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Abstract A combined method with mixed finite element method for flow and dis-
continuous Galerkin method for transport is introduced for the coupled
system of miscible displacement problem. The “cut-off” operator M is
introduced in the discontinuous Galerkin scheme in order to make the
combined scheme converge. The optimal choice of penalty parameter
B in DG scheme is derived to be 8 = 1. Error estimates in L?(H")
and L*(L?) for concentration and error estimate in L°°(L?) for veloc-
ity are derived, which are the optimal L> (H 1) rate of convergence for

concentration, and optimal L* (Lz) rate of convergence for velocity.
The uniform positive definitiveness and uniform Lipschitz continuity of
dispersion/diffusion tensor are proved.
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1. Introduction

Numerical modeling of miscible displacement is important and inter-
esting in Engineering. It involves a coupled system of non-linear partial
differential equations. The need for accurate solutions to the coupled
equations challenges numerical analysts to design new methods.

The mixed finite element methods [1, 6] gained great popularity in
the last two decades for the reasons that they provide very accurate
approximations of the primary unknown and its flux and they conserve
mass locally on any element. The discontinuous Galerkin method gained
even greater popularity recently for at least four reasons [10, 11]: 1) the
flexibility inherent to it allows more general meshes construction and
degree of non uniformity than permitted by the more conventional finite
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element method; 2) it also conserves mass locally on any element; 3)
it has, in general, less numerical diffusion and provides more accurate
local approximations for problems with rough coefficients; 4) it is easy to
implement. Traditional numerical methods were studied for solving the
miscible displacement problem by Darlow, Ewing, Wheeler and Douglas
[3, 4, 5, 7,9, 12]. The formulation of discontinuous Galerkin for both of
flow and transport subproblems is given by Riviere [11].

In this paper, a combined method with mixed finite element method
for flow and discontinuous Galerkin method for transport is introduced
and analyzed. This paper consists of four additional sections. Problem
definition is given in section 2 and the formulation of the combined
method is described in section 3. In section 4, the results and proofs
of error estimates for the subproblems and coupled system are given.
Conclusions are described in the last section.

2. Governing Equations

The displacement of one incompressible fluid by another in porous
media is considered in this paper. Detailed discussion on physical the-
ories of miscible displacement in porous media can be found in [2] or

[8].

Let Q denote a bounded domain in RY, (n = 2,3) and Let J denote
the time interval (0,7’]. The classical equations governing the miscible
displacement in porous media is as follows.

s Continuity equation

V.u=q (z,t) e QxJ (1)

m Transport equation

¢% + V- (uc—D(u)Ve) = gc* (z,t) €eQxJ (2)

m  Darcy velocity
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» Dispersion/diffusion tensor
D(u) = dpI+ |u| {xE(u) + o; (I - E(u))} (4)

where,
d=¢1Dp,

m  Constitutive relation

pn = p(c)

where the dependent variables are p, the pressure in the fluid mixture,
and u, the Darcy velocity of the mixture (volume flowing across a unit
across-section per unit time), and ¢, the concentration of interested
species measured in amount of species per unit volume of the fluid mix-
ture. The permeability K of the medium measures the conductivity of
the medium to fluid flow; the viscosity u of the fluid measures the re-
sistance to flow of the fluid mixture; p is the density of fluid mixture;
the porosity ¢ is the fraction of the volume of the medium occupied
by pores; D(u) is the dispersion/diffusion tensor, which has contribu-
tions from molecular diffusion and mechanical dispersion, and it can
be calculated by equation (4), where E(u) is the tensor that projects
onto the u direction, whose (i,7) component is (E(u));, = %,
is the tortuosity coefficient; D,, is the molecular diffusivity; o; and
ay are the longitudinal and transverse dispersivities, respectively. The
commonly used constitutive relation is the quarter-power mixing rule
ple) = (cpu; 0% + (1 - c)u;0'25)_4, but we consider u(c) to be a general
nonlinear relation in this paper. The imposed external total flow rate g
is a sum of sources (injection) and sinks (extraction), ¢* is the injected
concentration ¢, if ¢ > 0 and is the resident concentration ¢ if ¢ < 0.

The continuity equation (1) can be obtained by the mass conservation
for the whole fluid mixture and the equation (3) is a formulation of
Darcy’s law. Combination of equations (1) and (3) will give the flow
equation.

K
—V-(—Vp):q r,t) € QA xJ 5
5 (@.1) )
The flow equation (5) governs the fluid flow and gives the pressure

field and Darcy velocity field if the concentration is given. It is elliptic
if the concentration is considered to be given.



The transport equation (2) can be obtained by the mass conservation
of the interested species. It governs the convection-diffusion transport
process and gives the concentration profile provided the velocity field is
given. It is parabolic but normally convection-dominated.

We assume (2 is a bounded domain with Lipschitz boundary 092 =
T'p ULy = [y, UT s, where I'p is the Dirichlet boundary and Ty is
the Neumann boundary for flow subproblem and I'p N T'y = ¢; [y, is
the inflow boundary and Ty, is the outflow/noflow boundary condition,
defined as follows.

Lin = Tin(t)={z€dN: u(t) v<0}
Cout = Tout(t) ={z €0Q: u(t) -v >0}

where, v denotes the unit outward normal vector to 9Q2. Though T';,
and 'y, can be time-dependent for some physical problem, we assume
they are fixed at all the time in J for simplicity.

We consider following boundary condition for this problem.

p = pB (x,t) eTp x J (6)

u-v = up (z,t) eTn x J (7)
(uce—=DVe)-v = cpu-v teJ, z €Tyt (8)
(-DVe) - v 0 te J, €T pu(t) (9)

The initial concentration is specified in the following way.

c(z,0) = co(z) z e} (10)

In this paper we are only interested in the convergence result for
velocity u and concentration ¢. We give the convergence theorem only
for the case 0Q =T'y (i.e. I'p = ¢). The convergence study for the case
I'p # ¢ and for pressure p is still under progress.

3. Discontinuous Galerkin/Mixed Finite
Element Scheme
3.1 Assumption

We consider the scheme of mixed finite element (MFE) method for
flow subproblem and discontinuous Galerkin (DG) with interior penalty
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term for transport subproblem. The scheme used for transport sub-
problem is referred to as the Non-symmetric Interior Penalty Galerkin
(NIPG) [11].

For simplicity, we consider only two or three dimensional rectangular
domain ) = ngl(O,Li), d = 2, or 3 and we only consider rectangular
mesh. However, the results can be directly extended to logically rect-
angular domain/mesh by conforming mapping. Though we can choose
separate domain partitions for flow and for transport problem, the same
rectangular domain partition 7}, is considered here for both of flow and
transport equations. We also assume the permeability tensor K is in-
vertible and is uniformly positive definite and uniformly bounded above.

3.2 Notation

Let Tp~0 be a quasi-uniform family of rectangular partition of Q such
that no element crosses the boundaries of I'p, Iy, [, or I'pys, where
h is the maximal element diameter. The set of all interior edges (for
2 dimensional domain) or faces (for 3 dimensional domain) for 7, are
denoted by E}. On each edges or faces e € Ej, a unit normal vector v,
is arbitrarily fixed. The set of all edges or faces on I'yy: and on T, for
Th are denoted by Ej, 4y and E} ;y,, respectively, for which the normal
vector v, coincides with the outward unit normal vector.

For s > 0, define,

HY(Th) = {¢ € L(Q) : ¢l € H'(R), RE Ty} (11)

We now define the average jump for ¢ € H*(Tp), s > 1/2. Let
R;,R; € H*(T},) and e = OR; NOR; € Ej, with v, exterior to R;. Denote

@ = 5 (9le)| +5 (4ln)], (12)
9 = (4le)],— (9I=)], (13)

The usual Sobolev norm on €2 is denoted by ||-||,,, o. The broken norms
are defined, for positive integer m, as

17 = > lidllme (14)

ReTh

The finite element space is taken to be

D, (Th) = {$ € I*(9) : ¢y € P(R), R€ Tr} (15)



where P,.(R) denotes the space of polynomials of (total) degree less
than or equal to r on R.
Define

V o= H(Q:div) = {u € (L2(Q))d: divu € L2(Q)} (16)
W = L*Q) (17)

Let V0 and V¥ be the subspaces of V consisting of functions with
normal trace on I'y (weakly) equal to zero and up, respectively.

Let the approximating subspace Vi (7p) x Wy (Tp) of V- x W be the
k-th (k > 0) order Raviart-Thomas space (RT}) of the partition 7. For
example, for three dimensional domain (2, it is defined as

Ve (Th) = {v e H(Q;div): v|z € Qpi1xk(R) X Qrrr1,k(R)
XQrkk+1(R), RE Th}
Wi (Th) = {w €L*(N): w|p € Quux(R), RE 771}

where, we denote by @Q; ;x(R) the space of polynomials of degree less
than or equal to % (j, k) in the first (second, third) variable restricted to
R.

Corresponding to V? and V'V, define their subspaces V2 (T,) = Vi, (Tn)N
V0 and

Vil (Ta) = {v € Vi (1) : (v %N, =0 VA€ Ay} (18)

where A, C L% (09) is the corresponding hybrid space of Lagrange mul-
tipliers for the pressure restricted to 99, and we have, Ay, = V}, - v|5q.

The inner product in (L2(€2))* or L2(€) is indicated by (-,-) and the
inner product in boundary function space L?(T') is indicated by (-,-)r.
Denote

d
laf = [ul, = | > (w)? (19)
=1
Holl gyt = (0l ey (20)
||u||(Loo(Q))d = ||(|u‘2)||LOO(Q) (21)
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3.3 Continuous in time scheme

Let us define the bilinear form B(c,1);u) and the linear functional
L(#;u) as follows.

B(c,3u) = Z/(D(U)chcu)-vwf Z/(D(U)Vc-ue)[w] (22)
R

RETy ecE, V€

3 /<D(u>vw-ue>[c]+ > /c*u-ue ]
ecEp " ¢ ecEy V€

+ Z /cu-uew—/cq’d)—l—Jg’ﬂ (c,)
e€Ep out " ¢ Q

where, ¢*|, is the upwind value of concentration,

| = clp, fu-ve>0
clp, ifu-ve<0

for e = ORy N ORy and v, is the outward unit normal vector to R;.
Notice u - v, is continuous on the direction of v, thus has well-defined
value at the interface.

g" is the injection part of source term and ¢~ is the extraction part
of source term,

gt = max(q,0)

q¢- = min(g,0)
Of course, we have ¢ = ¢ +q .
Jy B (¢, ) is the interior penalty term,

I (e, )=

18
EEEh h/e €

Oe¢

(] [4] (23)

where, o is a discrete positive function that takes constant value o, on
the edge or face e, and is bounded below by ¢, > 0 and above by ¢*, h,
denotes the size of e and 8 > 0 is a real number.

The linear functional L(v)) is defined as

L(¢;u) :/chq+1/1— > /eCBu'l/e'(/J (24)

eEEh,in

The continuous in time DG/MFE scheme for approximating the so-
lution of the equations (1), (2) and (3) is as follows.



Finding w, € L (1, V" (Th)), pn € L (J, Wi (Th)), cn € L= (J, Dy (Th)
such that,

(1 (en) K~ tup,v) = (V-v,pn) = = (pB,v - V), (25)
VeV (T, Vteld
(V-up,w) = (q,w) Vwe Wi (Tn) Viteld (26)
(652) + Blen i uit) = L ) (27)
Vip € D, (Tp) Vted
(cn %) = (co,¥) VW ED(Th) =0 (28)

where the uhM is defined as,

. Uh
u,]:/[ = min (juy|, M) —

(29)
[un|

where, M is a fixed positive real number and |ug,| = |up|, = /X% (up)?.

The reason for using uﬁ/[ rather than u, for approximation of trans-
port equation will be clear in the next section.

4. Error Estimates for Combined DG/MFE
Approximation for Miscible Displacement
Problem

4.1 Notations

Throughout this paper, C' denotes a generic constant whose value may
change with different occurrences.

We need three projection operators and their approximation proper-
ties.

Let P, denote L2-projection of W onto W), = Wy (Ty): for p € W,
Pyp € W}, is defined by

(Php - b, w) = 07 Vw € Wh (30)

Let II; denote the usual Raviart-Thomas projection Il : V — V
satisfies the following properties [6],

(V- (u—-T1u),w) =0, Yw € Wp, (31)
[u — Hhu||(L2(Q))d <C ||u||(Hj(Q))d I 1<j<k+1 (32)
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V. 11, = P, V- (33)

where, k is the order of the RT spaces.
Furthermore, we have [6],

1Pap = pll 20y < C Pl W’ 0<i<k+1  (34)
(Vv,Pyp—p) =0, Vv eV, (35)

Let P, be the L2-projection of H?(Ty,) to D, (Tp,) defined by,

(Pre—c,9) =0,  WpeD(Th) (36)
We know,
[Prc—cllo < CHflc];  0<j<r+1 (37)

Before we present the result, let’s define some notation for the conve-
nience of discussion.

Define the interpolation errors for velocity, pressure and concentration
as

El = Myu—u (38)
El = Pp-—p (39)
E! = Pyec—c (40)

Define the finite element solution error for velocity, pressure and con-
centration as

E, = u—uy (41)
E, = p—pp (42)
EC = C — Ch (43)

EY = El4+E,=Iu—u, (44)
E} = E,+E,=Fwp—pn (45)

EA = E!'4+E.=Pyc—oq (46)
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4.2 a priorit error estimate for flow subproblem

Following theorem describe the error estimate for the MFE approxi-
mation of flow subproblem by assuming that the error of concentration
is given.

Theorem 4.1 (Error estimate for flow) Assume that the equations
(1), (2) and (8) with boundary conditions (6) through (9) and initial
condition (10) has a solution. Also assume the permeability tensor K
is invertible and is uniformly positive definite and uniformly bounded
above; u(c) is uniformly Lipschitz continuous with respect to ¢ and p(c) is
uniformly bounded below and uniformly bounded above. Let k be the order
of Raviart-Thomas space (RT}y) as defined in above notation subsection.

Then, there exists a constant C > 0 independent of finite element
size h and independent of exact solution (p,u,c) such that the following
inequality hold for any t € (0,TY],

||EU||(L2(Q))d < C ||u||(L°°(Q))d ”ECHL?(Q) + Chj ||u||(Hj(Q))d (47)

where, 1 < j < k+1.
Moreover, we have, for any t € (0,T}],

IV - Ballpaa) < CW |1V - ull o) (48)

where, 1 < j < k+1.

Proof. Tt is clear that if (p,u,c) is solution of the equations (1), (2)
and (3) with boundary conditions (6) through (9) and initial condition
(10), then it satisfies the following formulation for any ¢ € J.

(u (c) K™'u, v) —(V-v,p)=—(pB, vV V), Vv € V2 (Th)
(V-uww) =(qw)  Vw € Wi (Th)

Subtracting above equations by equations (25) and (26), respectively,
we have,

(4(c) K 'u—p(en) K un,v) = (Vovip—pu) =0 Wv e V(T3
(V-(u—up),w)=0 Yw € Wi (Tr)

or
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(1 (cn) K™ (w =) ,v) = (V- v, Pup — pn) = (1 (cn) — 1 (c) K, v)

Vv € V2 (Th)
(V- (Tpu —wp),w) =0  Yw € Wi (Tp)

Now, let v = E4 = IIyu—u; and w = E;,‘l = Pyp—pp, and add above
two equations, we have

(1 (en) K7 BY, BY) = ((n(en) = () K0, B )+ (1 (e) K By, )

(49)
Let us bound the left hand side of equation (49) from below:

(1o K B ) > 2

" H(L2(Q))d

where, we have used the fact that uniform positive definiteness and upper
boundedness of K implies the uniform definiteness and upper bounded-
ness of K~! provided K—! exists everywhere. pu, > 0 is the positive
constant such that p(c) > u, for all ¢; 1/k* is the constant for uniform
positive definiteness of K~

Let us bound the right hand side of equation (49) from above:

_ 1
() = n @) K70, BY) < = l[ull gon e 1 (en) = 12 (¢)
T
< k_ZHuH(LOO(Q))d llen = el L2 HE{? 12(9)
—1l A B\ gt A
(i (en) KB, B < k_*HE“H(Lz(Q))d “H(L2(Q))d

where, 7, > 0 is the Lipschitz constant for u(c), i.e. |u(c1) — p(c2)| <
Tplc1 — co|; p* is the upper boundedness constant for p(c); 1/k, is the
upper boundedness constant for K 1.

Combining above bounds for the left-hand side and right-hand side,
we obtain

kTp

HEAH(LQ(Q))d = Tfis ||u||(Loo(Q) a || Ee ||L2(Q k ,U HE[H
Using approximation properties, we have,

A J
2] aiye < € 1l gomqaye 1By + OB Nl sy

L2()
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The first result follows by triangle inequality.
To show the second result, we only need to notice the following equal-
ity from error equation,

V-(Hhu—uh):()

The second result follows by using the approximation properties.

4.3 a priori error estimate for transport
subproblem

Before we present the result of error estimate, let study the property
of “cut-oft” operator M defined as

: u(x)
M(u)(z) = min (|u(z)[ , M) (50)
lu(z)|
where, M is a fixed positive real number and |u| = |u], = /X% (u)?.

The notation u)’ used in last section is u} = M(uy). Similarly, we
denote u™ = M(u). The “cut-off” operator M is uniformly Lipschitz
continuous in the following sense.

Lemma 4.2 (Property of operator M) The “cut-off” operator M
defined as in equation (50) is uniformly Lipschitz continuous,

|M(u) - M(V)“(Loo(g))d < lu— VH(Loo(Q))d (51)
Proof. We notice that for all z € Q,
(M(u) = M(v)]; (2) < Ju— v, (z)

which can be shown by separately studying the three cases for fixed
2 1) Jul, (2) < M, [Vl (2) < M5 2) [uly (2) < M, vy (2) > M; 3)
[ul, (2) > M, [vl, () > M.

Taking the essential superium on both sides of above equation, we get
the result. |
Thus we have,

‘uhM—uM‘ < |lup — |
and y
Huh H(L°°(Q))d =M

If the exact solution u is bounded, i.e. u € (L>®(£2))%, we can pick M
large enough such that M > |[ul] e qy)¢, then uM = u.
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Let’s state and prove two lemmas for the properties of dispersion/diffusion
tensor, which will be used to prove the theorem of error estimate for
transport subproblem.

Lemma 4.3 (Uniform positive definiteness of D(u) ) Let D(u)
defined as in equation (4), where, dy(z) > 0, ai(x) > 0 and ay(x) > 0
are nonnegative functions of € 2.

Then

D(u)Ve- Ve > (dy 4+ min (ag, ;) [ul) [Ve|? (52)

In particular, if dpm(z) > dmx > 0 uniformly in the domain 2, then
D(u) is uniformly positive definite and for all z € Q, we have,

D(uw)Ve- Ve > dpy. |Ve|? (53)
Proof. Notice that

D(u)Ve-Ve = d,Ve-Ve+ |u|{E(u) + o4 (I —E(u))} Ve- Ve
dpm |Ve|* + |u| Ve a; cos?(8) + |u| |[Ve|* oy (1 — COSQ(G))
> (dm + min (o, o) [u]) Vel

where 0 is the angle between u and Vg, i.e.

u-Ve

COS(H) = W

Lemma 4.4 (Uniform Lipschitz continuousness of D(u) ) Let D(u)
defined as in equation (4), where, dy(z) > 0, a;(xz) > 0 and ay(z) > 0
are nonnegative of domain x € ), and the dispersivity o; and oy is
uniformly bounded, i.e. oy(z) < of and ay(z) < of.

Then

[D(u) — D(V)||(L2(Q))d><d <kpllu- VH(LZ(Q))d (54)

where, kp = (4af +3a}) d*? is a fived number (d = 2 or 3 is the
dimension of domain ).

Proof. Notice that

d

[D(u) -D(v); = }_ max
z:lj¥1”d

(D(u));; — (D(u)),;
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=177
< doglluly — |v]p| +3d | — | [u — v,
< (o +3|og —ay|)d|u—v],
Thus,

[D(u) —D(v)[, vVd|D(u) - D(v)|;

<
< (o + 3|y — ay)) ¥ ju - v,

where, we have used the property of matrix norm: for any matrix A €
Rmxn ,
1
vm

The result follows by integration. |
We need a trace estimate inequality, which is stated in the following
Lemma.

141l < 4], < vV llAlly

Lemma 4.5 Let Q = [[%,(0,L;) (d =2, or 3), Tho and H*(Tp) (s >
1/2) defined as in the notation section. Then there exist a constant C
(C depends only on the domain Q) such that

C
> el < 3 /[¢]2+6IIIV¢|II3+;|||¢|||3

eCoN ecEy ¢
holds for any e € (0,1) and any ¢ € H*(Ty).

Proof.  Denote I'; ; and I'; _ be the boundary faces of domain €2
such that the unit outward normal vector coincide with the positive and
negative x; direction, respectively. That is,

Fip ={z€0: v(z)=e} i=1,---,d

Lo ={ze€d: v(z)=—e} i=1,---,d
We have,
d
90 =] (Tiy uTy)
i=1

Similarly, denote E}, ; the set of interior edges (faces) e with the unit
normal vector v, being the positive or negative z; direction. That is,

d
Ui Uj ViVj
5 — - o
2 max s (July — [vlo) + (o1 — ) <|UI2 vl

)
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Eh,i:{eEEh:l/e:e,-orz/e:—ei} 1=1,---,d

Obviously, E, = UL, Ej ;-
Define a nice subspace of H*(7},) as

C®(Th) = {¢ € L) : ¢ln € C*(R)NH'(R), RE Ty}

Pick an arbitrary ¢ € C*®(Tp), let us bound the term ||¢||%2(F1 ot

11172, -
Fix a point (0,(2,---,¢4) € I'1— such that

0,6, ¢) ¢ U

e€Ey,

We know (Ll, Coyr -+ ,Cd) € F17+ and

(L1,Co,+,Ca) ¢ | @

CEEh

thus ¢(0, (2, -, () and ¢(L1,(o,- -+, (q) have well-defined values.
Define ¢ as the average value:

1 [k
do=1 [ #CG o) d
1Jo
We know there exist at least one value x € (0, L1) such that,

¢(X—3C25"'7Cd) S¢0 < ¢(X+a€2;"'a€d)

or

¢(X+,C2,"',Cd) < ¢0 < ¢(X—a€25"'a€d)
where, d) (X*a CQa B Cd) and d) (X-H C?a T aCd) are understood as

¢(X—7C27"'7Cd) = lim ¢(X_55C25"'5Cd)

6—0t

¢(X+a€2a"'a€d) :62%1+¢(X+67<27"'7Cd)

Integrating ¢2 along the line connecting (0, (a2, - - -, () and (x, C2, - -+, (q)
and the line connecting (x, (2, -, {q) and (L1,(2,---,q), we find,
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¢*(0,¢2,++,Ca) + #*(L1, G+, Ca)
2 Luf o,
S 2¢0+/0 8—C1¢ (ClaC?a"'aCd) dCl

+ Z ‘¢2(C+5425"'3Cd)_¢2(C—5C23"'5Cd)‘

¢€(0,L1)

but,

/

= 2/ |¢ CI,CZ,"',gd)d)ﬁ (ClaCQV",Cd)'dCl
0

fqﬁ (Cla CQ) te aCd)

dGy

IA

L1 Ly 1/2
2(/0 ¢2(¢1,<2,---,cd)dc1/0 ¢%1<c1,c2,---,cd)dc1)

IA

L1 Ly
S [P G da e [0 (GG G
2

Ly
2¢3§L—1/0 62 (1, Cor e Ca) G

Thus,

¢( CQ’ "aCd)+¢2(L15C25"'aCd)

L1 Ll
< (p+3) [ F @ dare [T e
D D (RN B (SRR

CE(O,LI)

Notice that above inequality holds for a.e. (Cz,++-,Cq) € [1%o(0, L;).
Now integrating above inequality on fOL 2dCy--- fOL 4 d(4, we have

2 1
80, + 1800, < (7 + ) 0 +ela I+ 3 10
CEEh 1
Similarly, for ¢ = 1,---,d, we can have

80,y + 1,0 < (74 2) 1O +elléclE + X [l

ecEyp ;
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Summing above inequality for ¢ = 1,-- -, d, we obtain,
d &2 )
Yo gl < D /[¢ +e|Volls + - +> 7 | lI¢llo
eCon ecE}, i=1 "1
Let

d 9
i=1 "1

C is fixed constant depending only on the size of domain 2.
Notice that g +3¢, L% < g for any € € (0,1), we obtain that

C
> ldle) < Z/ o1 +elvelis + —ll4lls

eCoN ecEp

holds for any ¢ € (0,1) and any ¢ € C*°(T3).

Using the fact that C*°(7},) is dense in H*(7}), the lemma follows by
density argument. |
Now, we are ready for the error estimate for transport subproblem. Let
us first derivate the error equation without any assumption.

It is clear that if (p,u,c) is solution of the equations (1), (2) and
(3) with boundary conditions (6) through (9) and initial condition (10),
then it satisfies the following formulation for any t € J.

Oc
(659) + Blewsw = L) v € D, (T3)
Denote ¢ = Pyc and 1 = IT,u. Notice that [¢ — ¢] = [¢] on any interior

edge (face) e € Ej, and that u™ = u if we picked M large enough, then
above equation can be written as, Vi € D, (T3),

(q5 ,¢)+2/ D(u}!)Ve) - Ve + 17 (&)

RETy,
_ R;/cuh v¢+e§/ (})Ve-ve) [¥] - GXE;/ (@})V - ve) @
_eEZE /E*uh Ve [9] — eegﬂﬁ/cuh Ve¢+/cq ¢+/cwq
- 2 /cBuh Ve¢+(¢ ,¢>+ Z/ D(u M))VE-Vzb

e€Ep in ReTy,

+ 3 [ D@V E-0)Vh+ I @) - Z/ ulf —u') - vy

ReTy, ReTh
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-3 [ e—aut.vy- Z/ D(u')) Ve - ve) [¢]

ReTy, R ecEp,
— M c—c) ve)[c—c
eEZEh‘/e<D(u )V( eEZE/ uh vrdj >[ ]
+2;/ (uhf —u)- ue[¢]+eEZEh/ e o) - ve Y]

c - Ve - M'Ve
+66Ezh;out/e(:( : ) ¢+e€§out/ ¢ c v
—/(c—cq1/1+ Z /CB —u )-ueq/)

e€kp in

Subtracting above equation by equation (27) and set ¢ = EZ | we
have,

<¢3Ec EA> + Y / (up)VEL) - VE? (55)

ReTy,
+157 (B, BY)

p3} / Efu) - VEA - Y / v [B2]

ecEp,
-y /EAuh yeEA+/EAq EA+ZT
€EER out ¢ 1=1

where,

T = (¢BC—C’EA>

T, = 2/ (u*)) ve- VES

ReT,

Ty = Z/D V(E-c) - VE}
ReTy

T, = Ja’ﬂ (c—c EA)

T5:—Z/ uy —u VEA

ReTy

Ty = —Z/ ¢—cuM.vES

ReTy
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T, = - Z/ D)) Ve v.) [B/]

eckEp,
o= =% [(D@VE-a-w) [B]
ecEp
Ty = Z / (uM)VEA. 1/e>[c—c]
ecEp
T = Z/ )'Ve[Ef]
ecEp
T, = Z (€—c)*uM .y, [Ef]
ecEp
T12 = z /E (uhM — uM) . I/eEé4
eeEh,out €
T13 = Z /(5— C) llM . VeEéA
eeEh,out
T = [ @=oq B
T15 = Z /CB uh —uM) -I/eEé4
eEEh in

The above error equation is difficult to analyze in general boundary
condition and we thus assume that only Neumann boundary condition
for flow subproblem is used. In this way, we can know the normal velocity
on the boundary by exact value. The boundary condition for transport
problem can still be either inflow or outflow/noflow.

Theorem 4.6 (Error estimate for transport) Assume that the equa-
tions (1), (2) and (3) with boundary conditions (6) through (9) and ini-
tial condition (10) has a solution. Assume that only Neumann boundary
condition is imposed for flow subproblem; the exact solution u and c are
smooth enough:

ueCp (ﬁ x (o,:rf]) N L™ ((o,Tf] ,Hl+%(9)) (56)

c€ Cp ((0,77], WH=(Q)) N L* (0, 77], H™())  (57)
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and

Jc

5 € 7 ((0,1], H () (58)

We also assume that porosity ¢ is time-dependent and is uniformly
bounded below and above; the parameter 8 in interior penalty term for
DG formulation is assume to be 8 = 1; the extraction part of source term
satisfies ¢~ € (HReThWS’l(R))' for all of the partitions T, used, where
0 < s <1 (see remark 4.7 for the ezplanation of this assumption).
Assume M is picked large enough such that M > ||u||(Loo(Q))d for all
te (O,Tf] .

Then, there exist a constant C > 0 independent of finite element size

h and a constant hg > 0 such that the following inequality hold for any
7 € (0,Tf) and for any h < ho,

118 + [ IVEI 0 (59

T T .
< c /O IEI2 + C /O Bl gy + CHmNEk22202m 22

where, k > 0, r > 1 are the order of Raviart-Thomas space and
discontinuous space, respectively, defined in above notation subsection;
l,m,n describe the regularity order of solution u,c,dc/dt respectively, as

defined in equations (56), (57) and (58).

Proof. Let us first relax the assumption S = 1 for a while so that
we can also show that 8 = 1 is indeed the optimal choice for the value
of parameter 3. Using the lemma (4.3), let’s bound the left hand side of
the error equation (55) from below,

<8E

O\ GBI + dn IV A + I (B2, B2

) + 3 / (w)\VEL) - VEL + J5° (B2, EB2)
ReTy,

>
- 28t

where, we have used the uniform positive definiteness of the disper-
sion/diffusion tensor from Lemma (4.3).
Let’s bound from above the right hand side of the error equation (55).
The first term is straightforward.
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Z/Eg‘u%-VECA < MZ/ EA||VEA
ReT, " It ReT; " It
< A A
- MR; B, L2(R) H B, (L2(R))¢
h
C 2 2
< =3 |E +e Y |[VES .
€ i L(R) e H (L2(R))

C
= ZIENG + lVELG

where, € is a small positive constant.
The second term is a little tricky.

-y /(Ef)*u,fy.ye (B < M|y /(Eg‘)[ECA]
ecEy € ecEp €
< 2 (@) [ N,
ecEp,
. 2 Chg (2
< 3 (Gl + 22 )

2

IA

E;

B
o, EA EA C_h -1
edy ( e P ) + - R;-hh ()

IA

C
) A A A
eJo? (B2, BL) + ZIBAIG

c) C

where, we have used the assumption 8 > 1.
The third term can be bounded by using Lemma (4.5).

2
L?(e)

EA

c

- Y /Eg‘u%-ueEg‘ < M Y

€
eeEh,out eeEh,out

MhfP A A A C
< TP (B2, BE) + el VEL G + ZIEL G

cr e
Ox

The fourth term comes from the extraction wells, and it can be
bounded as follows.

A — A - 4)?
/QEcq EC S ||q “(HREThWS’I(R))’ Z H(Ec)

RET;, Wel(R)
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2 2(1—s)

A2s

IA

E}

<C ).
3 ¢ llms(r) ReT;, L?(R) “llaY(R)
C A 2 A 2
= R%;' (65/(18) Ee LQ(R)jL‘S Ee HI(R))
C
< S |||EA|||0+ el VEX5

where, we have used the fact,

alsbsg<i+be) a>0 b>0 0<s<1
gl-s

Now let us bound the terms 77 through 77i5.

. ||oE! 4 qS BEI ¢*
T < ¢ 5t Q) = 7 ot 2 L2(Q)
L2(Q) L*(Q)
T, < ||Vc||(L°°(Q))3R;7L HD ;') — D(u )(LQ(R))dX‘i ¢ ll(r2(ry)
M M A
< C||VC||(L0<>(Q))3 Z Huh —u (L2(R))* € L2 (r))
C A
S%Gwm ol
< ||E || X +elVEL s

where, we have used the facts of [|VEl| ;@) < C Vel £ C
and Lemmas (4.2) and (4.4) for bounding the term T5.

T3

IA

ote|vE ?L%R))d)

¢y [ Ve VEA<Z( |ve

RET
- CIVELN + elvEA;

ro= > % [e) )

ecEp

O¢
eez B (

E; 'te

(L2(R

IN

C
Lz()+?) [Eg]

IA

[=]

2
L2(8)>
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o8 (A A c Tl
elg? (B4, EBL) W Z |2,

ng’ﬁ (Ef,Eg‘) h5 Z (

< edg? (BABL) + S 1B + o IV B

IN

IN

+hHV

L2(R Lz(R))d>

T can be bounded similarly as the term 75,

A

s ¢ ll(z2(my)?

VAN

(L2(R)?

~ M _ M
||C||Loo(Q) Z Huh -u )
RET,

C 2 A2
. ||Eu||(L2(Q))d +eVES II5

IA

where, we have used that fact [|€]| o) < C'lle|| poo(q) < C-

412

To < ¢ ll(z2(my)

¢llL2(Rr) H

S
C

< Z(—
RreT;, N €

% A
< NG + eI VE TG

+ € HVEA

(L2(R)? )

The term T% is quite tricky,
Tr = [Vl gyt 3 |[Pi) - D)

ecEp
[22] ]
Ch#

E?’E?) + Z Huh u||(L2(e
€ ecEp

2] e

2
(L2(e)) "¢

(L2(e)??

Oe 2

i O i) - )|

IA
i
/N

IA
™
3
B

% cn’
EA EA) +T Z [up — uH(L?(e d+— Z la — uh“(L2(€
e€Ey, ecEp

IA
™
3
3 ESY
—~ —~ —~

ChP—1 C _
Bl B) + I = G gy + B2
ReTh

IA
o
3
=
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< sJ"’B<EA EA) Ch~!

R;’ (”E ICoepe + | H (L2(R))"? )

h

+ ghmin(2k+/5+l,21+ﬂ— 1)
15}

< SJO',B (EA EA) ChP- .+ Chmln(2k+/3+1 21+8-1)

where, we have used the facts of ||VE||(LOO(Q))d <C ||VC||(LOO(Q))d <C
and the approximation properties for u.
The boundedness of Tg can be shown by using penalty term,
Ty < C Z ||V(E_C)||(L2(e))d

z (2]

C
, A A -
eJo? (B2, BY) + ZhPIVEL

L2(e)

IA

T < O | VB .. 0 lE= Al
ecEp

(L2(e))
C C
< elVEZS + S 1ENE + ZIVEN;

The term T7q is similar as 17

Ty < ||E||L°°(Q) Z ||uh_u||?L2(e))d [E?”L?(e)
ecEp
< &]0,3 (EA EA) ChP! ||E || ) + Ohmln(2k—|—,3+1 2l4+8-1)
A
Tw < 0} H(Eg) 12(e) [EC”m(e)
eEEh
o Chb~ ChP+
< e5g? (B2 B + S ym+ D ywmng

Recall we assume that only Neumann boundary condition for flow
subproblem are used, we do not have the term 715 and 775 if we use the
exact value of u on the boundary in the DG formulation. That is,

Tio=T15=0
BA

T3 < C Z /C—CEA<C Z HEI

eeEh out h out

L2(e) L2(e)
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C
< = HEI )
B e Ezhout (h ‘ L2(e)
2
) +c Y |E
L) X

< > (.,

C
< SIENG + CIVEI; + CIEZ IS

+h HEA

J+ R HVEI

The term T4 can be bounded similarly as the term [, Efq_Eg4 above,

Ty < ‘/ E-c)q EZ

7 IEENS + el VEL G + CIEZNG + CIVELS

Combining the above bounds for both hand sides of the error equation

(55), choosing ¢ small enough, we have, for Vh < (;—A})l/ A

Vs

CIEXE + (C + CRP™Y) | Bullf o e

C C _
e+ 3+ OW ) IELIE

d,* A L 68 (A pA
T+ VB + 07 (B2 BL)

VAN

+CloEL ol + (C +
C h min _
(C—i— Py +ChP 1 & Chﬂ'i'l) IVE!|2 + Ch (2k+B+1,214+5—1)
We can find the best choice of § is indeed § = 1, then,

* ]— g,
S DIV + VAR + 153 (A EL)
C|||E(I:4|”0 +C ||Eu||?L2(Q))d

IA

¢ min
ﬁIIIEi IS + CIVEL|; + Chmn(E+220

Now, we integrate with respect to time between 0 to 7 (0 < 7 < T¥)
and we have,

+ClOE, /otll; +

Ay [T 1"
IWEEAY) + 5= [ IVEMR @+ 5 [ 557 (B4, BL)
0 0
< WFBLEO) +C [ IBAR+C [ 1BulZ o0
A A (L2(2)
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2 2
Notice that |v@E:|" (0) = |V@EI| " (0), and that ¢ is uniformly
bounded below and above, using the approximation results for ¢ €
D, (Tr), we have,

VB3 + [ IVEA@ar + [ a5 (B2, 52)

T T .
< c /0 IEAL; +C /O Bl gy + G 221722

The theorem follows by the triangle inequality. |

Remark 4.7 In the above theorems, we don’t make assumption about
the regularity of injection part of source term g and injection concen-
tration ¢y, which can have singular value such as point source (the
delta function). But we make assumption for the extraction part of
source term q~ € (HReTth’l(R))I for all of the partitions T, used
(0 < s < 1). This means that ¢~ can be more singular than L?*(2), but
can not be too singular as the delta function. Roughly speaking, it is
like g~ € (Ws’l(Q))l except we also need that the position for singularity
of ¢~ can not be on the interior and boundary edges or faces for any
partition Tp,.

Remark 4.8 We don’t have assumption on the inflow boundary con-
centration cg, which can have singular value.

4.4 A priori error estimate for the coupled
system of flow and transport

The error estimate for the coupled system of flow and transport will
be easy once we get sharp error control on both subproblems.

Theorem 4.9 (Error estimate for coupled system of flow and
transport) Let the assumption in Theorems (4.1) and (4.6) holds.

Then, there ezist a constant C > 0 independent of finite element size
h and a constant hg > 0 such that the following inequality hold for any
h < ho,

2 min(2k+2,21,2r,2m—2,2
||Eu||L°°((O,Tf);(L2(Q))d) S Ch ( + T,2M n) (6'0)
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d) < Chmin(2k+2,2l,2r,2m—2,2n)

(61)

where, k > 0, r > 1 are the order of Raviart-Thomas space and

discontinuous space, respectively, defined in above notation subsection;

l,m,n describe the regularity order of solution u,c,dc/0t respectively, as
defined in equations (56), (57) and (58).

2 2
|||EC|" w((O,Tf);Lz(Q)) +|||VEC|”L2((O,Tf);(LZ(Q))

Proof. Combining Theorems (4.1) and (4.6), we have,
T T .

I ElI5(r) + / IVEI3()dt < C / I Bl + Crrmin(@hs22t,2r2m=22n)
0 0

Using the Gronwall’s inequality, we have the error result for E,.
To get the bound for E,, we substitute the error result for E,. into
the following result, which comes from Theorems (4.1).

||Eu||?L2(Q))d <C ||Ec||%2(n) 1 Opmin(2k+2,214+1)

Remark 4.10 If we let 7 = k + 1, and if the exact solution u,c are
smooth enough, then the Theorem (4.9) gives the optimal L? (Hl) rate
of convergence for concentration, and also gives optimal L™ (L2) rate of
convergence for velocity.

Remark 4.11 The error estimate for the couple system of flow and
transport is not applied for the case of having Dirichlet boundary con-
dition for flow. It is difficult to bound the error for the couple system
for the case of having Dirichlet boundary condition for flow, because we
don’t yet have sharp control on the error of velocity uy in the boundary
edge or face.

5. Conclusion

A combined method with mixed finite element method for flow and
discontinuous Galerkin method for transport is introduced for the cou-
pled system of miscible displacement problem. The “cut-off” operator
M is introduced in the discontinuous Galerkin (DG) scheme in order
to make the combined scheme converge. The property of “cut-off” op-
erator M is given. The optimal choice of penalty parameter § in DG
scheme is derived to be § = 1. The Neumann boundary condition for
flow subproblem is assumed for getting the error estimate of the coupled
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system. Error estimates in L?(H') and L*®(L?) for concentration and
error estimate in L°°(L?) for velocity are derived, which are the opti-
mal L? (H') rate of convergence for concentration, and optimal L> (L?)
rate of convergence for velocity. The uniform positive definitiveness and
uniform Lipschitz continuity of dispersion/diffusion tensor computed by
Engineering standard formula are proved. The injection part of source
term is allowed to have arbitrarily singular value and the extraction
part of source term to have value singular to some degree. The result
extended to general boundary condition for flow subproblem is an on-
going research.
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