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1. Introduction

Over the last two decades there has been a collection of papers devoted to
the use of approximation spaces with weak continuity for finite element approxi-
mations to elliptic and parabolic problems. The motivation for developing these
methods was the flexibility afforded by local approximation spaces. These ap-
proaches allow meshes which are more general in their construction and degree of
nonuniformity both in time and space than is permitted by the more conventional
finite element methods. In general, numerical methods defined for discontinuous
spaces have less numerical diffusion/dispersion and provide more accurate local
approximations for problems with rough solutions. Another advantage that has
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recently become apparent is the application of domain decomposition algorithms
for the discrete solution.

In this paper, we discuss three numerical algorithms for elliptic problems
which employ discontinuous approximation spaces. The three methods are called
the nonsymmetric interior penalty Galerkin method (NIPG), the nonsymmet-
ric constrained Galerkin (NCG) method, and the discontinuous Galerkin (DG)
method. The three algorithms are closely related in that the underlying bilinear
form for all three is the same and is nonsymmetric. Moreover, for all three meth-
ods, one can employ an unusual space IP; on quadrilaterals which have dimension
substantially lower than Q. IPj is the set of polynomials in two variables of total
degree k, and Q, is the set of polynomials of degree k in each variable. In addi-
tion, in all three methods, the error for the mass conservation can be retrieved
element by element. In that sense, all three methods are locally mass conser-
vative. The main advantage of the DG method is that the error in the mass
conservation is zero.

In the NIPG method the bilinear form of the interior penalty Galerkin
method treated by Douglas and Dupont [5], Wheeler [7], Arnold [8], Darlow
and Wheeler [9] is modified. In this paper, an optimal hp error estimate is ob-
tained in H' and in L?. In particular the NIPG method only requires a positive
penalty rather than one bounded below by a problem-dependent constant as in
the proofs described in [7].

The second approach is based on constraining the approximation spaces:
jumps on each edge of the triangulation are required to have integral average
zero. Here optimal hp estimates in H'! and L? are derived.

The DG method with this bilinear form was first introduced by Baumann
and Oden in [3],[11]. In [3], Baumann showed that the method is elementwise
conservative and he proved a stability result in one dimension for polynomials
of at least degree three. Numerical experiments showed that the method is ro-
bust and gives high-order accuracy where the solution is smooth. In this paper,
theoretical optimal results are obtained for the DG method in H' for n = 2
and suboptimal for n = 3. To our knowledge these results represent the first
convergence results for DG in higher dimensions.

This paper consists of four sections after this introduction. In §2, we list the
notation, state the problem and describe the formulation of the three methods.
In §3, §4 and §5, the proofs of the error estimates of the three methods described
in §2 are respectively given. In the last section, we present some conclusions.
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Part II of this paper describes computational results with the DG method.

2. Statement of the Problem. Finite Element Methods
2.1. Notation and Approximation Properties

Let Q be a polygonal domain in IR". Everything here applies also to n =
1, but to simplify we consider only n = 2 or 3. Let &, = {E1, Ea,...,En,}
be a nondegenerate quasiuniform subdivision of €, where F; is a triangle or a
quadrilateral if n = 2, or a tetrahedron if n = 3. The nondegeneracy requirement
is that there exists p > 0 such that if h; = diam(F}), then E; contains a ball
of radius ph; in its interior. However, for quadrilaterals, the requirement is a
little bit stronger: the quadrilateral is convex and each of its subtriangle contains
a ball of radius ph;. Let h = max{h;, j=1...Np}. The quasiuniformity
requirement is that there is 7 > 0 such that % <rtforalljel,...,Ny. This
quasiuniformity assumption is used for deriving error estimates in terms of the
degree of polynomials (i.e. for the p-versoin). For deriving error estimates in
terms of h (i.e. for the h-version), we only need a regular subdivision. We denote
the edges (resp. faces for n = 3) of &, by {61,62, ey €Py s Py .,th} where
ey CN1<k< Py, and ex C 00, P, + 1<k < M,. With each edge (or face)
er , we associate a unit normal vector vy. For k > Py, v is taken to be the unit
outward vector normal to 9€2. For s > 0, let

H*(&p) = {v e L*(Q) :v|g; € H*(E)),j =1... Ny}

We now define the average and the jump for ¢ € H*(E,), s > Let

1 <k < Py; for e, = OE; N OE; with vy, exterior to E;, set

1
5

{¢} = %(d)'Ez)'ek + %(¢|E]‘)‘6k’ [¢] = (¢|E1,)‘ek - (d)‘Ej)‘ek'

We consider a matrix-valued function K = (k;j)1<i j<n, K € L*(£2) and a non-
negative scalar function o € L*°(£2). We assume that K is symmetric, positive
definite in Q uniformly with respect to z. This means that if Ymin < Ymax are
the smallest and the largest eigenvalues of K, then there exist 79 > 0 and y1 > 0
such that

Ve €Q, Ypin(@) =7, Ymax(@) <71 (2.1)
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The L? inner product is denoted by (.,.). The usual Sobolev norm of H™ on
E C IR" is denoted by || « ||m,z. We define the following broken norms for m
positive integer:

2

Np,
[P0 = | D 1270, 5,
j=1

Let r be a positive integer. The finite element subspace is taken to be
Np,
Dy(&n) = [ Pr(Ey),
j=1

where P,.(Ej;) denotes the set of polynomials of (total) degree less than or equal
to r on Ej.

We use the following hp approximation properties, proven in [1] and [2]. Let
E; € &, and ¢ € H*(Ej). Then there exists a constant C' depending on s, 7, p
but independent of ¢,r and h and a sequence z? € IP,(E;), r = 1,2,... such
that for any 0 < ¢ <s

L—q
h p
||¢_ZT||Q;E]’ Scrifq ||¢||S,E]’7 S Z 07
bz !
||<ZS - 21}}”(),’7@' < C Z,_l ||¢||S,Eja s> 5,
r$T32

where y = min(r 4+ 1, s) and ; C 0FE;. Using the same technique as in [1], it can
be shown that we have the additional approximation result:

n=3

- 3
6= 2rlly <O lgllsm;: s> 5
T

_3
2

As a corollary of the above results, we obtain the following global approxi-
mation property. Let ¢ € H*(£2) and let &, be the above subdivision of 2, made
of triangles or tetrahedra. There exists 2z € D, (£,) N C°(Q) such that for any
0<g<s,

]

¢ — 22llg.0 < C—— 4]0, (2.2)

where 4 = min(r + 1,s) and C is independent of ¢,r, h and &,. Note that this
result also holds if 2 € D,.(&).

ré—4
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2.2. Problem and Nonsymmetric Bilinear Form

Let the boundary of the domain 02 be the union of two disjoint sets I'p
and I'y. We denote vp (respectively vy ) the unit normal vector to each edge of
I'p (respectively I'y) exterior to Q. For f given in L%(Q), py given in H%(FD)
and g given in L?(I'y), we consider the following elliptic problem:

-V -(KVp)+ap=f in Q, (2.3a)
p=py on [Ip, (2.3b)
KVp-vy=g on Ty. (2.3¢)

With the above assumptions on K and «, problem (2.3) has a unique solution in
H'(Q2) when |I'p| > 0 or when a # 0. On the other hand, when 92 = I'y and
a = 0, problem (2.3) has a solution in H'(2) which is unique up to an additive
constant, provided [, f = — [50 9-

For K in W14(&,) and v, ¢ € H?(&p), we consider the non-symmetric bi-
linear form:

Np,
ans(h,8) =Y. [ (KV9o+apg)
j=1"Fi

Py, Py,

> AKVY o]+ > [ {KVe- v} 9]
k=17¢k k=1"¢€k

—/ (Kvw-up)¢+/ (K6 - vp).
PD PD

We define the linear form:

L) = (f.8)+ [ (KVg-voIm+ [ 4

2.3. Finite Element Schemes

First, we introduce the following interior and boundary penalty term:

Py,
e =3 25 [+ X 25 [ e,
k1 lex ek lex ek

ex€l'p
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where o is a discrete positive function that takes the constant value o; on the
edge or face ey, |ex| denotes the measure of e and 8 > % is a real number. The
Galerkin approximation PNTPG ¢ D,.(&,) solves the following discrete problem:

ans(PNPC v) + J§P (PNIPC o) )+ > &/ pov, Vv € Dr(Eh).
ek

ex€l'p

Lemma 2.1. Under the above assumptions on the data (including K), and if
the solution p of (2.3) satisfies p € H%(E}), then p satisfies

g
aNS(P; ) + Joﬁ(p; + E ﬁ/ Pov, Yv € H2(5h) (24)
ex€l'p €k

Conversely, if p € H'(Q) N H%(E,) satisfies (2.4), then p is the solution of (2.3).

Proof. First, suppose that the solution p of (2.3) belongs to H?(E,). Let v be
an element in H?(&;,). We multiply the first equation by v, integrate on E; and
sum over all j.

Np, P,
;/Ej KVpVv + apu _kgl/ek{KVP'Vk}[U] _/(SQ(KVP.V)’U = (f,v).

Using the boundary conditions, we get:

Py,
Z/ KVpVv+apy— Z {KVp- v} [v]—/ (KVp-vp)v = (f,v)+ gu.
j=1 Ej k=1 €k I'p I'n

We add [i. (KVv-vp)pand 3, cr, ?ljg Je, Pov to both sides and we note that
[p] = 0. We clearly have (2.4). Conversely, take v € D(FEj); this gives —V -
KVp+ap = f in E;, for any j. Next, let e; be an interior edge or face and E;
and E; the two elements adjacent to e;. Take v € HE(E; U E;), extended by zero
outside, multiply the above equation by v, and use Green’s formula:

/ KVpVuv + apy —/ [KVp-wc]'UZ/ fo
EiUE]‘ EiUE]‘ er EiUEJ’

= KVpVu + apu,
E;UE; E;UE;

since [p] = 0. Hence [, [KVp-ylv =0, Vv € HZ(E; U E;) and therefore
[KVp - vgle, = 0. Since this holds for all e, it implies that K'Vp € H(div; )
and hence we have globally

—V-KVp+ap=f in Q.
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To recover the boundary conditions, we multiply this last equation by v €
H?(2), wv|ry =0, apply Green’s formula and compare with (2.4):

—/ (KVp-VD)vz—/ (KVp-vp)v+ [ (KVv-vp)p
T'p

FD 1—‘D
Ok
—/ (KVv-vp)po— Y W/ v(po — P)
FD ekEFD k [

Thus, p = py on T'p. Finally, choosing v € H%(Q?), v|r,, =0, we find

—/ (KVp-VN)UZ—/ gv,
I'n 'y

and this gives the other boundary condition. O

We note that on each element, the mass conservation for the NIPG method
can be written as

/ o PNIPG _ / (KVPNIPC .y )
E; DE;\I'y
o
o s [ = g g
ex EOE;\0Q k ex E; OE;NI'y

The constrained discrete space is defined as follows:

Np,
D:(Eh):{UEHPr(Ej)Z/e[U]:O szl,...,Ph}.

The discrete approximation PNC¢C € D} (€y,) satisfies:
ans(PNCC v) = L(v), Vv e DiE). (2.5)

The consistency of this scheme is a consequence of Lemma 2.1.
The Discontinuous Galerkin approximation PP € D, (&) satisfies the for-

mulation
ans(PP% v) = L(v), Yo € D, (Ep).- (2.6)

The fact that this scheme is consistent with the problem (2.3) has been shown
by Baumann [3].

Clearly the discrete solution of each of the three methods exists and is
unique. Indeed, since it is a discrete problem, it suffices to show uniqueness
of the solution. For instance for the NCG method, choose f = 0 and v = PNCC,
Thus, |||K%VPNCG|||O + |||a%PNCG|||0 = 0. This easily implies that PNC¢ = 0.
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3. A priori error estimates for NIPG method

In this section, we derive a priori energy error estimates for the problem with
mixed boundary conditions. In the case of the Neumann problem (I'y = 09),
the same result holds for any 8> 1 in 2D and § > % in 3D. L? error estimates
are also proved in the case of pure Neumann boundary conditions.

Theorem 3.1. Under the assumptions of Lemma 2.1 and if p € H*(&,) and
B=1in2D or g = % in 3D, we have: if @ = 0, then

. 1 h#t
I1K2V(PYTPE —p)|lo < O, K) = lels-

If & > a > 0, then
1 h# !
[PNTPE _p|l; < C(;,K, ||a||oo)m|||p”|sa

where p = min(r + 1,s), r > 1 and s > 2. Besides, we also have
8(pNIPG NIPG h?H—2
a,
Jy (P -p, P —p) < C—— 7256 "|p|”s

Proof. 1In all the proofs, C' will be a generic constant with different values on
different places, that is independent of A and r. From Lemma 2.1, we have

o o
ans(p,v) + J; ’ﬁ(p, v) = L(v) + Z ﬁ/ pov, Vv € Dr(Eh).
ex€l'p k e

Let p be the interpolant of p having optimal Ap-approximation errors and denote

x = PNIPG _ 5 We have

ans(6x) + I3 (6 x) = ans(® — B, x) + JTF (0 — B, x),
Np,
=3 [, (K9 e=p)Vx+alo =i

—Z {KV(p—p) - vk}x] +Z {KVx - v}p — Dl

k=1"¢k k=1"¢€k

- / (KV(p—5)-vp)x+ [ (KVx-vp)(p 1)
I‘D I'p

o [ =i+ ¥ 7 [ o-px 31

ekEFD
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The first two terms in (3.1) can be bounded in the following way:

Ny, )
1> [ KV@=5) 9 <CIVE =)ol K* Vo
=17 Ej

< IEAVXIE + IV - )R,
Np,
13- [ ato— X < Cllallclip — Blolixllo
j=1"Ei
1

< S IxlIg + ClladiZ|lp — Bllg.

l\D

The third term is bounded by

[ 56w () 196 - )b, (ﬁ)iu[xmo,%,

S [ KV —) - me ] < S50 . x +cz"“' KV —5)-
k=1"¢k

Using a trace theorem and an approximation result, we get

ek 1 ek
2' Lxe o5 -nl e, <o)

In the case of triangles or tetrahedra, we can choose a continuous p and for the
pure Neumann problem, there are no other terms, thus we can conclude. To
bound the fourth term in (3.1), we consider the contribution from each interior
edge. We assume that e, = 0E' N OE?, where E! and E? are elements of £, and
denote F15 = E' U E2.

| [ {59 widp =5 < KK x- v Hlolllp —

o1 . -
< C_|"K2VX|"0,E12(HP - p”O,ElZ + h|||V(P - p) "|0,E12)a

2u—2

h
h
1> AKVx- el - p]|<—|||K2VX|||o+C o —5oe Ipl3-
k=1"°%k

Let e € I'p. We take care of the boundary terms by the use of the trace theorem:

R RANES (%) 5V~ Dloelicloes (25)

ex€l'p
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€
[ &Yoo < 20 + ¢ X w65 nik,,,
D

ekEFD

n=3 ey |
Jo’ﬂ(X,X)"‘C a1 P I3.

OO|I—l

I/P (KVx-vp)p—D)< D IKVX villoellp — Blloe
D

ex€l'p
2u—2
—|||K2Vx|||o roti s IPll-

The terms involving the penalty term in (3.1) are bounded by

o s MLCZ|WW A e, + 575000,

“ex~” 1
SCW"W"@‘Fngﬁ(XaX)-

Tk ~ O . 1,
Y o [ e-IxI<C Y Zhalp =l + 57 06,
lexl? Je ex€l'p x|
h2u—1|ek|—ﬂ 1
<C— g3 —lplls + ng’ﬂ(XaX)-

By combining the bounds together, we get

KAV + o xl2 + J0 () < C o c
||| X|||0+||a X||O+ 0 (X7 ) 25— 6"|pms+ HaHoo r2s |||P|||s,

i Y i 12 I
+C(— 5= b s el

Thus, if 6 =1 in 2D or 8 = % in 3D, we obtained optimal convergence rates.

In the case of the pure Neumann problem, it is easy to show that the result still

holds true for any 8 > 1 in 2D and any 8 > % in 3D.

In the following theorem, we assume that I'y = 02 and that the subdivision

of  consists of triangles or tetrahedra.

Theorem 3.2. Assume that  is convex and K sufficiently smooth so that for

any f € L%(Q), the solution ¢ of the dual problem

—V-KV¢+ap=f, in Q,
KV¢-v=0, on 09,
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belongs to H2(2), with continuous dependence on f. Then,

3,8
pH-3t5(n-1)
HPNTPG —pllo,a < CTNPMS’

for r > 1,5 > 2 and C independent of h,r,p. In particular, optimal L? rates of
convergence are obtained if § > 3 for n = 2 and if 8 > % for n = 3.

Proof. Consider the dual problem

—V-KVé¢+ap=PNPC¢_p in Q,
KV¢-v=0, on 09.

By assumption ¢ € H?2(f2) and there is a constant C' that depends on  such
that

[8ll2,0 < C|[PNFE — pllo,0.

Denote y = PNIPG _p Then

Ixllfe = (=V-KV¢+ad,x).

Integrating by parts on each element yields:

Np, Np,
Ixlfo=3 [ KVovx+asx-3. [ (KVo-v)x
j=17E; j=1"0E;

Np, Py, P
= Z/ KEV¢Vx+adx =Y | {KVo-u}lx] - | [KVe-vl{x}.
i=17Ej k=1"¢k k=1" ¢k

By subtracting the orthogonality equation for any ¢* € D,.(&p):

ans(x: %) + J37 (x, 4) = 0,

and using the symmetry of K, we obtain:
Np,
IxlEa=3 [ KV(-¢)Vx+alé—¢)x
j=1"Fi

P, Py,
= | {EVo-ull] =Y | [KVe-vl{x}

k=1"¢k k=1"¢€k

P, Py,
+5° [ {BEVx w1 = Y [ {KVE - udx] — I§7 (x, ¢%)-

k=1"¢€k k=1"¢k



12 B. Riviére et al. / Improved error estimates

The regularity of ¢ and K imply that the jumps [KV¢ - v]le, = 0; thus, by
choosing ¢* € C°(£2), we obtain

Np,
a=3. [, KV~ #)Vx+ato— ¢

Py,
+Z {KV(p—¢)-u}x]—2) | {EV¢-u}ix]

k=1"¢€k k=1"¢€k

The first two terms are bounded in the following fashion

|2/ KV(6 - 4931 <035 16— 1.5 1KVl

] 1

< C;I|¢II2,QIIIK5VXIIIO,

h 1
< C;llxllo,nlllKZVXHlo-

Np, h2
13- [ al = 6x1 < Cllalle 5 I8lallxllon:
j=17Fi r

h?.
< Cllalloo Xl 0

By Cauchy-Schwarz inequality and Theorem 3.1, we have

5 [ (K9G uk}[x|<z('jk') IEV (¢~ ) - velloe, (;T’“W)inxno,ek,

k=1"Y¢€k

k=1

s o [(Peyl? )
a, = *
<5000 (3 P v -, )

3 eg |2
< Cilllplll lIxllo,0-

Similarly,

1

(o)’
lex|?

(Z lexl?, ¢||Oek) ,
k=1
|€1c|

SCilllplll [Ixlo,-

Py, en|P
S [ (Ve uk}[x\<2(‘ k ) 1KV

k=1"¢k

o=

N=

<J7P (% x)
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Combining the previous bounds, we have

RA—3+5(n-1) p+1

h
Ixllog < C—=—llplls + Cllalcc—~lllls-

4. A priori error estimates for the NCG method

In this section, we derive an error estimate for the H'! norm and the L2
norm that are both h-optimal for the constrained Galerkin method applied to

the pure Neumann problem.
Theorem 4.1. Under the assumptions of Lemma 2.1 and if p € H*(&}), we have

L
IPYCE —pll < C(K, llalloo) = lIplls

where g = min(r + 1, s), C independent of h,r,p and r > 1,5 > 2.

Proof. We have the following orthogonality equation:
aNS(PNCG —p,’l)) =0, Wwe D:f(gh)

We can show [10] that there is an interpolant p € D} (&) that is optimally close
to p in the H™ Sobolev norms. Let x = PN¢C — j5: then

a'NS(XaX) = aNS(p _ﬁa X)a
Np,
:j;‘/Ej (KV(p—p)Vx + ax(p —p))

P, Py,
—> | {AKV@—9)-ulbd+ ) | {KVx-w}lp—l.

k=1"°¢k k=1"°¢k
The first two terms are easily bounded by Cauchy-Schwarz and an approximation
result:

Nh 1 1
1> [ KV -p)VA < IKEVxlolK 9 (0 = Dl
=15

. Ny, 2'qu %
<C[IK>Vxlo (Z Tés—_QIIPIIE,Ej) SN

=1
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In a similar manner, we have:
Nh 1 1
1> [ oxtr =5 <lladxlolle = Plo
j=1""%

Ny, 2H

i1
<CllaliZ e xlo (2 7

i=1

» N
\—/
=
—_~
S
N
p—

Now we try to estimate the third term. Let c; be any constant:

A= Z {KV(p—p) v}[x] = Z {KV(p—p) - v }[x — cxl-

k=17¢k k=1"¢k

We have by Cauchy-Schwarz and Holder inequality:

N[

4] < (Zh”{Kv(p_ﬁ)'Vk}“?),ek) (Z 1D = ||0ek) - (43)

k=1

We look at one edge or face eg, assuming that it is the interface between two
elements E' and E? of £,. Let By and By be the matrices of the mappings from
the reference element E onto E' and E? respectively. It is known that

_ 1 )
1B < Cﬁ, |Bi|| < Ch, |detB;| < Ch™, i=1,2,

where || - || denotes the matrix norm subordinated to the Euclidean norm ([4]).
Then, by the trace theorem,

~ A 1 — ~ ~
KKV (P = 5) - viHlo.er < Clexl2 (1B IV = B)llo,mr + [V (@ — ) o,
HIBZ IV (P — )0, + IV (0 — B)llo,52)-

Summing on k,

P, P e
> KV =5 e, | <Ozl (1.4

k=1
The other factor is bounded in the following way.
1Dx = crllloer < 10x = ck)illoer + 10x = ck)2lloex-

Since PNCC € D* (&), we have

/ (Xhdo = / (X2
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Therefore, it suffices to estimate ||(x — ¢x)1]|o,e; -

1, —
1(Ox = e)illoer < lerlllx — ckllr2(e)-

Choose

1
Cr = —/ (X)ldO'.
lek| Jey

We note that ¢, = ﬁ /> Xdé and that the mapping fef —ﬁ I fdé is continuous
on H!(é) and vanishes on constant functions. Thus,

0,6 < ClIVexllo,e,

1% — cl

where V; denotes the tangential gradient on é. But since Vex belongs to a finite-
dimensional space, on which all norms are equivalent and since the subdivision
of Q2 is regular, we get:

1X — cklloe < ClIVEllo z < ClIVXllo,E-

Therefore,

1
1(x = k)t lloer < Clexl?[[Vixllo,pr-

Thus, summing on k, we have

P, Np,
o x = erllge, <C D hilIVxIlE, ;- (4.5)
k=1 j=1
Combining (4.3), (4.4) and (4.5), we obtain a bound for A:
hpt 1
Al < C =5 Iplls 1K= Vxllo- (4.6)

The last term is bounded in the following way:
|| <9 w51l < CUTx ol — s
Since @f( belongs to a finite-dimensional space, we have
19 - viHloex < Clex |2 (1B 1V xllo,52 + 11B5 11 Vxlo,e2) -
The other factor is bounded by

~ A 1 _1 ~ -
Ilp — Blllo,ex <Clex|2(|detB1|"2|lp — pllo g1 + V(2 — D)o, &
_1 - -
+|detBe| "2 lp = pllo,g2 + [IV(® = D)o, 52)-
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Thus,
| [ {59 wdlp =81 < Clel (BT 190,00 + 1B 1Vxl.52)
k

_1 ~ ~
(IdetB1|™>|lp — pllo,r + [[V(p = D)o,
_1 ~ ~
+|detBa| "2 |lp — pllo,m2 + V(P — D)ll0,52)-
Summing on k,

u—1

P,
, h 1
| Z/e {KVx - wiblp = pll < O Ip I K> Vixlo- (4.7)
k=1"%k
Combining (4.1) , (4.2), (4.6) and (4.7), we obtain:

hp—1 1 LhE 1
ans(x>x) < CF|||P|||5\\\K2VX|||0 + C||a||oo;||042X||0|||p|||s-

O
Theorem 4.2. Under the assumptions of Theorem 3.2, we have
Rt
IPYCS — pllon < O,
for r > 1,5 > 2 and C independent of h,r, p.
Proof. As in the proof of Theorem 3.2, we consider the dual problem:
~V - (KVY)+ayp = PNCG —p in Q,
KVy-v=0 on 09.
Denote y = PNCC — p. Thus, we have:
x50 = (—(V-KV$) +atp,x),
Nh Ph
=Y [ KVyVxtaux -y [ {(KVY il (48)
j=1"Fj k=1" ¢
Let 1* be in D} () N C%(Q). The orthogonality condition implies that:
Np, Py,
0=% / KVxVy +axy™ + 3 [ {KVy* - u . (4.9)
j=17F; k=1"¢k

Now, we subtract (4.9) from (4.8):

Np,
Ixlo=3" [ KV -9)Vx+al - )X
j=17Ej
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S [ KT+ S [ KV =) - w410

k=1"¢k k=1"¢k
The first two terms are easily bounded by using Cauchy-Schwarz, Holder inequal-
ities and the approximation property:

Np, Nn % Nn 1 %
'Z/E KV(p —¢*)Vx|<C (lev(w—w*)||%,Ej) (ZIIKWxII%,EJ-) )
j=1""j Jj=1

=1
1
Np, h2 2 .
2 1
<O Y Sl | 1KEVxlo
i=1

1
2V xllo-

<ch
‘s

In a similar manner, we have:

Np,
szjl / el =X

Ny,
1
<O — 9" o,z e xllo,;
Jj=1

Nn p4 ) 2 No \ 3
<C ZT_in”ZEJ- Z||a§X||o,Ej ’
j=1

j=1
1
2V xlo-

Then, we will bound the third term in (4.10). Let p be an element of D} (&) N
C°(Q) and ¢ be any constant vector.

2
<ol
‘s

22 {KV4- v} [X] = Z {EVip -1} [PNCC — ],

=1"% —17€k

—22 {(KV — &) - vy} [PVOC — ).

=1"%k
As it was proved in Theorem 4.1, we have:

Np,

Z IPYCE —BlllGe, < C D hilIIVEPYCE )G ;-
k=1 j=1

By the triangle inequality, Theorem 4.1 and choosing for p an interpolant of p,

we have

Np, Np,
Y IVPYE —p)F 5, <2 VPV =) 5 +2ZIIV(P P &,
j=1 j=1



18 B. Riviére et al. / Improved error estimates

h2u—2 Np 9
< C’I"2574 Z HpHs,E‘j'
=1

J
On the other hand, we have
1
I{(EVY = &) - vk Hloe, < I{EVY — o, < ChE[|[V(EVY)o,prupe-

If we assume that KV € H'(E;) with

Np,
Y AIVEVD)G 5 < IxlF e
j=1

then

W

P,
h
2> | {EVY-u} Xl < C—=lixlloallplls-
k

5—
=1"€k r

Let A denote the last term in (4.10). We have by Cauchy-Schwarz and Holder
inequality:

Al <C (Zh: I{V (% —97) - Vk}llﬁ,ek) (i ||[x]||3,6k>
k=1 k=1

By the approximation property:
i 2 all h; 2 h
DIV =) vdGe, <C Y- 2Ivlz e < C—lixloe-
k=1 =T r

We also have

Py, 9 h h2p—1
> IBIE e, < C2I9xlo < O Il
k=1
Thus, we obtain:
Bt
4] < S xlloslls
The theorem is obtained by combining all the above results. O

5. A priori error estimate for the DG method

In this section, we derive an a priori optimal error estimate in two dimensions
for the problem with Neumann, or Dirichlet, or mixed boundary conditions. We
make several additional assumptions:



B. Riviére et al. / Improved error estimates 19

e K € [WL(E;)?*?, Vj = 1,...,N;, uniformly in Ej, ie. Iy >

1
Oa ma.XEJ- (Z’L?,mZI ||szm||go,E]) 2 < a.
e We denote K = (k;;), where

- 1
k‘ij = E /E kij, VE € &, (5.1)

It is easy to prove that K is also symmetric, positive definite and that the
largest eigenvalue of K is < y; and its smallest eigenvalue is > vy, where v,
and -y are the constants of (2.1).

We first prove an approximation result that holds for n = 2 or 3.

Lemma 5.1. Let p € H*(&,), for s > 2 and let » > 2. Let K be defined by
(5.1). There exists an interpolant of p, p! € D,.(&) satisfying

/ {KEV@H' —p)-1p} =0, Vk=1,...,P,
€k

/ KV —p)-vpy=0, Ver€Tp,

€k

_ h*
15" — pllo < O =alpls,
i

. h#—1
IVG" —p)lo < C—=lIplls

2T hH 1
IV = p)llo < =5 lIplls,

where p = min(r 4+ 1, s) and C is independent of h and r.

Proof. We prove the Lemma for a triangular element and for a parallelogram
in 2D and for a tetrahedra in 3D. The proof can be extended to an arbitrary
quadrilateral.

The case of triangles:

Let E be a triangle with sides e;, e; and e; and corresponding unit normal vectors
vi,vj and vy. We will show that given f in H*(E) with s > 2, there is a
polynomial ¢ in IP9(E) such that fek KV(qg—f)-v; =0, fei KVq-v; =0 and
fej KVq-v;=0.

We denote ai,as,as3 the vertices of E so that e; = [a1,a2], e; = [a1,a3] and
ex = [a2,as] (see Fig. 1). There is an invertible affine transformation

x=F(%) =Bi+b
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x>
N

9 a g o

N N N

a g &

Figure 1. Mapping between an arbitrary triangular element and the reference element.

that maps the reference element E onto E such that ey is mapped onto the line
I1 + Z9 = 1, where Z denotes the coordinates of a point of E. Let A1, A9 and
A3 be the barycentric coordinates of a1,a2 and a3 in E, and let us consider a
polynomial g of the form:

g = 4q(a12) A1 A2 + 4q(ai3) A1 A3,

where a12 and a;3 are the midpoints of e; and e; respectively. To simplify, we
denote g12 = q(a12) and ¢13 = g(a13). The following relations hold:

q\(.i) = 4q12(1 — I — .ftz).f)l + 4q13(1 — I — .’22).’%2,
VG = (4q1a(1 — 281 — o) — 4qu3da, —Aqrad1 + 4qu3(1 — 21 — 232)),

and V§ on selected lines is given by

on & =0, Vi=(4qia(1 —2%1), —4qued; + 4qi3(1 — 21)),
on .%2 = O, @Cj = (4.Q12(1 — .’1?‘2) — 4Q13£&2, 4qlg(1 — 2.’%2)),
on &1 +a9=1, V§=(—4qai1 —4q3(1 — &1), —4quad1 — dq13(1 — &1)).

Let A denote the matrix (B'K~!1B)~!.
_ L .
| &Va-vi=lel [ 1Bvi4Y3-o.
ei
But = (0,—1), so denoting by A;,, the coefficients of A, we have

I 1
/0 AVqA U= —/0 (A124Q12(1 - 2.%1) + A22(—4qlgif71 + 4Q13(1 - .’i‘l))
= —2A%(—q12 + q13)-

N
Xl
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Thus, this integral vanishes if we choose g12 = ¢13. Then, on e;, considering that
p = (—1,0), we have

1 . 1
/0 Ach ‘U= —/0 (A114Q12(1 - 2.%2) + A124Q12(1 - 2.@2))
=—2A11(q12 — q13) = 0.

Now, on e, v = (%, %)

1 ~
\/5‘/0 AV§-v= —4q12(A11 +2A19 + Azz) = —4q12A1 - 1.

And since the matrix A is positive-definite, A1-1 # 0, so we can always determine
g12- Now, let us compute the factor of g1 in

— 1 A
[ Kq-vi=lealiBwnll [ 4945 = "8 Bt (-4g) A1 1.
€L 0 f

We want the following equation to hold
/ RV(]‘V}CZ/ RVf-l/k

Bl (a1 1= el | B [ ATF o

1 A A
‘/ AVf .ol <
0

Since || Blvy|| is different from zero, we are left with

But

1 An
|q12|A1 -1 < ﬁllAIIIIVfllo,é
But, we have

1 2 _
AL 1> 1P = and [|A4] < ymax] B,
max max

where Amax is the largest eigenvalue of B'K 1B, i.e.

1

Amax = | B'K7'B|| < || BI*| K| < ||B” ——
min

Thus,

Ymax
lqi2| < 2 %IV £lloe.
min
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Let f = p — p!, where p! € IP,(E) is the interpolant ot p satisfying (7?)-(?7).
From the above construction, it follows that there exists a unique polynomial ¢
of the form:

g = 4q(a12) M (1 — \p)
that satisfies

/I_(Vq-wcz/ KV(p—p') v
[ €L

and
/ K'Vq-ui:/ I_(Vq-ujzo.
e; ej
Moreover
9(a12)| < DGV (5 — ) loe-
min
<C(IV( —p"lo,z + IV (P —p)llo,)
Therefore
1
llgllo,z < CldetB|z[g(a12)|
<Ch(|IV(p = p)llo,z + RV (P —p")ll0,6),
and
IV4llo, < Cldet BI% || B~|||g(as2)|
<C(IV(p —p)llo,e + BV — p")l0,E),
and

1V2gllo,z < C|detB|7|| B2 |q(ar2)|
<CR(IV(p — p")llo,g + A1V (0 — p")lo,k)-

So, if we define p! = g + p!, then

15" = pllo.c < llallog + llp" — pllog
<Cr(IV(E" = p)lloge + IV (0" —p)llog) + lIp" —pllog;
which has the same order of approximation as ||p! — p|jo,o and

V@' = plloe < IValon + IV —p)llos
<OV =p)llog + AV (" =p)log) + IV —p)loe,
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which is also of the same order as ||V (p! —p)||o,o- Similarly, the order of || V(5! —
P)llo,o is optimal in h.
The case of parallelograms:

Let E be a parallelogram with vertices a;,1 < i < 4, let ex = [a1,a2], E be the
reference unit square and let £ be mapped onto E so that ey, is mapped onto é
(see Fig. 2). Let b; be the midpoint of [a1, as], by the midpoint of [a1,as], bs of
[a3, a4] and by of [ag, as], and b; the corresponding image of b;. We will show that
given a € IR, there is a polynomial ¢ € IPy(FE) such that fek KVq- v, = a and
J. KVq-v =0 on the other edges. We look at a polynomial of the form

N
X2
N
a

JQ)>

>
m>

N

N
g X

,_QJ>

%
'%)'2/

Figure 2. Mapping between an arbitrary parallelogram element and the reference element.

. JUPY R . PN R .
q=2Q1(§—11)(1—$1)+2Q2(§—$2)(1—132)

. . U
—2(14(5 — T9)%9 — 2613551(5 — 1),

where §; = Q(BZ) Then, we have

Al o 3 1 . o 3 1 .
V§q= (2(11(2331 - E) - 2¢I3(§ - 2331),2(12(2332 - 5) - 2(14(5 - 2332))
On the edges, we have
. . . JEPIR 3 .1 . . .
on [ai,as], Z2=0, V§i=(24:(2%; — 5) — 2q3(§ —2%1), =342 — Ga),
. . A n an ren 3 .1 .
on [a3,a4], Z1=1, V§=(q1+ 3§3,2G2(222 — 5) - 2614(5 — 2i7)),

.. . . n en 3 .1 N . R
on [Go,a4], Zo=1, V§=(2¢:(221 — 5) - 2(13(5 —2&1),G2 + 344),
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i A . . r aa fen 3 .1 .
on [ai,d42]=¢6, %1 =0, Vi=(-3d — §s,2¢:1(222 — 5) — 2q4(§ — 2%9)).

In the case of parallelograms, the transformation that maps E onto E is affine,
so if we denote A = (B'K~'B)~L:

— 1 A
| EVq-vi=lal [ AVq-2|Bv|
€L 0
Since v = (—1,0), we have
1 A
| AV 5 = A3 + o) + Ara(@2— )
Since A is positive-definite, A;; > 0, hence
3G1+ 43 =——=(G2— ¢
g1+ 33 1 (G2 — da)
]K'Vq -v = 0 can be written as

A «
12 Lo
1 Aqy

Now, the condition f[

a1,a3

1 A

/ AVG- 0 =0,
0
with & = (0,—1). This leads to the equation
A

342 + 41 = (43 — G1)-

22

On the other edge, the condition f[ KVq-v =0 can be written as

a31a4]
1 A
/ AVG- 0 =0,
0
with = (1,0). This leads to the equation

Arz

i+ 363 = =2 (G2 — Ga).
g1 + 343 1, (G2 — du)
Finally, the condition f[%m] KVq-v =0 can be written as
1 ~
AV =0,
0
with © = (0,1). This leads to the equation
. A
g2 +34s = A—(Ch —§3)
22
Therefore,
(67 A%Q 3

0= Gaat2)
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o A
% 4det A’
R a A%Q 1
4= _4A11 (detA + E)’
_a Ap
H“=  qet A
But,
det K
detA = ————.
¢ (det B)?
So, we obtain
detK - .. = 1. o
All = WK 1(1,12 ca19 = det A(K 1a12) s a192
detK _ .. _ i, o
2= ek T = det A(K ™) - g
detK - .., —
A1z = _WK 1o - @13 = —det A(K~'dn) -
Thus, we can bound ¢
R lal L s ||k
< — <
|ga| < 4,)/0||Glz||||a13|| <

We also have
2 4

det A —

Tmin Tmin PE

l@12]” _ AYmin|~ 2 <
AnzdetA ZC h4 ||a12|| ZC’)’O

A i T
2 o ey AE < gMmax B o

Y0

|12

4
Ymax E h

Thus, we have

X o el by
3| < C——5

and similarly for |¢;|. It remains to substitute the expression of a. We want

/KVq-sz/ KV(p—p")- vk
ek ex
and

| &Vq-vi= el Bvila
ek

25
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Thus,

1 / _ ;
a=—— [ BEVp-p) v,
el 1B Jo, V@~ P)
But
el |Bvell = VI

So, when we substitute this expression for « in the above estimates for |g;|, the
factor multiplying fek does not depend on h. Note that one can obtain shaper
bounds for |§3| and |§i| by not expanding det B = |E| and canceling at the
last moment. The construction is the same for genuine quadrilaterals but the
difficulty lies in solving [, KVq-v;=0.
The case of tetrahedra:

Let E be a tetrahedra with faces e;,e;,ex,e; and corresponding unit normal
vectors v;, v, vy and v;. We will show that given f in H*(E) with s > 2, there
is a polynomial ¢ in IPy(E) such that [, KV(¢— f) vy =0, [, KVq-v; =0,
fej KVq-v;=0and [, KVgq-v, =0.

We denote a1,a2,a3 and a4 the vertices of E so that e; = [a1,a2,a4], € =
[a1,a2,a3], e, = [a1,a3,a4] and e, = [a2, a3, as] (see Fig. 3). There is an invertible

N

X3
F a, )
. — /&
a, 8 .
a A
3 *
a E / \a
N 62 N q
Xy E

Figure 3. Mapping between an arbitrary tetrahedra element and the reference element.

affine transformation
x=F(&)=Bi+b

that maps the reference element E onto E such that ey, is mapped onto the plane
I1+ T2+ 3 = 1, where Z denotes the coordinates of a point of E. Let A1, Ao, Ag
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and A4 be the barycentric coordinates of a1, a2,a3 and a4 in E. We are looking

at a polynomial g of the form:
g = q(a1)A1A2(3A1 — 2).
We have
V(&) = qlar)(—4 + 6(21 + &2 +3))1,

where 1 = (1,1,1). It is easy to check that each component of V§ has zero mean
value on é;,¢é; and é;. On é, &1 + 22 + £3 = 1, thus

V(&) = 2g(a1)1.
We want to satisfy
/ R'Vq-uk:/ RVf'Vk.
er ek
This is equivalent to
2
\/gq

Since || Blvy|| is different from zero, we obtain

(a)leg Bl AL -1 = legl[Bwl [ AV -3
€x

V3 s
a1)l4A1 -1 < |[A||—=||V o -
lg(a1)] <| ||2\/§|| Slloey
But, we have
1 2
Al-1> M > L’
Amax ~ Amax
where
_ 1
Amax < [|BJI*|[ K~ < ——|BIP?,
Ymin
and

1Al < ymax||B~H*.

Therefore, after some simplifications,

4 1 7Ymax 2 2
lg(a1)] SC—2\/€7 =051V flloe
min

where

~

¢ =(5)2

| S
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Let f = p—p!, where p’ is an element of IP,(E) that satisfies the approximation
properties (??)-(??). From the construction described above, we have

& 1 Ymax 9 g . I
a)| < C——= oV (p — & s
lg(a1)| < N BlIV(® —5")lloe,

which yields
lallo, E < C| det B|Z|q(a1)]
< Ch(|V(p —p" o5 + BIIV*(p — p")llo,R),

and
1
IVqllo, E < C|det B|Z[| B~ |||g(ay)]
<C(IV(p—p"llo.e + RV — p)lo,)

and
1
IV%qllo, E < C| det B|>||B~"||*|g(a1)]
<Ch (|IV(p = p)llo, + RlIVZ (0 —p)lo,5)-
We conclude in the same way as in the triangular case that if 5/ denotes (g +p’),

then p! satisfies (5.2)-(5.2).
(]

Theorem 5.2. Assume Q C IR" for n = 2,3. If & = 0, then there is a constant
C independent of h,r,p such that for s > 2 and r > 2

1 hit
|K2V(p — PP%)||o < C(K) =z IPlls-

If @ > ag > 0, then the following inequality holds

p!
Ip = PPN < C(K, llelleo) = lIplls,

where p = min(r + 1, s).

Proof. The difference between PP and p satisfies:
aNS(PDG_an) :Oa VUEDT(Eh)'

We take v = PPG — 5l where p! is the interpolant of p constructed in Lemma, 5.1
such that

/e{I_{V(p—;ﬁI)-uk}zo, VE=1,...,P, (5.2)



B. Riviére et al. / Improved error estimates 29

The interpolant p’ has approximation errors in L? norm and in H' and H?

pDG _ 51

seminorms that are optimal in h. Denote y = p.

ons06 0 =Y. [ (KV(p—5)- Vx+alp )

S [ BV w4 3 [ (K- ndp— )

k=1"¢k k=1"¢k
—Z/KVP ') VDX+Z/KVXVDP ).
ekEFD ekEFD

In view of (5.2), we can write:

ans(o X 2/ (KV(p— ') Vx +alp — 51)x)

Z (K = K)V(p =) - ] - 2/{Kw 7)1 — )

=1"¢%k
+Z/{KVX-Vk}[p—p Z/ (K = K)V(p—5") - vi)x

€k ex€l'p
_y / BV —5) ) (x—c) + 3 / (KVx - vp)(p— §") (5.3)
ex€'p ex€l'p

where c; is any constant depending on e and K is defined by (5.1). The first
two terms in (5.3) can be bounded in the following way:

Np,
= . 1
12 /E KV(p—5) - Vx| <CIV(p — ")l K2 Vo,

|Z /2091 < Clalxlp = 7' ol

To bound the other terms, we consider the contribution from each interior edge.
We assume that e, = OE' N OE?, where E' and E? are elements of £, and we
denote by By and By the matrices of the mappings from the reference element E
onto E! and E? respectively. The third term in (5.3) is bounded by

[ A& =BV~ 1 < 51K = Koo 290~ ) - vl o

—IIK Klloo,m2 IV (p = 5') - villo,e, [X]llo.c.-
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It is easy to check that
sup | K (z) — K|| < sup ||K(z) — K|s,
T€EE el

where || K (z)||% = 22 K2 (). Therefore, it suffices to look at ||kzj kzj||ooE =
||k kU||oo ;- But k,] is also the average of k,], so the mapping kza — k,] kij
vanishes if k,] is a constant function. Thus,

1kij = Fijlloo,i2 < ClIVkijllo 2 < Chul|Vkijlloo,m,  VE € En.

By a trace theorem, we have:

IV = 5") - vkllo.e, <lexl2 (1B IV (0 = 5o, + 1B HIBLIIV (0 = 5")lo,0),
Ixllo.c. < Clexl2r2(1BT llxllo,z + 185 ll1xl|2)-
Thus, by the approximation result (5.2) and (5.2)
h#=1
|Zl Ek{ (K = K)V(p—5") - v}l < C = [Pl xllo-

The fourth term can also be bounded as follows:

/e{ffV(p—:ﬁI)-Vk}([x]—Ck) < IHEV(P —5") - viHlloe, l] = crloe,-

By the trace theorem,

_ - A 1 _ - ~
IHEV(p = 5") - viHlo,er < ClerlZ (IBTHIIV (P = 5)llo,m + 1V (0 = 5)llo, 2
HIB IV (P = 5 llo,z2 + IV (0 = 57)llo,z2)-

1 1
= [ W=r [ PP
lex| Jex lex| Je,

LRTEIN
IDx] = cklloer < |€k|2 X ]

Take ¢, as follows:

We have

: < Clex|5r? (V&g ar + IV Rl 52)
1
< C|ek|zr (||Ksz||o,E1 + 1K Vxlo,52) -

Thus,
I/ {KV(p—p") - v} < CE)Clex (I BTV (0 = 5)lo,er + V(0 = 5)llo, mrume
€k

_ ~ 1
+HIB2 IV (0 = )0, z2) 1K 2 Vxllo, p1up>-
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Combining the contributions from all the interior edges, we can bound the fourth
term of (5.3):

h = h#—1 1
> [ AKV—5")  wh(Dd — ) < CK)—— 1K= Vxllollplls-

k=1"¢€k

ré—

Now, we bound the fifth term in (5.3):
| / {KVx - vi}lp — 51| < CIHE VX - viHllo.e,lllp — B']lloe,-
ek

Since @f( belongs to a finite-dimensional space, we have

~ l _ SN _ N
I{Vx - viHlo,ee < Clexl2r? (IBTHIIVElg g0 + 185 IV 52)
~ 1 _1 1
< Clex|#r? (|detB1 ||| Vxllo.r + |det Ba| 2|V x]lo,52) -

The other factor is bounded by
~ L -
llp = 3" lo,ei < lexl 2l — 57]]
~ 1 - ~ -
<Clexlz (Ip=5"llg 5,08, + IV =5l 02

N 1 _1 ~ ~
< Clek|2(|detB1| 2 |lp — ' [lo.pr + V(P — 5") |0
_1 ~ ~
+|detBs| 2|lp — p'llo.z2 + IV (P — 5")[lo,z2)-

0,

Thus,

0,E2)

~ _1 _1
| [ AKVx- vidlp = ) < Clealr® (JdetBa| [V xllom +IdetBal 4|V
ek

1 . -

(IdetB1| "2 lp = 5" llo,m1 + IV (2 — 5) o,
1 _ _

+|detBs| 2 |lp — 5 [lo,z> + IV (p — 5")llo,22)-

Hence,

n—1

Py,

_ h 1
1Y [ {KVx-wu}p -9l < C(K) o=t Pl 1K 2 Vxlo.
k=1"¢k

Finally, the boundary terms are estimated as the interior terms, and the theorem
is obtained by combining all the results together.
O
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6. Conclusion

In this paper we have presented optimal hp convergence results for three
methods for modeling elliptic problems with discontinuous spaces. Unlike the
interior penalty methods, which were shown to be effective for modeling sharp
fronts arising in miscible displacement in porous media, the NIPG schemes do
not require the definition of problem-dependent penalties to be defined. Even
though we have obtained optimal hp convergence results for the constrained NCG
method, this procedure is more complicated to implement than the DG method.
The latter is locally conservative. Computational results for the DG method are
described in Part II of this paper.
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