o:(t) +y(w)o(t),w) = Z(uVu(t),'w)E Vw € D,_1(Ep).

The first of these arises by elementwise partial integration and “adding zero” (see,
e.g., [21]).

To construct a fully discrete approximation we set k = T/N for some N € N, and
write t; = ik. To ease notation we define
Opw; 1= —w(tz) —w(ti-) and W; 1= —w(ti) i w(ti_l).

k 2
The fully discrete approximations, u” and &”, to u and o are continuous and piecewise
linear in time, and discontinuous in space. We set u? := u(t;) and o := o"(t;).
An issue is how to handle the nonlinearity, v(u), in the numerical scheme. We
offer two possibilities by approximating (u)|,_,+) by Y(Binu) for n = 1 or 2,
where

‘Bmuh =gl and B, oul = &ul,

3 E

with &; an extrapolation operator defined by

P for i = 1;
Eau = { Sul y —tub, fori=2,...,N.

In the first case we approximate y(u)|,_,+) by taking the true average, a?, of the
discrete solution. This will result in a nonlinear system to be solved at each time level.
To linearize this system, the second method linearly extrapolates to the average based
on the two previous solutions. This is not possible at the first time step and so this
first step will require special treatment in the error estimation. This extrapolation
technique is widely used in coupled flow and transport problems such as miscible
displacement. See, for example, [7] and [19].

The fully discrete approximations (i.e., for n = 1 or 2) are based on sampling
(19) and (20) at the temporal midpoints, ¢;_1 /5. They are defined as follows: for each
i=1,2,...,N, find a pair {ul,oh} € D,.(£,) x D,_1(Ep) such that

(Opul,v) + A(al,v) = L;(v) — Z(K&f, Vo)g
E

(21) + > [{Kel-n}p] v eDi(En)

ecl',Ul'p €

and

(22) (Ol + 7 (Bigu")El w) =D (uVal w)p  Yw € D1 (&),
E
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where
1
Li(w) = 5 (L(ti0) + L(ti-1:0) )
and the discrete initial data are given by
(ul,v) = (i1,v) Vv € D, (&),
(ol w) = (&, w) Yw € D,_1(E).

We now give a stability estimate for this discrete approximation and note that
Gronwall’s lemma is not used. We also note that the “A~1” factor appearing in front of
the boundary term is a weakness in the proof and is not observed in computations. It
appears that the removal of this factor is an open problem (although, see Remark 3.6
later).

THEOREM 2.2 (discrete basic stability). If 8 > (d — 1)~ and h < h we have for
m=1,2,...,N that

13 + *||0m||o+0*kz (laf (1% + 2Kl [13)
=1
< all§ + *||0||o+6kz (CHFllE + Coh™ M lgillEr ) -
i=1

provided that

§ > 3Chld-DA-t max{ D nE } ,

1-— C*’ 2’)/(; — QMC*

where C* < min{1,yg/p} is some chosen positive constant, C is independent of h,
and Cy and Cy are those in Lemma 2.1.
Proof. Choose v = a4 in (21) and w = (K/u)a? in (22) and note that

(B, af') = k 3 - || 3,
(thot 1) = ol %nai,ln%,
A(’ﬁh, ﬁ?) = Z(DV@?, Vﬂ?)E + Jg’ﬁ(ﬁ?’ ﬂ?)

(k=1 > /{Dvu - Hal).

ecl'p, Ul'p

Adding the two resulting equations then gives

1 K K _ K _n o
ﬁIIU?Ilg || g+ ST S llotlls — 7H0?_1H3 + @l %+ ;(V(Bi,nuh)tfﬁ ar)
= Li(al) — (k1) Z /{DVu ‘Me} Z /{Kah n.}[al],
eel',Ul'p eel,Ul'p
and summing over ¢ = 1,...,m and multiplying by 2k yields

h |12 5 h (12 2k_m ~h|2 kag B. h\=h =h
Hu'rrLHO+ L ||U7rz||0+ Z”uz ||A+ Z L (’Y( Z,nu )o-zao-z)

= [lug 5 + *II ||0+2kZL )+ I +11,



2658 BEATRICE RIVIERE AND SIMON SHAW

where

_2152 Z /{Kah n. Hal,

i=1ecl',Ul'p

II:QkZ(l—n /{DW - Haf].

eel',Ul'p

Now, using |67 - nllo.or < Ch™/?||6" 0.5 and recalling that |e| < Ch9~1, for I we
have

1] < 2’62 Y. Kl{al netlloellia]lo.e

1=1ecl',Ul'p

c2arY. ¥ & (D)ot mait o S () s

=1 ecl',Ul'p =1 ecl',Ul'p
(d—1)p-1

K2Ch
meu h||o+fZ ).

i=1

Similarly, since |x — 1] < 2

ey S () ovnaie (55) e

u DCh(d np 2%
<20k Y Y PO gy e+ 2 D0 @t ).
i=1 E i=1

With these we arrive at
K 1 2 - K

ho|(2 h|2 —h||2 hy=h =h

upllo+ —llomllo + 12— ——— ]k ;|4 +2k Y —(((Bspu")oy, o

I3+ St + (2 - 5o ) }_:H I+ 283 (Bnaiot ot)

ZL

m Ch(dfl)ﬁfl -
+2h)  ———— (K*a|la} (|} + Deala|%) -
=1

< Jlugll + || oI5 + 2k

Now, using Lemma 2.1,

ZL

m

kS (Lt al) + Lt h))‘

=1

2k

=k

3 EMS &Mg

((f(ta),uf) + (f(tica)al) + (g(t:), ul oy + (g(tiz1), @ )ry )

K2

((fla 1) (ghﬂ?)FN)

QkZCfoz”OHUhHA+2kZC W2 gillo,e 2] .4

=1 =1
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m m
<ek Y G+ ek C2h 1||gz||orN+fZ|| "2
=1 =1

With this and (6), we now have

K 1 2
h |12 h |12 =h h
— 2-— -2 _Z )k 2k
I+ bl (2= 5 = 2 = 2 )31l 26 ot
< I3 + fnaono+egkz(cf||fluo+c2 il )
i=1
h(d 1)B-1 ~ -
+2k2 (Ker| I3 + Deallal %) -

Setting €3 = €5 = 6 and €; = 3/2 means that we can write this as

K 12DCh(d-1)B-1 I
[[ups |15 + ;I\Uﬁ%ll% + (1 S S— kY llar%

=1
ve 3KChUd-DE-1 LS
+ (u% 2Kk |t
=1

K i - i
< 3+ N3 + 6k SO (CHIANR + O3 aili )

and choosing some positive constant C* < min{1,vs/u} and requiring that

S (d—1)F— 4D uK
§ > 3Chld—DA-1
3C max \ T G — 20" |

we arrive at the theorem. O

Since this is a finite dimensional problem, we can infer existence from uniqueness
in the linear case where n = 2. Since this is the more practical of the two algorithms
we are content with this. Also, at least for the original model of Cohen et al., [6], it
seems from [2] that such analysis for the nonlinear problem is highly nontrivial.

THEOREM 2.3 (discrete existence and uniqueness). Under the conditions of The-
orem 2.2, the discrete solution exists for n = 2 and is unique.

REMARK 2.4. The condition that § “be large enough” in Theorem 2.2 can be
removed in the nonsymmetric case, k = 1, by requiring a small enough time step,
k. To see this note that the term II in the proof vanishes and that the second term
in the bound for 1 can be moved to the left with an appropriate choice of €1. After
applying the triangle inequality to || |2, the term ||o,||3 can also be moved to the
left if k is small enough, and the remaining terms are bounded by a discrete Gronwall
inequality.

3. Error estimate. In this section we derive error estimates for our schemes
encompassing the cases kK = 1 and n = 1 or 2. First we need some standard Taylor
series estimates, and it is convenient to define

A = ve(t;) + ve(tiz1) _ v(t;) — U(ti—l)’
2 k

which we recognize as (the negative of) the error in the trapezium rule.
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LEMMA 3.1 (Taylor estimates). Whenever v has the indicated regularity we have
positive constants, C, independent of h and k such that

(23) [v(ti—1/2) — Billo < CE¥2||vsel| Ly ts1 t1312(02))
(24) lv(k/2) —v(0)]lo < CkllvellL(0,k/2:L2(02))5

(25) olti1ya) — 3v(ti—1)2— v(ti—2) O < Ck3/2Hvtt||L2(ti,2,ti_1/2;L2(Q)),
(26) [v(tim12) — Owvillo < CEY2||vsel Loty 00 L0(0))»
and

(27) 1Aivllo < CK2(|vitrll Lo(r,_y t2:L0)s

from the Peano kernel theorem applied to the trapezoidal rule for numerical integra-
tion.

We define
Xi = u? - uL(ti)v n; = o'? - o'*(tl)’
E(ti) = u(t;) — u™(t), o(t:) == o(t;) — o*(t:),

where o* € D,_1(&},) is the nodal interpolant to o, and ut € D,.(&) is the elliptic
projection of u defined by

(28) A(ut,v) = A(u,v) Vv € Dy (Ep).

PROPOSITION 3.2 (estimates for the elliptic projection). If u € C(Q) and ut €
D, (&) is defined through (28) for k = £1, we have for m =0,1,2,... and t > 0 that

(29 |5 (w0 —0) | <om ||
(30) P CORPRO)| e =01
(31) H‘i;"tif(t) o5

whenever 0™ u(t)/0t™ € H¥1(Q) and 1 < s < 7.

When m = 0 the proof of (29) is given in [21] (the “NIPG” scheme) for the
nonsymmetric case, x = 1, and can be readily established for k = —1 by similar
arguments. The nonoptimal (30) then follows from (29) and (18) (an optimal Lo
estimate is also given in [21], but we do not need it here). The stability estimate,
(31), follows from

lu™ @)l < llu) = u(@)lla + llu(®)] 4,

along with (29) (with s = 1) and the fact that [u(¢)] = 0. The estimates then follow
for m > 1 by differentiating (28).
For use later, we note also that

(32) lo* ()l < Clle®)lr. @
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The next result is a lemma that deals with the error generated by the nonlinear term.
LEMMA 3.3 (nonlinearity error). Forn =1 or 2 we have

(v(W)a)i) = ¥(Binu")a],
( )

ChQT 2 2 2
S — (HU”LOQ(O,T;H’“(Q)) + ”UHLOC(O,T;LOC(Q))||u||LQO(O,T;HT'+1(Q)))
Cck?
+ e (H(’7(“)0)%H%z(ti,l,ti;Lg(Q)) + HUtt”%z(ti,l,ti;Lg(Q)))

C

+ ?”UH%OC(O,T;LOC(Q))||Xi—1||(2)
C YGE || -
;HGH%W(O,T;LOO(Q)) (k3HuttH%z(ti,l,ti;H"’(Q)) + ||Xi||8) + 7”771‘”3
form=1,1=1,...,N,

Ck? o rels o lels
4 THUHQLOO(O,T;LOQ(Q))||Ut||2Lw(o,k/2;H2(Q)) + 7”771”(2) + 7”770”8

form=2, 1=1,

C VGE | -
;||U||%x(o,T;Lx(Q)) (kgHutt||2L2(ti,2,ti,1/2;H2(Q)) + ||Xi—2||(2)) + 7”771\\3

form=2,1=2,... N,

for a constant C independent of h, k, and € and for all ¢ > 0.
Proof. We have, from (23) in Lemma 3.1,

(V(W)o (t:)) = +(Binu")a7, 0
( )

<l (I (@) () = y(wltio1/2))(ti-1/2)lo

+ I (ulti-12))a(ti1/2) = Y(Binu)57 o),
< CR || (y ()0 ) et | ot tisLa(2) 17510

+ ||7_7¢||0<||7(U(ti71/2))(0(ti71/2) =)o

+ I lti-1/2)) = ¥ Bint™) o175 (@ )
< CR (V@) )t Loty 122 [7illo

+ el (o (ti1/2) = &illo + & = 570

+ Cnlloll&; L o llulti—1/2) — Binu™ o,
where we observed, using (8), that
1
It 172)) = 1(Bit)llo = H | sultic) + (1= B ds (ultioaye)
0

—3i7nuh)

0
< Cllu(tizyy2) — Byt 0.

Using (23), (24), and (25) from Lemma 3.1, along with (16) and (32), we therefore
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arrive at

(o) = 7 (Binu)at,m,)| < OB 00 )l a1 tmaon 17l

+ 'YRH'Fli HO (Ck3/2Ho'tt||L2(t7‘,_1,t7;;L2(Q)) + ChTHUHLoo(OyﬁHT(Q)))

+ Clngllolle |l no 0,750 )y lultiz1/2) — Bintfo.

Now, using Proposition 3.2,

lu(ti-i/2) — B pu o < u(tiz1/2) — UL(tiq/z)Ho + ||UL(7«‘1‘71/2) — BinuTo
+ ||Bi,nuL - 3i,nuhH07

< CW |lullp o, 7507+1 () + lut(ti1/2) — Binu™llo + [|Binxllo,

and this is as far as we can get without distinguishing between n =1 and n = 2.
So, first, for n = 1 we have

uti—1/2) — Biau"llo < CR™ull o 0. 1:mm+1(0)) + CE 2 ueell ot b2 (00
+ ilo + Sl
9 Xillo 2 Xi—11]0y

where we used (23) from Lemma 3.1 and (30) with m = 0.
Second, using (24) from Lemma 3.1, in the case n = 2 we have when ¢ = 1 that

[u(ti—1/2) — Bigu"llo < CR||ull Lo, m+1(9)) + Ckllue 1o 0.0 /2:2(02)) + X0l0

while if 4 > 1, with (25) from Lemma 3.1,

[u(ti—1y2) = Biou"lo < Ch|[ull L o.7:m+1 () + CH st || Lot sty osmr2 ()

3 1
+ 5 lxi-1llo + 5 lIxi-2lo.
Assembling these estimates then gives
|(G@a)) —(Binu)er. ;)

< OB (V@) itlats i@ + R0 1ottt )13l

+Ch" (HUHLOO(O,T;LOO(Q)) lull L o,7;m7+1 () + 'YR”UHLOC(O,T;H"(Q))) 17 lo

CE32|[usel| Lyt, 1 tiim2 () + 3lxillo + Slxi-allo
forn=1, i>1;

Cklluelln0.k/2:52()) + [Ix0llo
+ M llolloll L 0,7:20 () X forn=2,i=1;

Ck3/2”’LéttHLz(ti—mtial/g;H?(Q))
+ 5llxi-1llo + 3llxi-2llo
forn=2, i>1.

Several applications of Young’s inequality then complete the proof. ]
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Before giving the error estimate we recall from, e.g., [1, Theorem 4.12] that if
Q c R? for d = 2 or 3 satisfies a cone condition, then |[v]|; (o) < C|v|m for
m > d/2. Moreover,

2<g¢< o0 ifd=2,

1

and then |[v]|1, o) < C|lv||y for all v € H'(Q). Also, if (X, || - |[x) is a Banach space
then, for v: I — X, we have

(34) lollorx) < CE (IO + lorllz,00x)  vrel

and for 1 < p < cc.

Now we can state the error estimate. The regularity requirements stated in this
are given simply as they appear in the proof and in Lemma 3.3. We return to this
point later.

THEOREM 3.4 (error estimate). Let h < diam(Q) and k < T' be positive constants
and for r > 1 assume that 4 € H™1(Q), & € H'(Q),

o u€ Wi (I; H™(Q)) N H?(I; H*(Q)) N H3(I; La()),

e o € Loo(I: Loo() N WL (I H'(Q)) 0 H3(I; Ly(9)),

¢ ()0 € La(l: Lo();
then for B > (d — DY, k< h, R4=DE-1/§ small enough (for n = 1 and 2), and
k < k where k is small enough (for n = 1 only), we have a positive constant, C,
independent of h and k such that

m 1/2
u(tm) = upllo + llo(tm) — o llo + </~€Z la; — |2 + llos — ff?ll%) <CO(R" + k)

i=1
for each m=1,...,N.

Proof. We average (19) between ¢; and ¢;_; and subtract it from (21), and do the
same with (20) and (22). Adding the results of these then gives an error equation,
(8tXi7 ’U) + (8157]1'7 'LU) + A()_(’La ’U) = (A’Lua ’U) + (AZU; ’ll)) + (8t£ia ’U) + (ateia ’ll)) + A(gm U)

— Z(K'ﬁi’ Vou)g + Z(Ké“ Vo)g
E E

+ Z(IN% w)p — Y (1Y, w)g

E
+ Z /{an e} Z /{K@ e}
ecl',Ul'p ecl',Ul'p
+ (’V(U)O'(tl) - V(Bi,nuh)&?7 ’LU) Vv € Dr(gh) and Yw € ’Drfl(gh)‘

We now choose v = x; and w = (K/u)n,;, multiply by 2k, and sum over i = 1,...,m <
N to get

K m ~ m K ~ ~
me||3+pllan3 + 2k Z 1Xill% + 2k Z *(V(Bi,nuh)m, ;)
m

= [Ixoll5 + HnOHO +2k2 (Aiu, Xi +2k2 m (Aio, ;)

=1 =1
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m

LD WCERIERTS SR SEE L) LN

=1 =1 =1

+2kY > (K6;,Vxi)p —2k> > (KVE,n,)e
=1 FE =1 F

+2kz 1-r) > /{Dsz ne il

ecl',Ul'p ¥ €

+2kZ Z /{an e X —QkZ Z /{KO ne}

=1 PEFhUFD i=1 ecl',Ul'p
2Kk _— s
= (Y(w)o (t:) = (Binu")ay, 1),
=1
=Ty + -+ Ths.

We now take each term in turn. By the Ly(€2) projection we have (xo,v) = (£(0),v)
for all v € D,-(&p), which, from (30), results in

711 = lIxoll3 < [IEO)F < CR*" [l 744
Similarly, we have (ny, w) = (6(0),w) for all w € D,_1(&x) and, from (16), this gives

T3] = [Inollg < 10(0)I[5 < CR*"[|& 17
For T3 and T we appeal to (27) from Lemma 3.1 and (18) to get

T3] < CkZHA uHo+esl<:Z|lxz||A —IIUtttHM(OtmLQ(Q))+€3kZIIXzIIA7
=t i=1 =1
and
mi< 2k inA ano+e4kz 2
HYGEs
S C;]€4||C"tlﬁt||L2(0 tiLa(q)) T €4F 3 @Hﬁi“@
=1

Using (18), (30), and (26) from Lemma 3.1, we have for T5 that

Ck & L
|T5| < = > (196 — &timay2)lIE + & Ei1/2)[13) + esk > vl

i=1 =1

Ck*
<

~

sH2(Q) T HutHL (0t HT+1(2)) T ﬁskZ HXZ“.A:

=1

where we used (18) and (31) to get ||&eetllo < C||utst||2-
Now, Ts = 0 from (28) and for T7 we argue similarly as for T5 and obtain

m

|T7| <

K’YG _
+€7k anHga
=1 K

Ckd Ctmh”
< — ||Uttt||L2(0 tmsL2(2)) T

lorell 0,6, <ﬂ>>+f7kz . i3,
=1
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where we used the estimate ||@y]lo < C|losstlo. For Tk,

Ct,h?"
HO""SSkZ”XzHA o |17 . (0,60 E7 () ""SSkZ”XzHA’

=1
and for Ty,

T3] <

ke~ pK - ~ Kvg -
|To| < 2k2 H&IIAllmllo\;Z%Dz %+ eok > —= 0,15,

i=1

i=1

[ellZ. 0,6 +1 () +€9kz a3
=1

Ct h2

We now note that Tjp = 0 if k = 1 (the nonsymmetric scheme) and in general we
have

m o6 1/2 1/2
ol <20-0p ¥ () 10k no (155)  Icdloc,

8
1=1ecl',Ul'p ‘e‘

Chld—1)B/2-1/2 -
21— kZ 1DVl o (i) 2,

(d-1)p
<(1— li)qokz CK

BT C o) L e ST
2 5 ||X2HA+ - ;”MHA-

For T1; a similar argument produces

O\ Cpld-bA-1 ke o
T1| < 611kz Tllmllﬁ + o Z [bell®
i=1 i=1
and, for Tlg,

hd np B
Th2| < 612742 (2:”‘9 [ 8E> +*ZJ66X17X1

=1
Ct 612h2r—1+(d—1)[3 p
< —= 5 ||U|\%w(o,tm, ) R Z T (Xis Xi)-

Setting €19 = 2 and choosing

1
€3+es+egs+ — = —, €1+ er+e9 =1, and €11 =4,
€12 4

we then assemble these estimates and obtain

K 1 4Chld-DB-1 U
Xl + =lmllf + | 5 — ———— | £ IIxill%
7 2 6

=1
ApChld-1)B-1 KVG
+l1- "=k §

<O + ) + —Z(( )= (Biaar )|
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where we recalled that 8 > (d — 1)~!. Now we make several appeals to Lemma 3.3.
First, when n = 1 we have, for k < k, that

Ck 1 4Ch(d DAt G
<1—> X 15 + ||17m||3+<2 — ZHXtHA

4pChld—1p-1 KWG .
+ (1 T ke kz [7:015 < C(h* + &%) + Z 13-

Choosing € = 1/2, k, and fz(d’l)ﬁ’l/é small enough, an application of Gronwall’s
lemma then results in

Ixm I + I3+ & D IxalZ+ £ 17015 < CR + k).

i=1 =1

Second, for the linearized scheme where n = 2, we have by Lemma 3.3 for m = 1 and
with € = (2ygk) ™! that

K 1 4Chld-DA-1 B
Ix1lg + @H’h”g + (2 S k(X%

4 Chld—1p—-1
w1 dCh
6Kva

K’YG — r
) k . 17,115 < C(R*" + k%) + Ck?[Ix0llg + CllmolI3-

Now use the estimates given above for 77 and T» and again select h(d—1)B-1 /6 small
enough to get

Ieallg + Nl IS + kllxalZ + Bl IS < C(R27 + &),

On the other hand, for m > 1 we estimate the first term in the sum (corresponding
to ¢ = 1) in T3 by choosing € = 1/k in Lemma 3.3 and then use the estimates just
obtained. For the remaining terms we choose € = 1/2. With empty sums set to zero,
we then have for m = 2,3,4, ... that

K 1 4Ch(d Hb-1 .
||Xm||%+;”"7m||%+ <2 — leszA

| 4uCht-s- e T T
S kA h2r 4k k 12,
+<2 o §: I < O + )+ 3 Il

by the same estimates for the initial conditions as used previously. Once again, we
choose h(?=1A=1/§ small enough and use Gronwall’s lemma to arrive at

I 1F 4 I 15+ 5D IxalZ+ 5 D Imall3 < C(* + k).

i=1 i=1

We now see that this inequality holds for all m € {1,...,N} in both of the cases
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n =1 and n = 2. By the triangle inequality we then have

m 1/2
[u(tm) = umllo + llo(tm) — o lo + (kfz lla(t:) — ?Ii)
- 12
+ (kz lo(ti) — ?II%)
m VR
<€) llo + [[0Cm)llo + (kz; |I§(ti)||f4> + (kZ; O(ti)ll(%)
1/2

m 1/2 m
+||X(tm)||0+||77(tm)||0+(kzX(H)Hi\) +<k_2||n<m3> ,

and our estimates, along with (16) and (30) and the fact that (a® +5?)*/? < a + b for
a, b > 0, then complete the proof. 0

Note that due to the much larger number of terms involved this proof used Gron-
wall’s inequality, unlike the proof of Theorem 2.2. It is possible that more careful
estimation could remove the need for an exponentially large “Gronwall constant” in
the error estimate, but we leave this as a problem for another time.

If we replace the D,.()-approximation of u by a standard conforming piecewise
polynomial finite element space containing the essential boundary condition, then the
DG FEM schemes presented above reduce to a standard continuous Galerkin (CG)
FEM. An error estimate of the form presented in Theorem 3.4 then continues to hold
(as a special case).

COROLLARY 3.5. For a CG finite element approximation of the problem we also
have

1/2

m 1/2
[u(tim) = umllo + llo(tm) — o llo + <kz la; — a5 + o7 — U?H%) <CO(W +£?)
i=1
foreachm=1,... N.

REMARK 3.6. If (u,0) is a solution of (12), (13), then we could use Theorems
1.1 and 3.4 to show that

I3 + oI < C(u).

This would follow from the triangle inequality and is the closest we can get to a sta-
bility estimate. However, to get “data” on the right-hand side we would need stability
estimates on higher derivatives of the exact solutions.

Theorem 3.4 naturally contains some regularity assumptions on both u and o.
Since, via (10), we can replace the system (1) and (2) by the single (11) we can expect
that the regularity of o can be tied into that of u. In this direction, for the case of
piecewise linear spatial approximation (r = 1), we have the following claim (see [15]
for details).

PROPOSITION 3.7. For r =1 the regularity requirements of Theorem 3.4 can be
replaced by

we H*(I; H*(2)) N0 Ly (I; WL () N Loo (1; Wi () N Wy (I; Ls(52))
NWZ(I; La(Q)) N H*(I; Ly(Q)) N HY(I; W}(Q))
and & € Loo(Q) N H' (Q).
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TABLE 1
Tabulated errors for N =2, § = 102, and 8 = 3.

1 | 2.032013 2.026638

2 | 1.837297 0.1453 | 1.837534 0.1413
4 | 1.532320 0.2619 | 1.532354  0.2620
8 | 0.863881 0.8268 | 0.863874  0.8269
6 | 0.447608 0.9486 | 0.447608 0.9486
2 | 0.225955 0.9862 | 0.225955 0.9862

TABLE 2
Tabulated errors for M =8, § = 104, and 8 = 2.

k=-—1 k=1
F3 EOC P EOC

8.845824 x 10~ 2 8.845825 x 102
2.561600 x 10~2  1.7879 | 2.561600 x 10~2  1.7879
6.598674 x 1073 1.9568 | 6.598677 x 1073  1.9568
1.660746 x 1073 1.9903 | 1.660747 x 10=3  1.9903
16 | 4.166057 x 10~*  1.9951 | 4.166061 x 10~%  1.9951
32 | 1.049564 x 10~%  1.9889 | 1.049566 x 10~%  1.9889
64 | 2.707173 x 1075 1.9549 | 2.707180 x 10~°  1.9549

OO%[\')HZ

4. Numerical experiments. We anticipate that the linearized scheme is the
one that is of most interest and so first quote from [4] just a few numerical results to
illustrate Theorem 3.4 in the case r = 1. The data common to these first results are
D=K=p=1,7%=10,7¢=0.1,A=0.1,Q=(0,1)2 and I = (0,T) for T = 1,
and in each case the loads and boundary conditions are designed so that the problem
has a known exact solution. (To achieve this we added a function h = h(x,t) to the
right of (2).) The resulting errors,

N
_ _ _ 1/2
E:=kY (llu —ul|%,+los —al5) "
i=1
are tabulated along with the estimated order of convergence (EOC). In the tables,
M denotes a uniform M x M space mesh and N is the number of time intervals.
Table 1 shows results for the solutions

I : _ sin(27x)
u(x, t) = tsin(2mz) sin(27y), o(x,t)=t ( cos(2y) )
in the case I'p = {x = 0 or y = 0} when ugg = 0.5. In this case there is no time
discretization error and we observe O(h) convergence.
On the other hand, for the solutions

1
1 )
x = 0} with urg = 0.5 we

u(z,t) = t3z, o(x,t) =t (

there is no space discretization error and for I'p = {
observe, in Table 2, O(k?) convergence.

Cohen, White, and Witelski’s model [6] produces solutions which exhibit very
sharp changes in u, and these fronts become steeper as time advances. It seems that
the near-discontinuity in u is driven by the fact that their scalar stress equation is

oy +v(u)o = pu,
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Fic. 1. Computed surfaces showing u at t = 10 for the data Q := (0,1)2, f =0, g = 1,
I'y:={y=0o0ry=1}, 4 = —05x(x—1), & =0, D =101, K = 1074, ;= 10%, A = 1073,
and urg = 0.5. The figure on the left corresponds to yr = vg = 5000 and the one on the right to
vr = 10* and vg = 1073,

whereas ours is a vector equation given by (2) and has the gradient of u on the right.
Because of this, solutions to our model exhibit sharp changes in Vu rather than u
itself, and we illustrate this in Figure 1 (16 x 16 elements, 50 time steps, 8 = 2,
65=10% k= —1).

The surface plot on the left corresponds to linear non-Fickian behavior where we
choose v = 7R so as to remove the nonlinear term in (5). The figure on the right
shows the effect of the nonlinearity when vr > v¢, and we can see steep changes
in Vu.

5. Conclusion. The numerical experiments support the error estimate in The-
orem 3.4 and so we conclude that the linearization derived from the extrapolation
is an effective method of approximating the solution to this type of problem. Also,
on examining the estimates in Lemma 3.3, we see that the linearized scheme does
not require any additional regularity assumptions. Hence, we conclude that it should
always be preferred over the nonlinear scheme.

As we mentioned earlier in section 1, our model is a simplification of the original
model proposed in [6]. Nonetheless, preliminary numerical experiments (not included
here) with the CG FEM indicate that it is capable of capturing the same basic phe-
nomena of steep traveling fronts. An error analysis for the model in [6] is currently
being undertaken and, when this is complete, we expect to give more extensive nu-
merical demonstrations for both models.

On a closing note, the problem we have studied is a generalization of a parabolic
analogue to the dynamic solids problem considered in [17] to the case of nonlinear
relaxation time. It is an ongoing project to extend our results to the dynamic case
and to other types of nonlinearities (see, for example, the nonlinear relaxation time
discussed in [22]).
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